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Abstract

We lift the infinite tensor product construction of representations of the quan-
tum toroidal gl; algebra to the construction of the trivalent intertwiners. This
enables us to obtain the intertwiner for the vertical MacMahon representation, i.e.
the MacMahon intertwiner. To this end we introduce the definition of the trivalent
intertwiner in a more general setting than existing one, and observe that the reg-
ularization procedures also work well at the operator level. As an application we
can compute the R-matrix for the MacMahon representation from the commutator

of two MacMahon intertwiners.
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1 Introduction

Quantum toroidal gl, algebra

Since a discovery of the AGT correspondence [1], the quantum toroidal gl; algebra
and its degenerate algebras have played important roles in mathematical physics. In
[1] they claimed the correspondence between the generating function of the instanton
counting for the four dimensional super Yang-Mills gauge theory and the correlation
function of the two dimensional conformal field theory. The generating function of the
instanton counting is known as the Nekrasov function [2], and it is expressed in a certain
combinatorial way. On the other hand, the conformal correlation function is formulated
by making use of the representation theory of the conformal algebra, and it is typically
decomposed into more fundamental building blocks called conformal blocks [3]. From
a standpoint of the conformal field theory, the original AGT correspondence is related
to the conformal block associated with the Virasoro algebra, and its generalizations
have been also developed, for example the Wy-algebra® version [4] and the g-deformed
version [5, 6] are well known. Since the quantum toroidal gl; algebra is obtained as a
deformation of the W, algebra [13], it is a universal W-algebra of A-type in the sense
that any (deformed) WWy-algebras are realized as certain representations of the quantum
toroidal gl; algebra [21, 15]. Therefore we can understand the above correspondences
by constructing an action of the quantum toroidal gl; algebra on cohomologies (or its
K-theory lift) of the instanton moduli spaces [7] (see also [8] as for the Yangian limit
version).

Mathematically the quantum toroidal gl,, algebra for n > 3 was introduced along
the geometric Langrands duality [9] and an analogue of the Schur duality [10]. Then its
vertex operator representation was considered in [11]. After a while [12] and [13] revealed
fundamental properties of the quantum toroidal gl; algebra?, then [14, 15, 16, 17] have
worked out its representation theory exhaustively. In this thesis we only deal with the
quantum toroidal gl,_, algebra. This algebra has two deformation parameters. It is
convenient to arrange these parameters into three dependent parameters ¢; (i = 1,2, 3);
719293 = 1. ¢q; enters the algebra symmetrically, however a choice of the representation
may break this symmetry (see Section 2).

Tensor product representation

From the viewpoint of representation theory, the existence of the (formal) coproduct

"'We mean the W-algebra of Ay _;-type by Wy-algebra. The Ws-algebra is just the Virasoro algebra.
2Therefore the same algebra is also called Ding-Iohara-Miki algebra (DIM algebra for short).
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Figure 1: Each state of the vector, Fock and MacMahon representation corresponds to

an integer number, partition and plane partition respectively, see Section 2.2 for details.

structure is quite important. In general, if we have a coproduct A : A —- A® A for
the algebra A, then we can naturally take the tensor product representation as follows.
Let (pv,V), (pw, W) be representations of A. Then the tensor product representation
(pvew,V @ W) is defined as

pvew(a) == py @ pw(A(a)), a€ A. (1.1)

In [14, 16] they have introduced three kinds of representations of the quantum toroidal
gl, algebra: the vector, Fock and MacMahon representations. Roughly speaking these
representation spaces are spanned by one, two and three dimensional Young diagrams
respectively, see Figure 1. In their constructions the vector representation is the funda-
mental ingredient. One can construct the Fock representation by infinite tensor poduct
of the vector representations. Furthermore, one can construct the MacMahon represen-
tation in a similar manner from the Fock representations. Note, however, that we need
regularization procedures in order to obtain the stability conditions for validity of these
infinite tensor products (see Section 2.2). These procedures are not only involved but also
giving depth to the theory. For example, the process from the Fock representation to the
MacMahon one allows the action to have an extra parameter, denoted by K € C*, which
is out of the algebra itself, though the physical interpretation of this new parameter is
not clear yet.

We would also like to mention that the MacMahon representation has a visually
salient trait that the permutation of the parameters ¢i, g2, 3 corresponds to the three
dimensional transposition of coordinate axes. For example, see Figure 2. This symme-
try shows the triality symmetry which is thought of the nature of W-algebras [18, 19].
Therefore the MacMahon representation seems to be a natural setting to consider the
relation with W-algebras.

Intertwiner
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Figure 2: The three dimensional transposition corresponding to the cyclic permutation.

The intertwining operator is an operator W : V. — W between two representation

spaces such that it commutes with the action of the algebra A;
pw(a)V =Vpy(a), a€ A (1.2)

Since we have the notion of the coproduct, we can ask the existance of the intertwiner
between tensor product representations. For example, the existence of the R-matrix
R: VW — WV, which is a solution to the Yang-Baxter equation, indicates the
almost cocommutativity of the bialgebra A.

Among other things it is important to understand the following trivalent intertwining
operator of the quantum toroidal algebra U (we call it intertwiner for short) from both

mathematical and physical points of view:
UV:VQH—-H, py(a)¥ =V p,Rpyu(Ala)), acl, (1.3)

where V is a vertical representation and H,H' are horizontal representations. The ver-
tical representation is a representation in which the Cartan like part of the algebra acts
diagonally such as the vector, Fock and MacMahon representations (see Section 2.2),
while the horizontal representation is a vertex operator representation like [11] (see Sec-
tion 2.3). The importance of such an intertwiner was recognized in [20] for the first

time. Then, when the vertical representation is the Fock one, [22] eventually identified



the intertwiner with the refined topological vertex [23, 24], which is a computational tool
for the topological string theory. Because the Nekrasov function is reproduced by ap-
propriately gluing the refined topological vertices, we can identify the Nekrasov function
with the certain combination of the intertwiners. This realizes another aspect of the
AGT correspondence, between the super Yang-Mills theory, conformal field theory and
topological string theory, and we can understand that the algebraic structure of them is
governed by the same quantum toroidal algebra. This is the reason why we concentrate
on the theory of the intertwiner in this thesis.

Many important objects in representation theory are naturally related to the in-
tertwiner; for example, R-matrix [25], (q,t)-KZ equation [27] and gg-character [28] are
investigated by making use of the intertwiner. Furthermore, by considering the inter-
twiner for the quantum toroidal gl, algebra (n € N) instead of the quantum toroidal
gl, algebra, we can obtain a natural generalization of the refined topological vertex and
identify the combination of these intertwiners with the function of instanton counting on
the ALE space [29]. As another direction of a generalization, one might expect to replace
the representation space of the intertwiner; then, this is the subject in this thesis. In
what follows, we state the question, idea and result.

Systematic construction of intertwiner

Originally, in [22], they considered the trivalent intertwiner for a triple of the Fock
representations and constructed it by making use of the vertex operator formalism (see
Section 3.1 for details). Each state of three Fock representations was labeled by a partition
(or a Young diagram)[14], and each partition corresponded to one of three labels of the
refined topological vertex. However, we know that there are also a lot of representations
other than the Fock representation. Then it is natural to consider whether there always
exists an intertwiner for arbitrary representation or not. This thesis aims to answer this
question partly. Now we would like to replace one of the Fock representations of the
intertwiner [22] with another one and to discuss its properties, though we do not know
the physically clear meaning of the resultant vertex.

Here we explain the strategy to construct a new intertwiner from given intertwiners
in a general setting. To this end we identify the intertwiner with a trivalent vertex

graphically in the following way:
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where we have used the notation A(a) = Z.oz(l) ® a; ) and we often omit arrow signs

i
from diagrams. Note that we will associate the vertical and the horizontal representations
to the vertical and the horizontal edges, respectively. If we have two intertwiners W; :
Vi® H; — H] (i = 1,2) with H; = H), then we can obtain the intertwiner for the
tensor product V; ® V4 by simply composing two intertwiners Wi, = Wy o (id ® U,) :

Vi ® Vo ® Hy — H{. The intertwining relation can be checked graphically as follows:

e =2 o
2Y)

(22)
ij
we have to do is only to check the consistency condition for the composite operator to

where we have used the notation A(az(?)) =>; agl) ® a;; . For this construction, what
exist.

Since the Fock representation of the quantum toroidal gl; algebra can be constructed
by infinite tensor product of the vector representations, one might expect that the inter-
twiner for the Fock representation can be obtained by infinitely many times composition

of the intertwiners for the vector representation:

! J_L ! 4L = \Pvect'

\I/Fock =

Actually taking the infinite tensor product requires some regularization procedure. Ac-
cordingly we have to take this effect into account and attach some modification operator
to the composition of the intertwiners in order to stabilize the infinite composition. As
concerns the intertwiner for the Fock representation, we obtain the following theorem
(see Proposition 3.10 for details):

Theorem 1.1 ([30, Section 4.2.2]). There exists a unique intertwiner for the Fock repre-
sentation up to normalization if and only if a pair of horizontal representations satisfies
the matching condition for the zero mode sector. Furthermore, for the suitable choice of

horizontal representations, this intertwiner agrees with that of [22).



It is the main part of this thesis to show how to construct the intertwiner in a systematic
way along the above idea. Furthermore, by applying the same method, we can newly
construct the intertwiner for the MacMahon representation [30], though we have to define
the horizontal representation in a more abstract way compared to [22]. The following
existence and uniqueness theorem of the intertwiner for the MacMahon representation is

the main theorem of this thesis (see Proposition 3.13 for details):

Theorem 1.2 ([30, Section 4.3.2]). There exists a unique intertwiner for the MacMahon
representation up to normalization if and only if a pair of horizontal representations

satisfies the matching condition for the zero mode sector.

Here we sketch the explicit form of the intertwiner Z(K; v) for the MacMahon represen-
tation (note that we express the intertwiner as an operator between a pair of horizontal

representations (H,H'), the A-component, see Definition 3.2):

AKv) = ZAEA(K;U) cH — H,
A(K;v) = M) - 1 (0) o T (K ), m> h(A),

[1]x [1]

where (i)KL}(U) denotes the finite composition of the intertwiners for the Fock representa-
tion, I',,(K;v) denotes the above mentioned modification operator, M™(K) denotes the
coefficient which is required for the well-definedness of the operator = (K;v), and zy is
the contribution from the zero mode sector which is characteristic of the vertex operator
formalism and there is no counterpart at the representation level.

In order to obtain an arbitrary web diagram by composition of the intertwiners, one
needs the notion of the dual intertwiner [22]. We can also construct it in almost the
same way as the original intertwiner by merely reversing the ordering of the composition.
Hence we can obtain the counterparts of the above theorems (see Propositions 4.9 and
4.12). However, we should pay some attention to the dual basis. We know that the dual
basis of the Fock representation corresponds to the dual Macdonald function, while we
do not know what is the dual basis of the MacMahon representation. This thesis only
suggests what should be the normalization factors, see Section 5.2; we do not have any
insights into the relation with the theory of symmetric function.

Further direction

Strictly speaking we only deal with the vacuum MacMahon representation in this
thesis. One can define the representation whose highest weight state has infinitely many
boxes consistently, which is called MacMahon representaion with boundary condition

[16]. This highly nontrivial representation can also be constructed as the infinite tensor
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product in somewhat peculiar way. Therefore we expect that the intertwiner for this

representation can also be constructed in a spirit of this thesis.



Organization

In Section 2 we review the definition and the representations of the quantum toroidal
gl; algebra. In Section 3 we make a detailed explanation of how to construct the inter-
twiners, which is the main part of this thesis. In Section 3.1 we state the definition of the
intertwiner in somewhat more general settings than [22]. In Section 3.2 we construct the
intertwiner for the vector representation by lifting the generating function of the vector
representation to the vertex operator. In Section 3.3 we construct the intertwiner for the
Fock representation as the composition of the vector intertwiners and the modification
operator. In the same way, we construct the intertwiner for the MacMahon representa-
tion in Section 3.4. Section 4 is devoted to the construction of the dual intertwiner which
is defined by exchanging the source and the target representation spaces in the definition
of the original intertwiner. Section 5 is devoted to a few supplementary properties of
the MacMahon intertwiner. In Section 5.1 we confirm the agreement of two ways to
compute the R-matrix as an application of the MacMahon intertwiner. In Section 5.2
we discuss the relation between the normalization factor for the dual basis and the OPE
factor arising from the certain arrangement of the intertwiners.

Most of parts of this thesis, particularly Sections 3 and 5.1, are based on [30], while
Sections 4 and 5.2 are based on [31].

Notation

Geometric series: 1% € C[[z]] denotes }_ -, az".

Delta function: §(z) =5, ., 2"
g-integer: [r] := qqr__qq:f (reZ).
Partition: A = (\;);>1 where \; > A4 for arbitrary i € Z-y and \; = 0 for sufficiently

large 1.
@ = (0);>1.
(i,j) EXi= N > ] (i,] € Z=o).
((A) :==min{l > 0|({ +1,1) & A}
A= T N
A+ 15 1= (A))i>1 where \; = A; + 1 and A} = \; except for i = j.
EX = (N)i>1 where X, = [{k > 1|\x > i}
ax(i,j) ==X — 74, L(i,7) ="\ —i.
Plane partition: A = (A®),; where each A®) is a partition, Agk) > Agkﬂ) for arbitrary
i,k € Zso and A®) = & for sufficiently large k.
D = (D)k>1.

