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Abstract

Hadrons such as neutrons and protons are the particles which feel the strong
force. Although this force is described by the theory of Quantum Chromo-
Dynamics (QCD), many parts in low energy region remain uncovered due
to the nonperturbative nature of QCD: the mass generation mechanism for
nucleon in terms of the chiral symmetry breaking has not completely been
clarified yet. Through extreme conditions like the high density, high tem-
perature region and strong magnetic field, the hadron properties would be
drastically changed and, as a consequence, one of striking clues would emerge
in front of us to reveal the novel aspect for understanding QCD.

To extract a novel insight of the nonperturbative feature for QCD, espe-
cially the role of the chiral symmetry, we explore baryonic matter properties
in a strong magnetic field based on the skyrmion crystal model. It is found
that the magnetic effect plays the role of a catalyzer for the topological
phase transition (topological deformation for the skyrmion crystal configu-
ration from the skrymion phase to half-skyrmion phase). We also discuss
the magnetic dependence on the inhomogeneity for the chiral condensate
in the crystal medium. We find that even in the presence of the magnetic
field, the inhomogeneous chiral condensate persists both in the skyrmion and
half-skyrmion phases. In particular as the strength of a magnetic field gets
larger, the inhomogeneous chiral condensate in the skyrmion phase tends to
be drastically localized, while in the half-skyrmion phase the inhomogeneity
configuration does not feel a magnetic field at all. We further investigate the
magnetic effect on the skyrmion crystal configuration and the single-baryon
shape in the crystal medium. It turns out that a strong magnetic field in
a low density region (in the skyrmion phase) makes the baryon shape like
an elliptic form, while the whole crystal configuration essentially holds. In
a high density region (in the half-skyrmion phase), we further observe that
a strong magnetic field drastically spoils the crystal structure. A possible
correlation between the inhomogeneity of chiral condensate and the defor-
mation of the skyrmion crystal configuration is also addressed. Those find-
ings might be relevant to deepen the understanding for the nonperturbative
nature of QCD.
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Chapter 1

Introduction

The quantum chromodynamics (QCD) is well known as the strong interac-
tion theory which describes the quark- and gluon-dynamics. However, many
parts of this theory in low energy region have not yet been clarified due to
the nonperturbative nature of QCD. Although the major part of nucleon
mass has naively been believed to be generated by spontaneous breaking of
the chiral symmetry due to the strong QCD interactions, the mass genera-
tion mechanism via the chiral symmetry breaking is actually mysterious and
has not completely been understood yet.

One key way allowing to tackle this issue is to put the QCD system in
high temperature/dense environment or a strong magnetic field: the hadron
properties including masses and interactions would be drastically changed.
As a consequence, the chiral symmetry could be restored, so that one might
deduce how much the chiral symmetry breaking is responsible for the origin
of hadron masses. Therefore the QCD phase transition under an extreme
environment is a major concern for the strong-interaction physics.

Particularly, looking at a high-baryon number density region, the quan-
titative and qualitative understanding of QCD has not been clarified yet.
Because the high density region involves an intricate theoretical issue, called
the sign problem in lattice QCD, so that it is hard to do the straightforward
nonperturbative computations. In that sense, it would be the analysis based
on the effective models in the high dense environment that is expected to
give the novel insight for understanding the QCD phase structure.

Exploring the phase diagram of QCD under an external magnetic field
have been extensively studied in high energy physics relevant to the early
stage of heavy ion collisions, compact stars, and the early universe (for a
recent review see, e.g., Ref. [1]). Of the chiral effective approaches, inter-
esting phenomena would emerge in front of us by considering the magnetic
effect on the low energy physics of QCD. Below we shall show some studies
on hadron properties under a magnetic field, which are relevant to the chiral
dynamics.
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In an external magnetic field, for instance, the vector meson gets the
nontrivial magnetic dependence, and then the effective mass of vector meson
tends to decrease monotonically. In a strong magnetic field region, it would
be expected that the superconductivity would show up via vanishing vector-
meson mass as discussed in [2, 3, 4, 5, 6, 7, 8].

What’s more, a magnetic field derives the significant mixing among
mesons through analyzing the chiral perturbation theory with the hidden
local symmetry [9, 10]. Particularly, it leads to the dramatic enhancement
for the omega meson mass, this observable is testable by the lattice QCD [8].
These findings based on effective model approaches provide the motivation
for the lattice simulation.

Furthermore, a magnetic field makes hadrons long-lived. As for the decay
width of neutral rho meson, it is naively expected that the neutral rho meson
would be long-lived in a magnetic field due to the magnetic enhancement on
the charged pion mass. However, by computing directly the charged pion
loop correction to the neutral rho meson propagator, it turns out that the
decay properties of the neutral rho meson become more complicated and the
lifetime deviates from the naive expectation [11, 12].

Of particular interest among what is anticipated is that the spontaneous
chiral symmetry breaking is affected by the magnetic effect. Some studies
show that a magnetic field plays the role of catalyzer or inverse catalyzer
for the chiral symmetry breaking through the analysis of various effective
theories, i.e. the chiral perturbation theory [13, 14, 15, 16] and Nambu-
Jona-Lasinio model [17, 18, 19, 20, 21].

Incidentally, even in a high temperature region, the characteristical phe-
nomena in correlation with an intrinsic magnetic property of hadrons emerge,
called the chiral magnetic effect [23, 24, 25]. This magnetic effect is actually
closely tied with the topological vacuum structure of QCD and the critical
issue on the (charge-conjugate (C) and) parity (P) breaking in QCD, so hav-
ing attracted a great attention so far. In particular, it would be expected
that the local parity-odd domain would show up in a short-time scale of the
hot QCD system, hence could be crated by heavy ion collisions (for a review,
see [22]). This local domain is called the chiral imbalance medium, which can
be regarded as the time variation of the strong CP phase [23, 24, 25, 26, 27]
locally dictating the chiral asymmetry through the chiral anomaly equation.
Actually, the chiral-imbalance medium induces CP-odd interactions between
pions and a photon, a magnetic field in part, so that the electromagnetic
form factor of charged pions gets the the parity breaking effect [28]. Conse-
quently, the emergence of this parity-odd form factor is phenomenologically
reflected in the elastic scattering of a pion and a photon in the chiral imbal-
ance medium, which might be in experiments contaminated with the events
associated with the chiral magnetic effect. By specifying the polarization
for the photon associated with the charged pion emission, the asymmetry
rate of the parity violation is quantified and a typical size of the asymmetry
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is roughly estimated. Thus, it is theoretically demonstrated that the asym-
metry signal is large enough over the expected background events in heavy
ion collision experiments, hence the signal could be sufficient to detect the
remnant of the strong CP violation.

Thus the magnetic field has a powerful probe to extract a new aspect
of the chiral symmetry breaking and its related hadron properties. In this
thesis, we attempt to extract such a new aspect from a baryonic matter set
on a magnetic field, based on the Skyrme model.

The Skyrme model is a chiral effective theory based on the nonlinear
realization of the chiral symmetry and built in a limit with a large num-
ber of colors (large Nc), which deals with baryon properties such as the
baryon mass and baryons interaction. What should be noted is that in this
framework the baryon is identified as the topologically static-object which
is the so-called skyrmion [29]. Actually, the large-Nc QCD supports that
the topologically-static soliton arising as a solution of Skyrme model can be
regarded as the baryon [30, 31]. Since this is merely a model based on model
based on the ideal large Nc, not a real-life QCD with Nc=3, quantitative ar-
guments such as fitting to experimental data may not be reliable. However,
we can expect that underlying properties of baryon should qualitatively be
extracted through analyzing the skyrmion, because the Skyrme model has
the essential features of QCD, i.e. the chiral symmetry and the large-Nc

concept.
Intriguingly, the skyrmion approach can be extended to the infinite bary-

onic matter [32]. This baryonic matter is called the skyrmion crystal, and
can be a most powerful approach for the baryon description in high density
region, where baryons can look like a static and highly compressed object,
as if they could form crystals. In the skyrmion crystal approach, we can thus
observe the baryonic matter structure, the medium dependence of hadron
properties and the chiral restoration phenomenon[33, 34, 35, 36, 37]. Of
particular interest is to note that the skyrmion crystal approach has a char-
acteristic phenomena. In the high-density skyrmion crystal, the skyrmion
configuration changes to be another structure form. This phenomenon is
the topological phase transition for the skyrmion crystal configuration. If we
choose the underlying structure as the face-centered-cubic (FCC) crystal, the
crystal configuration is changed from a face-centered-cubic skyrmion crys-
tal to a cubic-centered half-skyrmion crystal. The findings in the skyrmion
crystal approach might deepen our understanding of a high dense matter.

In this thesis, we shall turn on the external magnetic field for such a
skyrmion crystal configuration, to analyze the magnetic properties of a bary-
onic matter based on the skyrmion crystal model, especially the FCC crystal
chosen. We observe that the energy of the skyrmion crystal gets larger as
the strength of a magnetic field increases. It is also found that a magnetic
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field acts as the catalyzer for the topological phase transition. Paying a
particular attention into the inhomogeneity of the chiral condensate in the
baryonic matter, it turns out that the underlying inhomogeneous distribu-
tion of chiral condensate keeps for any density region even in the presence
of a magnetic field. Of particular interest among our findings is that the
skyrmion crystal configuration and the single-baryon shape in the crystal
are distorted by a magnetic field. In a low density region the single-baryon
shape is deformed to be an elliptic form, however, the intrinsic crystal struc-
ture persists. On the other hand, in a high density region, it is further found
that the skyrmion crystal is drastically disfigured out of the intrinsic crystal
structure.

What we find in this study might deepen our understanding of a high
dense matter and reveal the new aspect of the nonperturbative feature for
QCD.

This thesis is organized as follows: in Chap.2, we introduce a basic idea
on the model building in hadron physics via the spontaneous chiral symme-
try breaking. Then, we briefly review the Skyrme model in Chap.3, which
describes the baryon (skyrmion) and baryonic matter (skyrmion crystal)
properties. With these setups for studying the baryonic matter and intro-
ducing a magnetic field, we analyze the magnetic properties of the skyrmion
crystal, and then we show the numerical results and analyze some phenom-
ena related to the chiral symmetry in Chap.4. Conclusion for this thesis is
given in Chap.5, and we make comments on the application of the skyrmion
crystal approach to other interesting phenomena in a baryonic matter.
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Chapter 2

QCD and spontaneous chiral
symmetry breaking

QCD is the strong interaction theory and the fundamental theory of hadron
dynamics. Of interest is that QCD has some symmetries. For instance,
in the massless limit of up- and down-quarks QCD Lagrangian is invariant
under the chiral symmetry, SU(2)L × SU(2)R. Looking at the low energy
physics, the experimental results in the hadron physics suggest that the chi-
ral symmetry is broken down to SU(2)V . In terms of the Nambu-Goldstone
theorem, the massless particles, which is to be identified as pions after get-
ting the small mass by a couple of small explicit-breaking effects, appear via
the spontaneous chiral symmetry breaking. Actually, the mechanism based
on the spontaneous chiral symmetry breaking has well succeeded in describ-
ing the pion dynamics. Thus, to understand the non-perturbative properties
of QCD in the low energy region, some models should be provided based on
the chiral symmetry, such as the linear σ model and the non-linear σ model.

In this chapter, we start from the QCD Lagrangian and then explain the
spontaneous chiral symmetry breaking. Finally, the (non) linear-σ model
based on the chiral symmetry is discussed.

2.1 QCD Lagrangian and chiral symmetry

The QCD Lagrangian based on the SU(3) gauge invariance takes the form

LQCD =
∑
f

q̄f (iγµDµ −mf )q
f − 1

2

8∑
a=1

tr[(F a
µνT

a)2], (2.1)

where qf is the quark field with the flavor index f and F a
µν represents the

field strength of gluon fields,

F a
µνT

a = ∂µA
a
νT

a − ∂νA
a
µT

a − ig[Aa
µT

a, Ab
νT

b], (2.2)
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with Aa
µ being the gluon fields, T a denoting the generator of SU(3) and g

representing the coupling constant. In Eq.(2.1), the covariant derivative of
quark fields q reads

Dµqf = (∂µ − igAa
µT

a)qf . (2.3)

Now we introduce the projection operator, PR,L, to decompose the quark
fields into the left- and right-handed components,

qfR = PRq
f , qfL = PLq

f ,

PR,L =
1± γ5

2
. (2.4)

By using this projection operator the QCD Lagrangian is rewritten by the
left- and right-handed quarks,

LQCD =
∑
f

(
q̄fLiγ

µDµq
f
L + q̄fRiγ

µDµq
f
R

)
−
∑
f

mf

(
q̄fRqL + q̄fLqR

)

−1

2

8∑
a=1

tr[(F a
µνT

a)2]. (2.5)

In the low-energy region relevant to the nuclear physics, the current masses
of the u- and d-quarks (mu,md) are much smaller than the typical energy
scale of hadron, O(1GeV), so that the current quark masses is negligible.
In the case of the massless quarks, the QCD Lagrangian is invariant under
the chiral transformation,

qL → gLqL, qR → gRqR, (2.6)

with gL,R ∈ U(Nf )L,R. The massless QCD has the U(Nf )L × U(Nf )R
symmetry which is the so-called chiral symmetry.

2.2 Spontaneous chiral symmetry breaking

The pions, which are the lightest mesons in the hadron physics, play an
important role in the hadron dynamics. From the viewpoint of the chiral
symmetry, pions can be introduced as Nambu-Goldstone modes (massless
particles) via the spontaneous breaking of the chiral symmetry , and the
notion of the chiral symmetry breaking successfully captures the appropriate
picture to describe the pion dynamics. In this section we briefly explain the
spontaneous chiral symmetry breaking.

