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Abstract

We study the lattice calculation for the extraction of perturbative quantities such as the

strong coupling constant αs and quark mass. The lattice formulation with recently developed

procedures and fine lattice spacings helps us to extract these fundamental parameters of the

quantum field theory, including the Standard Model. The calculation based on the lattice

formulation provides more precise numerical results, which are required in future experiments

to test the Standard Model and search for physics beyond the Standard Model.

In this thesis, we explain lattice Quantum Chromo-Dynamics (QCD) with the Monte-

Carlo method to determine the charm quark mass and the strong coupling constant by

the moment method which uses short distance current-current correlator interaction. Short

distance information can determine perturbative parameters, especially charm quark mass

from time-moment of charmonium.

We also test perturbative expansion of Dirac spectral density in O(α4
s) precision with

the stochastic method. In order to reduce the discretization effect, we also introduce a

generalization of domain-wall fermion formulation which is a good approximation of the

physical properties on the lattice.
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I. INTRODUCTION

Lattice calculation plays an important role in the study of non-perturbative aspects of

quantum field theory. The theoretical calculations based on perturbative expansions are

widely known as the great success of recent particle physics, such as short-distance current-

current correlators[1, 2]. Since the contribution from the perturbative scale dominates these

quantities, an analytical perturbative expansion can produce a reliable result which is com-

parable to experimental results. This is a way to reveal the physics. However, perturbative

expansion cannot take into account the non-perturbative contribution which must be in-

cluded to reproduce the experimental results. The hadron mass spectrum is one of the most

simple and excellent examples of physics from the contribution. Long-distance correlators

from lattice calculations precisely predict mass spectra which are consistent with the ex-

periment [3, 4]. In order to understand particle physics, we need to recognize perturbation

theories, lattice simulations, and experiments can complement each other. Perturbative ex-

pansions of the Standard Model or its effective model with lattice calculation provides a

theoretical prediction with the non-perturbative contribution. The studies of the unitary

triangle and branching ratio of decays are examples of the complementarity [5].

We focus on the complementarity between perturbative expansions and lattice calcu-

lations. In contrast to the long-distance contribution which determines the hadron mass

spectrum, the perturbation theory mainly describes the short-distance contribution. Since

the temporal moment is a quantity which is dominated by the short-distance contributions,

the perturbative expansion can represent the moment with high precision [1, 2]. In perturba-

tion theory, the temporal moment was calculated up to the O(α3
s) order. On the other hand,

since the recent progress of the lattice calculation allows us to reach this high-momentum

region, corresponding quantities are now calculable on the lattice [6–9]. Consequently, fun-

damental parameters in the perturbative expansion, such as the charm quark mass mc and

strong coupling constant αs, are determined with little theoretical uncertainty. For instance,

the charm quark mass is determined with 1 % error.

The temporal moments or derivatives of vacuum polarization function was initially in-

troduced in the continuum theory for the analysis of experimental data [10–13], and was

later applied to the lattice calculation by the HPQCD collaborations [6–8]. We use the same

method to extract the charm quark mass and the strong coupling constant from an indepen-
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dent set of lattice configurations generated with a fermion formulation, that is different from

those used by HPQCD, at smaller lattice spacings a ≃ 0.080, 0.055, and 0.044 fm [9]. We

study not only pseudo-scalar current correlators, but also vector current correlators which

can be directly compared to experimental results. We confirmed that our lattice results are

consistent with the experimental data. It supports the reliability of the temporal moment

method. We also discuss and generalize the estimation of the systematic error due to the

perturbative expansion. The result achieves 1 % precision with a conservative error estimate.

We also investigate the Dirac spectral density to perform another precision test of per-

turbation theory [14]. Dirac eigenmodes form a fundamental building block of quantum

field theory such as Quantum ChromoDynamics (QCD) and reflect the dynamics of QCD.

A well-known example is a relation between near-zero eigenvalue density and chiral con-

densate ⟨ψψ⟩. The near-zero eigenvalue density is a quantity for which lattice calculations

provide precise non-perturbative calculations. In the previous works by the JLQCD collab-

oration, the Ginsparg-Wilson fermion is employed to respect chiral symmetry on the lattice

since the chiral condensate is the order parameter of the chiral symmetry breaking and is

very sensitive to any violation of chiral symmetry on the lattice [15]. A precise determi-

nation of the chiral condensate ⟨ψψ⟩ was achieved by the stochastic method to count the

number of eigenvalues on the lattice [16]. In this thesis, we are interested in the region of

higher eigenvalues, where perturbation theory is applicable. We introduce the perturbative

calculation which is known to O(α4
s) order to test the perturbative expansion [17, 18].

Since we utilize the eigenvalue density in the high momentum region, the analysis may

severely suffer from the discretization effect. In order to solve this problem, we introduce

a modified domain-wall fermion action by generalizing the Pauli-Villars mass degrees of

freedom in the formulation of the domain-wall fermion. Because the Pauli-Villars mass

determines the Dirac eigenvalue cutoff scale of domain-wall fermions, the systematic error

may be reduced. After taking the continuum limit with this generalized domain-wall fermion,

we compare numerical results obtained on the lattice with perturbative calculation.

We use the Hybrid Monte-Carlo method to generate gauge field configurations based

on the path-integral formulation. Physical observables are statistically estimated utilizing

generated configurations, and the numerical lattice QCD calculation has a great success to

understand QCD. In that sense, our works with temporal moments and the Dirac spectral

density are also the series of the numerical efforts.
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In the appendix, we additionally discuss another numerical way to calculate physical

quantities on the quantum field theory which is based on the path integral formulation.

Recently, the tensor network representation is revalued as an alternative representation [19–

22]. This representation overcomes a part of an inefficient sampling problem such as the sign

problem and provides a more efficient process for studying one and two-dimensional systems.

There are many related works for one or two-dimensional fermionic system [21, 23–30], four-

dimensional finite chemical potential scalar theory [31], and four-dimensional QCD [20]. This

topic is also studied in the context of the condensed matter physics and quantum simulations

since they are also interested in the discrete system such as spin systems [19]. Although

this method is still not applicable for four-dimensional QCD numerical calculations so far,

we are interested in the dual representation since it provides a different description of the

quantum field theory.

The rest of this thesis is organized as follows. In section II we introduce the generalized

Pauli-Villars mass with a brief review of fermion formulations. After this introduction,

we consider the time moment to extract charm quark mass and strong coupling constant

precisely in section III. Section IV shows the lattice calculation of Dirac spectral density and

its consistency with the perturbation series. We mention that the tensor representation of

lattice theory based on the path-integral formulation in the appendix. The conclusion and

discussion are given in section V.
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II. LATTICE QCD AND FERMION FORMULATIONS

Since the lattice discretization violates chiral symmetry, the formulation of fermions on

the lattice is a non-trivial problem. In this section, we first briefly review various fermion

formulations on the lattice. If one naively discretize the fermionic action, unwanted particles,

which are the so-called doubling particles or simply doublers, show up. Wilson already

considered this problem in his seminal paper that proposed lattice gauge theory, and he

constructed a fermion formulation (Wilson fermion) without the doubler [32, 33]. The

problem is studied as the well-known Nielsen-Ninomiya No-go theorem relates to the chiral

symmetry [34–36]. In this section, we introduce many kinds of fermion formulations with how

the method escape from Nielsen-Ninomiya No-go theorem. We also mention this problem

relates the definition of the momentum on the lattice.