10



(1,4, k) € A= AP > (i, .k € Zoo):
R(A) ;== min{k > 0|(1,1,k+ 1) & A}.
h(A h(A) ~(AKR)) (K
Al = Ek(:l) |A(k)‘ = Zk(:l) 21(:1 )AE g
A+ 1§a) = (N®));>, where A@ =A@ ¢ 1; and AP = A® oxcept for k = a.
Coordinate: z;; 1= q{_lqé_l, Tijk 1= q{_lqé_lqg_l.
g-Pochhammer symbol: (2;¢)a := [[heo(1 — ¢"2).

Theta function: 6,(2) := (2;0)e(p/2; D)o = (1 — 2) [T (1 — p*2)(1 — p¥/2).
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2 Representation of quantum toroidal gl;, algebra

2.1 Definition of quantum toroidal gl;, algebra
The quantum toroidal gl, algebra, denoted by U, has two deformation parameters ¢,d € C
and we follow the following convention:

a=0" @=0"'¢" ¢=d¢, q1G2q3 = 1. (2.1)

In this thesis we assume that ¢; is generic, that is, ¢¢¢5q¢5 = 1 for a, b, ¢ € Z if and only

if a = b = c. We introduce the structure function

9(zw) = (2 = qu)(z = gw)(z = gsw). (2.2)

Definition 2.1. Let U be a unital associative algebra over C generated by the currents

z) = Z Bz, Z Frz 7k, (2) = K* + Z KE2Fr, (2.3)
and the central element C. These generators satisfy the following defining relations:
KE*(2)K*(w) = K*(w)K*(2), (2.4)
g(C7lz,w) NEK*H () = g(w,C12) VK~ (
) K@) w) = £ ) K )k (2), (25
g(z,w) KE(CYTV2)E(w) + g(w, 2) E(w)KE(CUFI/2) =0, (2.6)
g(w, z) K¥(CYHV2)F(w) + g(z,w) F(w)K*(CWEY/22) =0, (2.7)
(), Fw)] = {8(C%) KH ()~ 2) K@)}, (@8)
9(z,w) E(2)E(w) + g(w, 2) E(w)E(z) =0, (2.9)
g(w,z) F(2)F(w) + g(z,w) F(w)F(z) =0, (2.10)

where §(z) = Zz" 15 the delta function.

nez
Strictly speaking, U is defined by the above defining relations with the Serre relation
[16, 13]. However, we adopt one without the Serre relation because we do not use it in
this thesis and also it has been already known that the representations which we use
in this thesis satisfy it [16]. Note that the coefficient § in (2.8) only affects the relative

normalization of currents F(z), F((z) and K*(z). In this thesis we choose

(1—q)(1 — )

— (2.11)
1 —g3 !

qg=
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in order to make the coefficients for the right hand sides of (2.78)—(2.80) unit, while
we need nontrivial multiplication factors in (2.22) and (2.23). In addition we impose

K~ = (K™*)7!, hence there are essentially two central elements C' and K.

Definition 2.2. Let ;2 € C*. A representation of U is called level (v1,72) representa-
tion if C' =y, and K= = 5.

Following [25], we call C' = 1 or C' = q representation vertical or horizontal represen-
tation respectively in this thesis. In particular we use the vector, Fock and MacMahon
representations as the vertical representation (see Section 2.2), while the vertex operator
representation as the horizontal representation (see Section 2.3). We need a coproduct
structure of U in order to define the tensor product of two representations and we use

the following one.

Proposition 2.3 ([12, Theorem 2.2|). The following coproduct A defines a quasi-Hopf

structure on U:

A(KT(2)) = Kt (2) @ KT(C]'2), (2.12)
A () = K~ (C5'2) @ K (2), (213
A(E(2)) = E(2) ® 1 + K~ (C12) @ E(Cy2), (2.14)
A(F(2)) = F(Cy2) @ K (Cy2) + 1 ® F(2), (2.15)
AC)=C®C, (2.16)

where C1 =C®1 and Cy =1® C.

Note that the right hand sides of (2.14) and (2.15) may not be inside & ® U in general.
However, they make sense on any tensor product representations which we consider in
this thesis.

When one checks the defining relations of U, the following formula is useful.

Proposition 2.4 ([14, Lemma 3.3]). Let f(u) be a rational function which is regular at
u = 0,00 and has at most simple poles. Let f*(u) be the Taylor expansion of f(u) in

1

uTt. Then we have

P = 1) = S oteu) (Ress) ), (217)

where the summation runs over all poles o of f(u) and Res denotes the residue at the

point u = Q.
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Figure 3: The vector [v];_; corresponds to the position of x;. It is convenient to assign
the coordinate ¢! to x;, then the action of the vector representation can be written in
terms of this coordinate. F(z) shifts the vector to the right and F'(z) does to the left
while K*(z) acts diagonally.

2.2 Vertical representation

In this section we summarize vertical representations which have the trivial first level
v1 = C = 1. In particular we review the idea of the infinite tensor product construction
worked out in [14, 16]. In these representations we can find a basis which simultane-
ously diagonalizes K due to the commutation relation (2.5). In [14, 16] three kinds of
vertical representations have been introduced: the vector, Fock and MacMahon repre-
sentations. In these representations the basis on which KF acts diagonally is roughly
speaking one, two and three dimensional Young diagrams respectively. Accordingly, we
can define the Fock representation as an irreducible subrepresentation within the infinite
tensor product of the vector representations [14]. In a similar manner, we can construct
the MacMahon representation from the Fock representations [16]. The second level of the
vector representation is 5 = K~ = 1. However, the regularization procedure required
in the above procedure makes 5 nontrivial. Consequently, the Fock representation has
a quantized level v, = ¢, where q is one of the parameters of /. Moreover, quite inter-
estingly, the MacMahon representation allows continuous level 4, = K'/?2 € C*, where
K is independent of the definition of ¢4. We can find a natural regularization for the
Fock representation, while that for the MacMahon representation somehow looks am-
biguous and leads to an arbitrary value K /2, which we can interpret formally as a limit
of ¢¥ (N — o0). In summary, the explicit actions of the vector, Fock and MacMahon
representations are given by (2.20)—(2.23), (2.33)—(2.36) and (2.58)—(2.60), respectively.

2.2.1 Vector representation

Graphically, the vector representation is spanned by integral points of one dimensional

line, see Figure 3.
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We introduce the following generating function,
~ 1—q'2)(1— g5tz
¢(2) — ( 2 )( 3 )

(1 =2)(1 - q2)
- 9(z,1) _ (1—g¢'2)(1—g'2)(1—g5'%)

V()W(g 2) =G(z) = 0D (e g (2.19)

One can confirm the following proposition by making use of Proposition 2.4.

e C[[2]], (2.18)

Proposition 2.5 ([14, Proposition 3.1]). Let V' (v) be the vector space over C generated
by the basis {[v];}icz, where v € C is the spectral parameter. Then the following action
on V(v) defines a level (1,1) representation of U:

K*(2)v]; = d(qiv/2) ], (2:20)
K™ (2)[v]i = d(ar " 2/v) )i, (2.21)
E(2)[v); = € - 0( v/ 2) W] i, (2.22)
F(2)[v)i = F - 0(q;" v/ 2) v, (2.23)
where the multiplication factors € and F are determined from the choice of g:
(- —g' _
£.F =5 ‘121 z(ql B (1~ ) (1= g5h). (2.24)
This representation is called vector representation and denoted by (p¥,V (v)).
In this thesis we choose
E=1—q, F=1-¢, (2.25)

in order to write down the intertwiner concisely, for example see (3.34) and (3.36). Note
that we choose ¢; as the special direction, hence the symmetry of the parameters ¢ 23,
which exists at the level of algebra, is broken at the level of representation.

In general we can consider the tensor product of the vector representations by making
use of the coproduct of Proposition 2.3. However, this procedure may become false if
the spectral parameter takes the special value. As concerns this problem, we have the

following sufficient condition for the well-definedness of the tensor product.

Proposition 2.6 ([14, Lemma 3.6]). If w # qjv for any n € Z, then the coproduct of
Proposition 2.3 define the tensor product representation on V(v) ® V(w).

15



Proof. Let us evaluate the action on [v]; ® [w]; € V(v) ® V(w) (4,7 € Z). The parts in
question are as follows:

K™ ()l @ E(:)[wl]; = € - (o™ lz/w (a] 1w/z>[vh® [y, (2:26)
Zero: w :q1 qu, q1 qsv,

F(2)[lipn ® K (2)[w]; = F - d(glw/2)6(gi 0/ 2) v © [w];, (2.28)

pole:: = gi”v, " (2.29)

. _ i—j+1
Zero: w = q1 qgv a0 q30.

We have elucidated the poles and zeros by substituting the support of the delta functions
for the function ¢. Therefore the assumption w # qi'v is nothing but the condition in

order for the action to avoid poles. ]

Actually the Fock representation F(v) which we will consider in the next subsection
only has tensor components of type V(v) ® V(gjv), hence there is no problem at least
for the finite tensor product QN V(qé 'v). On the other hand the tensor product of
the Fock representations Qr_, F(giv) cannot be defined even if N is finite due to the
specialization of the spectral parameters. However, we can define the representation of U

consistently by taking the certain subspace in it, which is the MacMahon representation
[16].
2.2.2 Fock representation

Graphically, the Fock representation is spanned by (ordinary) Young diagrams, see Figure
4. Let F(v) be the subspace generated by the basis {|)) } x:partition:

®V(QQ_1U) D F(v)3[A) = ®[CI§_1U]Ai—1- (2.30)

In [14], they introduced the level (1,q) representation of ¢ on F(v) by considering a
certain limit of the tensor product of the vector representations. We introduce the coor-
dinate zs = wgy,, 755 = ¢l '¢it. Tt is also onvenient to decompose 12(2) into a ratio of

more fundamental function v(z) with shifted variable as follows:

B(2) = 9((a ) 9 =B e il (2.31)

1—2
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Figure 4: The basis vector of the vector representation looks a row of boxes. The tensor
product of these vectors looks a perpendicular arrangement of these rows. The Young
diagram results from taking the infinite tensor product and cutting the left half side. It is
convenient to assign the coordinate ¢/ '¢i™! to the box z;;. E(z) adds the box to concave
positions (denoted by o) and F'(z) removes the box from convex positions (denoted by
x) while K*(2) picks up the energy from each of boxes. The above example is the case
of A\ =(4,3,3,2).

Note that, as rational functions, we have

Y(u) = Play /), (u) =(gsfu) . (2.32)

Proposition 2.7 ([14, Theorem 4.3, Corollary 4.4]). The following action on F(v) de-
fines a level (1,q) representation of U:

£(N) £(N) £N)+1
E*(2)\) = [[d(wav/2) By w/2)IN) = [[v(ea/2) T] v(a ww/2)7M ), (233)
£(N) 176N} Z()\)—f—l

K™ (2)|A) = H@(qilxﬁ/v) By (2/0)|A) = H¢ g3ty 2/v)” H Dgr g 2 /v)N),

) (2.34)
LN)+1 5—1

E(2)[A) = (1 - ¢2) Z [T ¢ 2 /2)5 (quzjv/2) A+ 1))

LA)+1 51

= (=) > [Jvta e/zulases/e)  o(@eso/2) A+ 1), (2:35)
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F(z)]\) =(1-q" Z H Dlag/25)8(x50/2) B (1/25)[A = 1)

7=1 s=j+1
o) (N (N)+1
=1 =" I vz T vl a/z) " o(o/2)A=1;),  (2.36)
Jj=1 s=j+1 s=j+1
where
1= gNgzv/z N 1 —q’qulz/v
+ = 1 —2 = 2 3 . 237
B/ = TS B/ = R (2:37)

This representation is called Fock representation and denoted by (p*, F(v)).

In [14] they proved that the actions (2.33)—(2.36) are indeed closed in the subspace
F(v) C @2, V(gy 'v). This fact is assured by the go-shift of spectral parameters among
adjacent vector representations in the tensor product. The Fock representation is the
highest weight representation with |&) being the highest weight state. The generating

function of eigenvalues of the vacuum is

Ya(v/2) = (B|K*(2)|2) = ¥(gsv/2) ", (2.38)

where we have defined the bra operator (A| by the condition (A|i) := d,,. By making

use of the relation (2.19), one can rewrite (2.33) in a symmetric way

AKF(2)N) = vs(v/2) [] Glaiv/2). (2.39)

(4,5)EN

Note that the finite tensor product of the vector representations has the trivial level (1, 1)
as well as the vector representation itself does. Now, however, the Fock representation
has the nontrivial level (1, q) due to the regularization (2.51) we will choose.