We consider a general case where the charge Qa is associated with the
Noether current jaµ of the symmetry G. Local operators, Φ(x) are infinitesi-
mally transformed (by δaΦ(x)) under the Noether’s charge Qa ≡

∫
d3jaµ0(x)

as

[iQa,Φ(y)] = δaΦ(y). (2.7)
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Taking the vacuum expectation value for both sides, we have

⟨0|[iQa,Φ(0)]|0⟩ = i

∫
d4x∂µ⟨0|Tjaµ(x)Φ(y)|0⟩ = ⟨0|δaΦ(y)|0⟩. (2.8)

Inserting the following completeness relation with the complete set {|0⟩, |λp⟩}
(the latter being having the three-momentum p and the energy Ep and some
quantum number b),

1 = |0⟩ ⟨0|+
∑
λ,b

∫
d3p

(2π)3
1

2Ep(λ)
|λbp⟩ ⟨λbp| , (2.9)

into Eq.(2.8), we have

i

∫
d4x∂µ ⟨0|Tjaµ(x)Φb(0) |0⟩

=

∫
d4x

∑
λ,b

∫ ∞

0
dM2δ(M2 −m2

λ)A(λ)B(λ)δab
∫

d4q

(2π)4
q2

q2 −M2
e−iq·x

{
= 0, (M ̸= 0)

̸= 0, (M = 0),
(2.10)

where A(λ) and B(λ) have been introduced as

⟨0| jaµ(x) |λbp⟩ = −ipµδabA(λ)e−ip·x|p0=Ep

⟨0|Φa |λbp⟩ = δabB(λ)e−ip·x|p0=Ep
. (2.11)

Eq.(2.10) implies that massless particles appear necessarily as the order
parameter, ⟨0|δaΦ(y)|0⟩, gets the nonzero value. Those massless particles
are called Nambu-Goldstone bosons (NG bosons). In Eq.(2.10), the NG
fields corresponds to the Φ fields. Furthermore, when ⟨0|δaΦ(y)|0⟩ ̸= 0,
Eq.(2.8) implies that the charge Q related to the symmetry G satisfies the
following condition,

Q |0⟩ ̸= 0. (2.12)

This show that after the order parameter ⟨0|δaΦ(y)|0⟩ gets the nonzero
value, the charge Q becomes an ill-defined operator, so the G symmetry no
longer is a symmetry at the vacuum |0⟩, and is broken spontaneously. This
is called the spontaneous symmetry breaking.

We consider the case of the spontaneous chiral symmetry breaking. The
vector- and axial-current are given as

jiV µ = jiRµ + jiLµ = q̄γµτ
iq, jiAµ = jiRµ − jiLµ = q̄γµγ5τ

iq, (2.13)

where jiL,R (labeled by i = 1, · · · , Nf ) is the current associated with the
SU(Nf )L,R. The corresponding Noether’s charges are defined in the same
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way as the generic charge introduced as above. We can also introduce the
scalar and pseudoscalar operators out of the quark field bilinears,

S = q̄q, P i = q̄iγ5τ
iq. (2.14)

As for the chiral SU(2)L × SU(2)R symmetry, we then have the following
relation for the scalar and pseudoscalar currents:

i

∫
d3x⟨0|

[
jiAµ=0(x), P

k(y)
]
|0⟩ = 2δik⟨0|S(y)|0⟩. (2.15)

If the quark condensate ⟨0|q̄q|0⟩ gets the nonzero value, the SU(2)L ×
SU(2)R, is spontaneously broken to SU(2)V via the appearance of Nambu-
Goldstone bosons corresponding to the pseudscalar field P i. Then, one can
easily check that for the QCD vacuum |0⟩, the vector charge Qi

V is the well-
defined operator, but the axial-charge Qi

A is not the well-defined operator:

Qi
V |0⟩ = 0, Qi

A|0⟩ ̸= 0. (2.16)

2.3 Non-linear σ model

In a low energy dynamics where pions dominate, the light mesons should be
incorporated into the effective model based on the chiral symmetry. In this
section, we introduce typical models with respect to the spontaneous chiral
symmetry breaking.

To describe the meson field as the quark-antiquark bound state, we in-
troduce the matrix M out of left- and right-handed quark fields

Mab = q̄RbqLa, (2.17)

with a, b being the flavor indices. The matrixM transforms under the chiral
transformations SU(2)L × SU(2)R as

M → gLMg†R. (2.18)

Taking trace products in the following way, we can extract the linear com-
bination of quarks,

Φi = tr[Mτ i] = q̄Lτ
iqR

=
1

2
q̄τ iq +

1

2
q̄γ5τ

iq

Φ(S) = tr[M ] = q̄LqR

=
1

2
q̄q +

1

2
q̄γ5q. (2.19)

Let gL,R be the transformation matrices associated to the vector and axial-
vector transformation,

gR = exp [i(θaV + θaA)τ
a] , gL = exp [i(θaV − θaA)τ

a] . (2.20)
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When picking up q̄q and iq̄γ5τ
iq from Eq.(2.19), one can find that under

the infinitesimal vector transformation, θaV ̸= 0, θaA = 0, these bilinears
transform as

q̄q → q̄q,

iq̄γ5τ
iq → iq̄γ5τ

iq − 2if ijkθjV q̄γ5τ
kq. (2.21)

In a similar way, under the infinitesimal axial-vector transformation, θaV =
0, θaA ̸= 0, these bilinears transform as

q̄q → q̄q + 2iθiAq̄γ5τ
iq ,

iq̄γ5τ
iq → iq̄γ5τ

iq − 2θiAq̄q. (2.22)

Eqs.(2.21) and (2.22) show that (q̄q)2 + (iq̄γ5τ
iq)2 is invariant under the

chiral transformation.
In the low energy region, the bilinear products, q̄q and iq̄γ5τ

iq, are de-
scribed as the isosinglet meson field σ and isotriplet-pseudoscalar meson
field πi respectively:

q̄q ∼ σ, iq̄γ5τ
iq ∼ πi. (2.23)

In the chiral invariant way, we can introduce the σ and πi fields in the matrix
M as follows,

M = σ12×2 + iτ iπi. (2.24)

By using this matrix M , one can write the chiral invariant Lagrangian,

LLσM =
1

4
tr[∂µM∂µM †]− V (M,M †). (2.25)

This Lagrangian constructed out of the matrix M is the so-called linear σ
model which is one of the chiral effective models [38, 39].

From the Lagrangian in Eq. (2.25), one can derive the conserved Noether
current associated with the chiral SU(2)L × SU(2)R symmetry,

jiL,µ =
1

2

(
f ijkπj∂µπ

k − σ∂µπ
i + πi∂µσ

)
jiR,µ =

1

2

(
f ijkπj∂µπ

k + σ∂µπ
i − πi∂µσ

)
. (2.26)

The axialvector current and vector current are reconstructed by jiL(R)µ, and
read

jiV µ = J i
R,µ + J i

L,µ = f ijkπj∂µπ
k

jiAµ = J i
R,µ − J i

L,µ = σ∂µπ
i − πi∂µσ. (2.27)
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As the chiral symmetry is spontaneously broken at the vacuum state in
QCD, the matrix element for jaAµ sandwiched by the vacuum and and an
on-shell pion state with the momentum p can be denoted as

⟨0|jaAµ|πb(p)⟩ = ifπpµe
ip·xδab, (2.28)

where fπ is the pion decay constant.
For the linear sigma model in Eq.(2.25), we shall give a simple potential

form to study the analysis of the spontaneous chiral symmetry breaking at
the classical field level in terms of the meson field dynamics,

V (M,M †) = −1

4
µ2tr[MM †] + λtr(tr[MM †])2, (2.29)

where µ2 and λ are positive parameters. One can easily see that the vacuum
expectation value of the sigma field σ gets a nonzero constant value, leading
to the spontaneous breaking of the chiral SU(2)L×SU(2)L symmetry, hence
the NG bosons (pions) appear. This can be rephrased as

⟨0|jaAµ|πb(p)⟩ = ⟨0|(σ∂µπa − πa∂µσ)|πb(p)⟩ = i⟨0|σ|0⟩pµeip·xδab. (2.30)

From Eqs.(2.30) and (2.28), the vacuum expectation value of the σ field is
related to the pion decay constant,

fπ = ⟨0|σ|0⟩. (2.31)

The potential term of linear sigma model is the function of σ2 + π2:
V (M,M †) = V (σ2 + π2). As mentioned above, after the chiral symmetry
breaking the minimum potential energy should be realized with the con-
straint condition, c2 = σ2 + π2. Namely, by choosing the nonzero value
of c2 = σ2 + π2, the spontaneously symmetry breaking would be realized,
e.g. σ = c and π = 0. From the fact in Eq.(2.31), the constant, c, can be
generally read as fπ:

σ2 + π2 = f2π . (2.32)

In the low-energy region where the sigma field is supposed to be heavy
enough to be integrated out, the chiral effective model is described by only
the Nambu-Goldstone bosons corresponding to pions. To integrate out the
sigma field in the linear sigma model we insert Eq.(2.32) into the matrix M
Eq.(2.24) to be

M = fπ

[√
1− π2

f2π
12×2 + i

τ iπi

fπ

]
. (2.33)

Introducing the new field ϕi associated to πi,

τiπi
fπ

= sin

(
τiϕi
fπ

)
(2.34)
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the matrix M read

M = fπ exp

(
τiϕi
fπ

)
≡ fπU. (2.35)

We have introduced the chiral field, U . Now, the matrix M is described by
only the ϕi which are the redefined-pion fields in a way as in Eq.(2.34). By
using the chiral field U , the kinetic term of the linear sigma model can be
rewritten as

L(kin)
LσM =

1

4
tr[∂µM∂µM †] =

f2π
4
tr
[
∂µU∂

µU †
]
. (2.36)

This Lagrangian composed of the chiral field U is the so-called nonlinear
sigma model due to the chiral field U reflecting the nonlinear transformation
law for the redefined-pion fields ϕi (for the detail of the nonlinear realization,
see Appendix A).
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Chapter 3

Skyrme model

Before QCD was established as the underlying dynamics for hadrons, Skyrme
had proposed, based on the non-linear sigma model, the non-strange baryons
are considered as stable soliton configurations with a non-trivial geometrical
structure [29]. This stable soliton is called skyrmion. Until quarks forming
baryons had come to light, his formidable work was not seriously taken.
However, the situation has drastically changed by Witten’s argument in
which the skyrmion can be identified as the baryon in large-Nc limit [30, 31].

Thinking of a realistic number of colors, Nc = 3, one may say that
quantitative results for the skyrmion cannot being in agreement with exper-
imental results. It should however be remarked that whole concept for the
skyrmion picture is based on the essential features inherit to QCD, such as
the chiral symmetry and the large-Nc, so that it should be certainly expected
that underlying properties of the baryon structure and intrinsic interactions
should qualitatively be reflected.

This chapter introduces such a remarkable features of the Skyrme model
(for more on this, see comprehensive reviews [40, 41]).

3.1 Baryon and topology

The chiral field involves a non-trivial topological configuration, hence the
nonlinear-σ model has a stable-soliton solution. In Skyrme’s idea, this sta-
ble soliton can be identified as a baryon. In this section we briefly introduce
a stable-baryon configuration from the concept of topology within the frame-
work of the nonlinear-σ model.

As stated in Sec. 2.3, the chiral field U is expressed as

U = exp

[
i
πaτa

fπ

]
, (3.1)

where this πi (i = 1, 2, 3) are the pion field in the nonlinear representation.
We assume that the chiral field has the time-independent configuration,
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U(x⃗). For the energy of the stable and static soliton to be finite, the chiral
field U(x⃗) should approach a constant value as x⃗→ ∞. Thus, when mapping
the three-dimensional space onto the isospin space, we should compactify the
three dimensional space: the nontrivial map for static configuration, U(x⃗),
is described as

U(x⃗) : R3 → S3. (3.2)

In a low-energy limit, the effective theory based on QCD should go to the
vacuum realized by the spontaneous chiral symmetry breaking, ⟨0|σ|0⟩ = fπ.
This fact gives us the following boundary condition for the linear sigma
model field M and the chiral field U :

lim
|x⃗|→∞

⟨0|M(x⃗)|0⟩ = fπ, U(|x⃗| → ∞) = 1. (3.3)

Actually this condition insures that the energy of the topological object is
finite. In the concept of the topology, this mapping U(x⃗) can be viewed as
the third homotopy group,

π3 (SU(2)) = Z (3.4)

where Z is the additive group of integers. These integers are the winding
numbers characterized by integer that counts how many times S3 for the
isospin space is wrapped when the three-dimensional spacial coordinate is
covered just once. The winding number is associated with the topological
current which is given as

jµW =
1

24π2
ϵµνρσtr

[
(∂νU · U †)(∂ρU · U †)(∂σU · U †)

]
. (3.5)

In the chiral effective theory, the topological current can be derived from
the functional derivative of the Wess-Zumino-Witten(WZW) action (for the
explicit form, see in Appendix D), ΓWZW =

∫
d4xLWZW , with the external

gauge field of the U(1)V , VBµ:

jµW =
∂ΓWZW

∂VBµ

∣∣∣∣∣
VBµ→0

. (3.6)

This means that the topological current can be identified as the baryon
current jµB,

jµB = jµW . (3.7)

The winding number (the baryon number) B thus takes the form,

B =

∫
d3xj0W . (3.8)
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It is naturally expected that the topologically nontrivial soliton with B = 1
corresponds to the baryon. Note that the winding number is only charac-
terized by the boundary condition of U(x⃗). Assuming that this boundary
condition keeps even when time continuously evolves, hence the winding
numbers are conserved fully in a real space-time, so that the topological
solution is the static object.

3.2 Skyrmion

With the above concept, we are now ready to explain the skyrmion prop-
erties such as the energy and the charge radius of the skyrmion through
employing the Skyrme model which is based on the nonlinear sigma model.
Here, we briefly review the Skyrme model.