After twenty years since Wilson first introduced the lattice fermion formulation, the

domain-wall fermion was introduced as a fermion formulation that respects the chiral sym-

metry on the lattice [37–39]. The domain-wall fermion is a fermion formulation with the

Ginsparg-Wilson relation [40]. We introduce a variety of domain-wall fermions more pre-

cisely, including the Möbius domain-wall fermion which is used in our works [41].

In addition to the context of the field theory, we comment on the relation between the

fermion formulation in high-energy physics and the condensed matter physics. Some fermion

formulations such as the domain-wall fermion and the minimal doubling fermion are also

studied in the context of the condensed matter physics, and some formulations are initially

developed in this area [42–44]. The domain-wall fermion (as a topological insulator) and the

minimal doubling fermion (as graphene with the Dirac cone) are good examples. Since the

lattice quantum field theory and the condensed matter physics include the system which is

described by the same action, the study in other field helps us to understand the system

from a different point of view.

We explicitly write down the Dirac operator of the domain-wall fermion with parameters

in order to study the dependence on these parameters. In particular, we consider the depen-

dence on the Pauli-Villars mass for the modification of the higher momentum region. Since

the Pauli-Villars mass is the cut-off scale of the Dirac eigenvalue, it modifies the approxi-

mation of large eigenvalues. This modification for the calculation of Dirac spectral density

eliminates discretization effects.
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A. Fermion formulations on the lattice

Although the lattice regularization respects the gauge symmetry [45], the lattice dis-

cretization breaks important symmetries, such as the Lorentz symmetry and the chiral

symmetry. The Lorentz symmetry and the Leibniz rule are the most straightforward and

essential example of the violation from the space-time discretization. Since fermion field vari-

ables themselves are only defined on the discretized space-time, any continuous symmetry

cannot be respected on the lattice.

These are also understandable in the momentum space corresponding to the lattice space-

time since the momentum has to be a discrete value depending on a cut-off corresponding to

the lattice spacing a. Usually the Fourier transformation defines the momentum space, and

then the momentum should be defined as ap = π
L
with an integer n ∈ Z, −L < n ≤ L. In this

context, the discreteness of the momentum causes the violation of the Lorentz symmetry.

The Leibniz rule is also inevitably violated by the finiteness of the Brillouin zone at least in

the UV momentum region (ap ≃ 1) as ap12 ̸= ap1+ap2 when the ap1+ap2 > π. We define the

Leibniz rule in the momentum space as ap12 = ap1+ap2 from∇(ϕ1ϕ2) = (∇ϕ1)ϕ2+ϕ1(∇ϕ2).

We should respect the locality of field theory when we construct an action since we are

usually interested in field theories with locality. The simplest case is a class of actions

which contains the nearest-neighber hopping terms of ψx, i.e. ψxψx±a and the mass term

ψxψx. This structure puts a particular constraint in the momentum space. Any function of

momentum has to be a combination of 1, sinap, and cosap with some coefficients. Conse-

quently, the approximation of action in the IR momentum region (ap ≃ 0) on the lattice is

also violated at least O(a2) when the nearest-neighbor hopping terms construct the action.

This violation can be modified as we take into account next nearest neighbor or even longer

(distance na) hoppings which are represented as sinanp and cosanp with an integer n ∈ N

in the momentum space.

For example, we consider a symmetric difference operator ∇S
x as an approximation of the

differential ∂x of free fermion theory,

∇S
xψ(x) ≡

ψ(x+ a)− ψ(x− a)

2a
= sinha∂xψ(x). (II.1)

Then the symmetric difference ∇S
x becomes isinap after taking the Fourier transformation

ψ(x + a) =
∫
dpψ̃(p)eip(x+a). For the lattice Dirac operator, we need to approximate the
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continuum action

lim
a→0

aD(p) = iap+O(an). (II.2)

where n is an integer n ≥ 2. Of cource the sinap provides an approximation which is written

in (II.2).

In this case, we can write down an iterative approximation by using the inverse function,

ap = Arcsin(sinap) = sinap+
(sinap)3

6
+

3(sinap)5

40
+ ..., (II.3)

in the momentum region ap ≤ π
2
. Because this approximation is an inifinite order series of

∇S, the corresponding difference operator ∇ is non-local1. We note that even if the violation

in the IR region is modified, the finiteness of the Brillouin zone causes a violation in the UV

region. Moreover, this modification is valid at least at the classical level.

We should also consider the unwanted poles which are originated from the periodicity.

Let us consider the most naive approximation ∇S(ap) = isinap as an example. The corre-

sponding correlator is nothing but the inverse (∇S)−1 ∝ sinap−1. This correlator has a pole

at ap = 0, as in the continuum correlator, but there is another pole at ap = π. Since the pole

must be identified as a physical degree of freedom, this pole should be considered as another

particle in the system. This additional particle is the so-called doubler, which has to care to

identify the lattice calculation coincides with the continuum theory. Some formulations such

as the Staggered fermion and the minimal doubling fermion [46–51], recognize this doubler

as a physical particle in the continuum theory, and other formulations eliminate this particle

in the continuum limit by giving a mass of the cut-off scale to the doubler, like as the Wilson

fermion, domain-wall fermion, and Brillouin fermion [52].

From now on we will discuss the fermion formulation corresponding to the Nielsen-

Ninomiya no-go theorem [34–36]. The conflict between the number of fermion species and

the chiral symmetry is essential. This situation is general and can be concisely summarized

by the theorem. This theorem can be stated as follows.

No fermion on even dimension can satisfy all properties on the lattice:

(1): No doubler.

(2): Chirality, {D, γµ} = 0.

(3): Locality.

(4): Hermiticity.

1 The non-locality appears in the function Arcsin(sinap) as the non-differentiable point ap = π
2 .
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In the following, we discuss the properties of various possible lattice fermion formulations.

1. Non-local action

Locality is required to guarantee the causality and renormalizability in relativistic quan-

tum field theories and therefore is satisfied in most lattice formulations. The non-local action

may, however, be useful to construct a theory for which other properties are more important

than the locality. A typical example is a supersymmetric system. Supersymmetry is violated

when the Leibniz rule is not satisfied. As we explained, the Leibniz rule is broken with the

local hopping operators. Non-local action may improve the situation in the IR region, for

example, one may introduce an operator ∇ = Arcsin(sinap). This operator is exactly the

same as the continuum theory in the IR region, i.e. |ap| < π
2
.

This function has another pole at ap = π, which represents a doubler, since the func-

tion Arcsin(sinap) can be expanded by the sinap. A well-known example of the non-local

difference operator without doubler is the SLAC derivative ∇SLAC, which is written as

∇SLAC
nn′ = (−1)n−n

′ π/L

sinπ(n− n′)/L
, (II.4)

which is defined in space-time. The SLAC derivative is the same as the continuum theory

for the lattice momentum within the Brillouin zone −π < ap ≤ π. Then the derivative

is represented as ∇SLAC = iap in the momentum space. Non-locality can be seen as a

discontinuity of the function at ap = π. Since the SLAC derivative does not suffer from

doubling particles, fermions described by this derivative has sometimes been used to study

supersymmetric systems [53, 54]2.

Non-local actions have been studied in the context of supersymmetric theories. The

Kato-Sakamoto-So no-go theorem and related works, in particular, established the relation

between the locality and supersymmetry on the lattice [55, 56]. The statement is that the

Leibniz rule is respected if and only if the difference operator and its product are non-local.

Their works well describe the Leibniz rule violation in IR and UV. The non-locality of

the difference operator eliminates the IR violation, and the non-local products such as the

convolution can improve the UV part.