At first following [14], we outline the idea to obtain the Fock representation (o™, F(v)).
One can construct a natural tensor product of the vector representations by making use
of the coproduct (2.12)—(2.16) of «. We would like to define an infinite tensor product
of the vector representations and find an irreducible subrepresentation whose basis is
spanned by partitions, that is, the Fock representation. Let us consider the following

finite tensor product with ¢o-shifted spectral parameters:

N N

QR Vg ) 21N = Qlgs "vla-1. A= (A,..., \y) € ZV. (2.40)

i=1 =1
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The tensor product representation is defined by pY (X (2)) = py, ®- - -®py, (AN (X (2))),
where p;. denotes the vector representation with the spectral parameter v; = g5 'v. Since

C' =1 for vector representations, the coproduct (2.12)—(2.15) gives

AVTHES(2)) = K5 () @ - @ K7 (2), (2.41)
AN — ; - K™ (2)®B(z)® 1 ®]-V~k® 1, (2.42)
AN=Y( Z RIOF() @K (2) @ ® K¥(2). (2.43)

One can naturally consider A € Z" also as A € ZVT! with Ay, = 0. However, (p¥,
®£\L1 V(g5 v)) does not form an inductive system because actions of p% and pY 41 on
IA) (A € ZY) are different. For this reason one cannot take a limit N — oo naively.
In order to settle this problem, we modify the action of (o, @~ V(g 'v)) to some
(7% QN V(g ') so that it forms an inductive system of U-modules. Then one can
take the inductive limit pY, = limy_, ply to find the Fock representation (p*, F(v)) as
an irreducible subrepresentation of (pY,, 5, V(qs 'v)).

In the following, instead of giving a full account of the proof for Proposition 2.7, we
describe the idea of modification in detail and reveal the role of 5% (2.37) in Proposition

2.7. Let us modify the action of p}; to py so as to obtain the condition
(X (2) = Py (X(2)) on [A), A€ Z¥T', VM € Zy, (2.44)
for X = K%, E and F. Then we can define the action of p¥_(X(z)) on |[\) (A € ZN71) as

pY (X (2)). Therefore, we should search for a modified action which satisfies the condition
(2.44). Actually, we have to modify only p%(K*(2)) and p} (F(z)) keeping pk (F(2))
intact. To begin with, let us see that the action p¥ (E(2)) can be the same as p¥ (E(2)).
This action satisfies the condition (2.44) due to the vanishing property:

(K™ (2) @ B(2))(lg5" 0] @ [@3 0] 1) = gz M2 /0)8(a5 v/2) [0 0] 1 @ [g5'v]o = 0.
(2.45)

Next, let us focus on the action of K*(z). This time the actions of p}, and pY,,, dif-
fer. Let Ky(z) = ph(K*(2)) = pN(K*(2)) - By = ANTH(K*(2)) - By, where Sy =
Br((v/2)*) is a modification factor which satisfies 53 (u) = By(1/u) as a rational func-

tion. Since

E*(2)lap"v]-1 = v(ar @ v/2)lag v]-1, (2.46)
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one gets the recursion relation for the modification factor £y:

WKL (DN Bl - o
TR gy ). (2.7

This is equivalent to

BY =g e o/2) T B = (e e /) T (g e e /2) B
—@Z)(Chl A lv/z) V(g 0/2)517 (2.48)

which determines 5?5, up to an appropriate initial condition. Naturally, the initial con-
dition should be related to the regularization problem of the vacuum of the Fock repre-
sentation. To see this let us look at the unmodified representation py on the “wvacuum
state |@),” @ = (0,...,0) € ZV,

(@AY ET(2)|2) = H¢ (g2 'v/2) = Hl/) 0 ay " /2 (a5 gsz/v) T

_ 1—q2 v/z 1—q3v/z (2.49)
1—¢Vqv/z 1—v/z "~ '

This expression makes no sense at the limit of N — oo, but we can formally regularize

it by specifying the ordering of infinite products:
Wigso/2) " [ (Wla a5 o/2)0(d5as0/2) ") = W(gsv/2) " (2.50)
k>1

Therefore, in the modified representation pY;, one expects the vacuum expectation value
to be

(] Kx(2) H a ' v/2)BR(v/2)

1—qsv/z
= (qzv/2) " = q_l%z/é, VN € Zsy. (2.51)

Thus, the problematic factor % in (2.49) has been replaced by the factor q=! by
b) v/z

the regularization. Now (2.51) leads to the initial condition

B (v/z) = (g 'v/2)7" (2.52)

Hence, the above prescription for the regularization gives
By(v/z) = Ylartay o/2)7 = d(ay Y z/v) = By(z/v). (2.53)
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Figure 5: The three dimensional Young diagram (or plane partition) is a pile of ordinary
(two dimensional) Young diagrams. Now the extra direction (dimension) corresponds
to the parameter g3, which measures the hight. The above example is the case of A =
((4,4,2,1),(4,3,1),(2,1)).

As concerns the action of F'(z), we also need some modification factor. This factor should
be precisely the same as 35 (v/z) for the sake of (2.8). In fact, it satisfies the condition
(2.44) due to the vanishing property,

By F(2)|a vl = (e e v/2) 7 o0 ap v/2) gy vl = 0. (2.54)
At last, we can find the invariant subspace F(v) which consists only of partitions by
investigating the positions of zeros appearing in the action of the creation operator F(z)
and the annihilation operator F(z). This irreducible subrepresentation generated by the

empty Young diagram & is nothing but what we have wanted.

2.2.3 MacMahon representation

Graphically, the MacMahon representation is spanned by three dimensional Young dia-
grams or plane partitions, see Figure 5.
Let M(v) be the subspace generated by the basis {|A)}:plane partition:

) Flghv) D M(v) 5 |A) : @ |A®)Y, (2.55)
k=1

A plane partition A = (A®),5; is a sequence of (ordinary) partitions which satisfy
AEkH) < AZ(-k) (Vi,k) and A™ = & for sufficiently large n € Z-,. We also use the

following notations:

h(A) := min{k > 0[(1, 1,k + 1) € A}, (2.56)
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(i,5,k) € A = AP > ;. (2.57)

Let |[A®) € F(g5~'v) unless otherwise mentioned. In [16], they introduced the level
(1, K/?) representation of & on M(v) in a similar way to the construction of the Fock

representation. We introduce the coordinate z;;, = ¢} 1q§ 1q§ 1 — q{nglg .

Proposition 2.8 ([16, Section 3.1]). The following action on M(v) defines a level
(1, K/?) representations of U for K'/? € C*:

h(A)
K*(2)|A) = [ TAWE=()IAD) 2 a1, iy (0/2)]A)
— (K1/2 (v/2)*") H G((zijrv/2)TH) A, (2.58)

(3,9,k)EA
R(A)+1 LAY 4+1 k-1

= Z Z H S)|K_(q1xijkv)|A(S))|}"(q§7111)
k=1 =1 =

x (A® + 1, B(2)|A®)| 7, = |A+1k)) (2.59)
R(A) L(AR))
=> > (AW - L|F(z )IA(’f)>|f(qgflv>
k=1 1i=1

x H (A EH (23500) [AD) | 2oy Wiy @A = 1), (2.60)

s=k+1
where

to/2) = T (K v/)2) = K'2(1 — Kv/2)
v (v/z2) =5 (Ksv/2) q—N(l

Fa0) = (2 o) o= UK |
z/v) = 1 z/v) =
o w av (1= g; z/v)
and we have introduced the generating function of eigenvalues of the vacuum
1 — K+
WE(EY ) = KF2- 2 (2.62)

1—u
This representation is called MacMahon representation and denoted by (p™M(K), M(v)).

We note that j = Agk) is understood at the right hand sides of (2.59) and (2.60). The
action of K*(2) has a manifestly symmetric expression with respect to the permutation
of ¢1.23 but that of E(z) and F(z) do not. The MacMahon representation is the highest
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weight representation with the empty plane partition @ being the highest weight state.
Note that, so far it makes sense, the N-times tensor product of the Fock representations
has the level (1, q"). Now, however, the MacMahon representation has the level (1, K1/2)
with a continuous parameter K, which is outside the algebra U/, due to the regularization
(2.67) we will choose. Hereafter we use the notation M(K;v) for M(v) in order to specify
the K dependance. We also use the notation My (v) for the subspace in @x_, F(qi'v)
which is spanned by the plane partition whose hight is at most N.

We can obtain the above formulas in almost the same way as the construction of
the Fock representation, while the regularization procedure becomes somehow different.
To see this, let us focus on the action of K*(z) here. Let K3 (2) = ph(K*(z)) =
ANTHK®(2)) - 4%, where 75 = 7% ((v/2)*™) is a modification factor which satisfies

v (u) = vy(1/u) as a rational function. Since
(BIKH(2)|2) | rgpey = (a5 v/2) 7, @) € Flgg'), (2.63)

one gets the recursion relation for the modification factor 3

1= (A|KJ—{—7+1(Z)|A)|MN+1(U) _ ’71—{_]_,_1 ¢<q§+1v/2)71 (2 64)
(AKX (2)[A) [ vy () N ’ '
which means
1 —q3v/z
=@ v/ =a” 1—3/7+7 (2.65)

1—qlu/z "t
and determines ﬁ\c, up to an appropriate initial condition. As concerns the initial con-

dition, let us look at the unmodified representation p% on the “vacuum state |@),”
Z=(9,...,9),

(@IAY (K ()1 i = [ lv/2) = 4 H 11_—qqgv/z _ q—Nll—_q?;}%?
k=1
(2.66)

This expression makes no sense at the limit of N — oo, but we cannot use the same
strategy as in the previous subsection due to the presence of the coefficient q=V. Here we
have to regularize it in another way; we formally substitute q”V by an arbitrary parameter
K'/? € C*. Then, in the modified representation pl, one expects the vacuum expectation

value to be

ol — Kv/z

T (2.67)

BIK(2)12) v = [ [0 (a3v/2) 7 2i(v/2) =
k=1
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which leads to the initial condition

K21 — Kv/z)

fv/z) = 2.68
71( / ) qfl(l—q;ﬂ}/Z) ( )
Hence our regularization gives
K-12(1 - Kv/z) KY?(1 Lz /v _
tofsy = DA K KUK 0 sy (2.69)

N1 —qfv/z)  q (1—q3 Nz fv)
2.3 Horizontal representation

In this section we summarize horizontal representations which have the unit first level
v = C = q. We introduce the Heisenberg mode H, (r € Z~q) by

K*(z) = K exp ( (q—q° ZHﬂ,ﬁT) . (2.70)
When C = q, the Heisenberg mode satisfies the following relation due to (2.5):

(Hr H) = b g7 (1 )0 - ) .1

where [r] :== (4" — q7")/(q — g~ ') is the g-integer. We define the fundamental vertex

operator V*(2) as follows:

— H
VE(2) = exp (ZFZ ﬁr z”) , (2.72)
T
r=1
then the fundamental OPE (operator product expansion) by the normal ordering is
V)V (w) =s(w/z) : VT(2)V ™ (w) :, (2.73)

where the scattering factor s(z) is

(1—92)(1 —q7'2)
s(z) = oo C[2], (2.74)

and satisfies the following formulas as a rational function:
s(u) = s(1/u),  G(u) = s(q~ u)s(qu) ™" (2.75)
The normal ordering is the procedure to carry positive modes to the right, for example,

“H.H ,=H ,H., :H ,H..-=H ,H.,, -HH ,-=HH ,=H ,H., 1r,s€Zs,r+#s.
(2.76)

24



The Fock space for the Heisenberg mode, the Heisenberg Fock space, is the vector space
over C generated by the basis |Hy) = H_),H_,, ---|0) where A = ()\s)s>1 is a partition

and the vacuum state |0) is defined by the annihilation condition
H.|0) =0, r>0. (2.77)
One can confirm the following proposotion by making use of the fundamental OPE (2.73).

Proposition 2.9 ([20, Proposition A.6]). The following vertex operators on the Heisen-
berg Fock space define a level (q,1) representation of U:

K*(q"%2) = ¢ (2) = V(a2 VE(T'2) 7 (2.78)
E(z) = n(z) = V(a7 22)V*(q72), (2.79)
F(z) = &(2) =V (q72) 'V (g 22) L. (2.80)

The shift of the argument in K*(z) is conventional. Furthermore, for any v, € C*, we
can employ a more general level (q,72) representation with zero modes e(z), f(z) and
k*(z) which are operators acting on the Heisenberg Fock space and commuting with non-
zero modes H.,. We assume that the zero modes commute with one another,®> namely

the zero modes are C[[z*!]]-valued.

Proposition 2.10 ([30, Section 2.3]). When the zero modes satisfy the following conditions:

k*(0) =, (2.81)
e(2)f(q™2) = k*(q7'/%2), (2.82)

the following vertex operators on the Heisenberg Fock space define a level (q,7,) repre-

sentation of U:
K*(q"%2) = ¢™(2) K*(2), (2.83)

— n(2) e(2), (2.84)

F(z) = &(2) £(2). (2.85)

This representation is called horizontal representation and denoted by H = H(k*(2),

e(z), £(2)).

3In the case of general quantum toroidal gl,~1 algebra, the zero modes do not commute with one

another.
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Proof. To begin with, the second level is fixed by K~ (0) = k™ (0) = v, (= (KT(0))™! =
(k™(0))™'). Then it suffices to show that the above assignments (2.83)—(2.85) solve the
defining relations (2.4)—(2.10). Since we have already known that the Heisenberg parts
(2.78)—(2.80) themselves solve the defining relations, the nontrivial check is only for (2.8).
We can check this from (2.82) by substituting the support of the delta function. O]

Note that e(z) can be uniquely determined from f(z) and k*(z) as

e(z) = \/(k+(q‘1/22)k‘(q1/22)) / (£(a=12)E(az2)). (2.86)
Furthermore, we make an ansatz that k*(z) is independent of 2:
KE(2) = KE(0) = +F, (2.87)

so that we can lift the modification factors (2.37) and (2.69) of vertical representations
to vertex operators uniquely later. As we will see, we need nontrivial zero modes for the
existence of the intertwiner.