The Skyrme model [29] in the chiral limit, based on the 2-flavor chiral
symmetry, is given as

LSkyr =
f2π
4
tr[∂µU∂

µU †] +
1

32g2
tr
(
[U †∂µU,U

†∂νU ][U †∂µU,U †∂νU ]
)
, (3.9)

where g is the dimensionless coupling constant. The second term is the so-
called Skyrme term which is introduced to stabilize the static soliton to have
the finite-energy. To study the baryon physics based on the soliton picture,
Skyrme proposed an appropriate ansatz for the soliton configuration like

U(x) = exp[ix̂ · τF (r)], r = |x⃗|, (3.10)

where F (r) is the dimensionless function parametrizing the skyrmion profile.
This is called the hedgehog ansatz in which the pion fields orient to a radial
direction both in the position space and the isospin space. For the soliton
energy to be finite as r → ∞ and the ansatz to be regular at r = 0 we should
impose the conditions as follows

F (r = ∞) = 0, F (r = 0) = nπ. (3.11)

In terms of the chiral field U , these conditions read

U(r = 0) = −1, U(r = ∞) = 1. (3.12)

Substituting the hedgehog ansatz into the winding number (the baryon num-
ber) Eq.(3.8), one can find the baryon number which the stable soliton has,
to get

B =

∫
d3xj0W

= −

[
1

π

(
F − 1

2
sin 2F

)]F (∞)=0

F (0)=nπ

= n. (3.13)
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To descrive a single-baryon, we should set n = 1. Furthermore, the energy
of a static soliton, called Skyrme energy ESkyr, is given by

ESkyr = −
∫
d3xLSkyr. (3.14)

Substituting the hedgehog ansatz into the Skyrme energy, we have

ESkyr = 4π

∫
drr2

[
f2π
2

(
2
sin2 F

r2
+ F

′2

)
+

sin2 F

2g2r2

(
sin2 F

r2
+ 2F

′2

)]
,(3.15)

where the prime symbol attaching on F denotes the derivative with respect
to r. From the Skyrme energy Eq.(3.15), the variational equation in terms
of the Skyrme profile function F is obtained as(
r2 +

2

g2f2π sin
2 F

F
′′
)
+ 2rF

′
+

1

g2f2π
sin 2FF

′2 − sin 2F − sin2 F sin 2F

g2f2πr
2

= 0.

(3.16)

This equation can be solved in a numerical calculation, and then the Skyrme
energy is evaluated as a function of the ratio of (fπ/g) with the exact nu-
merical number (including an uncertainty due to a numerical systematics
under which one works on)

ESkyr = 74.58...×
(
fπ
g

)
. (3.17)

In addition, we can estimate the charge radius of the topologically stable
soliton,

r0 =

[∫
d3xr2j0W

]1/2
=

[
− 2

π

∫
drr2F ′ sin2 F

]1/2
. (3.18)

Using the numerical solution of the profile function F , we also evaluate the
charge radius of the topologically stable soliton as

r = 0.96...×
(

1

gfπ

)
. (3.19)

Eq.(3.19) indicates that the skyrmion is the finite size object. However, this
skyrmion is still a classical object, which means that the classical skyrmion
does not have any quantum numbers such as the spin and the isospin. By
quantizing the skyrmion, it is endowed with spin and isospin quantum num-
bers. Although we will not discuss the quantization of the skyrmion in

17



detail, a few remarks related to it will be made below.

Using fπ = 92.4MeV and g = 5.93MeV [42], the numerical result on
the charge radius in Eq.(3.19) is obtained as r ≃ 0.345 fm, which is about
39% smaller than the experimental data of the nucleon, r ≃ 0.877±0.005 fm
[43] implying somewhat deviation from the experimental data, as have been
suspected. However,we have a large Nc correction: the Nc counting can be
assigned to the parameters, fπ ∼ O(

√
Nc) and g ∼ O(1/

√
Nc). Actually, the

charge radius is of O(N0
c ). For Nc = 3, the next-to-leading order corrections

would be on the size of O(1/Nc) ∼ O(0.3) . Thus, the inclusion of possible
large Nc corrections might make the model consistent with the experiments.
Similarly, other numerical results based on the skyrmion approach are devi-
ated from their experimental counterparts by 30% or 40% , which could also
be cured by possible 1/Nc corrections. Thus, though being somewhat off
from the realistic observations, one should keep one’s mind that the skyrme
model is still powerful and predictive when qualitative arguments related to
the chiral symmetry structure are made.

3.3 Skyrmion-skyrmion interaction

The Skyrme’s idea can be applied to a baryonic matter where skyrmions
should be strongly bound by the attractive force among skymions. In this
section we show how baryons interact with baryons interact with each other
in terms of the skyrmion approach.

To describe baryonic matter based on the skyrmion approach, first, we
should grasp how skyrmions strongly interact each other. And then, through
analyzing the binding energy between two skyrmions, we shall deduce es-
sential conditions in order to make up the baryonic matter based on the
skyrmion approach.

In the beginning, we consider two skyrmions located at x1 and x2,

Uc(x− x1), Uc(x− x2), (3.20)

which are placed far apart from each other. Since two skyrmions inter-
act with each other, we rotate one skyrmion in isospin space, and then
parametrize the topological configuration Ucc(x,x1,x2):

Ucc(x,x1,x2) = Uc(x− x1)C(α)Uc(x− x2)C
†(α), (3.21)

where C(α) = exp(iτ ·α/2) represents the rotation matrix in the isopin space
and αa is the rotation parameter. The interaction between two skyrmions is
controlled by the parameter αa. For convenience, we introduce parameters
a0 and ai=1,2,3 , in such a way that the rotation matrix C(α) is parametrized
as

C = a0 + ia · τ . (3.22)

18



By using Eqs.(3.20) and (3.21), the binding energy of two skymions is given
as

V (x1,x2) =

∫
d3x

[
1

4
f2πtr[Li(1, 2)Li(1, 2)] +

1

32e2
tr
[
[Li(1, 2), Lj(1, 2)]

2
]]

−E1 − E2, (3.23)

where the first term, V (x1,x2)+E1+E2, represents the whole energy of two
skyrmions, E1,2 denote the energies of the isolated two skyrmions specified
by Uc(x− x1,2) and Lµ(1, 2) is

Lµ(1, 2) = U †
cc(x,x1,x2)∂µUcc(x,x1,x2). (3.24)

For extremely separated skyrmions one can find the following binding energy,

V (r = |x1 − x2|) ∼ A
3(r · a)2 − r2a2

r5
, (3.25)

with r = |x⃗1 − x⃗2| and A being a constant. We can see in here that the
conditions for the most attractive potential between two skyrmions are

r · a = 0, a · a = 1. (3.26)

Recalling the rotation matrix, C = exp(iα · τ/2), these condition can be
rewritten as

r · a =
r ·α
|α|

sin
|α|
2

= 0,

a2 = sin2
|α|
2

= 1. (3.27)

In short, to obtain the most attractive potential for two skyrmions we should
rotate one skyrmion in the isospin space by angle π around the axis perpen-
dicular to the direction from one skyrmion to the other. When constructing
the baryonic matter based on the skyrmion approach, we need to take ac-
count of this prescription.

3.4 Skyrmion crystal

Nuclear matter properties based on skyrmion approach have been inves-
tigated by Klebanov[32]. He proposed that the nuclear matter is formed
out of skyrmions. This topological object identified as a baryonic matter is
called skyrmion crystal in which the baryonic matter is described by putting
skyrmions on lattice vertices of a crystal. In this section we briefly introduce
the skyrmion crystal approach. And then, we shall show some phenomeno-
logical observables in the skyrmion crystal.
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As premises for the introduction of skyrmion crystal approach, many-
skyrmions are put on the crystal lattice vertices, where the centered-cubic
crystal is conventionally chosen, and the size of the unit cell for a single
crystal is 2L. Looking at the two skyrmions located at (x, y, z) and (x, y, z+
2L), to produce the strongest attractive force for the nearest skyrmions, we
should rotate the chiral field, U(x, y, z + 2L), in a manner comparable to
Eq.(3.27),

e−iπτx/2U(x, y, z + 2L)eiπτx/2 = τxU(x, y, z + 2L)τx. (3.28)

Since the cubic-crystal has the translation symmetry along the z-axis under
(x, y, z) → (x, y, z + 2L), we have the periodic boundary condition for the
chiral field,

U(x, y, z) = τxU(x, y, z + 2L)τx. (3.29)

Similarly, the translational invariance for x- and y-axes gives us the bound-
ary condition,

U(x, y, z) = τyU(x+ 2L, y, z)τy = τzU(x, y + 2L, z)τz. (3.30)

These conditions assure that the nearest skyrmions strongly interact with
each other, so that the skyrmions take the crystal form.

3.4.1 Faced-centered cubic crystal

In this subsection, we focus on the faced-centered cubic (FCC) crystal for
baryonic matter. The single-FCC crystal has the volum size (2L)3 and
contains 4-particles (4-baryons). In addition, the FCC crystal structure has
the following discrete symmetries,

− Reflection symmetry: in position space (x, y, z) ↔ (−x, y, z),
− Three fold symmetry:in position space (x, y, z) ↔ (z, x, y),

− Four fold symmetry:in position space (x, y, z) ↔ (y,−x, z),
− Translation symmetry: in position space (x, y, z) ↔ (x+ L, y + L, z).

(3.31)

To construct the FCC crystal from skyrmions, these symmetries should be
reflected in isospin space. When mapping the three-dimensional space onto
the isospin space for the chiral field, it is convenient to introduce pion fields
(ϕ0, ϕa=1,2,3) to expand the chiral field U as

U = ϕ0 + iτaϕa, (3.32)

which has the unitary relation,

(ϕ0)
2 + (ϕa)

2 = 1. (3.33)
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We consider the static-skyrmion crystal, i.e. ϕα(t, x, y, z) ≡ ϕα(x, y, z), Re-
flecting the intrinsic crystal symmetry on the chiral field U , the pion fields
(ϕ0, ϕa=1,2,3) have the following symmetries,

− Reflection symmetry:

in position space (x, y, z) ↔ (−x, y, z),
in isospin space (ϕ0, ϕ1, ϕ2, ϕ3) ↔ (ϕ0,−ϕ1, ϕ2, ϕ3),

− Three fold symmetry:

in position space(x, y, z) ↔ (z, x, y),

in isospin space (ϕ0, ϕ1, ϕ2, ϕ3) ↔ (ϕ0, ϕ3, ϕ1, ϕ2),

− Four fold symmetry:

in position space (x, y, z) ↔ (y,−x, z),
in isospin space (ϕ0, ϕ1, ϕ2, ϕ3) ↔ (ϕ0, ϕ2,−ϕ1, ϕ3),

− Translation symmetry:

in position space(x, y, z) ↔ (x+ L, y + L, z),

in isospin space (ϕ0, ϕ1, ϕ2, ϕ3) ↔ (ϕ0,−ϕ1,−ϕ2, ϕ3).
(3.34)

The translation symmetry is related to the maximally attractive force be-
tween two adjacent skyrmions in terms of the FCC crystal, as discussed in
Sec.3.3:

Boundary condition for FCC crystal:

U(x, y, z) = τzU(x+ L, y + L, z)τz

↔ ϕ0(x+ L, y + L, z) + iτaϕa(x+ L, y + L, z)

= ϕ0(x, y, z)− iτ1ϕ1(x, y, z)− iτ2ϕ2(x, y, z) + iτ3ϕ3(x, y, z).

(3.35)

By using the symmetry properties listed as above, we shall simulate the
skyrmion crystal. In the numerical simulation, it is convenient to intro-
duce the unnormalized fields ϕ̄α (α = 0, 1, 2, 3), which are related to the
normalized fields ϕα related to the unnormalized one ϕ̄α as follows

ϕα =
ϕ̄α√∑3
β=0 ϕ̄βϕ̄β

. (3.36)

21



The unnormalized field ϕ̄α is necessarily expanded by Fourier series [33]:

ϕ̄0(x, y, z) =
∑
a,b,c

β̄abc cos(aπx/L) cos(bπy/L) cos(cπz/L)

ϕ̄1(x, y, z) =
∑
h,k,l

ᾱ
(1)
hkl sin(hπx/L) cos(kπy/L) cos(lπz/L)

ϕ̄2(x, y, z) =
∑
h,k,l

ᾱ
(2)
hkl cos(lπx/L) sin(hπy/L) cos(kπz/L)

ϕ̄3(x, y, z) =
∑
h,k,l

ᾱ
(3)
hkl cos(kπx/L) cos(lπy/L) sin(hπz/L), (3.37)

where β̄abc and ᾱ
(1,2,3)
hkl are the Fourir coefficients. Due to the symmetries

of the FCC crystal in Eq.(3.34), the Fourier coefficients β̄abc, ᾱ
(1,2,3)
hkl are

constrained as follows[33] :

by three fold symmetry : β̄abc = β̄bca = β̄cab, ᾱ
(1)
hkl = ᾱ

(2)
hkl = ᾱ

(3)
hkl;

by four fold symmetry : β̄abc = β̄acb = β̄cba = β̄bac;

by four fold symmetry : ᾱhkl = ᾱhlk;

by translation symmetry : a, b, c are all even numbers or odd numbers

and if h is even, then k, l are restricted to odd

numbers, otherwise even numbers.