2 Since the SLAC derivative corresponds to the momentum cut-off of the continuum theory, the formulation

violates gauge invariance when we introduce the gauge field.
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We also show the action which is constructed by the non-local difference and product,

with the different definition of the momentum [57]. They introduced the non-local difference

operator using the Gudermanian function,

∇gd =
1

2
log

1 + sinap

1− sinap
. (II.5)

This formulation respects the additivity, momentum conservation law, associativity, and

the Leibniz rule, although this model is no longer the lattice formulation since the lattice

spacing does not regularize the theory. For this formulation, since they do not define the

momentum on the lattice by using the Fourier transformation, the lattice spacings are no

more the energy scale of the cutoff.

Although the non-local fermions are theoretically interesting, we should be careful about

the problem caused by the non-locality in quantum field theory. When we study locally

interacting theory, these formulations confront a severe difficulty, such as the oscillatory

behavior of correlators [56, 58]. In the condensed matter physics, the non-local system may

also be interesting as we may consider non-local interactions.

For the non-local theory on the lattice, it is hard to confirm the locality in the continuum

limit. The staggered fermion with (Nfmod4) ̸= 0 has this problem. This formulation cannot

be proven to be local since the fourth root of the fermion determinant has to be taken. Even

though there is no apparent pathological behavior in QCD simulations, it may introduce

uncontrollable systematic errors. Domain-wall fermion has an exponential locality even

though this formulation contains the root. We will discuss the details of the locality of the

domain-wall fermions in the following sections.

2. Non-hermitian action

The non-hermitian actions have not been studied well in the last thirty years [59–62].

The reason is that the hermiticity is one of the essential properties of the quantum field

theory. The action without hermiticity might be considered in the context of the condensed

matter physics for non-equilibrium system [63].
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3. Doubler identified action

One way to get rid of the “doubler problem” is to identify doublers as physical particles of

different flavors. A well-known example is the KS (Kogut-Suskind) or the staggered fermion

[46]. This fermion formulation has been widely used in the frontier of numerical lattice QCD

calculations. Since the staggered fermion has a long history including the development of

improved actions such as HISQ (Highly Improved Staggered Quark) [64] or ASQTAD(A

SQuared TADpole improved staggered quark) [65, 66], the lattice discretization error is well

understood. Another advantage is the efficiency of numerical calculation. The staggered

quark action needs less numerical cost compared to other popular formulations, i.e. about

O(10) times faster than the Wilson fermion, and O(10) ∼ O(100) times or even faster

than the domain-wall or overlap fermion. Although there are some advantages to staggered

quarks, there are also well-known severe disadvantages. One of the disadvantages is the

non-locality originated from the fourth-root trick as we mentioned in the section of the non-

local action, and the other is a partial violation of the chiral symmetry. We will explain the

details.

The staggered Dirac operator is written without the gamma matrix γµ,

aDKS(x) = iηµ(x)∇S
µ + am. (II.6)

The lack of γµ is a characteristic property of the staggered fermion, and the sign factor

ηµ(x) ≡ (−1)x1+......+xµ−1 is introduced. Using this operator, we can define four flavor Dirac

fields,

aDKS(p) = (γµ ⊗ 1)sinapµ +
∑
µ

(γ5 ⊗ γTµ γ
T
5 )(1− cosapµ) + (1⊗ 1)am. (II.7)

The indices of tensor products run over spinor and flavors. As we can see in the second

term, a part of the chiral symmetry is explicitly broken because γ5 commutes with itself.

This term also violates the flavor symmetry as it involves a non-trivial matrix in the flavor

space. Although this second term is O(a2), how the artifact affects the results is non-trivial.

The number of flavors depends on the number of dimensions d, and the action represents

2[d/2] flavors of Dirac fermions. This relation might be quite natural since the Dirac operator

only uses the sign factor ηµ(x) in (II.6) without the gamma matrix γµ. Namely, the absence

of the gamma matrix leads to a slightly different chiral symmetry defined by the sign factor,

and it corresponds to a part of the usual chiral symmetry.
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The locality is also broken when we simulate Nf -flavor fermion, Nf (mod4 ̸= 0) since

we usually apply the fourth-root trick detDKS
1flavor ≡ (detDKS)1/4. The fourth root of an

operator may only be defined as an infinite series of it, and it generates the non-locality.

This non-locality is not well studied, and although it does not seem to have significant effects

on some observables, it can affect the physical quantities in some unknown way.

We mention that the staggered fermion is used in the condensed matter physics since it

does not need the gamma matrices γµ. For example, systems with a fermionic degree of

freedom with the Dirac cone are described by the staggered fermion [67–69].

The minimal doubling fermion is another formulation which has a long history and has

revisited in the context of the research of graphene a decade ago [47–51]. This formulation

was first introduced in the ’80s by Karsten and Wilczek [47, 48]. Its Dirac operator is

represented by

aDKW (p) = iγµsinapµ + am+
∑
i

γ′i(1− cosapi), (II.8)

with a twisted gamma matrix γ′i ≡ γµ with i ̸= µ. This action only contains sinap, cosap,

and 1. It means that the action has only nearest-neighbor hopping terms. The chirality is

also respected since the additional term is proportional to γµ. The interesting point is that

this action reduces the number of doublers. For simplicity, we demonstrate the reduction

of doubler in two-dimensional space-time in Figure 1. The number of intersection points

corresponds to the number of poles. The naive fermion has four poles, while Karsten-Wilczek

fermion has only two intersection points. After this reduction, we should identify all of these

poles with particles in the real world as in the staggered fermion formulation.

In the ’00s, this type of action was revisited by Borici and Creutz and summarized as

the minimal doubling fermion. First, the fermion formulation of graphene is written down

on the honeycomb lattice, and it is projected to the usual regular grid lattice system. The

most general form of the minimal doubling fermion is written as

aDMini(p) = iγµsin(apµ + βµ) + am+
∑
i

Aµνγν(cosapµ − βµ)− iΓ. (II.9)

Here, the matrix A is an orthogonal matrix. The matrix A has at least one eigenvalue,

which equals 1, and all four components of each eigenvector are non-zero. We parametrize

an eigenvector of A as sin2βµ, and define the matrix Γ as Γ =
∑

µ γµsin2βµ =
∑

µ γ
′
µsin2βµ.

The minimal doubling fermion can reduce the number of the intersection to two; the

degeneracy of flavor is two. On the contrary to the staggered fermion, chirality is respected.
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FIG. 1. The number of doublers is reduced from the naive fermion (left) to the minimal doubling

fermion (right). Intersections correspond to the pole.

However, the minimal doubling fermion is not so popular since the fermion violates several

discrete symmetries such as charge conjugation. For example, an oscillational behavior of

correlators and contamination from the states with the same quantum number are problems

for this formulation [70]. Therefore, despite the low computational cost, we need to carefully

treat the source of systematic errors in order to achieve reliable results.

The minimal doubling fermion is also studied as the condensed matter physics. This

fermion is known as the Kane-Mele-Hubbard model or the honeycomb lattice graphene with

the Dirac cone [44]. The Kane-Mele-Hubbard model is nothing but an example of the

topological insulator, and this type of actions has been well studied.