For example, the level (q,q") representation used in [22] is defined by
k*(z) =a™,  e(2)=(a/2)"u,  f(z)=(a/2)u, (2.88)

where wu is the spectral parameter of the representation. We can express this horizontal
representation as F) = H(q™N, (a/2)Vu, (q/2) Nu).
It is also useful to introduce the dual vertex operator V*(z) which satisfies
VIRV (w) =1 —-w/2)"' V)V (w) (2.89)
V)V (w) =1 —w/z) : V)V (w):. (2.90)

It is expressed explicitly as

VE(2) = exp <:FZA:|:TZ:FT> , A, = 1-9 H,, (2.91)

r=1

where
k=@ =07 = = IO =) = > (@ — a7, (2:92)

and we have

[AT7HS] = r+s,0[:_]- (293>
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Figure 6: We use the notation A(a) = Zagl) ®al?.

3 Construction of intertwining operator

3.1 Definition of intertwiner

In [22] they introduced the trivalent intertwining operator of U. It was defined for a

triple of representations (fél’“'),J-"qu""N) ,fﬁq;‘l]vﬂ)), where F\M = F (v) was the vertical
N N
Fock representation and (fng’q ), Fgﬁ, +1)) was a pair of the horizontal representations.

In more general we define the trivalent intertwining operator as follows.

Definition 3.1. Let V be a vertical representation and (H,H') be a pair of horizontal
representations. The trivalent intertwining operator is a linear operator ¥ : V@ H — H’

which satisfies the following intertwining condition:
a¥ = UA(a), Va € U. (3.1)

Note that the coproduct of proposition 2.3 makes sense in the tensor product V ® H
because of the annihilation condition (2.77). Hereafter this trivalent intertwining operator
is called intertwiner simply. The intertwiner ¥ whose vertical representation is the vector,
Fock and MacMahon one is called and denoted as vector, Fock and MacMahon intertwiner
I, ® and = respectively. Graphically the intertwiner is represented as a trivalent vertex
with a single vertical edge and two horizontal edges, and the intertwining condition (3.1)
is represented as in Figure 6. Actually what we will do is to construct the following

component of the intertwiner.

Definition 3.2. Let {|)}, be a basis of the vertical representation V, which simultane-
ously diagonalizes the action of K*(2). The a-component of the intertwiner ¥ : V@H —
H' is a linear operator W, : H — H' defined by

Uy(e) =V(la)e), ecH. (3.2)
We can use the following proposition as a definition of the component of the intertwiner.
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Proposition 3.3 ([30, Section 4]). Let U, be the a-component of the intertwiner U :
VQH — H'. Then ¥, is characterized by the following intertwining relations:

KT (2)¥, = (a| KT (2)|a) VK (2), (3.3)
K7 (42)¥a = (a| K~ (2)|a) Yo K™ (q2), (3.4)
E(2)V0 = (BIE(z)|a) Y5+ (alK~(2)|a) YaE(2), (3.5)

B
F(2)Wa =) (BIF(q2)|a) UsK™(q2) + Vo F(2), (3.6)

B

where operators on the right side of U, act on the source horizontal representation H,
while operators on the left side of ¥, act on the target one H'. The matriz elements

(B X ) are computed in the vertical representation V.

Proof. Tt suffices to check the intertwining condition (3.1) for the generators of U: K*(z),
E(2), F(z) and C. (3.1) for the central element C' is automatically satisfied by definition
because C' = 1 and C = q for the vertical and the horizontal representations respectively.
As concerns the other generators, we can obtain (3.3)—(3.6) by making (3.1) act on
la) @ @ € V@ H and using the notation 1 =}, |8)(5]. O

By evaluating the matrix elements in each of vertical representations, we can summarize

definitions of the intertwiners as follows.

Proposition 3.4 ([30, Section 4.1.1]). Let {[v],_1}nez be the basis of the vertical vector

representation V(v). The n-component of the vector intertwiner defined by
L(v)(e) =1([v],-1 @e): H—>H,6 ecH, (3.7)

1s characterized by the following intertwining relations:

K (2)L(v) = (i "0 /2) L(0)K*(2), (3.8)

K (92)L,(v) = d(g,"2/v) Lo(v) K~ (q2), (3.9)
E(2)(v) = (1 = ¢2)3(g1v/2) L1 (v) + (a1 "2/v) T(0) E(2), (3.10)
F(2)La(v) = (1 = ¢;)d(a7 " a7 "v/2) Loo1(v) K (q2) + Lo (0) F(2). (3.11)

Proof. 1t follows from Propositions 2.5 and 3.3. O]

Proposition 3.5 (][22, Lemma 3.2], [30, Section 4.2.1]). Let {|\)} x.partition be the basis of

the vertical Fock representation F(v). The A-component of the Fock intertwiner defined
by
O (v)(o)=P(|N)®e):H —>H, ecH, (3.12)
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is characterized by the following intertwining relations:

KT (2)®5(v) = \K*(2)|\) ®a(v)KT(2), (3.13)
K7 (q2)@x(v) = (A[K(2)|A) @x(v) K™ (q2), (3.14)
L(N)+1
E(z)®y(v) = Z A+ 1| E(2)|A) Patr,(v) + (AK(2)|A) PA(v)E(2),  (3.15)
k=1
)
F(2)®x(v) = ) (A = LlF(q2)[A) Pac, (0) K (a2) + Pa(v)F(2), (3.16)

where matriz elements can be read from (2.33)—(2.36).
Proof. It follows from Propositions 2.7 and 3.3. [

Proposition 3.6 ([30, Section 4.3.1]). Let {|A)}A:piane partition e the basis of the vertical
MacMahon representation M(K;v). The A-component of the MacMahon intertwiner
defined by

EA(K;v)(o) =E([A)@e): H—H, ecH, (3.17)

1s characterized by the following intertwining relations:

KT (2)2x(v) = (A|KT(2)|A) Ea(v)KT(2), 3.18
K™ (2)2a(v) = (A[K™(2)[A) Ea(v) K (g2), (3.19)
h(A)+1 (A 41
E(2)2a(v) = Z (A + 17 1B(2)[A) Ep (V) + (ALK (2)|A) Ea(v) E(2),
k=1 i=1
(3.20)
h(A) £(A(R))
F(2)2a(v) = (A =17[F(a2)|A) B, yw (KT (a2) + Ea(v)F(2),  (3.21)
k=1 i=1

where the matriz elements can be read from (2.58)—(2.60).
Proof. Tt follows from Propositions 2.8 and 3.3. m

Note that, as shown in [22], the intertwiner cannot exist for an arbitrary pair of
horizontal representations, and the existance requires some relative condition between
them, which can be seen as the charge conservation law. In the following, we will construct

the above component of intertwiner in the vertex operator formalism and specify the
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admissible pair of horizontal representations. Note that we can typically specify just the
relative conditions between H and #H’, but there seemingly remains some freedom for
each of them.

We use the notation x(z),x'(z) and x”(z) for the zero modes of the horizontal repre-
sentation H,H' and H” respectively, where x = e, f,k*. We also write the second level

Yo of H,H' and H" as v,~" and ~” respectively unless otherwise mentioned.

3.2 Construction of vector intertwiner

Proposition 3.7 ([30, Section 4.1.2]). There exists a unique vector intertwiner I(v) :
V(v) @ H — H' up to normalization if and only if a pair of horizontal representations
(H,H') satisfies v/ = v on the second level and €(z) = ¢, 'e(z), f'(2) = qf(2) for the

zero mode sector. The n-component is written explicitly as

I(v) = zLa(v), L) =lo(qiv), ne€Z (3.22)
: Ao (a7 0) A (@ o)
Ih(v) =exp | — exp — ], 3.23
o) ( ;[7’] 1—qf ;[ 1—qf (323
where z, = z,(v) s a stack of zero modes:
2o =1, zn:q;"H (@ ') (n>0), z,= He — (n<0). (3.24)
j=1

If we choose the horizontal representation as H = Flaa™) (2.88) like [22], then H' =

féq,’fj) and the zero mode stack z, = z,(N;ulv) is
2

U/qz"f[( )N (n > 0), zn:w/qz)"f[(qjl )N (n < 0).

]:1 ]:n 1 v

(3.25)

Before proving Proposition 3.7, we summarize properties of the Heisenberg part of

the zero component I.

Proposition 3.8 ([30, Section 4.1.2]). The Heisenberg part of the zero component (3.23)
satisfies the following OPE relations:

(a7 2)o(v) = ¥
To(v)p™ (q"%2) = ¥
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(a1 'v/2) Io(v)p* (a7"%2), (3.26)
(z/v)7" ¢~ (a"22)o(v), (3.27)



D) = I ) Bwee) = 2B ) s (328)

1 —qeu/z 1—qqz/v
o) = T @) s Twne) = Tm o) (329

Proof. By definitions (2.71), (2.72) and (3.23), we have

~ — q'Pqu/z ~ ~ —qqz/v -

S 1-qlgze
(3.30)

Since p*(2),n(z) and £(2) are written in terms of the fundamental vertex operator V*(z),
we can check (3.26)—(3.29) from (3.30) immediately. O

Incidentally one can understand the relation (3.26) as follows. (The same is true of the

relation (3.27).) By making use of the relation

P a)n(w) = Glw/z) s o (@ Pon(w) ;, Glu) = dwdle'w)™  (3.31)

one notices that

N

T (a2) H (gl o)™ =g ) (g ) s et (@ ) [ [ nlad o)t s (3.32)

J=1

Therefore the equation (3.26) is a formal limit N — oo of the equation (3.32). In other

words, we can say that I, (v) is just a regularized expression of the infinite product
(e )" (3.33)
j=1

through the geometric series of ¢;.

Proof of Proposition 3.7. To begin with, (3.26) and (3.27) imply that, in order to satisfy
the intertwining relation (3.8) and (3.9), the Heisenberg part of the vector intertwiner
must be proportional to ]In(v) and the second levels of intertwined horizontal represen-
tations must coincide; 7' = «. Note that we have assumed the constant condition (2.87)
for the zero mode of K*(z). In the next we should check whether the already fixed I, (v)
solves the intertwining relations (3.10) and (3.11) up to contributions from zero modes.
Let us check (3.11) for the zero-component. In order to obtain (3.11) from (3.28) by
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making use of Proposition 2.4, one finds that the additional factor ¢s is necessary for

F(z) on the left compared to F'(z) on the right, namely,

BECRE) ~ TSI = (1= )0 (D) el o) (0o (a2,
(3.34)

where we have used the relation (2.82) for the source horizontal representation H and

$(Lt) e = (L) oot @) (3.5

At the same time the required additional factor for E(z) is automatically determined due
to the relation (2.82) for the target horizontal representation H'. In summary we have
obtained the constraint e'(z) = ¢, 'e(z), f'(z) = ¢f(z) for the intertwined horizontal
representations, and the zero mode part of the vector intertwiner z, (3.24) have been
also determined now. At the last, we should confirm that the operator I,(v) (3.22) we

have obtained solves the relation (3.10) consistently. This can be checked from (3.29) as

follows:
g5 ' n(2)e(2)Io(v) = (z/v)lo(v)n(2)e(z) = (1 — ¢2)3(v/2)g; 'e(v) L (v). (3.36)
Now we have proven Proposition 3.7. O

Essentially the same vector intertwiner was given in [20], though the expression for
the vector representation there might look different from ours. We can see that the
generating function of the intertwiner in [20, (A.5)] corresponds to the zero component
Io(v) of the intertwiner in this thesis by appropriate redefinition of the parameters.

In what follows we would like to consider the composition of the vector intertwiners
whose spectral parameters take relatively special values. Such a composition is not
always allowed, and we should check that we can take the normal ordered product safely.
Note that this argument corresponds to Proposition 2.6 at the representation level. The

following condition for well-definedness results from OPE computations.

Proposition 3.9. Let v,w € C* be the spectral parameters of the vector representations.
By making use of the coefficient A(w/v):

A(w/v)Io(v) o In(w) =: Ip(v) o Iy(w) -, (3.37)

A(w/v) = exp ( e (qlw/vy) , (3.38)



we define the OPE factor A,..(w/v) as follows:

A(w/v)L, (v) 0 Iy(w) = Apn(w/v) 7 : Ly (v) 0 Ly (w) . (3.39)
Then we have
Mmoo w /v
HZ” 1 11 q;n ’”ﬁi/{; (m >n),
Amn(w/v) = ¢ 1 | (m =n), (3.40)
Hn—m 1—-qiw/v (m <n

i=1 1—glquw/v

In particular if m > n and w # ¢ '¢;'v (1 < i <m—n) orm < n and w # q;"v
(1 <i<n—m), then the composite operator A(w/v)I,,(v) o L (w) is well-defined.