(3.38)

In the isolated-skyrmion approach, we have imposed boundary condi-
tions for the single-skyrmion to be stable and located at the position space
where (x, y, z) = (0, 0, 0), as discussed in Eq.(3.12). As for the skyrmion
crystal approach, we should modify stability conditions for skyrmions. On
the basis of stability conditions for isolated-skyrmion approach, the following
conditions are placed

U(0, 0, 0) = −1, U(L, 0, 0) = 1. (3.39)

These conditions imply that a single-skyrmion contained in FCC crystal
is fixed at (x, y, z) = (0, 0, 0). In addition, the Fourier coefficients β̄abc is
restricted by the stability condition. Inserting Eq.(3.37) into U(0, 0, 0) and
U(L, 0, 0), we have

U(0, 0, 0) =

∑
a,b,c β̄abc∣∣∑

a′,b′,c′ β̄a′b′c′
∣∣ ,

U(L, 0, 0) =

∑
a,b,c β̄abc(−1)a∣∣∑

a′,b′,c′ β̄a′b′c′(−1)a′
∣∣ . (3.40)
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To satisfy the boundary condition Eq.(3.39), the condition for the β̄abc is
imposed as ∑

a,b,c=even

β̄abc = 0. (3.41)

In short, the Fourier coefficients β̄abc, ᾱ
(1,2,3)
hkl are restricted by Eqs.(3.38) and

(3.41), so that stable skyrmions are formed on a crystal lattice.
Next, using fπ = 92.4MeV and g = 5.93 [42], we shall show the nu-

merical result on the baryon energy per baryon E/NB, which we will call
”per-baryon energy”,

E

NB
= −1

4

∫
cube

d3xLSkyr, (3.42)

with NB being the baryon number. The per-baryon energy is evaluated as

a function of the Fourier coefficients β̄abc, ᾱ
(i)
hkl, which are used as variational

parameters in the numerical calculation. Those Fourier coefficients depend-
ing on the crystal size L are determined by minimizing the per-baryon energy
thorough a numerical calculation, so that the per-baryon energy is obtained.
And also, the numerical value of the Skyrme energy is saturated by only a
few mode in the Fourier expansion. Therefore the higher modes are numeri-
cally negligible, and then in the numerical calculation we truncate the mode
for the Fourier expansion until the per-baryon energy is saturated.

In Fig. 4.1 we show the per-baryon energy E/NB as a function of the
crystal size L. In low density region (corresponding in a large lattice size
L), the value of the per-baryon energy should substantially be in accordance
with the result from the isolated-skyrmion energy in Eq.(3.17). Actually,
at L = 2.0 fm, the per-baryon energy is ≃ 1116MeV which is in a good
agreement with the result on the isolated-skyrmion energy in Eq.(3.17),
ESkyr = 74.58... × (fπ/g) ≃ 1162MeV. This implies that in an extremely
low density region the binding energy obtained from skyrmion-skyrmion
interaction in Eq.(3.25) is expected to be negligible. Conversely, in a high
density region, the attractive force for skymions is relevant to the baryon
energy. At L = 0.85 fm, the per-baryon energy reaches the lowest value,
957MeV. In other words, skyrmions are strongly bounded at L = 0.85 fm.
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Figure 3.1: The matter dependence (the crystal size dependence) of the
per-baryon energy.

3.4.2 Topological transition in baryonic matter

The skyrmion crystal approach predicts a characteristic phenomena which
is called ”topological phase transition”. At some critical lattice size, this
phase transition occurs in the skyrmion crystal. As a result, the FCC crystal
structure changes to be of a completely different form. Below we remark
the details on this transition phenomenon. .

When the baryon matter density estimated as ρ = 4/(2L)3 increases,
the FCC skyrmion crystal undergoes a phase transition in terms of the
crystal-structure deformation. As was discussed in [33], in a low density
region the skyrmion-crystal structure takes the FCC form, while in a high
density region the skyrmion-crystal structure changes to be of the cubic-
centered (CC) form. This structure change is triggered by the vanishing
space-averaged value of ϕ0,

⟨ϕ0⟩ =
1

(2L)3

∫ L

−L
d3xϕ0, (3.43)

hence the ⟨ϕ0⟩ acts as if it were an order parameter and this phenomena can
be phrased as a phase transition (topological phase transition). In terms
of the phase transition, the low density region with the skyrmion crystal
realized as the FCC form is called “ skyrmion phase”, while the high density
region where the CC structure is manifest is called “half-skyrmion phase”
(characterized by the transition density ρ1/2), as dubbed in [33]. Note that
the winding number, which is defined in a crystal lattice with size 2L, is
conserved, even after the structure/topology transition. When focusing on a
single localized-topological object (single-skyrmion) in the skyrmion crystal,
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it appears that a single-skyrmion has the winding number, “1”. After the
topological transition, it seems that the winding number of a single-skyrmion
is changed to be “1/2”, because the number of CC crystal is 4 × 8 in a
crystal lattice with size 2L. In this sense, this transition is called ”topology
transition” in terms of a single localized-topological object in the crystal
matter.

The presence of the half-skyrmion is robustly predicted from the view-
point of the maximal discrete symmetry [50]. As we encounter the centered-
cubic (CC) crystal, only the constraints on the Fourier coefficients from the
translation symmetry as above is changed as

by translation symmetry : a, b, c are all odd numbers, and h is odd,

then k, l are restricted even numbers. (3.44)

This restriction for the chiral field indicates that after the the topological
transition the skyrmion crystal has the following symmetry,

− Translation symmetry:

in position space(x, y, z) ↔ (x+ L, y, z),

in isospin space (ϕ0, ϕ1, ϕ2, ϕ3) ↔ (−ϕ0,−ϕ1, ϕ2, ϕ3).
(3.45)

Following this symmetry (condition), the skyrmion crystal configuration
takes the CC crystal structure form.

The order parameter for the topological phase transition, ⟨ϕ0⟩, can be
rephrased as the space averaged value of the chiral condensate. The pion
field configurations can be linked to quark field bilinears like,

ϕ0 ∼ q̄q,

ϕa ∼ q̄iγ5τaq. (3.46)

In terms of the vanishing chiral condensate, the vanishing ϕ0 might be
thought of as a signal for the chiral symmetry restoration, hence one might
naively expect that the topological phase transition between the skyrmion
phase and the half-skyrmion phase can be a direct link to the chiral restora-
tion. However, the Skyme model is based on the nonlinear sigma model,
so that the chiral symmetry can not be completely restored in this frame-
work. Though it provides us with some qualitative features regarding the
chiral symmetry, in that sense the ⟨ϕ0⟩ cannot be thought of as the order
parameter for the chiral symmetry.

In Fig. 3.2, we plot the space averaged value of ϕ0 as a function of the
crystal size L. The critical point of the topological transition shows up at
Lc ≃ 1.3 fm, which corresponds to the critical density n1/2 ≃ 1.3n0 with

n0 ≃ 0.17/fm3 denoting the normal nuclear matter density (L ≃ 1.4[fm]).
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Above the critical point Lc ≃ 1.3 fm, the ⟨ϕ0⟩ becomes smaller as the matter
density increases (crystal size L decreases). Below the critical point Lc ≃
1.3 fm, the vanishing ⟨ϕ0⟩ implies that the crystal structure is changed from
the FCC structure to the CC structure. Actually, we can see the topological
transition through the baryon number density j0B as written in Eqs.(3.5) and
(3.7). Next we shall show the skyrmion crystal configuration numerically.

Figure 3.2: The matter dependence (crystal size dependence) of the order
parameter for the topological phase transition, ⟨ϕ0⟩.

In the skyrmion crystal approach, the skyrmion crystal configuration
can be visualized through the baryon-number density distribution ρB =
jµ=0
B . In Fig. 3.3 we plot the baryon-number density distribution at x − y
plane, ρB(x, y, 0). The left panel of Fig. 3.3 shows that in a low density
region, where L = 2.0 fm, the skyrmion crystal forms the FCC structure. In
contrast, one can easily find that in high density region, where L = 1.0 fm,
the skyrmion crystal structure figures as the CC structure, as depicted in
the right panel of the Fig. 3.3.
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Figure 3.3: The baryon-number distribution, ρB(x, y, 0), in the skyrmion
phase where L = 2.0 fm (left) and the half-skyrmion phase where L = 1.0 fm
(right).

3.4.3 Pion decay constant in skyrmion crystal

In the baryonic matter, the dynamical pions feel the matter effect, hence
the pion decay constant gets the density dependence. In particular, the
decreasing tendency of the pion decay constant in the baryonic matter is
interpreted as the chiral restoration. In this section we discuss the density
dependence on the pion decay constant in the skyrmion crystal.

To consider the pion decay constant in the skyrmion crystal, we shall
introduce the fluctuating (dynamical) pion field as

U = ŭŪ ŭ,

ŭ = exp (iπaτa/(2fπ)) , (3.47)

where Ū denotes the static-skyrmion configuration and πa describes the
fluctuating pion field. Recall that the pion decay constant is defined in the
matrix element of the axialvector current between the vacuum and the pion
state as discussed in Eq.(2.28). In Skrme model, the axialvector current can
be derived from the Lagrangian Eq.(4.2),

jaAµ =
F 2
π

4
tr

[
−i
{
τa

2
, U

}
∂µU

† + i

{
τa

2
, U †

}
∂µU

]
. (3.48)

Inserting the chiral field Eq.(3.47) into this current, we have

jaAµ=0 = −fπ∂0πb
[
(ϕ0)

2δab + ϕaϕb
]
+O(π2). (3.49)

This current form shows that the axialvector current indicates the static-
skyrmion configuration. Therefore, we can deduce that the pion decay
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constant is modified by the static-skymion configuration. Actually, in the
skyrmion crystal, the matrix element reads

⟨0|ja=3
Aµ=0|πb=3(p)⟩ = ifπp0(1− ⟨ϕ20⟩)eip·x. (3.50)

To incorporate the matter effect into the pion dynamics, the fluctuating pion
field π should be canonically normalized as

π∗ =
1√

1− 2
3(1− ⟨ϕ20⟩)

π. (3.51)

Then the matrix element is described as

⟨0|ja=3
Aµ=0|π∗b=3(p)⟩ = if∗πp0e

ip·x, (3.52)

where f∗π is the modified pion decay constant,

f∗π =

√
1− 2

3
(1− ⟨ϕ20⟩) fπ. (3.53)

To obtain Eq.(3.53), we have used the unitary relation (ϕ0)
2 + (ϕa)

2 =
1. And also, we have introduced the space averaged values of the static-
skyrmion configuration,

⟨X⟩ = 1

(2L)3

∫
cube

d3xX, (3.54)

where X is an arbitrary operator constructed from the static-skyrmion con-
figuration and

∫
cube d

3x =
∫ L
−L dx

∫ L
−L dy

∫ L
−L dz. The modified pion decay

constant f∗π in Eq.(3.53) indicates that the pion decay constant gets the
density effect through the contribution of the static-skyrmion configuration.

In Fig. 3.4, we plot the pion decay constant normalized to the matter-
free value, f∗π/fπ, which is a function of the crystal size of L. As the matter
density increases, the pion decay constant gets smaller up to the critical
point Lc ≃ 1.3 fm corresponding to n1/2 ≃ 1.3n0. After the critical point,
the pion decay constant is reflected by the vanishing ⟨ϕ0⟩, so that the value
of f∗π/fπ undergoes very little change. Even in a high density region, the
pion decay constant remains the finite value, hence this result show that the
chiral symmetry is partially restored (the chiral symmetry is not completely
restored).

Now, we should comment on the chiral symmetry restoration based on
the Skyrmoin crystal approach. Recall that in high density region the value
of ⟨ϕ0⟩ vanishes, as depicted in Fig.3.2. Although the ⟨ϕ0⟩ can be linked
with the space averaged value of chiral condensate as discussed previously
in Eq.(3.46), the vanishing ⟨ϕ0⟩ does not signal the chiral symmetry restora-
tion. From the viewpoint of the matter dependence on the pion decay con-
stant, the decreasing behavior of the modified pion decay constant, f∗π/fπ,
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implies that the chiral symmetry is partially restored in the skyrmion crys-
tal. However, the modified pion decay constant remains a finite value at a
high density region, hence we can suspect that the chiral symmetry is still
broken.

Figure 3.4: The pion decay constant in the skyrmion crystal normalized to
the matter-free value, f∗π/fπ.

In closing this chapter, we shall give a few comments on the phenomeno-
logical implications from the skyrmion crystal approach. At a low density
region below the normal nuclear density, the prevalent picture of nuclear
matter is the Fermi-liquid structure in which the nuclear matter is expected
to be described as liquid drops or hadron gas. In contrast, at a high-density
region nucleons are nearly compressed and then a nucleon should be fixed
at a position. Therefore, the fixed nucleon can be treated as static objects
with the large Nc limit, so that at a high density region the skyrmoin crystal
could be a proper description, and will be more powerful to analyze such a
highly dense-matter physics.
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Chapter 4

Magnetic effect on skyrmion
crystal

We explore the magnetic properties of a baryonic matter based on the
skyrmion crystal model. By applying the magnetic field to the skyrmion
crystal, it turns out that the skyrmion intrinsic properties and related ones
(Skyrme energy, topological phase transition, pion decay constant and skyrmion
configuration) are drastically changed. In addition, the inhomogeneity for
the chiral condensate in the skyrmion crystal gets the magnetic dependence.

4.1 Skyrme model with a magnetic field

First, to analyze the magnetic effect on the skyrmion crystal, we consider to
incorporate a magnetic field into the Skyrme model. By gauging the chiral
symmetry in part, one can freely introduce the external magnetic field in
the Skyrme model. Then, the derivative of the chiral field U is changed to
be a covariantized version :

DµU = ∂µU − ieAµ[QE , U ], (4.1)

where e is the unit of electric charge and QE = 1
6 · 12×2 +

1
2τ3 is the electric

charge matrix for the (u, d)T SU(2) doublet quark field with τ3 being the
third component of the Pauli matrix. In this study, we consider a constant
magnetic field (B) along the z direction. The Skyrme Lagrangian including
an external magnetic field is then given as

LSkyr =
f2π
4
tr[DµUD

µU †] +
1

32g2
tr
(
[U †DµU,U

†DνU ][U †DµU,U †DνU ]
)
.(4.2)

The presence of a magnetic field along the z-axis breaks the O(3) sym-
metry down to the O(2) symmetry. To respect the residual O(2) symmetry
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for the x− y plane, we choose the symmetric gauge: 1

Aµ = −1

2
Byδ 1

µ +
1

2
Bxδ 2

µ . (4.3)

Hereafter we shall apply the FCC crystal conditions as written in Eqs.(3.37)
and (3.38) to study the skyrmion crystal properties in a magnetic field.