4. Chiral symmetry broken action

The simplest formulation is the fermion without exact chiral symmetry. We consider

the nearest-neighbor operators {1, sinapµ, cosapµ}. As we already saw before, γµsinapµ has

exact chirality since it (anti-)commutes with gamma matrix γ5. Namely, the term without

the gamma matrix γµ breaks the chiral symmetry. The simplest candidate of O(a2) term is

1− cosap, then Wilson proposed the action with a constant r as a free parameter [32, 33]:

aDW (p) = iγµsinapµ + am+
r

2

∑
µ

(1− cosapµ). (II.10)
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This action is also simply represented in coordinate space,

aDW = γµ∇S
µ + am− r∇2

µ. (II.11)

The Wilson term r∇2
µ explicitly breaks the chiral symmetry. Although this term is of

O(a2), the violation is a source of systematic error depending on physical quantities of

interest.

This term decouples the doubler in the continuum limit. We can confirm the decoupling

by considering the pole of the corresponding correlator. It appears as a solution of the

equation sinap2µ+(am−r/2
∑

(1−cosapµ))
2 = 0. Then the Wilson term acts as a momentum

dependent mass term. Since the pole at apµ = π generates the doubler, this particle has

a O(1) dimensionless mass ∝ r2 while the physical pole has the O(a) mass am. After

taking the continuum limit, the doubler does not have a contribution to the physics due to

decoupling.

Another way to understand the formulation comes from the periodicity of the operator.

We can deform the second term as 1− cosapµ = 2(sinapµ
2
)2, which has a 4π periodicity. This

period is twice larger than the sinapµ which is the period of 2π. Since the Brillouin zone is

−π < ap ≤ π, the longer periodic term lifts the Dirac spectrum at higher momentum.

Since Wilson fermion has a long history, its improvement has been well studied. A partic-

ularly useful improvement is Symanzik O(a) improvement, which eliminates O(a) artificial

contribution at non-perturbative level. This improvement is based on the effective field

theory of Wilson fermion at small a including possible composite operators allowed by the

symmetries on the lattice. Then we add two terms to eliminate O(a) artificial contribution

with tuned parameters. Lattice simulations should determine the parameters since we must

make the improvement non-perturbatively. We note that the improvement is not the same as

the classical improvement of the action. Namely, it does not involve the higher dimensional

operators as one construct Arcsin(sinap) to eliminate O(an) contributions in the classical

action. The Symanzik O(a) improved action is represented as

aDSym = aDW + a2csw
i

4
σµνFµν , (II.12)

with the parameter csw which is introduced by Sheikholeslami and Wohlert [71]. Here, Fµν

is the standard discretized field strength tensor, and σµν =
i
2
[γµ, γν ].
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Another method of the improvement, which is called the twisted mass fermion, is also

often used [72–74]. The twisted mass fermion is introduced as

aDTM = aDW + iµτ3γ5 (II.13)

with the twisted mass µ and Pauli-matrix τ3 acting on flavor index. We tune the mass

parameters am and aµ to eliminate the O(a) contribution. The drawback of the twisted

mass fermion is the O(a2) isospin breaking and limitation to Nf = 2 from the twisted mass

term. Although we do not discuss the general operators, these limitations are the source of

systematic uncertainty.

Finally, we also consider the Brillouin fermion, which is one of the improved Wilson

fermion [52]. Let us compare the direction dependence of the Dirac operator at a momen-

tum apµ and the lattice sinapµ. Namely, we compare the momentum apµ with the condition

|apµ| = ap; e.g., apµ = (2, 0, 0, 0) and (1, 1, 1, 1) in four dimensions. It never changes the

physics in the continuum. However, there is a different artificial contribution on the lattice

since the sinapµ is anisotropic. The discretized space-time is an origin of the Lorentz symme-

try violation including the anisotropy. In order to eliminate the artifact, we often consider

the artificial contribution from this anisotropic feature of the formulation and measurements.

The Brillouin fermion improves the anisotropy of the action.

Since the complete expression is a bit lengthy, we write down its essence. The Brillouin

fermion introduces a series of differences with constant c such as ∇Bri
1 ≡ isinap1(cosap2 +

c)(cosap3+c)(cosap4+c)/(c+1)3 as an approximation of the differential. The approximation

for Laplacian ∇2
µ is also introduced using the combination of sinapµ and cosapµ. We use

these approximations to define more continuum like isotropic difference ∇µ on the lattice.

At least at the classical level, this kind of approximation can be used iteratively which is

similar to the iterative approximation of difference, Arcsin(sinap). Namely, we can improve

approximation by using longer hopping terms. In this sense, the Brillouin fermion is a simple

way to realize better approximation of the action.

The iterative approximation to reduce the anisotropy also improves the chirality on the

lattice, which is known as the Ginsparg-Wilson relation. We can also approximately satisfy

the Ginsparg-Wilson relation by using the series of difference, and then the Brillouin fermion

has approximated the Ginsparg-Wilson chirality. The details of the relation are given below.
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5. Ginsparg-Wilson fermion

The Ginsparg-Wilson relation was first introduced as a condition for the chirality on the

lattice by Ginsparg and Wilson [40]. They considered a block spin transformation as a renor-

malization group transformation. Since the renormalization group transformation does not

change physics, the action should be invariant and has the chiral symmetry. Following the

discussion in their paper [40], Ginsparg-Wilson relation for Dirac operator D is represented

as an O(a) violation of chiral symmetry,

{D, γ5} = RaDγ5D, (II.14)

with some matrix or constant R.

This relation leads to an approximated chiral symmetry on the lattice. Namely, the Dirac

fermion which satisfies this relation is invariant under the modified chiral transformation,

δψ = γ5(1− aRZD)ψ, δψ̄ = ψ̄(1− aDR(1− Z))γ5, (II.15)

with a constant Z. This O(a) modified chiral symmetry is often represented by using

modified gamma matrix γ̂5 ≡ γ5(1 − RZaD), like δψ = γ̂5ψ. Usually, we choose Z = 1 for

γ̂25 = 1. Now we can explicitly understand the modified symmetry as UR(N)×UL(N) by γ̂5.

The domain-wall fermion has the explicit form of symmetry, and it is an essential difference

from other chiral breaking action such as Wilson fermion. The relation (II.14) can be also

represented as the anti-comutation relation, γ5D +Dγ̂5 = 0.

In addition to the explicit representation of the modified chiral symmetry on the lattice,

this relation is related to the U(1) anomaly since the U(Nf ) chiral transformation contains

γ̂5. Since γ̂5 contains the Dirac operator D, the functional measurement of the path integral

is not invariant. It generates anomaly.

The overlap fermion and domain-wall fermion are implementations of the Ginsparg-

Wilson relation. We will discuss these actions in the next section. We also show the fixed

point fermion, which is sometimes called the complete fermion.

B. Overlap and Domain wall fermion

In this subsection, we introduce the overlap [75] and domain-wall fermion [38] as the

fermion formulation with chirality on the lattice through the Ginsparg-Wilson relation. The
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general form of the action respecting the Ginsparg-Wilson relation is

aDGW =
1

R
(1 + amf + (1− amf )V ), (II.16)

which is constructed from the operator V with the condition V †V = 1 and γ5V γ5 = V † and

a fermion mass mf . At mf = 0, the Ginsparg-Wilson relation is satisfied.

The overlap fermion can be simply written by the sign function with any kind of the

Dirac operator on the lattice DLattice,

aDOV =
1

R
(1 + amf + (1− amf )γ5sign(γ5D

Lattice)). (II.17)

We identify V ≡ γ5sign(γ5D) = D√
D†D

. One might think this example of the formulation is

non-local since the infinite series of D defines operator V . However, this action is still local

at the continuum limit even if all lattice points interact with each other. The exponential

locality of the overlap fermion is proved by considering the taxi-driver length with the

Legendre expansion [76]. To respect the locality, we need the admissibility condition3 for

gauge field, which is written using the plaquette Uµν and a small parameter ϵ as

||1− Uµν || < ϵ. (II.18)

This condition represents the continuity of gauge fields on the lattice. The admissibility

condition is also required to define the topological charge on the lattice.