Proof. Let us decompose ]NIn(v) into the negative and the positive modes:

L(v) = I, ()L (v), (3.41)

~ 00 H_r (q—1/2q{zv)r N (%s) H (q1/2 Il 11})

Hn(v):exp<—; R — ), ]I()-exp( ;[_—l—ql )
(3.42)

Then we have

I () () = exp ( 11_—32<q?—m“w/v>*> L) (343)
r>1
Therefore
11— ¢ r(n—m r
A (w/v) = exp ( . 33(1 — ") (qw/v) ) . (3.44)
r>1 1

One can obtain (3.40) taking into account the equations

N N

L2 Ny (Vo).

i=1

Zq (N <0). (3.45)

]

Note that, when we construct the Fock and MacMahon intertwiners, the above well-

definedness conditions are kept.
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3.3 Construction of Fock intertwiner

We construct the Fock intertwiner in a parallel way to the construction of the Fock rep-
resentation (Section 2.2.2) in contrast to the rather direct way of [22]. In our approach,
taking the tensor product of the vertical representations is realized merely by the com-
position of the corresponding vector intertwiners. The essential work that we have to do
is to find the modification operator B, (v) : H — H" corresponding to the modification
factor £ (2.37), where H is the same horizontal representation as the source of the Fock
intertwiner while H” is some intermediate horizontal representation whose zero mode

sector we should specify.

Proposition 3.10 ([30, Section 4.2.2]). There exists a unique Fock intertwiner ®(v) :
F) @ H — H' up to normalization if and only if a pair of horizontal representa-
tions (H,H') satisfies v = qy on the second level and €'(z) = (—qu/z)e(z), f'(z) =

(—qu/z)"(2) for the zero mode sector. The \-component is written as

(I),\(U) = z,\Ci),\(v) H — Hl, (346)
Oy(v) = G 1MW) 0 B,(v), n>L(N), (3.47)

where ]TKL] (v) = Iy,(v) o --- oIy, (¢F " 0) and the coefficient G is defined by the normal

ordering*
1) B, (v) = (6" - T () B, (v) . (3.48)

The modification operator B, (v) is defined by making use of the dual vertex operator
(2.91) as

B,(v) = V= (q"?q50)V* (g™ q5v) 7, (3.49)

and z) = 2z)(v) is a stack of zero modes:

L(A) N

n)\
HH —qq5t ij e(z;v) = ) q)™ H T exw (3.50)
i=1j=1 (4,9)EX

Before proving Proposition 3.10, we summarize properties of the modification operator
B, (v).

iLet A, = 0 for n > ().
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Proposition 3.11 ([30, Section 4.2.2]). When a pair of horizontal representatins (H, H")

satisfies

V'=ay, €'(z) = (—agv/2)e(z), £(2) = (—agzv/2) T (2), (3.51)

the modification operator B, (v): H — H" satisfies the following relations:
K*(2)By(v) = B, (v/2) Ba(v) K" (2), (3.52)
B, (v)K™(qz) = B, (2/v) ™" K~ ( 2)Bn(v), (3.53)
F(2)B,(v) — B,(v)F(z) = (3.54)
E(2)Bn(v) — 57(Z/U)Bn(U)E(Z) = —q6(gzv/z) s n(z)Bn(v) : . (3.55)

Proof. By making use of the OPE relations (2.89) and (2.90), one can check the following

relations for B, (v):

Pt (a7"%2)Ba(v) = a8, (v/2) Bu(v)e™(a7V/%2), (3.56)
Ba(v)™(q'22) = a8, (z/v) ™" ¢ (4"%2) Ba(v), (3.57)
£(2)Ba(v) = (1 = qg5v/2) : £(2) Ba(v) ;, Ba(v)é(2) = (1 —q gz "2/v) : £(2)Ba(v) 1,
(3.58)
1(2)Ba(v) = (1= g5v/2) " s 0(2)Bu(v) 1, Ba(v)n(2) = (1 = g3"q5 " 2/v) ™" 1 0(2) B (v) :
(3.59)

Taking into account the relative level shift 4" = qv, one obtains (3.52) and (3.53) from
(3.56) and (3.57) respectively. (3.58) and (3.59) lead to the following relations

(L(-av) " €2)Buw) — Bu(w)e(2) =0 (3.60)
T (= 0)n(2)Bule) ~ B (2/0)Balo)n(z) = ~ad(ao/2) - m(=) Bulv) -, (361)

where the contribution of the delta function in (3.61) is due to Proposition 2.4. Then
taking into account the relative shift of the zero modes €”(z) = (—qqghv/z)e(z), £'(z) =
(—qqiv/z)1f(z), one obtains (3.54) and (3.55). O

It is convenient to identify the modification operator B, (z) with a single edge (with a
coefficient) so that we can see Proposition 3.11 graphically as in Figure 7. Incidentally,
along the same argument as lifting the function ¢(¢" ') to the operator IL,(v) before, one

can understand that B, (v) is just a regularized expression of the formal infinite product

H n(q J 1q§“ 1 V)~ L. (3.62)

i,7=1
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K+ (2) _ K+(:),  K-(q2) _
Py = F(),
8=(=/0) 33(a3v/2)
Bls) —— = (- —¢

Figure 7: The solid line denotes B, (z), the dashed line denotes the multiplication of
residing function (a blank denotes 1) and the symbol e denotes the normal ordered

product operator such as : 79(z)B,(2) :.

(3.56) and (3.57) mean that the operator B, (v) exactly corresponds to the modification
factor 3 up to the factor q, and this discrepancy leads to the relative level shift.

Note that we need the coefficient G in order for ®,(v) to exist independently of
sufficiently large n > ¢()), this requirement is peculiar to the operator formalism and is
absent at the level of construction of the Fock representation; functions do commute but

operators do not.

Proposition 3.12 ([30, Section 4.2.2]). We define G, ﬁkﬂ (v) and By, (v) as Proposition
3.10, then the operator ®,(v) := GI"l ]Nl[f] (v) o By, (v) is independent of n > £(\).

Proof. As for A = @, by definition of G, we have

o)

dy(v) = By(v) := exp <— Z %(qlﬂv)r 1 )

(1-q)(1—q3)

r=1

X ex Y 2, V2y)=r 4
p<z G <1—q;><1—q5>>' (369

r=1

As for general ), if we introduce the factor G, by
I8 (0) Bu(v) = (G)H(GI) 1 T (0) Bo(v) -, (3.64)

then we can show that G, is independent of n > ¢()) in fact (see Section 5.2.1). Hence
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we have

Gr - ®a(v) = I (0) B, (v) == Bo(v) [ n(ziv):
)

(1,5EX

> Hfr —1/2 A7 T !
= exp Z[T](q /U) Z Tig — (I —g))(1—gb)

r=1 (3,7)EX
— H, 1/2, \— - 5"
o [~ By [ Yay-—8 ) @)
; [r] (g);)\ (-1 -g)
where z;; = o g ]

The following diagrammatic expression for the composite operator assists us in con-

firming the intertwining relation:

d(v) =Gl -TI(v)o---ol(gh " v) o B,(v) M :

(3.66)

Note that we can obtain the A-component ®,(v) by evaluating (3.66) on the state |\) =
W1 @ ®[g5  ]y,—1 € F(v). For example, if v = q, the Fock intertwining relation
with Kt (z) can be seen easily by applying (3.52) and the intertwining relation (3.1) for
I(g5 v) repeatedly:

| K*(z) K() K*(:) 51 (0/2)
B 1 0l I S

Evaluating this on |A) yields just (3.13). The relation with K~ (z) can be also checked in

the same way.

(3.67)

Proof of Proposition 3.10. To begin with, (3.26), (3.27), (3.52) and (3.53) imply that, in
order to satisfy the intertwining relation (3.13) and (3.14), the Heisenberg part of the
Fock intertwiner must be proportional to ®,(v) (3.47), and the relative second level shift
of intertwined horizontal representations must satisfy v = qy. Now let us introduce the
intermediate horizontal representation H” and let B, (v) : H — H”, ]I[;”] (v) : H" — H,
where ]I[;} (v) = Iy, (v) o --- ol (g5 'v) and we fixed n > £()\). Then the composition
HE\"} (v) o B, (v) makes sense. Note that the constraint for a pair of horizontal representa-

tions (1", H’) is already fixed in order for ]I[;Z}(U) to make sense, namely €'(z) = ¢, "e"(z)
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and f'(z) = ¢5f”(z). Therefore it suffices to check that the constraint for (H,H") is
(3.51) and that (3.47) solves the remaining Fock intertwining relation (3.15) and (3.16)
up to normalization between different A-components; this discrepancy fixes the zero mode
contribution zy (3.50).

Since the relation (3.52) has been already fixed by the condition 7' = +" = q~, F(z)
must commute with B, (v), namely we need the relation (3.54). Therefore we can see
that the constraint £’(z) = (—qqbv/z) 'f(z) is necessary from (3.60). Indeed if (3.54) is
satisfied, we have

F(az) K*(qz) B (a v/z)

w7 r

(3.68)

and evaluating this on |\) yields

F(2)®)\(v) — ®r(v)F(2)

n

= 26" ST T @ /%) B (/20 (0) T, (d5~20)

k=1 s=k+1

x (1= g3 )0(a wv/2)(—ags " v/2) Iy —a(ga ™' 0) Ty (g50) -+ In, (6371 0) Ba(0) K ¥ (q2)

n

(Ae = 1[F(q2)[A) @y, (v) K (g2). (3.69)

k=1

This relation is nothing but (3.16). At the same time, the zero mode contribution from
each box in A, namely 2,1, /25, can be read. At the last let us check that (3.15) is
satisfied. Note that the constraint (3.51) is already imposed due to (2.86), hence we have
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(3.55). Therefore we have

| K-(2) E(2) |
sy AL ; | i
K~ (2) K™ (2) ﬁn(f/v) K~ (z) K (z) qé(gSv/@
. . 4

and evaluating this on |\) yields
E(2)@x(v) = (A[K™(2)[A) ®A(v)E(2)

n k—1

= 20" 3 [0 a2 o) (v) T, (65 %0)

k=1 s=1
X (1= @2)0(qrzxv/2) (—agd ™ v/2) Ly +1(g5 " 0) Iy, (g50) - - - Iy, (g5~ "0) By(v)

— G T 9@ a2 /v)ad(gsv/ 21 (v) : n(2) Ba(v) -
s=1

=3 "+ 1ER)N)@rg, (v). (3.71)
k=1

This relation is nothing but (3.15). Note that, in the above equation, the coefficient of
:(2)Bn(v) : vanishes due to the factor /(g3 "1z /v)0(qhv/2). O

One can confirm that the operator ®,(v) agrees with the one of [22], and the factor

Gy plays the same role as ¢y in [22]. An explicit form of G, is

g)\ _ H (1 _ ql—ax(D)quA(D)'*‘l) _ ql_”(/\l)q;()‘)HMC)\’ (372)
OeA

on =[] - g PO, (3.73)
OeX

If we choose the horizontal representation as H = .F,Sq’qN), then H' = F @a¥) and the

—vu

zero mode stack zy = z\(V; u|v) is

) ‘ . e ‘ Ai q N+1
aNViufo) =[] 2 (N + 1 —ghoulgs o) = [ [(—g5 ' vu)™ (ﬁ)
i=1 i=1 j=1 \@1 92V
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= n(/\) —vu) H q:zcl_]lv_1 NH, (3.74)

(3,7)EN

o)

where n(\) = Z(] — 1)\,

Jj=1

3.4 Construction of MacMahon intertwiner

We construct the MacMahon intertwiner in the same way as the construction of the Fock
intertwiner in previous section. Though the regularization procedure for the construction
of the MacMahon representation was different from that of the Fock representation, the
strategy for the construction of the MacMahon intertwiner is the same as that of the
Fock intertwiner; we have already known the modification factor to consider, namely v
(2.69). Hence the essential work that we have to do is to find the modification operator
I, (K;v) : H — H” corresponding to it in this case too. We introduce the theta function

Op(2) = (2:D)oo(p/2i D)oo = (1 = 2) [[(1 = p*2)(1 = p*/2), peC, |p| <1, (3.75)
() = [ (1 - ). (3.76)

Hereafter we assume |g3| < 1.

Proposition 3.13 ([30, Section 4.3.2]). There exists a unique MacMahon intertwiner
Z(K;v) : M(K;v) @ H — H' up to normalization if and only if a pair of horizontal
representations (H,H') satisfies v' = K/~ on the second level and
0 0,,(qK
e’(z) _ K1/2 q3(U/Z) e<2>7 f/(Z) — Q3(q U/Z)f(z) (377>
0, (Kv/2) 0q, (qu/2)

for the zero mode sector. The A-component is written as

AK;0) = 2020 (K 0) « H — H, (3.78)
AE:v) = MPY(K) -3 () o 0, (K v), n> h(A), (3.79)

[1]x [1]

where Cﬂ(l] (V) = ) (V) 00Dy (ghv) and the coefficient MIM(K) is defined by the
normal oerdering’®
Tn n -1 z=n
O ()0, (K 0) = (MPI(K)) ™ 2 D (0)D, (K 0) - (3.80)
SLet A = @ for n > h(A).
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The modification operator I',,(K;v) is defined as

I (K v) = exp <Z [fﬂr%(q 1/2,) ) exp (Z %%(ql/%)ﬂ») 7

r=1
(3.81)
and zp = zp(K;v) is a stack of zero modes:
KY29, (651 /.
20 (K ) = H w(ls /T Jk)e(xijkv). (3.82)

(i,5,k)EA qk_l 9113 (K/ﬂﬁz‘jk)

Before proving Proposition 3.13, we summarize properties of the modification operator
[, (K;v). Along the same argument as before, one can guess that I',(K;v) will be the
limit N — oo of

H H (gl a5 g5 ) H (g g gy ) (e g e g )
1,j=1 k=n+1 i,5,k=1

(3.83)

Here recall that we formally substitute ¢ — K in the regularization procedure for the
construction of the MacMahon representation. Then one can understand that I',(K;v)

is just a regularized expression of the formal infinite product
i n j—1 i— -
H (gl 'y e o) (el g e K ) (3.84)
i,5,k=1

Proposition 3.14 ([30, Section 4.3.2]). When a pair of horizontal representatins (H, H")

satisfies

K20, (g5v/2)
q" g, (Kv/z)

the modification operator 'y, (K;v) : H — H” satisfies the following relations:

vy Onlakv/2)
e T =g g/

V' =q "K'y, €(z) = (2), (3.85)

K ()0 (K 0) =7, (v/2) T (K V)K" (2), (3.86)
I (K 0) K™ (q2) =7, (2/v)" K~ (92)T(K; 0), (3.87)
F()(K;v)-T,(K;v)F(2) =0, (3.88)
(K (3.89)

E()T(K;5v) = ’Vn(Z/"U) n(K;0)E(z) = 0.