4.1.1 How to implement a magnetic field in skyrmion crystal
approach

Looking at the covariant derivative of the chiral field U written as

DµU = ∂µϕ0 + iDµϕ1τ1 + iDµϕ2τ2 + i∂µϕ3τ3, (4.4)

where Dµϕ1 = ∂µϕ1 − eAµϕ2 and Dµϕ2 = ∂µϕ2 + eAµϕ1, we note that a
covariant derivative operator such as Dxϕ1 has to be discretized so as to
hold the translational invariance in the x-y plane. As for yϕ̄2(x, y, z), its
Fourier transform is thus evaluated as follows:

yϕ̄2(x, y, z)

= y

∫ ∞

−∞

dpx
(2π)

∫ ∞

−∞

dpy
(2π)

∫ ∞

−∞

dpz
(2π)

ϕ̄2(px, py, pz)e
ip⃗·x⃗

=

∫ ∞

0

dpx
(2π)

∫ ∞

0

dpy
(2π)

∫ ∞

0

dpz
(2π)

ϕ̄2(px, py, pz)8i cos(pxx)
(
−∂py cos(pyy)

)
cos(pzz)

discretization−−−−−−−−→ −
∑
h,k,l

ᾱ
(2)
h,k,l cos(lπx/L)

cos{(h+ 2)πy/L} − cos(hπy/L)

2π/L
cos(kπz/L)

≡ [yϕ̄2]disc(x, y, z), (4.5)

where we have used the reflection symmetry (see Eq.(3.31)) in the second
equality. Now we make the translation for [yϕ̄2]disc(x, y, z) as (see Eq.(3.34))

[yϕ̄2]disc(x, y, z)
translation:(x,y,z)→(x+L,y+L,z)−−−−−−−−−−−−−−−−−−−−−−−→ −[yϕ̄2]disc(x, y, z). (4.6)

1When we work on the skyrmion crystal having a magnetic field, it is necessary to
choose the symmetric gauge to hold the O(2) symmetry. We can see this kind of gauge-
dependent issue also in the ladder approximation approaches, where by fixing the some
suitable gauge choice QCD observables related to the chiral symmetry are computed and
observed.
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This is obviously of a covariant form. In this study we use [yϕ̄2]disc instead
of yϕ̄2. In a similar way one can get the following discretization forms:

[xϕ̄1]disc(x, y, z) = −
∑
h,k,l

ᾱh,k,l
cos{(h+ 2)πx/L} − cos(hπx/L)

2π/L
cos(kπy/L) cos(lπz/L)

[yϕ̄1]disc(x, y, z) =
∑
h,k,l

ᾱh,k,l sin(hπx/L)
sin{(k + 2)πy/L} − sin(kπy/L)

2π/L
cos(lπz/L)

[xϕ̄2]disc(x, y, z) =
∑
h,k,l

ᾱh,k,l
sin{(l + 2)πx/L} − sin(lπx/L)

2π/L
sin(hπy/L) cos(kπz/L).

(4.7)

With the prescribed discretization method at hand, let us check whether the
other symmetries in the FCC crystal are kept in the presence of a magnetic
field. For instance, the covariant derivative of ϕ1 is transformed as

[Diϕ1]disc(x, y, z)

reflection: (x,y,z)→(−x,y,z)−−−−−−−−−−−−−−−−−−−−→


(i = x) [Dxϕ1]disc(x, y, z)

(i = y) − [Dyϕ1]disc(x, y, z)

(i = z) − [Dzϕ1]disc(x, y, z)

[Diϕ1]disc(x, y, z)

translation:(x,y,z)→(x+L,y+L,z)−−−−−−−−−−−−−−−−−−−−−−−→ −[Diϕ1]disc(x, y, z)

[Diϕ1]disc(x, y, z)

two fold for z axis:(x,y,z)→(y,−x,z)−−−−−−−−−−−−−−−−−−−−−−−−−−→


(i = x) (∂yϕ2 + eAyϕ1)disc(x, y, z)

(i = y) − (∂xϕ2 + eAxϕ1)disc(x, y, z)

(i = z) [Dzϕ2]disc(x, y, z)

[Diϕ1]disc(x, y, z)

two fold for x axis:(x,y,z)→(x,z,−y)−−−−−−−−−−−−−−−−−−−−−−−−−−→


(i = x) (∂xϕ1 − eAxϕ3)disc(x, y, z)

(i = y) (∂zϕ1 − eAzϕ3)disc(x, y, z)

(i = z) − (∂yϕ1 − eAyϕ3)disc(x, y, z)

[Diϕ1]disc(x, y, z)

three fold:(x,y,z)→(z,x,y)−−−−−−−−−−−−−−−−−−→


(i = x) (∂zϕ3 − eAzϕ1)disc(x, y, z)

(i = y) (∂xϕ3 − eAxϕ1)disc(x, y, z)

(i = z) (∂yϕ3 − eAyϕ1)disc(x, y, z)

. (4.8)

One can see easily that a magnetic field along the z axis explicitly breaks
the two fold symmetry for the x(y) axis and the three fold symmetry. Thus,
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through this discretization way, the explicit symmetry breaking, by which
the O(3) symmetry is broken to the O(2) symmetry by a magnetic field, is
reflected in the discrete symmetries of the FCC crystal.

4.1.2 A baryon number density induced by a magnetic field

In the skyrmion approach without a magnetic field, the baryon current is
equivalent to the topological current, as discussed in Eq.(3.7). In contrast,
turning on a magnetic field, the baryon current is not the same as the
topological current, because the presence of a magnetic field modifies the
baryon current form. In this section, we show the correction part for the
baryon current, induced by a magnetic field

Even in a constant magnetic field (eB), the baryon current can be ex-
tracted in a way similar to Eq.(3.7):

jµB(eB) =
∂ΓWZW

∂VBµ

∣∣∣∣∣
VBµ→0

. (4.9)

One can find the baryon current in the presence of a magnetic field [44],

jµB = jµW + J µ
eB, (4.10)

where

jµW =
1

24π2
ϵµνρσtr

[
(∂νU · U †)(∂ρU · U †)(∂σU · U †)

]
,

J µ
eB =

1

16π2
ϵµνρσtr

[
ie(∂νAρ)QE(∂σU · U † + U †∂σU)

+ieAνQE(∂ρU∂σU
† − ∂ρU

†∂σU)
]
, (4.11)

in which jµW corresponds to the topological current and J µ
eB denotes the

induced baryon current by a magnetic field. By taking the symmetric gauge
in Eq.(4.3), the time component of the induced baryon current is evaluated
as follows

J 0
eB =

[
−eB
4π2

{
(∂zϕ3)ϕ0 − (∂zϕ0)ϕ3

}]

+

[
+eB

8π2
{
[y∂yϕ3]disc(∂zϕ0)− [y∂yϕ0]disc(∂zϕ3)

}
+
−eB
8π2

{
(∂zϕ3)[x∂xϕ0]disc − (∂zϕ0)[x∂xϕ3]disc

}]
. (4.12)
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In Eq.(4.12), we have used the discretized form with a derivative operator
such as [y∂yϕ3]disc (the explicit expressions are supplied in Appendix E).
Then, the modified total-baryon number density, ρB(x, y, z), is expressed as

ρB(x, y, z) = j0W (x, y, z) + J 0
eB(x, y, z)

≡ ρW (x, y, z) + ρ̃eB(x, y, z), (4.13)

where ρW (z, y, z) represents the winding number density and ρ̃eB(x, y, z)
denotes the induced-baryon number density driven by the presence of a
magnetic field. By performing the spacial integration for the baryon number
density, ρB, one can obtain the baryon number within a single-FCC crystal:

NB =

∫
cube

d3xρB. (4.14)

A single-FCC crystal has the volume size (2L)3 and contains 4 skyrmions.
Even though a magnetic field is present, the baryon number in a single FCC
crystal is conserved because

∫
cube ρ̃eB = 0 2, namely,

NB =

∫
cube

d3xρB =

∫
cube

d3xρW = 4. (4.15)

4.2 Analysis of magnetic dependences in skyrmion
crystal

In this section we numerically study the magnetic dependence of the per-
baryon energy, and the order parameter of the topological phase transition,
together with its related phenomena such as the inhomogeneity of the chiral
condensate, as well as the pion decay constant in the skyrmion crystal.
Also the deformation of the skyrmion configuration will be discussed by
examining the magnetic dependence on the baryon number density, ρB.

4.2.1 Per-baryon energy E/NB in a magnetic field

After fixing the strength of a magnetic field, we evaluate the per-baryon

energy as a function of the Fourier coefficients β̄abc, ᾱ
(i)
hkl. When minimizing

2Using Eqs.(3.37) and (3.38), one can derive the following equations,∫
cube

d3x (∂zϕ3)ϕ0 =

∫
cube

d3xϕ3∂zϕ0 = 0∫
cube

d3x [y(∂yϕ3)]disc (∂zϕ0) =

∫
cube

d3x [y(∂yϕ0)]disc (∂zϕ3) = 0∫
cube

d3x [x(∂xϕ3)]disc (∂zϕ0) =

∫
cube

d3x [x(∂xϕ0)]disc (∂zϕ3) = 0.

To derive above equations, we have used the same Fourier expansion form for ϕα as that
for ϕ̄α, as in Eq.(3.37). Thus one can find

∫
cube

J 0
B(eB) = 0, hence the baryon number in

the FCC crystal keeps being 4 in a magnetic field.
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the per-baryon energy through the numerical calculation, those Fourier co-
efficients depend on the crystal size L and a magnetic strength eB. In this
study, we take the values of the parameters as fπ = 92.4[MeV], g = 5.93
[42].

In Fig.4.1 we plot the per-baryon energy as a function of the crystal
size with the strength of the magnetic field varied3. Note first that Fig.
4.1 precisely reproduces the result in [33] on the crystal-size dependece of
the per-baryon energy without the magnetic field (eB = 0), as it should.
When the magnetic field is turned on to be increasing, the per-baryon en-
ergy increases for any crystal size L. In particular, for the low density region
(large crystal size L), we should compare this tendency with that obtained
in [44] based on the single-skyrmion approach, not on the crystal (not in a
medium). The energy of the isolated-skyrmion obtained in [44] has a mini-
mum energy with respect to the strength of a magnetic field, eB, because a
destructive interference arises between terms of O(eB) and O

(
(eB)2

)
in the

per-baryon energy functional, E/NB. In contrast it is not the case for our
per-baryon energy: O(eB) terms drop when the per-baryon energy func-
tional is integrated over the volume of the crystal. For example, the Skyrme
model with a magnetic field has O(eB) terms like

eAiϕ2∂iϕ1 = eAxϕ2∂xϕ1 + eAyϕ2∂yϕ1. (4.16)

By using Eqs.(3.37) and (3.38), the space averaged value of O(eB) goes to
zero:

1

(2L)3

∫
cube

d3xeAxϕ2∂xϕ1 = −eB
2

1

(2L)3

∫
cube

d3x [yϕ2]disc∂xϕ1 = 0.

(4.17)

Likewise, the integration for eAyϕ2∂yϕ1 also vanishes. Thus, only O
(
(eB)2

)
terms remain in the per-baryon energy. This magnetic dependence of the
per-bayron energy is reflected in Fig 4.1.

In a low density region such as at L = 2.0[fm], the per-baryon en-
ergy is quite enhanced by the external magnetic field. Conversely, in a
high density region around L = 0.5[fm], the per-baryon energy undergoes
very little change. To grasp this tendency the position space is rescaled
by the crystal size: x = x′/L, to rewrite the covariant derivative Dxϕ1 =

(∂x′ϕ1 + i eB L2

2 y′ϕ2)/L in the per-baryon energy functional. Thus, the mag-
netic dependence of the per-baryon energy becomes negligible, as the crystal
size gets narrow, which is certainly reflected in Fig.4.1.

3Throughout the present analysis, we have cut the largest size of
√
eB at 800[MeV]

just because of some computational issue.
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● eB =0[MeV]

■ eB =200[MeV]

◆ eB =400[MeV]

▲ eB =600[MeV]

▼ eB =800[MeV]

Figure 4.1: The per-baryon energy in a magnetic field as a function of the
crystal size L.

4.2.2 Magnetic effect on topological phase transition and in-
homogeneity of chiral condensate

In the present subsection, we first discuss the magnetic dependence of this
topological phase transition. Furthermore, we also address to the inhomo-
geneity of the chiral condensate affected by a magnetic field. Fig. 4.2 shows
the magnetic dependence on the order parameter for the topological tran-
sition, ⟨ϕ0⟩. As the magnetic field increases, the phase transition point is
shifted to a high density region. For instance, the critical density is observed
at n1/2 ≃ 2.2n0 when the strength of a magnetic field is

√
eB = 800[MeV].

Meanwhile, the value of the order parameter becomes larger for any crystal
size. This implies the magnetic catalysis for the topological phase transition.
Furthermore, one can rephrase this enhancement for the ⟨ϕ0⟩ as the mag-
netic catalysis regarding the space averaged value of the chiral condensate,
by recalling the relation between ⟨ϕ0⟩ and ⟨q̄q⟩ as written in Eq.(3.46).
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● eB =0[MeV]

■ eB =200[MeV]

◆ eB =400[MeV]

▲ eB =600[MeV]

▼ eB =800[MeV]

Figure 4.2: The order parameter for the topological, ⟨ϕ0⟩, in a magnetic
field, as a function of the crystal size L.

Besides the topological phase transition of interest is also to notice that
ϕ0 and ϕa=1,2,3 (see Eq.(3.46)) have the spatial distribution, hence the chiral
condensate has the inhomogneous distribution. Actually, one can interpret
this spatial distributions of the ϕ0 and ϕa=1,2,3 as a sort of inhomogeneous
chiral condensate. See Figs. 4.3 and 4.4, which display the magnetic effect
on the distributions of ϕ0(x, y, z) and ϕ1(x, y, z) in low density region where
L = 2.0[fm] (corresponding to the skyrmion phase). The panels labeled by
(a) in those figures show the presence of the inhomogeneities of ϕ0 and ϕ1
without the magnetic field (eB = 0), where the configurations of the inho-
mogeneous chiral condensate are read as a “pulse” form for the ϕ0(∼ q̄q)
and a “wave” form for the ϕ1(∼ q̄iγ5τ

1q). These results are in agreement
with the analysis in [45]. Switching on the magnetic field (panels (b) and
(c)), a remarkable phenomenon appears. As the strength of a magnetic field
increases, the inhomogeneous distribution of ϕ0 and ϕ1 will be remarkably
localized while keeping each underlying shape of the “pulse”- and “wave-”
like form. Focusing on the y = z = 0 plane, the configurations of inhomoge-
neous chiral condensate capture this novel tendency, as depicted in Fig. 4.5.
In different models (approaches) [46, 47, 48, 49], similar behavior, associated
with the magnetic effect on the inhomogeneous chiral condensate, have been
observed.