Although the overlap formulation has the locality in the continuum limit, the numerical

cost is large since the formulation does not have nearest-neighbor locality. To calculate the

fermionic part of the Boltzmann weight in the Hybrid Monte-Carlo simulation, we have to

solve the inverse problem of the Dirac operator DLattice many times. For a N × N Dirac

operator 4, the cost is O(N3) to solve the eigenvalue problem. This is an additional cost

compared with other formulations.

How can we reduce the numerical cost? Since the origin of the enormous cost comes from

the sign function, one might consider approximating this part by a more efficient form. The

domain-wall fermion is a formulation with an approximated sign function. In other words,

the domain-wall fermion provides an approximation of the overlap fermion. Namely, we can

3 Since the admissibility condition is the hard condition in the actual numerical calculation, we sometimes

pay attention to the locality in each simulation.
4 Typically, N is larger than O(107) considering the number of lattice points, spinor, flavor and color degree

of freedom.
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formally introduce the domain-wall fermion by rewriting the sign function sign(aD) by an

approximated one, signLs
(aD) with some parameter Ls.

Surprisingly, one can construct an approximation of the sign function using an extra

dimension (or many flavors) with a negative mass term. Kaplan first introduced the idea to

formulate chiral gauge theory, and it was utilized to define chiral Dirac fermions by Shamir

[37, 38]. For simplicity, we first explain the Shamir-type domain-wall fermion.

Let us consider the free field theory Uµν = 1 to show chiral zero modes, which are localized

in the surface of the fifth direction. We consider a five-dimensional Wilson fermion without

gauge interaction in the fifth direction. Since we use γ5 as the gamma matrix for the fifth

direction, we can represent the fermion using the projection operators P± ≡ 1±γ5
2

,

SDWfree =
∑
s,t

∫
d4p

(2π)4
ψ̄s(−p)

[
iγµ sin pµa+ (MP− +M †P+)

]
st
ψt(p), (II.19)

with a mass term M and M †, which is a matrix in five dimensions,

{(MP− +M †P+)ψ}s ≡ (1−∇2 −M0)ψs − P−ψs+1 − P+ψs−1. (II.20)

The parameter M0 represents a negative mass of the Wilson fermion in the five dimension,

and often called as the domain-wall height.

When the mass matrix has zero eigenvalues, the chiral zero modes exist in theory. The

zero eigenvalues are the solution of corresponding linear equations MuL = 0 and M †uR = 0

with Dirichlet boundary condition in the limit of inifinite fifth dimension Ls → ∞ when

|1 − ∇2 −M0| < 1. The condition 0 < M0 < 10 satisfies, with the different pole number.

The relation is shown in table I, and we usually choose 0 < M0 < 2 or M0 = 1 to take mild

continuum extrapolation. We note that this relation is slightly changed in interacting the-

ories, depending on the magnitude of gauge fields. The domain-wall height M0 dependence

in lattice formulation is well studied, and we sometimes choose 1 < M0 < 2 to reduce the

artificial contribution5.

The solution of the linear equations MuL = 0 and M †uR = 0 are exponentially localized

at the boundary of the fifth direction, s = 0 and s = Ls. Namely, the chiral fermion is

nothing but ψs=0 = uL and ψs=Ls = uR after taking the limit of infinite fifth direction,

5 After the smearing procedure to construct smoother gauge configuration Uµν ≃ 1, we often use M0 = 1

since the relation becomes almost the same as a free fermion. Without the smearing, there are some

studies to reduce the artificial contribution by choosing 1 < M0, for example, M0 = 1.8.
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pµ Pole number M0 Condition

(0,0,0,0) 1 0 < M0 < 2

(πa ,0,0,0),......,(0,0,0,
π
a ) 4 2 < M0 < 4

(πa ,
π
a ,0,0),......,(0,0,

π
a ,
π
a ) 6 4 < M0 < 6

(πa ,
π
a ,
π
a ,0),......,(0,

π
a ,
π
a ,
π
a ) 4 6 < M0 < 8

(πa ,
π
a ,
π
a ,
π
a ) 1 8 < M0 < 10

TABLE I. The pole number corresponds to the domain-wall height M0.

Ls → ∞. The location also coincides with the defects of the domain-wall height M0 since

we introduced the Dirichlet condition. Domain-wall fermion uses these left-handed and

right-handed chiral fermion to construct the Dirac fermion on the lattice. For more realistic

fermion, we should introduce the fermion mass term as alternative boundary condition since

the physical Dirac fermion are localized at the boundary.

One of the essential properties of the domain-wall fermion is the Partially Conserved Axial

Current (PCAC) relation. Since this relation is proved in interacting theory, it is an evidence

of zero mode existence in interacting theory. We consider an SU(Nf ) chiral transformation

using the generator τa, ψs → ψ′
s = eiθ

a
s τ

a
ψs with a sign function θas = θasign(Ls+1

2
). Then we

can study the corresponding Axial-Ward-Takahashi identity, with the anomalously breaking

term,

ja5 ≡ ψLs/2+1P+τ
aψLs/2 − ψLs/2P−τ

aψLs/2+1, (II.21)

which can be explicitly related to the gauge fields expression (Nf > 1),

⟨j05O⟩ = ⟨ g2

32π2
ϵµναβFµνFαβO⟩. (II.22)

Namely, the domain-wall fermion has the chirality on the lattice, even when we include the

quantum effects of the theory with the gauge interaction.

However, this is strange for us if we remember the Nielsen-Ninomiya no-go theorem,

i.e. the fermion without the doubler, with chirality and locality, must be prohibited. In

fact, the naive construction of the five-dimensional lattice fermion does not work since the

locality is not respected. This problem can be clearly understood when we construct the

approximated overlap fermion from domain-wall fermion. We will show the relation, as a
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procedure to approximate the sign function sign(γ5D
Lattice) in the overlap fermion. A key is

the Pauli-Villars field.

The relation between the five-dimensional domain-wall fermion and the four-dimensional

overlap fermion can be shown in two ways. One is quite simple. We can iteratively integrate

out heavy (doubler and bulk) fermions in the fifth direction, and define effective action in

the four-dimensional space-time. The other is represented in the context of approximation

of the sign function. A systematic procedure of linear algebra, such as the LDU decompo-

sition constructs the “projection” from the lattice five-dimensional space to physical four

dimensions.

We first show the iterative integration for an instructive method. In this construction,

we finally found the effective Dirac operator of quark fields after integration of ψs>0,

aDeff =
(1 + amf ) + (1− amf )γ5tanh

(
Ls

2
a5γ5DLattice

)
1− γ5tanh

(
Ls

2
a5γ5DLattice

) . (II.23)

The inverse of this effective Dirac operator is quark propagator, ⟨qq⟩, and then the operator

is aDeff(mf ) = aDeff(0) +mf . Although this is an effective Dirac operator of the domain-

wall operator, this is not an overlap operator at Ls → ∞ limit. To show this fact, the only

thing we have to notice is that the hyperbolic tangent function tanhx is an approximated

form of the sign function signx. It is also known differentiable function which is called the

sigmoid function in the field of numerical calculations. Anyway, we can express the tangent

hyperbolic function as an approximated sign function,

γ5tanh

(
Ls
2
a5γ5DLattice

)
= γ5signLs

(γ5DLattice) = V, (II.24)

and then the exact chiral symmetry {Deff , γ5} = 0 is comfirmed at amf = 0 by using the γ5

hermiticity γ5V γ5 = V † and unitarity V †V = 1.