\_/\_/
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Proof. By making use of the OPE relations

V()T (K v) = exp (Z%%( 12y ) VT (K ) - (3.90)

r=1

T, (K o)V~ (2) = exp (-Z%#( 32 ) )~ ) (K- (2) s (3.91)

r=1 — 4

one can check the following relations for I',(K;v):

1/2

et (a2 (K ) = g W (v/2) To(K;v)pt (g72),

(3.92)

1/2
A /)™ o (22T (I ),

(3.93)

Ta(K;v)e (g'%2) =

" :M. 5 o) - 0)E( 2 :(K_qu/U;Q3)oo_ p ) :
§(2)Tn (K v) (qo/ o) ()T (K;0) 1, To(K;0)E(2) RN ()T (K 0) -,

(3.94)

(Kv/z;q3) o0
(5v/23)00

(45"2/v;G3)o0
(K7'2/v;3) 00

n(2)0n (K v) = n(2)0n (K5 0) 5 To(KG0)n(z) = n(2)0n (K 0) -

(3.95)

Taking into account the relative level shift, one obtains (3.86) and (3.87) from (3.92) and
(3.93) respectively. (3.94) and (3.95) lead to the following relations

0qs(aKv/2)
)0 (Ksv) — T (K;v)E(2) =0, 3.96
o) SN ) ~ DL 0EC) (3.96)
K2 04, (q5v/ 2)
n(z) T (K;v) — 7, (2/v) T (K;v)n(z) = 0. 3.97
9" g, (Kv/2) ) (K 0)n(2) (3.97)
Then taking into account the relative shift of the zero modes, one obtains (3.88) and
(3.89). O

Note that (3.89) vanishes by itself, while the corresponding equation (3.55) does only
after multiplying with the factor ¥ (g5 " 2/v). (3.92) and (3.93) mean that the operator
[',(K;v) exactly corresponds to the modification factor 4= up to the monomial factor.

Note that we need the coefficient M (K) in order for Z4 (K v) to exist independently
of sufficiently large n > h(A).

42



Proposition 3.15 ([30, Section 4.3.2]). We define MI"(K), é%}(v) and I',,(K;v) as
Proposition 3.13, then the operator Z, (K ;v) := MU(K)-® Kl] (v)ol',(K;v) is independent
of n > h(A).

Proof. As for A = @, by definition of MI"(K), we have

flady o0 H_r 1 _ KT» - .
Ep(K;v) =To(K;v) :=exp (Z e (q 1/20) )

r=1 [T]

X exp (Z %1_]{:—{(4«@1/2@)_”) : (3.98)

r=1

As for general A, if we introduce the factor Cy by

O (o)L, (K v) = (C) MU (E)) 2 ()0, (K w) -, (3.99)

then we can show that C, is independent of n > h(A) in fact (see Section 5.2.2). Hence

we have

Cr - Ea(K ) = ) ()T, (K v) = To(K50) [ n(igwo)

(4,5,kEN)
H .\ 1y, 1— K’“
con (3 g 3 a1
r=1 (4,5,k)EA
=\ H, ., . 1=K
xexp | — Z W(qlﬂv) Z Tigh — T . (3.100)
r=1 (4,3,k)EA T
where i, = ¢ 'gb b ]

Proof of Proposition 3.13. We can prove it in the same way as Proposition 3.10, in par-
ticular the MacMahon intertwining relation almost automatically follows from the Fock
intertwining relation and Proposition 3.14. Here let us check the constraint for the zero

mode sector:

g3 " (—qu/z) ()
(akv/2) | By(aKv/2)
/) R T = T )

¢(z) =g "V (—qu/2)e "( >

— 2D /s n K qs(q:?“/z)e 2 = K2 04 (v/2) el
_QB ( q /) qn QqS(KU/Z) () K 9q3<KU/Z> ()7 (3102>

f'(2)

n
2
3
’VL
5
3

q f(z), (3.101)
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where we have used the formula for the theta function

0,(2p") = (—2)"p 2" V0,(2), n € 2. (3.103)

4 Construction of dual intertwining operator

4.1 Definition of dual intertwiner

We define the dual intertwiner by exchanging the source and the target representation

spaces of the original intertwiner as follows.

Definition 4.1. Let V be a vertical representation and (H,H') be a pair of horizontal
representations. The dual intertwiner is a linear operator ¥* : H' — H®V which satisfies

the following dual intertwining condition:
A(a)¥* = U*q, Vaecl. (4.1)

Note that the ordering of the tensor product of V and H is also exchanged compared with
Definition 3.1. Graphically the dual intertwiner is represented by reversing the directions

of arrows in Figure 6, and the dual intertwining condition (4.1) is represented as in Figure
8.

1)
W*:T’ Zai —’7 = —’7@ aclU.

o

Figure 8: We use the notation A(a) = Zagl) ® al(?).

)

Definition 4.2. Let {|a)}, be a basis of the vertical representation V, which simul-
taneously diagonalizes the action of K*(z). The a-component of the dual intertwiner
U H — HRV is a linear operator W’ : H' — H defined by

qu* )@ a), eecH. (4.2)
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We can use the following proposition as a definition of the component of the dual inter-

twiner.

Proposition 4.3 ([31]). Let U be the a-component of the dual intertwiner U* : H' —
H®V. Then V! is characterized by the following dual intertwining relations:

VLK (q2) = (a| K7 (2)|a) K (q2)V7, (4.3)
VoK™ (2) = (&!K’(Z)Ia) ~(2)¥ (4.4)
U E(z) q2) > (alE(qz |B s+ B(2)T5, (4.5)

B
VLF(2) = (alF(2)|8) W5+ (al K¥(2)|a) F(2)¥, (4.6)

B

where operators on the right side of W act on the source horizontal representation H',
while operators on the left side of V! act on the target one H. The matriz elements

(B X |a) are computed in the vertical representation V.

Proof. We can obtain (4.3)—(4.6) by making (4.1) act on e € H and using the notation

1=>,la)(al ]

By evaluating the matrix elements in each of vertical representations, we can summarize

definitions of the components of the dual intertwiners as follows.

Proposition 4.4 ([31]). Let {[v]n—1}nez be the basis of the vertical vector representation
V(v). The n-component of the dual vector intertwiner defined by

I'(v)(e) = ) (L, (0)(®) @ [t]ur, o€ H, (4.7)

neL

1s characterized by the following dual intertwining relations:

L (0) K+ (q2) = d(qi "o /2) K (a2)L (v), (4.8)
I () K~ (2) = ¥(q"2/v) K~ ()L, (v), (4.9)
L) E(2) = (1 - g)d(a g7 v/2) K (a2) I, (v) + E(2)I;(v), (4.10)
I (0)F(2) = (1= g3)5(gi'v/2) T 1 (v) + (g7~ v/2) F(2)L (v). (4.11)

Proof. Tt follows from Propositions 2.5 and 4.3. m
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Proposition 4.5 ([22, Lemma 3.5], [31]). Let {|)\)) := cx/cA\|\) Fapartition be the dual basis
of the vertical Fock representation F(v). (See (5.43) and (5.44) for the definition of ¢,
and cy.) The A\-component of the dual Fock intertwiner defined by

©*(v)(e) = Z;@i(v)(-)) ®N), eeH, (4.12)

is characterized by the following dual intertwining relations:
O3 (v) K (az) = (A[KT(2)|A) KT (q2)@3(v), (4.13)
3 (0) K™ (2) = (A[K(2)|A) K™ (2)@3(v), (4.14)
O3 (v)E(2) = K™ (q2) :(Ai((ME(qZ)M — 1)) 5, (v) + E(2)23(v), (4.15)
O3 (v)F(2) = gtil((A!F(Z)M + 1i)) @34, (0) + AIKT(2)[A) F(2)P3(v).  (4.16)
Proof. Tt follows from_Propositions 2.7 and 4.3, 0

Proposition 4.6 ([31]). Let {|A)) := Can/CA|A) }A-plane partition be the dual basis of the
vertical MacMahon representation M(K;v). (See section 5.2.2 for the definition of Ca
and C}.) The A-component of the dual MacMahon intertwiner defined by

E (G 0)(e) = Y (BRI 0)(e) @A), e €M, (4.17)

A

is characterized by the following dual intertwining relations:

Zh(v)KT(q2) = (A[KF(2)|A) K (q2)25 (v), 4.18)
Zh(0) K (2) = (AJK(2)]A) K~ (2)Z;(v), (4.19)

h(A) £(AR))
EA(0)E() = K (a2) ) Y (AE@2)|A = 1Y) E;_ e (v) + E(:)Z;(v). (4.20)

k=1 =1
R(A)+1 £(AF))+1
=h(v)F(z) = (AFE)A+ 1) Z; o (0) + (ALK (2)[A) F(2)Z3(0).
k=1 =1

(4.21)
Proof. It follows from Propositions 2.8 and 4.3. [

Note that, as concerns the Fock representation, |A) is identified with the Macdonald

symmetric function, while |\)) is identified with the dual basis of it with respect to the
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Macdonald inner product [32], see [22]. However, as concerns the MacMahon represen-
tation, we do not have the corresponding theory of the orthogonal symmetric function.
Therefore we assume the existence of such a system of orthogonal function in Proposition
4.6, and the terminology “the dual basis” for {|A))} is merely an imitation of that for
{|A\))}, see Section 5.2 for details. Note also that we can rewrite the dual matrix elements
((a] X)) in terms of ordinary matrix elements (a|X|53), see Section 5.2.

Roughly speaking, we can construct the dual intertwiner by exchanging the roles of

E(z) and F(z) compared with the original intertwiner.

4.2 Construction of dual vector intertwiner

Proposition 4.7 ([31]). There exists a unique dual vector intertwiner I*(v) : H' —
H @V (v) up to normalization if and only if a pair of horizontal representations (H,H')
satisfies ' =~y on the second level and €'(z) = q; 'e(z), f'(2) = qf(2) for the zero mode

sector. The n-component is written explicitly as

Ih(v) = 2L (0),  Ih(v) = To(div), neZ, (4.22)
N o0 1/21) r 0 -1/2 _1U —r
I5(v) = exp <; [E:"]r <;| — q; > exp (; %%) : (4.23)

where z}: = 2} (v) is a stack of zero modes:

n -1
* * j—1 * j \N—
=1 zZ=¢][fdd ) 0>0, z=¢g][flcdv)™" n<0). (424
j=1 j=n
As concerns the vector case, the proof is the same as the original vector intertwiner.
The relations corresponding to proposition 3.8 are as follows.

Proposition 4.8 ([31]). The Heisenberg part of the zero component (4.23) satisfies the
following OPE relations:

oM@ T ) = B/ Gt @), (425)
() (a22) = dl/o) o (@ ) (4.26)
M) = T ) To(ehnl) = T o) s (420
M 0) = T G0 s Ti(0)6() = T ST s (429
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Proof. By definitions (2.71), (2.72) and (4.23), we have

1—q20/z _ 1—q*2q 2 /v _

+ * _ .t * . * — 3 - T .

VL) = e VIR V() = T ()
(4.29)

then (4.25)—(4.28) follow from (4.29) immediately. O

One can understand that ﬁz‘)(v) is just a regularized expression of the infinite product
Tée™ o) (4.30)
j=1

through the geometric series of ¢.

Proof of Proposition 4.7. We can prove it in the same way as Proposition 3.7 by making

use of proposition 4.8. O

4.3 Construction of dual Fock intertwiner

Proposition 4.9 ([31]). There exists a unique dual Fock intertwiner ®*(v) : H' —
H @ F(v) up to normalization if and only if a pair of horizontal representations (H,H')
satisfies ' = q7 on the second level and €'(z) = (—qu/z)e(z), f'(z) = (—qu/z) " f(2) for
the zero mode sector. The A-component is written as
i (v) = 2P (v) - H' — H, (4.31)
o1 (v) = G B (v) o IV (0),  n > £(N), (4.32)

where ﬂ\n}*(v) = ﬁf\n(qg_lv) 0---0 ]~I§1(v) and the coefficient G is defined by the normal
ordering

B (0)I5" (v) = (6") ™ Bi(0)I5" (v) : (4.33)

The modification operator B} (v) is defined by making use of the dual vertex operator
(2.91) as

B;(v) = V™ (a*2g50) "'V (a2 g5 v), (4.34)

n

and zx = z5(v) is a stack of zero modes:

L) N

* — i—1_—1\—1 -n —
30) = [T (mags i) fiw) = 6"V (=a) ™ [[ zisf(xigv). (4.35)
(

i=1j=1 i,5)EX
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The difference from the original Fock intertwiner is that the ordering of the operator
composition here is opposite to there. Furthermore the factor ¢~ in z} is not from the
zero modes, but due to the change of basis |\) — |A)).