Next see Figs. 4.6 and 4.7, which draw the magnetic dependence on the
distributions of ϕ0(x, y, z) and ϕ1(x, y, z) in a high density region where
L = 1.0[fm] (corresponding to the half-skyrmion phase). In those figures
the panels (a) tell us that the inhomogeneities of ϕ0 and ϕ1 without the
magnetic field (eB = 0) are present. This is, again, in accord with the

37



analysis in [45]. With the magnetic field switched on (panels (b) and (c)),
one can find that the ϕ0 and ϕ1 inhomogeneities still survive when eB gets
larger. In contrast to the skyrmion phase, the inhomogeneities of ϕ0 and ϕ1
get hardly influenced by the strength of a magnetic field (see Fig. 4.8).

(a) (b)

(c)

Figure 4.3: The distributions of ϕ0(x, y, 0) at L = 2.0 fm (in the skyrmion
phase). (a):

√
eB = 0. (b):

√
eB = 400 MeV. (c):

√
eB = 800 MeV.
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(a) (b)

(c)

Figure 4.4: The distributions of ϕ1(x, y, 0) at L = 2.0[fm] (in the skyrmion
phase). (a):

√
eB = 0 MeV. (b):

√
eB = 400 MeV. (c):

√
eB = 800 MeV.

eB =0[MeV]

eB =400[MeV]

eB =800[MeV]

(a)

eB =0[MeV]

eB =400[MeV]

eB =800[MeV]

(b)

Figure 4.5: The distributions of ϕ0(x, 0, 0) (panel (a)) and ϕ1(x, 0, 0) (panel
(b)) at L = 2.0[fm] (in the skyrmion phase) with

√
eB varied.
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(a) (b)

(c)

Figure 4.6: The distributions of ϕ0(x, y, 0) at L = 1.0[fm] (in the half-
skyrmion phase). (a):

√
eB = 0[MeV]. (b):

√
eB = 400[MeV]. (c):

√
eB =

800[MeV].
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(a) (b)

(c)

Figure 4.7: The distributions of ϕ1(x, y, 0) at L = 1.0[fm] (in the half-
skyrmion phase). (a):

√
eB = 0[MeV]. (b):

√
eB = 400[MeV]. (c):

√
eB =

800[MeV].

eB =0[MeV]

eB =400[MeV]

eB =800[MeV]

(a)

eB =0[MeV]

eB =400[MeV]

eB =800[MeV]

(b)

Figure 4.8: The distributions of ϕ0(x, 0, 0) (panel (a)) and ϕ1(x, 0, 0) (panel
(b)) at L = 1.0[fm] (in the half-skyrmion phase) with

√
eB varied.
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4.2.3 Magnetic dependence on pion decay constant

As mentioned above, the magnetic behavior of ⟨ϕ0⟩ indicates that the van-
ishing ⟨q̄q⟩ tends to shift to the high density region (see Fig. 4.2). In this
subsection, we analyze the magnetic effect on the (partial) chiral symmetry
restoration in terms of the pion decay constant.

Fig. 4.9, as a magnetic field increases, the critical point of the pion decay
constant tends to get shifted to be in a higher density region. This tendency
is the same as what the the ⟨ϕ0⟩ has Fig. 4.2, as it should be. In addition,
one can find the enhancement for the value of the pion decay constant in
increasing the strength of a magnetic field. Thus, the magnitude of the chiral
symmetry breaking is enhanced by a magnetic field. This tendency implies
that the magnetic field plays the role of catalyzer for the chiral symmetry
breaking, as discussed in [51].

● eB =0[MeV]

■ eB =200[MeV]

◆ eB =400[MeV]

▲ eB =600[MeV]

▼ eB =800[MeV]

Figure 4.9: The pion decay constant in the skyrmion crystal normalized to
the matter-free value, f∗π/fπ, in a magnetic field plotted as a function of the
crystal size L.

4.2.4 Deformation of the skyrmion configuration by mag-
netic field

In a single-skyrmion approach, the isolated-skyrmion configuration is de-
formed by a magnetic field, as discussed in [44]. In the skyrmion crystal
approach a magnetic field distorts the skyrmion crystal configuration. In
this subsection we discuss the deformation of the skyrmion configuration
and the single-baryon shape under a magnetic field.

In the skyrmion crystal approach, the magnetic contribution to the
skyrmion crystal configuration can be described by plotting the baryon-
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number density-distribution functions in Eq.(4.13). Notice that even with-
out a magnetic field, the skyrmion configurations differ between in the skyr-
mon phase and the half-skyrmion phase because of the different crystal forms
(FCC and CC) triggered by the topological phase transition, as shown in
Sec. 3.4.2. One can easily find that for the winding number term ρW (x, y, z)
in Eq.(4.13) the crystal symmetries in the FCC and CC structures are still
intact even in a magnetic field: for instance the translational symmetries
are observed as

skyrmion phase(FCC):

ρW (x, y, z) = ρW (x+ L, y + L, z) = ρW (x+ L, y, z + L)

= ρW (x, y + L, z + L),

half-skyrmion phase(CC):

ρW (x, y, z) = ρW (x+ L, y, z) = ρW (x, y + L, z) = ρW (x, y, z + L).

(4.18)

The winding number density takes the form of the intrinsic structure of the
skyrmion crystal, which is obviously present in the absence of a magnetic
field. On the other hand, for the induced-baryon number density ρ̃eB in
Eq.(4.13) the crystal symmetries are explicitly broken by a magnetic field
as

skyrmion phase(FCC):

ρ̃eB(x, y, z) = ρ̃eB(x+ L, y + L, z) = −ρ̃eB(x+ L, y, z + L)

= −ρ̃eB(x, y + L, z + L),

half-skyrmion phase(CC):

ρ̃eB(x, y, z) = −ρ̃eB(x+ L, y, z) = −ρ̃eB(x, y + L, z) = ρ̃eB(x, y, z + L).

(4.19)

This implies that the presence of the induced-baryon number density would
drastically deform the skyrmion configurations for both phases.

In Figs. 4.10, 4.11 and 4.12, we monitor the skyrmion crystal configura-
tions in the skyrmion phase (in a low density region). First, it is a striking
observation that the FCC structure essentially keeps even for a strong mag-
netic field region, as depicted in Fig. 4.12 for

√
eB = 800[MeV]. Looking

at the single baryon shape as depicted in Figs. 4.10, 4.11 and 4.12, one can
also find that the baryon shape is deformed to be like an elliptic shape, as√
eB gets larger. This behavior of the magnetic deformation has also been

found in the isolated-skyrmion based on a single-skyrmion approach [44].
Moving on to the half-skyrmion phase (at a high density region), the

skyrmion configurations are described in Figs. 4.13, 4.14 and 4.15. At the
first glance, one immediately finds that the CC configuration, formed in the
case without eB(Figs. 4.13), gets dramatically distorted, as

√
eB increases.

43



Furthermore, in a strong magnetic field region where
√
eB = 800MeV,

the x-z plane configurations imply that the strong magnetic effect makes
a multiple-peak structure for the skyrmion configuration (see Fig.4.15). Of
interest is also that in a strong magnetic field region a FCC-like structure
has been created in the x-y plane configurations ((a) and (c) panels of Fig.
4.15). Those remarkable deformations in the half-skyrmion phase would be
expected to be indirect probes for the certain evidence of the inhomogeneous
chiral condensate as shown in Fig.4.7.

(a)

(b)

Figure 4.10: The skyrmion configurations at
√
eB = 0 MeV and L = 2.0 fm

(in the skyrmion phase). (a): x-y(z) plane. (b): x-axis specified at y = z =
0.
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(a) (b)

ρB(x,0,0)
ρB(0,0,z)
ρB(2,0,z+2)
ρB(x+2,0,2)

(c)

Figure 4.11: The skyrmion configurations with
√
eB = 400 MeV at L =

2.0 fm (in the skyrmion phase). (a): x-y plane. (b): x-z plane. (c): x-axis
or z-axis including the size of shift by L = 2.0 fm.
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(a) (b)

ρB(x,0,0)
ρB(0,0,z)
ρB(2,0,z+2)
ρB(x+2,0,2)

(c)

Figure 4.12: The skyrmion configurations with
√
eB = 800 MeV at L =

2.0 fm (in the skyrmion phase). (a): x-y plane. (b): x-z plane. (c): x-axis
or z-axis including the size of shift by L = 2.0 fm.

Figure 4.13: The skyrmion configurations with
√
eB = 0 MeV at L = 1.0 fm

(in the half-skyrmion phase). (a): x-y(z) plane. (b): x-axis specified at
y = z = 0.
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(a) (b)

ρB(x+1,0,0)
ρB(1,0,z)

(c)

Figure 4.14: The skyrmion configurations with
√
eB = 400 MeV at L =

1.0 fm (in the half-skyrmion phase). (a): x-y plane. (b): x-z plane. (c):
x-axis or z-axis including the size of shift by L = 1.0 fm .
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(a) (b)

ρB(x+1,0,0)
ρB(1,0,z)

(c)

Figure 4.15: The skyrmion configurations with
√
eB = 800 MeV at L =

1.0 fm (in the half-skyrmion phase). (a): x-y plane. (b): x-z plane. (c):
x-axis or z-axis including the size of shift by L = 1.0 fm .
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Chapter 5

Conclusion

We have analyzed the magnetic properties of a baryonic matter based on
the skyrmion crystal model. What we have observed throughout this thesis
are as follows.

The per-baryon energy (Skyrme energy) is enhanced by a magnetic field
for any crystal size (any density region). The magnetic dependence on the
Skyrme energy is restricted by the crystal configuration (crystal symmetry),
so that in low density region this magnetic dependence is not like the one
as seen in the isolated skyrmion case, which is thought as to be the intrinsic
multi-body effect due to the crystal formation.

It has been also found that the magnetic effect tends to shift the topolog-
ical phase transition point to a high density region. This behavior indicates
that a magnetic field acts as a catalyzer for the topological phase transition.
Furthermore, through analyzing the magnetic dependence on the inhomo-
geneous distribution of the chiral condensate, we found that even in the
presence of a magnetic field the inhomogeneity for the chiral condensate
persists both in skyrmion and half-skyrmion phases. Remarkably enough,
as the strength of a magnetic field increases, the inhomogeneous chiral con-
densate in the skyrmion phase is susceptible to be localized, while in the
half-skyrmion phase the inhomogeneous distribution is negligibly affected
as opposed to the skyrmion phase.

Through investigation of the magnetic effect on the skyrmion crystal
configuration and the single-baryon shape in the crystal, we observed that
in a low density region (skyrmion phase) a strong magnetic effect deforms
the single-baryon shape to be like an elliptic form, while the whole crystal
configuration keeps up the intrinsic crystal structure which is present in null
magnetic environment. In a high density region (half-skyrmion phase), it
was further shown that the CC crystal structure is completely spoiled by a
strong magnetic field. In particular, by zooming in the x-y plane for a strong
magnetic field region, even in the half-skyrmion phase the CC configuration
effectively returns back to the original crystal structure as a FCC.
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Based on the above consideration, a possible correlation between the
inhomogeneity of chiral condensate and the deformation of the skyrmion
crystal configuration was made: we observed that a nontrivial deformation is
correlated with the chiral inhomogeneity by a strong magnetic field. It would
be expected that through this correlation we would indirectly confirm the
presence of the inhomogeneity of the chiral condensate in the half-skyrmion
phase.

Though quantitative predictions in the skyrmion crystal approach might
be somewhat deviated from the realistic situation of nuclear matter, the
magnetic behavior involving the magnetic catalysis would qualitatively be
extracted as the essential properties of the high-dense baryonic matter. Fur-
thermore, in the core of magnetars, a strong magnetic field might emerge,
as was discussed along with a crucial correlation with the chiral dynamics
in [52, 53]. Thus, the equation of state for the neutron stars based on the
skyrmion crystal approach, as discussed in [54, 55, 56], should be affected by
a magnetic field, so that the remnant of the topology transition in neutron
stars and magnetars is also affected by a magnetic field.

Before closing this thesis, we shall make some comments on another
intriguing aspect for the application of the skyrmion crystal model. Among
such other topics, especially, let us take a look at the pion condensation in
a baryonic matter. The pion condensation is expected to be realized in high
dense baryonic matter, which is described as a periodic and parity-violating
topological soliton. This pion condensation is more generically called chiral
soliton lattice (CSL). Actually, in the condensed matter systems, the CSL
has been investigated in chiral magnets [57] and the structure of CSL was
observed in the recent experiment for chiral magnets [58]. Motivated by
this fact, some attempts have been made to adapt the idea of CSL to QCD
in terms of high energy system [52, 53, 59, 60]. Adapting the skyrmion
crystal approach, the author in this thesis have investigated the CSL effect
on the baryonic matter. It turns out that the presence of the CSL causes
the topological phase transition point to shift to a low density region [61].
Furthermore, it has been found that the CSL makes the single-baryon shape
deformed to be the oscillating object. Also, the things clarified by the study
in [61] might deepen our understanding of compact stars.

Thus, as has been addressed so far throughout this thesis, the skyrmion
crystal approach is powerful enough to investigate a new insight for the role
of the chiral symmetry in dense matter with some external background such
as a magnetic field, hence would certainly shed the light on a novel way of
understanding for the QCD phase structure.
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Appendix A

Non-linear realization

Here we discuss the non-linear realization for the spontaneous breaking of
the chiral symmetry.