We must violate this exact chirality to the Ginsparg-Wilson like chirality, without loss

of the locality. Although the locality is not definite, we can introduce the chirality bro-

ken part to respect the Ginsparg-Wilson relation. We substitute (II.24) for (II.23), and

compare it to DOV of (II.17). Since the denominator of the effective operator is differ

from the overlap operator, we would like to eliminate this part. The Pauli-Villars field

which has different statistics with the heavy mass mPV eliminates the denominator since

the usual fermionic field deteminant is detDeff(mf ) while the Pauli-Villars field deteminant

is (detDPV )
−1 = (detDeff(mPV ))

−1. The domain-wall operator aDDW , which corresponds
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to the approximation of the overlap operator is now defined as a ratio,

aDDW = amPV
Deff(mf )

Deff(mPV )

= amPV

(1 + amf ) + (1− amf )γ5tanh
(
Ls

2
a5γ5DLattice

)
(1 + amPV ) + (1− amPV )γ5tanh

(
Ls

2
a5γ5DLattice

) , (II.25)

and then aDOV (mf ) = aDDW (mf ) when we choose Pauli-Villars mass amPV = 1, andR = 2.

The Pauli-Villars field has a heavy mass since the mass is lattice cutoff order mp = O(a−1)

and then the field violates exact chirality atmf = 0 to O(a) violated symmetry with satisfing

the Ginsparg-Wilson relation by the mass term mp
6.

The crisis at locality can be expressed as follows. We consider mf = 0 with amPV = 1 for

simplicity, and then the effective operator Deff can be represented by the overlap operator

DOV at Ls → ∞,

aDeff =
aDOV

1− aDOV
. (II.26)

This form is defined by the infinite series of aDOV since the overlap operator appears in the

denominator. Although this is not a rigorous proof of the non-locality, it can violate the

locality by this O(a) contribution from the denominator.

We now briefly introduce the projection from the five-dimensional space to the physical

four dimensions. Here we also introduce generalized domain-wall fermions including Möbius

and Chiu fermion, not only the Shamir type fermion which is a standard and straightforward

choice [41, 77].

The variations of the domain-wall fermions are formally represented as

aDGDW = aD
(s)
+ δs,t + aD

(s)
− [P+δs,t+1 + P−δs,t−1]

− (1 + am)aD
(s)
− [P+δs=1,t+1 + P−δs=Ls,t−1] (II.27)

where operators defined by the lattice Dirac operator with kernel parameters b5 and c5,

aD
(s)
+ ≡ b5(s)aDLattice + 1, (II.28)

aD
(s)
− ≡ c5(s)aDLattice − 1. (II.29)

The definition of parameters b5 and c5 defines how the projection approximates the sign

function in the overlap operator.

6 mp = O(a−1) also means that the aD(mPV ) = O(1), not O(a) as usual aD(mf ).
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Shamir type fermion corresponds to b5 = 1 and c5 = 0, and also Borici type b5 = 1 and

c5 = 1. The Möbius fermion is the generalization of these types, with any constants b5 and

c5. We will use the Möbius fermion for calculations of moments and Dirac eigenvalue density,

with the parameter b5 = 2 and c5 = 1. We can consider the parameter dependence on the

fifth direction for an approximation of the fermion. This fermion is the so-called optimal

fermion which is introduced by Chiu. They define the approximation in the mathematical

way to choose b5(s) and c5(s) depending on the fifth direction s, at finite regions.

For any domain-wall fermions, we use the projection in fifth direction P ,

Ps,t ≡ P−δs,t + P+δs,t−1, (II.30)

to construct the overlap operator. The overlap operator can be constructed as

aDOV =
[
P−1(aDLattice(mPV ))

−1(aDLattice(mf ))P
]
s=1,t=1

. (II.31)

Since determinants of the left and right-hand side are the same as each other, the physics

described by both operators is also the same. Here we introduce the Pauli-Villars part as

the inverse, (aDLattice(mPV ))
−1, to approximate the overlap fermion. The approximated

overlap fermion can be represented using the approximated sign funtion signLs
with the

kernel operator DKer,

aDOV ≡ amPV

(1 + amf ) + (1− amf )γ5signLs
γ5aDKer

(1 + amPV ) + (1− amPV )γ5signLs
γ5aDKer

. (II.32)

The kernel of the sign function is defined as

aDKer ≡
(bs + cs)aDLattice

(bs − cs)aDLattice + 2
≡ baDLattice

caDLattice + 2.
(II.33)

Here we introduce the constants b and c for simplicity. The approximated sign function is

signLs
(x) =

(x+ 1)Ls − (x− 1)Ls

(x+ 1)Ls + (x− 1)Ls
= tanh

(
−Ls

2
ln

(
1− x

1 + x

))
. (II.34)

Again the hyperbolic tangent function is an approximation of the sign function. Also, we

can understand this function as an approximation in the context of the Newton method. We

find an approximation of the sign function to apply the method to the function f(x) = x2−1.

This approximated form is sometimes called the polar decomposition.

Now we discuss what the approximation is. We can investigate the approximation in the

small eigenvalue λ regions by the expansion (1±λ)Ls = 1±Lsλ+Ls(Ls−1)λ2/2. Then the
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approximated sign function is signLs
x = Lsλ−O(λ3). We also consider the large eigenvalue

region using exaxt symmetry, signLs
λ = signLs

(1/λ). Above of all, the poler decomposition

provides the good approximation in the region O(L−1
s ) < λ < O(Ls).

This deviation is, of course, a source of systematic error which can violate the Ginsparg-

Wilson relation [78]. For example, we may suffer from the systematic effects when we

consider the physical phenomena which are strongly related to the chiral symmetry such

as the topological charge and the UA(1) symmetry. Although we usually expect that the

violation is eliminated at infinite fifth direction limit Ls → ∞, we should investigate the

violation quantitatively.

The residual mass is an example. As we already introduced for the Ginsparg-Wilson

relation as the chirality on the lattice, we can explicitly show the UR(Nf )×UL(Nf ) chirality

with the modified gamma matrix γ̂5 ≡ γ5(1−RaDOV ) and corresponding modified projection

operators P̂± ≡ 1±γ̂5
2

, straigtforwardly7. This modified projection operators still have the

properties, P̂ 2
+ = P̂+, P̂

2
− = P̂−, and P̂+P̂− = P̂−P̂+ = 0. The residual mass is defined as the

violation of this property,

∆Ls(DKer) ≡ P̂+P̂− =
1− γ̂5

4
=

1− sign2
Ls
(γ5aDKer)

4
. (II.35)

Since of course the usual fermion mass term violates the chiral symmetry, this violation

terms called as residual “mass”. The violation from the mass term is mfψ(γ5 + γ̂5)ψ ≡

2ψ∆mf
ψ, and then the total violation of the Ginsparg-Wilson relation of the domain-wall

femion is now represented as

γ5D
OV +DOV γ̂5 = 2ψ∆mf

ψ + 2γ5∆Ls(DKer). (II.36)

We need a sufficiently small residual mass for the reliable Ginsparg-Wilson like chirality on

the lattice.

Here we mention that the Möbius fermion is a method to improve the approximation.