The relations corresponding to proposition 3.11 are as follows:

Proposition 4.10 ([31]). When a pair of horizontal representatins (H,H") satisfies

V'=ay, €'(z) = (—agzv/2)e(z), £(2) = (—agzv/2) (2), (4.36)

the modification operator B:(v): H" — H satisfies the following relations:

B (v)K™(qz) = By (v/2) K™ (q2) B} (v), (4.37)
K~ (2)B;(v) = 8, (z/v)™ Br(v)K™(2), (4.38)
B, (v)E(z) — E(2)B,(v) = 0, (4.39)

B (v)F(2) = B, (v/2)F(2)B,(v) = —q'd(g5v/2) : F(2)B,(v) : . (4.40)

Proof. By making use of the OPE relations (2.89) and (2.90), one can check the following

relations for B} (v):
P (' 22) B, (v) = 4718 (v/2) 7 By(v)eT(a/%2),  (4.41)

By (v)p~ (a7 %) = a8, (2/v) ¢~ (a722) B (v), (4.42)
n(2)By(v) = (L —aqzv/z) :0(2)By(v) 1, By(v)n(z) = (1—q 'ga"2/v) 1 n(2) B} (v)

(4.43)

§()B,(v) = (1= giasv/2) 7" : §(2)B)(v) 1, Bi(v)é(z) = (1= q"2/v) 7" £(2) B} (v) 1,
(4.44)

(=agzv/z) By (v)n(z) —n(2)B;(v) =0, (4.45)
(—ag3v/2)"" By(v)E(2) = By (v/2)€() B)(v) = —q7'0(g5v/2) : B}(v)§(2) - (4.46)
Taking (4.36) into account, (4.37)—(4.40) follow from the above relations. O

One can understand that B(v) is just a regularized expression of the formal infinite

product

Hg“”“l)l;. (4.47)
2,7=1
Proposition~4.11 ([31]). We deﬁn~e g+, ]T[An]*(v) and B (v) as Proposition 4.9, then
the operator ®%(v) := GI"* . B*(v) o ]I[;l]*(v) is independent of n > ((\).
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Proof. As for A = @, by definition of GI"*, we have

- . H_ 1
@; B* . T 1/2 r
)= Bile) = exp (Z AT q5>)
X exp | — f: &(q_l/zv) ! 4 (4.48)
— [r] (1 —q))(1—g3)
As for general A, if we introduce the factor G} by
B (0" () = (671G Bl () - (4.49)

then we can show that G} is independent of n > ¢()) in fact (see section 5.2.1). Hence

we have

Gr - ®5(v) = B (o) (v) = By(v) [] &)

(i,7€N)
—H . 1) 1
2 (Z) Ty
1/2 —r a4’
X exp x; — . : (4.50)
; (i§/\ ’ (1 —q¢))(1—gq3)
where ;; = @ g O

Proof of Proposition 4.9. We can prove it in the same way as Proposition 3.10 by making

use of Proposition 4.10 and the dual vector intertwining relation. O]

4.4 Construction of dual MacMahon intertwiner

Proposition 4.12 ([31]). There ezists a unique dual MacMahon intertwiner =*(K;v) :
H — HRQM(K;v) up to normalization if and only if a pair of horizontal representations
(H,H') satisfies v/ = K'/?v on the second level and

/ 045 (qu/2) 17204 (Kv/2)
€(z) = B e(z), f'(z) = K~V 3—f(z) (4.51)
0g;(qKv/2) 045 (v/2)
for the zero mode sector. The A-component is written as
(K 0) = 2455 (K0): H — H, (4.52)
2 (K3 0) = MK - T3 (G 0) 0 9 (v), > h(A), (4.53)
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where B ]*( ) = CDR(TL)( “)o---o0 (:T_)*Am(v) and the coefficient MI"*(K) is defined by

the normal ordering
T (K 0) B0 (0) = (MIP(K)) 2 Th (G 0) B0 () + (4.54)

The modification operator Tt (K ;v) is defined as

I (K v) = exp (_Z f‘[iﬂ—]r %(ql/z ) > exp ( Z%#(ql/%))r)

r

r=1
(4.55)
and zy = 2} (K;v) is a stack of zero modes:
K2 04 (g5~ i)\
Z(Kiv) = K~IM/2 ( 45173 ik ) f(x;0). 4.56
A( ) H Clkfl 9q3(K/$ijk) ( J ) ( )

(i7j7k)eA

Note that the ordering of the operator composition here is opposite to that for the
ordinary MacMahon intertwiner. One can understand that I'} (K; v) is just a regularized

expression of the formal infinite product
H a7 g ) e T g T K Y) - (4.57)
i,5,k=1
The relations corresponding to proposition 3.14 are as follows:
Proposition 4.13 ([31]). When a pair of horizontal representatins (H,H") satisfies

K120, (Kv/2)
a0, (@50/2)

_ 0, (qq5v/z)
"n_ nKl/Q , e (2) = q3 3 e(z), () =
=K ) = g e, )

K_() (10
[ (K;0)E(2) —
I (K;0)F(2) —

Proof. By making use of the OPE relations,

VT (K ) = exp (— > 1M<q3ﬂv/zy) VR (463)

r:lr 1_q3

o1



I (K;v)V 7 (2) =exp (Z lL[r(_r(ql/Qv/;:)_T) (K 0)V(2) (4.64)

1 | 1 —gq3

one can check the following relations for I'} (K;v):

n

P (K 0) = s (v/2)7 DK 0)et (a%2), (4.65)
T (K o)™ (a7%2) = 20 oo (2/0) ¢ (a7 22K ), (4:66)

WA ) = (ELEBI 1 (i), T (i) = T ) ()

(4.67)

(sKv/2;q3) 00

(K (65"
5(2) n( 7U>_ ( n+1U/Z Q3)

2/0543) 00
(3K 12/v;63) o0

(G ) 5 TL(KG0)E(z) =

€ (K v) -
(4.68)
Taking (4.58) into account, (4.59)—(4.62) follow from the above relations. O

Proposition 4.14 ([31]). We define M"*(K), CTDKL]*(U) and I'f (K;v) as Proposition
4.12, then the operator = (K;v) := MIM*(K) - I'*(K;v) o (i)KL}*(U) is independent of
n > h(A).

Proof. As for A = @, by definition of MI"*(K), we have

=% * - H—Tl_KT r
Eo(Iv) = TH(K;v) = exp (—Z —(a') >

r=1 [T]

X exp ( Z i] kf( 1/2U)T> . (4.69)

As for general A, if we introduce the factor C} by
I 0) @R (0) = (€)M ()™ T (G 0) 8 () (4.70)

then we can show that Cj is independent of n > h(A) in a similar manner to Section

5.2.2. Hence we have

Cr - =h(K;v) = F:L(K;U)&)KZ]*(U> = I'{(K;v) H E(zikv) -
(4,5,k€EN)

1-— KT
1/2 ) Z xmk—i_

r=1 (4,5,k)eA

8
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Hy\ 1y, . 1-K
X exp Z—(q /2y) Z T~ : (4.71)

r=1 [T’] (i,5,k)eA

=1 i1 k=1
where zi1 = q1 g5 g3 - O

Proof of Proposition 4.12. We can prove it in the same way as Proposition 3.13 by making

use of Proposition 4.13 and the dual Fock intertwining relation. O

5 Properties of MacMahon intertwiner

5.1 MacMahon R-matrix

In this section we will check that two ways to compute the R-matrix lead to the same
results; one way is to use the formula of the universal R-matrix on two vertical represen-
tations [17] and the other way is to read the commutator of two intertwiners. We can
explicitly check this agreement for the MacMahon case now [30] (the agreement for the
Fock case was checked in [26]).

5.1.1 R-matrix for vertical MacMahon representation

As one way to compute the R-matrix, let us use the formula of the universal R-matrix
in [17].

Definition 5.1. We define the diagonal part of the universal R-matrix by

RO = (K+ X 1>1®d1<1 X K+)dl®1 exp <— Zrkr(hfr ® hr)) ) (51>

r=1

where h, is the mode of K*(2) introduced by

r=1

K*(z) = K exp (Z krhﬂzﬂ> , (5.2)
and dy 1is the first grading operator of U defined by
ldi, B(2)] = E(2),  [di,F(2)] = =F(2), [di,K*(2)] = 0. (5.3)

We would like to evaluate Ry on the tensor product of two MacMahon representations
M(Kl, ’Ul) & M(KQ, ’UQ).
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Proposition 5.2 ([30, Section 3]). h, (r # 0,7 € Z) and K* act on the state |A;) €
M(K;v) (i =1,2) as follows:

DL KT .
h|A)—7[ - + ) af,

OeA;

K*|\) = K720, (5.5)

N, zo=dqldgt for O=(ij,k) €N, (54)

Proof. Since we can rewrite the ingredients of the action for K*(z) (2.58), which are
(2.62) and (2.19), as follows:

WE(KY?20) = KFY2 exp (i u%(l _ Kir)> : G(u) = exp (i u%l@) ,  (5.6)

r=1

we can evaluate the action by definition (5.2). O

Also note that the grading operator is represented as d;|A) = |A||A). Therefore we can
evaluate Ry as follows.

Proposition 5.3 ([30, Section 3]). Let |A) ® [II) € M(Ky;v1) @ M(Ky;vs). The matriz
element of Ry is defined and evaluated as
(Al @ (I Ro [A) @ [IT)
(2] ® (8| Ro|@) © |2)
|H|/2K IAl/2 G amvs/ao0,) X 1 — (Kyv2)/(zovr) 1 — (zmv2) /01 ‘
Dlg\.lg-[ ? ' DI;IA 1 — vy /(2v1) .11_[ 1 — (zmve)/(Kvy)

(5.8)

RKl Kz (UQ/'Ul) =

(5.7)

Proof. As for A =11 = &, by making use of Proposition 5.2, we have

r k
r=1 T

(2] ® (8| R |2) ® |2) = exp (— > (v2/01)" (1 = K571 = Kg)) . (5.9)

As for general A and I, again by making use of Proposition 5.2, we have

(Al @ (I Ro [A) @ [IT)

=K1_|H|/2K2_|A|/Qexp (f: U2/Ul [k Zx Zwl

H1- K Y (1K) Y g - LA ‘K5>D W)
OeA Wcll r
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By introducing the generating functions

hE

H H G(rmvz/x0v) = exp

OcA Hell

11 1 — (Kva)/(zov)

1 —vo/(zvy)

/o) [ 55 D S G

OeA Hcll

i
Il
—

(UQ/Ul)T (1 . K;) Z zar]) ’ (5‘12)

OeA

= exp

WE

1
I
—

OeA

H 1 — (zmv2) /01 —exp (va/v1)" _(1— K Z xﬂ]) ’ (5.13)

mell 1 — (zmvz) /(K1) mell

NE

%
Il
fa

we obtain the expression (5.8). O

5.1.2 R-matrix as the commutator of MacMahon intertwiners

As the other way, let us compute the commutator of two MacMahon intertwiners and
check that the arising R-factor is the same as the R-matrix previously computed in

Proposition 5.3.

Definition 5.4. We define the matrix element of the R-factor R by

EH(K2; UQ)EA(Kl; Ul) = TH)(KL Kos; Ul/UQ)R,[\(ﬁ’KQ (02/01)_151\([(1; Ul)EH(Kz; Uz),
(5.14)

where Y denotes the vacuum contribution, explicitly,

o0

YO (KL, Ky v /vs) = exp (2%(1 —]f((ll)(i ;;;)KE”) [(22) _ (%)D . (5.15)

r—=

Proposition 5.5 ([30, Section 3]).
Rt (v2/v1) = Ryf™ (va/01). (5.16)

Proof. To begin with, let us check the commutator of vacuum components. We can write

the vacuum component of the MacMahon intertwiner as follows:

Eo(K;v) = Lo(K;v) := Ty (K;0)lg (K5 0), (5.17)
[y (K;v) :=exp (Z }[IT]T 1 _kTKT (q—l/%)’”> , (5.18)
I§(K;v) = exp (Z %%(ql/2v)r> : (5.19)



From the commutation relation of the Heisenberg mode (2.71), we obtain

= (v1/ve)" (1 - K7)(1— K5 "
Z( [v2)" ( )( )

T (K2;02)Tg (K5 01) = exp <— ) Lo (K13 v1)Tg (Ko; va),

~ ke (1 — ¢3)
(5.20)
2 (01 /v9) " (1 = K77 (1 — K
Lo (Ko 02)L' (K15 01) = exp Z( 1/02) ol T :) g (K15 01)Fg (K25 va),
r=1 r kr(]‘ - (:Z?))
(5.21)
hence we have
Zp (Ko 09)Zg (K13 01) = YKy, Ko 01 /v9)Zg(K1;01)Zg (Ka; vs). (5.22)

In general, taking into account the shift of the zero mode contribution (3.82), we

obtain the following relations:

Lo(Kg;v9)Z0 (K15 v1)

= T(—H (Kl, KQ, Ul/'UQ) H ")/O_(KQ, $|]U1//UQ)_1 EA(Kl, Ul)ro(KQ; UQ) (523)
OeA

1 — (zgvy)/vg

= T (K, Ko K2 Za(K ;0o (Ky; 5.24
(K, 2,01/U2)D13\ 2 7. (z001)/ (Kav2) A(K1;01)Do(Ka; v2), ( )
EH(KQ;UQ)FO(Kl;Ul)
= TO(K, Ky v1/vs) H Yo (K1; xmva/v1) To(Kq;v1) =0 (K; v9) (5.25)
mell
1— (zmv Kv _
= YKy, Ky 01 /v2) H K1 1( CYAGSUY Lo(K7;v1)ZEn(K2;v2), (5.26)
mell — (zmvz) /01
where
1—2/K
() = e L (5.27)
—z

is (2.69) for N = 0. By combining the above relations with
n(cmv2)n(zovr) = G((zovi)/ (vmvs)) n(zov)n(zevs), (5.28)
we can conclude that
= (Ko v2)Zp (K15 01)
= YO (K, Koyvy /o) KPS TT T G ((omve)/ (o)) ™

OeA Hell
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» H 1 — vy /(zov1) H 1 — (zmvs)/(K1v1) Ea(Kq;01)Zn (K vg).  (5.29)

OeA 1 - (K2U2>/(mDU1) Bl 1-— (1’.2}2)/1)1

Hence Proposition 5.5 has been proven. O

5.2 Normalization factor

When we consider the dual intertwiners, we need the notion of the dual basis for the ver-
tical representation (except for the vector case). As concerns the (dual) Fock intertwiner,
some calculations tell us that the certain OPE factors agree with the normalization fac-
tors ¢y and ¢, of the Macdonald function, see (5.43) and (5.44). Therefore, one can
understand that this change of basis of the Fock representation corresponds to reversing
the ordering of the operator composition. This fact causes the exchange between roles of
E(z) and F(z), see (5.48) and (5.49). Hence one can confirm the dual Fock intertwining
relation in Section 4.3.