We first consider the general case in which the symmetry of the (Lie)
group, G with the algebra G, is spontaneously broken to its subgroup, H
with the sub-algebra H. Let TA be a generator of G and Sa (Xα) be the
unbroken (broken) generator in H:

TA ∈ G, Sa ∈ H, Xα ∈ G −H. (A.1)

These generators satisfy the following conditions,

[TA, TB] = ifABCTC , [Sa, Sb] = ifabcSc,

tr(TATB) =
1

2
δAB, tr(SaSb) =

1

2
δab,

tr(XαXβ) =
1

2
δαβ, tr(SaXβ) = 0.

(A.2)

By using Eq.(A.2), one can derive the trace product of Sa[Sb, Xα],

tr(Sa[Sb, Xα]) = tr([Sa, Sb]Xα) = 0. (A.3)

This equation implies that the commutation relation between the unbroken
generator Sa and the broken generator Xα takes the value as the algebra
G −H belonging to G−H, namely,

[Sa, Xα] ∈ G −H. (A.4)

In general the commutation relation between the broken generators [Xα, Xβ]
can be written as the linear combination of the the unbroken generator Sa

and the broken generator Xα. For convenience, we specify the following
condition,

[Xα, Xβ] ∈ H. (A.5)
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Actually, in the case of the chiral symmetry the above condition is satisfied.
Now one can find that the commutation relations in Eqs.(A.2, A.4, A.5) are
invariant under the transformation τ ,{

τ(S) = +S S ∈ H
τ(X) = −X X ∈ G −H

(A.6)

τ2 = 1. (A.7)

This implies that the transformation τ corresponds to the parity transfor-
mation.

Let g be the elements of G. The space of G can be decomposed into the
joint of sets of {gH} which corresponds to the left coset classes:

G = [H · 1]⊕ [Hg1]⊕ [Hg2]⊕ · · · , (A.8)

where [Hg] is the equivalent classes of the Hg. (The Hg is the representa-
tive for the equivalent classes, [Hg].) Thus, the coset space, G/H, can be
expressed as

G/H = [1]⊕ [g1]⊕ [g2] + · · · . (A.9)

The representatives g1, g2, · · · lie in the space of the broken generators. Fur-
thermore the number of broken symmetry generators is given as

(Number of broken symmetry generators)

= dim[G]− dim[H] = dim[G/H]. (A.10)

Therefore, let the representative of the coset space G/H be ξ parametrized
by the NG bosons,

ξ(π) = eiπ/fπ , (A.11)

with π = παXα. Under the parity transformation τ , the π field transform
as

τ(π) = −π. (A.12)

Thus, NG boson field, π, has the odd-parity.
To get the transformation of ξ(π) under the symmetry, G, the ξ(π′) is

multiplied by the g,

ξ(π′)g. (A.13)

In general, ξ(π′)g is in the equivalence class of other representatives ξ(π).
Incidentally, by performing the transformation of the H, an element in the
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equivalent classes [ξ(π)] can be described as h(π, g)ξ(π), where h(π, g) ∈ H.
Thus, the ξ(π′)g can be equivalent to the h(π, g)ξ(π):

h(π, g) · ξ(π) = ξ(π′) · g. (A.14)

From this result the transformation of ξ(π) under the symmetry, G, is given
as

ξ(π) → h(π, g)ξ(π)g†. (A.15)

To construct the Lagrangian based on the nonlinear realization, we intro-
duce the Maurer-Cartan1-form. By using the ξ, the Maurer-Cartan1-form
is constructed as

αµ(π) =
1

i
∂µξ(π) · ξ−1(π)

=
1

i

(
i

fπ
∂µπ +

i2

2f2π
[π, ∂µπ] + · · ·

)
. (A.16)

Note that terms including odd (even) number of the π fields corresponds to
odd (even)-parity terms. Under the transformation of the symmetry G, the
Maurer-Cartan 1-form transforms as

αµ(π) → h(π, g)αµ(π)h
†(π, g) +

1

i
∂µh(π, g) · h†(π, g). (A.17)

Here 1
i ∂µh(π, g) · h

†(π, g) term lies in H. To construct the G-invariant La-
grangian, this Maurer-Cartan1-form should be decomposed into the α||µ ∈ H
and α⊥µ ∈ G −H,

α||µ ≡ αa
µS

a

α⊥µ ≡ αα
µX

α. (A.18)

The α||µ and α⊥µ transform as

α||µ → h(π, g)α||µh
†(π, g)− i∂µh(π, g) · h†(π, g)

α⊥µ → h(π, g)α⊥µh
†(π, g). (A.19)

Now we consider the case of the chiral G = SU(2)L×SU(2)R symmetry
spontaneously broken to the H = SU(2)V . Let gL,R be the elements of the
chiral symmetry, gL,R ∈ SU(2)L,R, and write the transformation matrix for
gL,R as

gR = exp[iθaRτ
a] = exp[i(θaV + θaA)τ

a]

gL = exp[iθaLτ
a] = exp[i(θaV − θaA)τ

a]. (A.20)

The unbroken charge corresponds to the vector charge Qa
V which is asso-

ciated with the vector transformation with gR = exp(iθaV τ
a) and gL =
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exp(iθaV τ
a). On the other hand, the axial charge Qa

A denotes the broken
charge, which is related to the axial transformation with gR = exp(iθaAτ

a)
and gL = exp(−iθaAτa). This indicates that the representatives of the coset
space in the case of the chiral symmetry is described as

ξL,R = e∓iπαXα/fπ . (A.21)

Under the chiral symmetry, the ξL,R transforms as

ξL,R → h(π, gL, gR)ξL,Rg
†
L,R. (A.22)

By using Eq.(A.21), the Maurer-Cartan 1-form for the chiral symmetry
is constructed as,

α||µ =
1

2i
(∂µξR · ξ†R + ∂µξL · ξ†L) ∈ H

α⊥µ =
1

2i
(∂µξR · ξ†R − ∂µξL · ξ†L) ∈ G −H. (A.23)

The α||µ and α⊥µ transform as

α||µ → h(π, gL, gR)α||µh
†(π, gL, gR)− i∂µh(π, gL, gR) · h†(π, gL, gR)

α⊥µ → h(π, gL, gR)α⊥µh
†(π, gL, gR). (A.24)

The α⊥µ transforms homogeneously. In the general way, the chiral invariant
Lagrangian (at the leading order of the derivative couplings) is thus written
by using only the α⊥µ as

L = F 2
π tr[α⊥µα

µ
⊥]. (A.25)

By using the ξL,R, the chiral field U is expressed as

U = ξ†LξR. (A.26)

The perpendicular component of the Maurer-Cartan 1-form can then be
written as

α⊥µ =
1

2i
ξL(∂µU)ξ†R. (A.27)

Thus, the Lagrangian in Eq.(A.25) is equivalent to the chiral Lagrangian as
seen in Eq.(2.36) :

L = F 2
π tr[α⊥µα

µ
⊥] =

F 2
π

4
tr[∂µU∂

µU †]. (A.28)
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Appendix B

Large Nc expansion

The large Nc expansion is a powerful tool to evaluate the nonperturbative
QCD in a systematic way. In this appendix, we briefly review the large Nc

expansion.
For a gauge theory with color gauge group SU(Nc) coupled to the Nf

number of fermions, and the gauge coupling g, the g2Nc is kept fixed in the
limit Nc → ∞, as was pointed by ’t Hooft, [62]. At the one-loop level, the
running coupling constant renormalized at the scale µ, g(µ), is evaluated as

g2(µ)

(4π)2
=

1

β0 ln(µ2/Λ2
QCD)

, β0 =
1

3
(11Nc − 2Nf ), (B.1)

where ΛQCD is the typical mass scale in QCD (ΛQCD does not denote an ul-
traviolet cutoff). This implies that in the large Nc limit the running coupling
constant goes to zero, and then the g2 can be assigned to

g2 ∼ 1

Nc
. (B.2)

Therefore, in the large Nc limit we can expand the Green functions of the
SU(Nc) gauge theory in the powers of 1/Nc.

To consider the large Nc expansion for the effective action of the SU(Nc)
gauge theory, we shall introduce the external fields into the QCD Lagrangian,

LQCD = L0
QCD + q̄γµ(Vµ + γ5Aµ)q + q̄(S + iγ5P )q, (B.3)

where L0
QCD is the ordinary QCD Lagrangian and Vµ, Aµ, S and P are

the external fields. Note that the quark and gluon fields belong to the
fundamental and adjoint representations, respectively, so that the one loop
diagram of quark (gluon) has a factor of Nc (N

2
c ). Then it is expected that

the leading order of the effective action is of O(N2
c ).

The low energy theory can be connected to QCD through the generating
function. The Green functions of currents are generated by differentiating
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the generating function with the external fields:

⟨0|TjiV µ(x)j
j
Aν(y) · · · |0⟩ =

1

Z0
QCD

(
δ

δV i
µ

δ

δAj
ν

· · ·
)
ZQCD

∣∣∣∣∣
Vµ=Aµ=S=P=0

,(B.4)

where

ZQCD[Vµ,Aµ, S, P ] =

∫
[dq] [dq̄] [dG] exp

(
i

∫
d4xLQCD

)
, (B.5)

with Z0
QCD = ZQCD[0, 0, 0, 0]. In the low energy region, the Green functions

can be reproduced by using the effective Lagrangian Leff , which is consist
with the chiral symmetry:

⟨0|TjiV µ(x)j
j
Aν(y) · · · |0⟩ =

1

Z0

(
δ

δV i
µ

δ

δAj
ν

· · ·
)
Zeff

∣∣∣∣∣
Vµ=Aµ=S=P=0

, (B.6)

where

Zeff [Vµ,Aµ, S, P ] =

∫
[dσ] [dπ] [· · · ] exp

(
i

∫
d4xLeff

)
, (B.7)

with Z0
eff = Zeff [0, 0, 0, 0]. Namely, through the generating function, the low

energy effective theory can be connected to QCD: ZQCD = Zeff . In this
sense, the Large Nc counting can be adapted to the low energy effective
theory.

First, we investigate the Nc counting for the pion mass and the pion
decay constant through the correlation function of the axial current,

⟨0|TjiAµ(x)j
j
Aν(y)|0⟩. (B.8)

From the QCD Lagrangian, the axial current is denoted as jiAµ = q̄γµγ5τ
iq,

so that the leading contribution to this correlation function is of O(Nc):

⟨0|TjiAµ(x)j
j
Aν(y)|0⟩ = −Ncδ

ijtr[D(y − x)γµγ5D(x− y)γνγ5] + · · · , (B.9)

where D(x) denotes the quark propagator. On the other hand, in the low
energy region the axial current can be estimated as jiAµ = fπ∂µπ

i + · · · (see
Eq.(2.27)). Using this current form, the correlation function is expressed as

⟨0|TjiAµ(x)j
j
Aν(y)|0⟩ = f2π

∫
d4p

(2π)4
ipµpν
p2 −m2

π

e−ip·(x−y) + · · · . (B.10)

The momentum of the pion does not have the color number, p ∼ O(1), so
that pion mass is of O(1),

mπ ∼ O(1). (B.11)
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Since the left hand side in Eq.(B.10) is of O(Nc), the pion decay constant
can be assigned as

fπ ∼ O(
√
Nc). (B.12)

Next we explore the coupling constant of the meson interaction. As a
sample, we shall take the Skyrme model and the Skyrme term as in Eq.(4.2),

1

(32g2Skyr)
tr
(
[U †∂µU,U

†∂νU ][U †∂µU,U †∂νU ]
)

= − 1

4g2Skyrf
4
π

(δacδbd − δadδbc)∂µπ
a∂νπ

b∂µπc∂νπd + · · · . (B.13)

In the Skyrme term, the trace product amounts to a sum over the flavors
of quarks, so that the single trace product corresponds to the one loop
calculation of quark in the 4-point correlation function of the axial current:

⟨0|TjiAµ(x)j
j
Aν(y)j

k
Aρ(z)j

l
Aν(w)|0⟩ ∼ O(Nc). (B.14)

On the other hand, in the low energy region the 4-point correlation function
of the axial current is evaluated by using the interaction Eq.(B.13),

⟨0|TjiAµ(x)j
j
Aν(y)j

k
Aρ(z)j

l
Aν(w)|0⟩

= (fπ)
4⟨0|T∂µπi(x)∂νπj(y)∂ρπk(z)∂σπl(w)

×
∫
d4x′

(
− 1

4g2Skyrf
4
π

)
(δacδbd − δadδbc)∂µ′πa∂ν′π

b∂µ
′
πc∂ν

′
πd(x′)|0⟩+ · · ·

∼

(
− 1

4g2Skyr

)
× (function of pion propagators) + · · · . (B.15)

Thus, one concludes that

gSkyr ∼ O(1/
√
Nc). (B.16)

Finally, we comment on the Nc counting for baryons. For the SU(Nc)
gauge theory, a baryon arises as a completely anti-symmetric state under
interchanges of Nc quarks. In the quark model picture, the baryon mass,
mN , might be expressed as

mN = Ncmq +NcT + V, (B.17)

where mq is the quark mass counted as O(N0
c ), T denotes the kinetic energy

of single quark, which is of O(N0
c ), and V represents the potential energy

of quark-quark interactions. The simplest potential energy is expressed as
the one gluon exchange between one pair of quarks. Since there are Nc
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quarks in a single baryon, the number of the combination factor amounts to
(N2

c − 1)/2. The potential is thus proportional to (N2
c − 1)/2 and g2,

V =
N2

c − 1

2
g2V̄1, (B.18)

where V̄1 is the rest of the potential energy after the g2 factor is extracted,
hence counted as O(N0

c ) in the large Nc expansion. By the large Nc expan-
sion, the baryon mass is then

mN = Ncmq +NcT +
N2

c − 1

2
g2V̄1

∼ Nc(mq + T + V̄1). (B.19)

Thus, the baryon mass is of order Nc,

mN ∼ O(Nc). (B.20)

Actually, the baryon dynamics can be viewed as a many-body system in
terms of Nf quarks, hence can be described by using the time-independent
Schrodinger equation for the many-body wavefunction ψ(x1, x2, · · · , xNc),

ψ(x1, · · · , xNc) =

Nc∏
i=1

ϕ(xi), (B.21)

where ϕ is the normalized wave function of a single-quark. Through the
analysis of the many body problem in terms of quarks we can thus discuss
the large Nc scaling for the charge radius of baryons.