The Möbius fermion use the positive constant scale r > 0 invariance of the sign function,

sign(rx) = sign(x). Since our approximated function signLs
(x) has approximated range as

O(L−1
s ) < λ < O(Ls), we choose the (Möbius) parameters b and c to shift the eigenvalues

more well approximated region. The parameter b changes the scale, and c also changes

7 We chose Z = 1 for the normalization of the modified projection operator P̂±.
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higher a contributions in the kernel operator DKer. We can tune these parameters to get a

better approximation.

As an interesting relationship with other areas, the domain-wall fermion can be under-

stood as the topological insulator in the condensed matter physics. A simple example is (a

typical choice of) two-band model in a two-dimensional system, which has the spin-orbital

interaction [42–44]. Since this model has the same action with the domain-wall fermion in

the classical level, the system has the same dynamics on the lattice. Condensed matter

physicists can consider much more generalized action since lattice quantum field theorists

have to respect Lorentz symmetry.

C. Generalized Pauli-Villars mass and discretization effects

We consider the overlap fermion with the Pauli-Villars mass mp ̸= 1 and general parame-

ters such as domain-wall heightM0 and Möbius kernel parameter b and c. In this subsection,

we discuss a series of systematic uncertainty from the domain-wall fermion and its parameter

dependence in free field theory, Uµν = 1 with the infinite fifth direction, Ls → ∞. As the

most general form, we introduce the operator as

aDOV ≡M0(2− cM0)amp
(1 + amf ) + (1− amf )γ5signγ5aDKer

(1 + amPV ) + (1− amPV )γ5signγ5aDKer

. (II.37)

The prefactor M0(2 − cM0)amp needs to realize aDOV → iap + amscaled
f at the continuum

limit a→ 0. The scaled mass is defined as amscaled
f ≡ (2 − cM0)M0mf . Note that the

Möbius parameter b only changes the scale of the kernel operator aDKer, to get a larger

approximated range. Since we consider Ls → ∞ limit for simplicity, this Möbius parameter

does not contribute to the overlap operator.

Before we discuss the approximation of the operator numerically, we briefly review the

previous works. The explicit representation of the quark propagators ⟨qq⟩ provides the

numerical study on the finite Ls with different Möbius parameters b and c. It shows that a

series of massive doubling particles corresponding to each slice of fifth directions depending

on parameters, especially Möbius parameters b and c. The explicit calculation provides the

disparsion relation E(p) on the finite Ls. We also discuss the dispersion relation of the

overlap fermion operator aDOV as the infinite Ls → ∞ limit. The infinite Ls generates

infinite numbers of the doubler, and then the inverse of the overlap operator has the cut on
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the complex plane. This might be natural since the overlap operator has the square root in

the sign function, γ5sign(γ5D) = D/
√
D†D.

The unphysical oscillation in correlators is also interesting in the context of the parameter

dependence on the lattice [79, 80]. Although this oscillation is O(a) or higher contribution

which should eliminate at the continuum limit a → 0, this contribution can be a source

of the significant uncertainty. In particular, the artificial contribution is not so uncommon

as we can see in the naive improvement of difference, the minimal doubling fermion, the

staggered fermion, as examples.

The naive improvement of difference is the most simple example. We focus on the ap ∼ 0

and the most naive action has two poles (ap)2 + (am)2 = 0. Since the improvement of

difference provides higher differential contributions as c4(ap)
4 with a constant c4, the number

of poles are grown to four even if this artificial pole comes from the more higher an order.

Depending on the action and modification, these poles often take imaginary numbers and

generate the unphysical oscillational contribution for the corresponding correlators.

The decoupling condition for doubler 0 < M0 < 2 is also changed depending on the

parameters, (r,M0, c,mp). For constant term elimination (0 < M0 < 2) becomes 0 < M0

2−cM0

to get the Dirac operator aD → iap. We can construct the operator without unphysical

oscillation if the parameters satisfy M0 ≤ 1 with the Möbius parameter c = 1. Since we

also require the no-doubler condition of the Wilson kernel, then the Wilson parameter has

to satisfy the condition M0 < 2r.

We can consider eigenvalues and the dispersion relation explicitly since there is no non-

commutative gauge field. The hermite operators aD†
LatticeaDLattice and aD

†
Lattice + aDLattice

are explicitly written down without the gamma matrix γµ. For simplicity, we formally

introduce the kernel operator aDLattice,

aDLattice ≡ iγµsinapµ +W − 1, (II.38)

with the functionW (p) which has no gamma matrix γµ. For example,W = 1−M0+r
∑

(1−

cosapµ) for the Wilson fermion kernel. Using this representation, we can calculate these

quantities analytically. Namely, aD†
LatticeaDLattice = (sinapµ)

2 + (W − 1)2 and aD†
Lattice +

aDLattice = 2W−2. We also consider the hermite operators aD†
KeraDKer and aD

†
Ker+aDKer
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as the functions of aD†
LatticeaDLattice and aD

†
Lattice + aDLattice,

a2D†
KerDKer =

b2a2D†
LatticeDLattice

4 + 2c(aD†
Lattice + aDLattice) + c2a2D†

LatticeDLattice

,

aD†
Ker + aDKer =

2b(aDLattice + aD†
Lattice + ca2D†

LatticeDLattice)

4 + 2c(aD†
Lattice + aDLattice) + c2a2D†

LatticeDLattice

. (II.39)

Again we also consider hermit combination of the operator V ≡ γ5sign(γ5aDKer), V
†V = 1

and V † + V ,

V † + V =
D†
Ker +DKer√
D†
KerDKer

, (II.40)

and then finally we consider the overlap operator as the function of V † + V ,

a2D†
OVDOV = ((2− cM0)M0mp)

2 2(1 +m2
f ) + (1−m2

f )(V
† + V )

2(1 +m2
p) + (1−m2

p)(V
† + V )

. (II.41)

For the discussion of the quark propagator and its pole, we also introduce another repre-

sentation of the aDOV using V ,

(2− cM0)M0mp
(2(1 +mfmp) + (1−mfmp)(V + V †) + (mp −mf )(V − V †))

2(1 +m2
p) + (1−m2

p)(V + V †).
(II.42)

The operator V − V † contains the gamma matrix,

V − V † =
4iγµsinapµ√

D†
KerDKer

√
(2 + caD†

Ker)(2 + caDKer)
. (II.43)

We will discuss the parameter dependence by using above representaitons.

These situations are still realized if we consider the mean field approximation for gauge

fields, Uµν = u0. Since the link variable is used at the difference operator ∇, the corre-

sponding changing is sinap → u0sinap and cosap → u0cosap in momentum space. We can

redefine the parameter (M0, b, c) to represent the mean field analysis of any u0, defined as

M
(u0)
0 ≡ 1

u0
(M0 − 4r(1 − u0)), b

(u0) ≡ u0b, and c
(u0) ≡ u0c. Namely, the mean field theory

can identify the free field theory,

aDOV (r,M0, c,mp, u0) = aDOV (r,M
(u0)
0 , c(u0),mp, u0 = 1), (II.44)

with the corresponding domain wall height and Möbius parameters, (M
(u0)
0 , b(u0), c(u0)).

When we consider the action without smearing (u0 < 1), we can understand that the

parameter dependence is the gauge field u0 contribution8.

8 Intuitively, the gauge field contribution changes the effective domain-wall height to the smaller value

since the contribution lifts eigenvalues of the (Wilson) kernel operator. Then we sometime tune the bare

domain-wall height to choose M
(u0)
0 ≃ 1.
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We set parameters r = 1, c = 1, and M0 = 1 which are our choice to describe the Pauli-

Villars mass mp dependence. The details of the parameters (r,M0, c,mp) dependence are

discussed in Appendix. The explicit representation of this choice is already written down.