As concerns the (dual) MacMahon intertwiner, we do not know the counterpart of
the Macdonald function. Therefore we do not have an insight into the notion of the
“dual basis” for the MacMahon representation, however we can define it by imitating
the Fock case. Namely we define the normalization factors Cy and C} of the counterpart
of the Macdonald function as the certain OPE factors, see (5.54) and (5.55). Though
we cannot evaluate these factors in closed form, we can confirm that the “dual basis”
|A)) = Ca/C)\|A) provides us appropriate formula in order to check the dual MacMahon
intertwining relations in Section 4.4, see (5.62) and (5.63).

We expect that these factors are related to some theory of orthogonal symmetric

function, however we only make a few calculations which we need in Section 4.

5.2.1 Normalization factor for Fock intertwiner

We introduce the normalization factors Gy, G5, Gy and g;’ as follows.

Definition 5.6. We define the normalization factors Gy, G4, Gx and G3' b

1" (0) B, (v) = G;* (gm)‘1 1 (0)B,(v) -, B,(w)II"(v) = g, (gW)‘1 . B (o)1 (v) -,
(5.30)

B () (v) = 57 (G) T Br ()l () ;, T (0)Bi(o) = 637 () T T (o) B (w) -,
(5.31)
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where n > £(X\) and the coefficients G, GV GIM* and G are defined by the normal

ordering

() Ba(v) = (6" I ) Ba(v) 1, Ba(@)IE" (v) = (6") 7 By ()T (v) -,

(5.32)
B ()T (0) = (GM) 71 BE()IE" (0) 5, T2 (0) B (v) = (601 10 (0) B () -,
(5.33)
and
ﬁ[}z%] (v) == ﬁ/\l(v) 0---0 f[/\n(qg_lv), ]T[)fl],(v) = f[,\n(qg_lv) 0---0 ﬁ,\l( ), (5.34)
I () =T (g8 w) ool (v), I™(0):=T% (v)o--- oI} (¢h  0). (5.35)

By making use of OPE relations, we obtain the following recursion relations.

Proposition 5.7 ([31]). The normalization factors Gy, G, G5 and G}’ satisfy the following
recursion relations for Young diagrams:
j—1 (A)+1
1— quz;/z, 1 — goxs/; 1
gx _ H Q)T H Q2T /T ’ (5.36)

ngj 1 1— qglxj/xs s=j41 1— :Es/xj 1-— qzwg(,\)Jrl/l‘j

2(N)+1

i—1
g\ _J 1—612%/%‘ H

1 —qz;/xzs 1

, 5.37
1—q3_1:vj/9351—q1xj/xg()\)+1 ( )

gS“Hj N s=1 1 - l’s/l‘j s=j+1
" LN+
gz :Hl—q ccs/x] H l—q xj/ms 1 (5.38)

Q/’{HJ_ il Q3% /T, 1—zj/zs 1-— q{lxj/xg(,\)ﬂ

—j+1
LN+
o L1 _ Sty 1
9 _ % /v I —% a2 _ . (5.39)
Q/\H el xj/xs i 1 — @as/zj 1 — g7 w41/

In particular Gy, G\, G5 and G}’ are defined independently of n > £(N).

Proof. Since we can prove the others in the same way, let us show (5.36). It sufﬁces
to calculate the normal ordering products of Iy, (g5~ v)n(q12;v), n(qa,v )]IAS( 'v) and
n(qxjv) By, (v) because what we want to know is just the ratio between ]I/\Jr1 (v) By (v)

and ]~IE\n](v)Bn(v). As concerns these product, we have

~ s 1—qz;/xs = <
(g3 o)n(queye) = —— BT F e tngag) - (5.40)
1 —gqy x]/xs
fod S— 1- q2xs/ T s
e, 650) = B (a0l (65710) - (5.41)
s/ Tj
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1

m :n(qrajv)By(v) . (5.42)

n(qujv) Bu(v) =
Hence these three contributions sum into (5.36). O

Proposition 5.8 ([31]). The recursion relations of Proposition 5.7 are solved by the

followings:
G =ala ), G\ = (a1, q2), (5.43)
Gy = e, ¢2), Gy =gt e, (5.44)
where
ax(0) —Ix(0)— ax(@)+1 —I5 (O
exlan,a2) =[] (1 — g g, 1) Al e) =] (1 — g g )> . (5.45)
Dex Oex

Note that ¢, and ¢ is just the normalization factors for the Macdonald function [32].

Proof. Note that the normalization factors are unit for A = @ by definition. Since we can
prove the others in the same way, let us show the proposition about Gy. Let us focus on
the contributions related to the additional box (j,A; +1) € A+ 1;. Firstly let us look at
O=(s,\;j+1) for s=1,...,5—1; the arm and the leg length are a,(0) = A\s — (\; + 1)
and [,(O) = (j — 1) — s, respectively. Then we can see that these parts contribute to
G2/Gxy1, as

7—1 —>\S+)\]’+1 j—s Jj—1
H 1—q ’p) :H 1_(11%‘/1’5 (5 46)
s=1 I q(h_)\s—i_/\j-i_lq%iéprl s=1 1- qglxj/xs

Secondly let us look at the s-th row which satisfies A\s # Agq for s = j,...,¢()\); the
arm and the leg length for the disappearing part are ay(x) = A; — A; and [y(x) = s — j,
respectively, while those for the appearing part are ayy1,(0) = (A\; +1) — (A1 + 1) and
Ix41,(0) = s — j, see the diagram below. Therefore we can see that these second parts

contribute as

L(A)+1 “Xitds s—i L(A)+1
Asr1 +1 As A +1 H l—q " ds ak o H 1 — qug/x; (5.47)
. T ¥ —“Xj+Ast1 s—j+1 1—z /3? ! ’
] — (] X aad s=j 1 — ql q2 s=j s+1 J

S —

note that the s-th row which satisfies A\; = A\sy1 cancels in the above product. Thirdly
the additoinal box itself contributes as (1 — ¢2)~!. Hence these three contributions sum
into (5.36). O
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Proposition 5.9 ([31]). Nontrivial matriz elements for the dual basis |\)) :

in the Fock representation F(v) are evaluated as follows:

(AE(2)|A = 1)) = =a7 g2(A = L] F(2)|A),
(AIF ()X +15)) = —ag " (A + L E(2)[A).

Proof. From Proposition 5.7, we have the following equations:

>—‘

j— f()\)+1

a1, ) _
B E— ! H¢ Ts/5)” H ¢ (zs/25) ﬂe(x +1(1/371)

Ex CA 1 s=j+1
ersty N)+1

= CIH@D g ' s/%;) H @ZJ g 'x s/Tj)” ' 52_,\+1(Q1_1/wj)_1
N
e c)\‘f‘l s=j+1
Hence we have
c’ Cx
(AIE(R)A 1)) = . 2\ B(2)]A - 1))
,\—1]
) +1

=q ' (L—a) J] das/ay) Bl (L/s) 6(zj0/2)

s=j+1
= —q" '@\ = L|F(2)N),

(1) = 22 (a1 1)

A C)\+1
j—1
=q(1— g ") [ [ ¥lar " ws/2) S(quzjv/z)
s=1

= —qg; (A + L E(2)|A).

Note that the same formulas as above were also computed in [22, (6.1)].

5.2.2 Normalization factor for MacMahon intertwiner

We introduce the normalization factors Cy and C} as follows.

Definition 5.10. We define the normalization factors Cy and C) by
Fn(K;v)Cﬂf}/(v) =c, ! (./\/l["]'(K))_1 ; Fn(K;U>(i)E{Z]/(U) :

T (K 0) B (0) = e (MEF () 2 T3 (G 0) B0 ()
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(5.51)

(5.52)

(5.53)



where n > h(A) and the coefficients M (K) and M (K) are defined by the normal

ordering

T (K 0) 30 (0) = (MI(K)) ™ T (K 0)85Y (0) -, (5.56)
L5 (K 0) 5 (0) = (M (k)

and

BV (v) 1= Py (g5 Mv) 00 By (1), DRV (v) 1= B (g 0) 0+ 0 Dy (v),

&, (v) := B ()™ (), m > £(N). (5.59)
By making use of OPE relations, we obtain the following recursion relations.

Proposition 5.11 ([31]). The normalization factors Cn and C) satisfy the following

recursion relations for plane partitions:

k—1 [eA@)+1

Ch 1 — qus/x 1

CIAH;’“) i=1 g l—z,/x 1= @uypo)/T
oA®
1—q2:cs/x A7)+ 1 —qz/xg 1
x H 1— H — gt 1—
xs/x s—j+1 1 qs LU/SES Q1.T/.TE(A(I¢))+1
R(A)+1 [ 6(AD)+1 “h(A)—
1 —aqiz/z, 1 (@105 "™ "2 43) o
XH Hl—l/l— L ETING 8 (1 Ktz q3)
i=k+1 s=1 43 T/ZTs a1 L(AD)+1 q1 143 ) 00
(5.60)
_ 2(A®)
Ca :kl—[l ( )Hl—ql’laz’s/x 1
CA“E-R) picl IR S Gsxs/T 1 — ql_lxz(A”))H/x
1 (AR)+1 -
Xhl—% s/ H 5 1
1 1-— QBl‘s/x s=j+1 1 — I/CES 1 — qglx/xf(/\(k))+1

h(A)+1 [ 2(AD)+1

1—q o/, 1 (%q_h(A)x; q3)o0
< 1T | 11 2 X 13 , (5.61)

l—z/z, 1-— q2_1.r/$g(A(i))+1 (013K 7175 G3) 00

i=k+1 s=1
AP A(Z)lslzl
where * = q, @ and s = ¢° TG for each 1 < i < h(A)+1. In
particular Cy and C) are defined independently ofn > h(A).
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Proof. We can check in the same way as Proposition 5.7. O

Though we do not know the closed forms of Cy and C), we can calculate the matrix

elements for the dual basis.

Proposition 5.12 ([31]). Nontrivial matriz elements for the dual basis |A)) = Cp/C\|A)

in the MacMahon representation M(K;v) are evaluated as follows:

(A E(z)A = 157)) = =K 2g,(A - 1“‘”!F<z>m>, (5.62)
(AIF(2)|A + 1)) = — K21 (A + 1| B(2)|0). (5.63)
Proof. From Proposition 5.11, we have the following equations:
C. . / k=1 [£AD)+
A—1¢ C
J / A :K—1/2H H w JJS/ZE 16 A0 +1( —z+1x)
Cr C L w i
A—lj i=1
j—1 (AR 41
< [Too)™ TI /o)y, @)
s=1 s=j+1
R(A)+1 [ea®)4+1
X H H ¢($s/$) LA +1(Q3 l/x) (1/1‘)7 (564)
i=k+1 =
C k) , k—1 Z(A<i))+l
A+1¢ C ;
CAJ C,—A = K1/2H H @Z) qr xs/x) By oA +1(QIQ3 )
A+1§.k> i=1 s=1
j—1 (A 41
x Hw(qflxs/w) IT dla ae/a) By (0 ds ™ 2) ™
s=1 s=j+1
A)+1 [ eA®)+1
X H I @ e/a) 8 (@ ™ /o) vy (@ /o)
i=k+1 s=1
(5.65)
Hence we have
kyy _ Ca Cama® (k) 12 (k)
(A[E(z)|A =1;7)) = N —(A|E(2)|A = 157) = =K 72g(A = 177 |F(2)|A),
A-1
(5.66)
Cy CA+1§-’“) (k) 1241 (k)
(A|F(2)|A +17)) = NG A[F(z)[A+1,7) = —K (A+17E(2)|A).
A+1{Y

(5.67)
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