For the baryon in the SU(Nc) gauge theory, we have a non-relativistic
Hamiltonian operator like

H = Ncmq +Nc
−∂2

2mq
− N2

c − 1

2
·
g2eff
Nc

1

|x⃗1 − x⃗2|
, (B.22)

with geff ∼
√
Ncg ∼ O(1). The time-independent Schrodinger equation

can be derived from the variational principle method. Then, by using
the Hamiltonian, the variational function for the many-body quark system,
⟨ψ|H − E|ψ⟩, is calculated as

⟨ψ|H − E|ψ⟩ = Ncmq +
Nc

2mq

Nc∑
i=1

∫
d3xi∂ϕ

∗(xi)∂ϕ(xi)

−N
2
c − 1

2
·
g2eff
Nc

∫
d3x1

∫
d3x2

|ϕ(x1)|2|ϕ(x2)|2

|x⃗1 − x⃗2|
− E.

= Nc

(
mq +

1

2mq

Nc∑
i=1

∫
d3xi∂ϕ

∗(xi)∂ϕ(xi)

−
g2eff
2

∫
d3x1

∫
d3x2

|ϕ(x1)|2|ϕ(x2)|2

|x⃗1 − x⃗2|
− ϵ

Nc∏
i=1

∫
d3xi|ϕ(xi)|2

)
,

59



where E is written as E = Ncϵ with ϵ being the energy per quark. From
this variational function, the Schrodinger equation reads

− ∂2

2M
ϕ(xi)− g2effϕ(xi)

∫
d3x1

|ϕ(x1)|2

|x⃗1 − x⃗i|
= ϵϕ(xi). (B.23)

From this equation, we see that the quark wavefunction ϕ does not depend
on Nc, neither do the baryon wavefunction ψ. Thus, the charge radius of
baryon, ⟨r2⟩, is of order O(1):

⟨r2⟩ = ⟨ψ|r2|ψ⟩ ∼ O(1). (B.24)

As for the baryon-baryon scattering, we can observe that one quark
jumps from each baryon to the other baryon through the one gluon exchange.
Then, the contribution of the one gluon exchange is proportional to N2

c g
2,

so that the amplitude of the baryon-baryon scattering is of O(Nc).
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Appendix C

Quantization for skyrmion

The skyrmion can be quantized to be endowed with spin and isospin quan-
tum numbers. In this appendix, we discuss the quantization for the skyr-
moin.

To quantize the skyrmion, we may rotate the classical solution by an
SU(2) isospin transformation,

U(x, t) = A(t)Uc(x)A
†(t), (C.1)

where Uc is the classical solution of the skyrmion andA(t) is a time-dependent
SU(2) matrix. By using three parameters θi(t) the SU(2) rotation matrix
A(t) can be written as

A(t) = exp
(
iτ · θ(t)

)
= 12×2 · cos θ(t) + i

τ · θ(t)√
θ2(t)

sin θ(t). (C.2)

This matrix takes the form like

A(t) = a0 · 12×2 + iτ iai, (C.3)

where A(t) satisfies the unitary condition,
∑3

α=0 a
2
α=1 for the expansion

parameters aα.
For convenience, we introduce the angular velocity Ωi in such a way that

A†∂0A =
i

2
τ ·Ω, (C.4)

where

Ωi = 2(∂0a0 · ai − a0∂0ai + f ijkaj∂0ak). (C.5)

By substituting Eqs.(C.1) and (C.4) into the Skyrme Lagrangian, the kinetic-
term part reads

tr[∂µU(x, t)∂µU †(x, t)]

= 2
{
(Ωi)2 − (Ωix̂i)2

}
sin2 F − tr[∂iUc(x)∂iU

†
c (x)], (C.6)
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As for the Skyrme term, we have

tr
(
[U †∂µU,U

†∂νU ][U †∂µU,U †∂νU ]
)

= 16
(
Ω2 − (Ωax̂a)2

){
(∂rF )

2 +
sin2 F

r2

}
sin2 F

+tr
(
[U †

c ∂iUc, U
†
c ∂jUc][U

†
c ∂iUc, U

†
c ∂jUc]

)
. (C.7)

Then, the time-dependent Lagrangian is obtained as

LSkyr = −
∫
d3xLc + 2ISkyr

{
(∂0a0)

2 + (∂0ai)
2
}
, (C.8)

where Lc is described by the static classical solution of the skyrmion and
the ISkyr is given by

ISkyr =
8π

3

∫ ∞

0
dr r2

[
f2π +

1

g2

{
(∂rF )

2 +
sin2 F

r2

}]
sin2 F. (C.9)

After scaling r → r′/(gfπ), the ISkyr can be rewritten as

ISkyr =
1

g3fπ

8π

3

∫ ∞

0
dr′ r′2

[
1 + (∂r′F )

2 +
sin2 F

r′2

]
sin2 F. (C.10)

To find the Hamiltonian for the time-dependent Lagrangian, LSkyr, the
canonical momentum for ai is introduced as

πα =
∂LSkyr

∂(∂0aα)
= 4ISkyr∂0aα, (α = 0, 1, 2, 3). (C.11)

Then, the Hamiltonian is given as

HSkyr = πα∂0aα − LSkyr

= −
∫
d3xLc +

1

8ISkyr
(πα)

2. (C.12)

To endow the skyrmion with spin and isospin quantum numbers, we shall
adapt the canonical quantization conditions,

[aα, πβ] = iδαβ. (C.13)

Then, the canonical momenta is expressed by the differential operator as
πi = −i∂/∂ai. The Hamiltonian operator thus reads

ĤSkyr = −
∫
d3xLc −

1

8ISkyr

3∑
α=0

(
∂

∂aα

)2

. (C.14)
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To determine the eigenvalues and eigenvectors of ĤSkyr, we focus on the
familiar three dimensional Laplacian,

3∑
i=1

(
∂

∂ai

)2

=
∂2

∂r2
+

2

r

∂

∂r
− 1

r2
L̂2, (C.15)

with r =
√
a21 + a22 + a23. The L̂ = (L1, L2, L3)

T are the angular momentum
operators, which satisfy the algebra of SO(3),

[Li, Lj ] = iϵijkLk. (C.16)

These L1, L2 and L3 operators generate rotations in the a2-a3, a1-a3 and
a1-a2 planes, respectively. With the constraint condition, r2 = 1, the three
dimensional Laplacian is denoted by only the angular momentum L,

3∑
i=1

(
∂

∂ai

)2

= L̂2. (C.17)

We can adapt this analogy to the four dimensional laplacian. In the four
dimension case, we should include the additional operators K1, K2, K3

which generate rotations in the a0-a1, a0-a2 and a0-a3 planes, respectively.
Thus the total six operators are denoted as

Li = ϵijkajπk, Ki = a0πi − aiπ0. (C.18)

These operators form the SO(4) symmetry group and the commutation
relations read

[Li, Lj ] = iϵijkLk, [Li,Kj ] = iϵijkKk, [Ki,Kj ] = iϵijkLk. (C.19)

By introducing six operators

Ti =
1

2
(Li −Ki), Ji =

1

2
(Li +Ki), (C.20)

the commutation relations in the four dimension case are expressed as

[Ti, Tj ] = iϵijkTk, [Ti, Jj ] = 0, [Ji, Jj ] = iϵijkJk. (C.21)

The Ti and Ji satisfy the SU(2) algebras respectively. We can associate the
Ti and Ji with the isospin and the angular momentum (spin) respectively.
The explicit expressions for the Ti and Ji are given as

Ti =
1

2
(ϵijkajπk − a0πi + aiπ0)

=
−i
2

(
ϵijkaj

∂

∂ak
− a0

∂

∂ai
+ ai

∂

∂a0

)
,

Ji =
1

2
(ϵijkajπk + a0πi − aiπ0)

=
−i
2

(
ϵijkaj

∂

∂ak
+ a0

∂

∂ai
− ai

∂

∂a0

)
. (C.22)
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The T 2 and J2 are actually set to the four-dimensional Laplacian as

T 2 = J2 = −1

4

3∑
α=0

(
∂

∂aα

)2

. (C.23)

Here we have used the following relation,

3∑
α=0

aα
∂

∂aα
= 0. (C.24)

By using the isospin and the angular momentum operators, Ti and Ji,
the Hamiltonian operator can be written as

ĤSkyr = −
∫
d3xLc +

1

4ISkyr
(T 2 + J2)

= −
∫
d3xLc +

1

2ISkyr
J2. (C.25)

Then, the eigenvalue spectrum is expressed as

ESkyr = −
∫
d3xLc +

1

2ISkyr
J(J + 1), (C.26)

with J = 0, 1/2, 1, 3/2, · · · . For the fermion, we take half-integer numbers
for the J . The case of J = 1/2 corresponds to the eigenvalue spectrum of
the proton and neutron.

The eigenstates for T3 = I3 = 1/2, which correspond to proton and
neutrons with the up and down spins, are given as

|p ↑⟩ = 1

π
(a1 + ia2), |p ↓⟩ = − i

π
(a0 − ia3),

|n ↑⟩ = i

π
(a0 + ia3), |n ↓⟩ = − 1

π
(a1 − ia2). (C.27)

The normalization factor is obtained through integrating over the three-
dimensional sphere:

⟨p ↑ ||p ↑⟩ = 1

π2

∫
dΩ3(a

2
1 + a12) = 1, (C.28)

where ∫
dΩ3 =

∫ 2π

0
dϕ

∫ π

0
dθ sin θ

∫ π

0
dχ sin2 χ, (C.29)

with the spherical coordinates being a1 = sinχ sin θ cosϕ, a2 = sinχ sin θ sinϕ,
a3 = sinχ cos θ, a4 = cosχ. The notations for up- and down-signed spins
with respect to the eigenstates are defined as follows:

L3|p ↑⟩ = +|p ↑⟩, K3|p ↑⟩ = 0,

L3|p ↓⟩ = 0, K3|p ↓⟩ = −|p ↓⟩,
L3|n ↑⟩ = 0, K3|n ↑⟩ = +|n ↑⟩,
L3|n ↓⟩ = −|n ↓⟩, K3|n ↓⟩ = 0. (C.30)
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Appendix D

Wess-Zumino-Witten term

In the two-flavor case the explicit form of the Wess Zumino-Witten term is
given by [63, 64],

ΓWZW =
Nc

48π2

∫
d4xϵµνρσ

×tr

[
Lµ(∂νU · U †)(∂ρU · U †)(∂σU · U †) +Rµ(U

†∂νU)(U †∂ρU)(U †∂σU)

+i(Lµ∂νLρ + ∂µLν · Lρ)(∂σU · U †) + i(Rµ∂νRρ + ∂µRν · Rρ)(U
†∂σU)

−i(∂µLν∂ρURσU
†) + i(∂µRν∂ρU

†LσU)

−i
{
RµU

†LνU(U †∂ρU)(U †∂σU)
}
+i
{
LµURνU

†(∂ρU · U †)(∂σU · U †)
}

− i

2
Lµ(∂νU · U †)Lρ(∂σU · U †) +

i

2
Rµ(U

†∂νU)Rρ(U
†∂σU)

+LµLνLρ(∂σU · U †) +RµRνRρ(U
†∂σU)

+(∂µRν · Rρ +Rµ∂νRρ)U
†LσU − (∂µLν · Lρ + Lµ∂νLρ)URσU

†

+LµURνU
†Lρ(∂σU · U †) +RµU

†LνURρ(U
†∂σU)

−iRµRνRρU
†LσU + iLµLνLρURσU

† − i

2
URµU

†LνURρU
†Lσ

]
,(D.1)

with Nc = 3.
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Appendix E

discretization for x∂iϕa

Here, we show the way of discretization for terms including a derivative as
in Eq.(4.12). For instance, we first work on x∂xϕ3:

[x∂xϕ3]disc =
[x∂xϕ̄3]disc√

ϕ̄aϕ̄a
− (ϕ̄b[x∂xϕ̄b]disc)ϕ̄3

(ϕ̄aϕ̄a)3/2
. (E.1)

We make discretizations for the square bracket parts [ ]disc. For [x∂xϕ̄0]disc,
we have

x∂xϕ̄0(x, y, z) = x∂x

∫ ∞

0

dpx
(2π)

∫ ∞

0

dpy
(2π)

∫ ∞

0

dpz
(2π)

ϕ̄0(p)8 cos(pxx) cos(pyy) cos(pzz)

=

∫ ∞

0

dpx
(2π)

∫ ∞

0

dpy
(2π)

∫ ∞

0

dpz
(2π)

ϕ̄0(p)8 [px∂px cos(pxx)] cos(pyy) cos(pzz)

discretization−−−−−−−−→
∑
a,b,c

β̄abc
aπ

L

cos{(a+ 2)πx/L} − cos(aπx/L)

2π/L
cos(bπy/L) cos(cπz/L)

≡ [x∂xϕ̄0]disc]disc(x, y, z) . (E.2)

In a similar way, other terms read

[x∂xϕ̄1]disc =
∑
h,k,l

ᾱ
(1)
hkl

hπ

L

sin
{
(h+ 2)πx/L

}
− sin(hπx/L)

2π/L
cos(kπy/L) cos(lπz/L) ,

[x∂xϕ̄2]disc =
∑
h,k,l

ᾱ
(2)
hkl

lπ

L

cos
{
(l + 2)πx/L

}
− cos(lπx/L)

2π/L
sin(hπy/L) cos(kπz/L) ,

[x∂xϕ̄3]disc =
∑
h,k,l

ᾱ
(3)
hkl

kπ

L

cos
{
(k + 2)πx/L

}
− cos(kπx/L)

2π/L
cos(lπy/L) sin(hπz/L) .

(E.3)

By putting those terms into the right-hand side of Eq.(E.1), the discretized
form of x∂xϕ3 is thus obtained.
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