For our parameters we can understand that the Pauli-Villars mass is a cut-off scale of this

overlap oparator, using |γ5sign(γ5aDKer)| = 1. We substitute γ5sign(γ5aDKer) = ±1 to get

the minimum and maximum of |aDOV |,

amf ≤ |aDOV (r = 1,M0 = 1, c = 1,mp)| ≤ amp. (II.45)

The Pauli-Villars mass determines the cut-off scale in the context of the eigenvalue.

On the other hand, there is no Pauli-Villars mass dependence on the pole of the correla-

tors, i.e. there is no changing in the dispersion relation. It can be quite simply understand-

able since the denominator of (aDOV )−1 only depends on mf . Although the Pauli-Villars

mass might affect doublers, the mass has the contribution to the physical pole which is only

the overall coefficient, as we defined amscaled
f ≡ (2 − cM0)M0mf . Other contributions from

the Pauli-Villars mass is in the loop level (eigenvalue level).

We also show the Pauli-Villars mass dependence of the chirality and locality. We can

get the Ginsparg-Wilson relation as the chirality on the lattice by using V †V = 1 and

γ5V γ5 = V †, {
(aDOV (mf = 0,mp))

−1, γ5
}
=

2aγ5
(2− cM0)M0mp

. (II.46)

This equiation means that the O(a) discrepancy between the lattice and the continuum

depends on the Pauli-Villars mass: the chirality will be improved as the Pauli-Villars mass

becomes heavy. This improvement is natural if we remember why the Pauli-Villars mass

is needed. We introduce the Pauli-Villars field to realize the chirality as the Ginsparg-

Wilson relation with the locality. Without Pauli-Villars fields, the operator has an exact

chirality without locality. Since the infinite mass limit mp → ∞ means Pauli-Villars fields

are decoupled from the theory, the theory should be non-local even if the chirality becomes

exact. We will show the trade-off between the chirality and locality.

We show the similar trade-off property of the fixed-point fermion. The fermion has the

Ginsparg-Wilson relation

{(DFP )−1, γ5} =
2aγ5
κf

, (II.47)

with the parameter of the block spin transformaiton κf instead of mp. When we consider

the fixed point fermion, while the chirality and locality depend on κf .

31



For more detailed investigation, we prove the locality of the generalized operator. To

focus on the locality crisis, we represent the operator as follows,

aDOV(mf = 0,mp) =
(2− cM0)M0mp

1−mp

[
1− 2mp

(1 +mp) + (1−mp)V

]
. (II.48)

From this representation, we clearly understand that ((1 +mp) + (1−mp)V )−1 has the

possibility of locality crisis. Note that the operator V is not an exact local operator. It also

correlates with any point although it is exponentially localised. For the proof of locality, we

expand the operator ((1 +mp) + (1−mp)V )−1 by MR ≡ (1−mp)/(1 +mp) when mp > 0,

1 +mp

(1 +mp) + (1−mp)V
=
∑
k=0

(−1)k(|MR|V )k. (II.49)

We use the norm properties, |V | = 1, |A+B| ≤ |A|+ |B| and |AB| ≤ |A||B|,∣∣∣∣∣∑
k=0

(−1)k (|MR|V )k

∣∣∣∣∣ ≤∑
k=0

(|MR||V |)k . (II.50)

We use |V |k = |V |, and the Legendre expantion of the operator V,∣∣∣∣∣∑
k=0

(−1)k (|MR|V )k

∣∣∣∣∣ ≤∑
k=0

(
|MR|k|A|κ

∑
t

e−θt|Pt(z)|

)
. (II.51)

Following the similar discussion with the normal Domain-Wall fermion locality [76], we

consider the Taxi-driver length and count up the number of A and A†, we get the constraint,

t ≥ |x−y|
2

.

Finlay we apply the property of the Legendre expansion |Pt(z)| ≤ 1,∣∣∣∣∣∑
k=0

(−1)k (|MR|V )k

∣∣∣∣∣ ≤ e−θ
|x−y|

2
1

1− |MR|
|A|κ 1

1− e−θ
. (II.52)

This expansion shows the exponential locality same as the locality before generalization.

For more about the locality, we discuss the tree level locality of the generalized domain-

wall fermion and reveal the dependence of the Pauli-Villars mass. To consider its depen-

dence, we remember the discussion of the pole of the free quark propagator. We can un-

derstand it as the locality dependence if we consider it as m ↔ mp. Quark propagator

⟨q(−p)q(p)⟩m with fermion mass m is

⟨q(−p)q(p)⟩m =
−iγµ sin pµ +m(1−W e−α)

−(1−W eα) +m2(1−W e−α)
, (II.53)
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with Wilson term in momentum space W (p) = 1 −M0 + r
∑

(1 − cosapµ), defined by the

domain-wall height M0 and Wilson parameter r [81]. We choose M0 = 1 and r = 1, i.e.

we use W (p) =
∑

(1 − cosapµ). In this parametlization, we define the parameter α by the

equation,

cosh(α) =
1 +W 2 +

∑
µ sin

2pµ

2W
. (II.54)

We calculate the pole of ⟨q(−p)q(p)⟩m as the locality weight in the conditions p0 ̸= 0

and pi = 0 for simplicity. It means that if the propagator ⟨q(−p)q(p)⟩m has no cut on

the Riemann surface, we get actual locality weight in this conditions. From (II.54) we get

2W coshα = 1 + 2W and then we write e±α bas a function of W ,

W e±α =W +
1

2
±
√
W +

1

4
. (II.55)

The pole of the propagator is the solution of the equation,

m2 =

1
2
−W −

√
W + 1

4

1
2
−W +

√
W + 1

4

. (II.56)

The solution is represented by Q = ((1 +m2)/(1−m2))2,

W =
1 +Q±

√
3Q+Q2

2
. (II.57)

If we substitute m ∈ R for Q, Q is positive definite and p0 becomes imaginary p0 = im1

or p0 = im2 + π. Since Wilson term W < 0 for p0 = im1, the solution is written as follows,

m1 = Arccosh

(
1−Q+

√
3Q+Q2

2

)
. (II.58)

We also find the solution for p0 = im2 + π with the condition W > 0,

m2 = Arccosh

(
−1 +Q+

√
3Q+Q2

2

)
. (II.59)

These two different poles m1 and m2 are taken depending on the mass m. When we

choose the mass m ∈ R, Q is positive definite, W ∈ R, coshα ∈ R, and e±α ∈ R. From

these conditions, there is a constraint on Wilson term, W > −1/4. If we substitute the mass

m2 < 1 for (II.56), we get the relation |1 −W eα| < |1 −W e−α| and then the Wilson term
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FIG. 2. The locality of the free domain wall propagator dependence of Pauli-Villars mass mp is

shown. The parameter θGPV is locality weight, which is defined as e−θ
GPVt. Lines are theoretical

predictions, and points are numerical results.

is in −1/4 < W < 1/2. For m2 > 1, we obtain the relation |1−W eα| > |1−W e−α| and it

becomes constraint on the Wilson term, W > 1/2 or W < −1/4.

The Wilson term is W = 1− coshm1 for m1 and then W < 0. We also consider m2. The

Wilson term is W = 1+coshm2 for M1 and then W > 2. Figure 2 shows that the numerical

calculation is consistent with the theoretical one. Note that the solution near mp ∼ 1 which

differs from the theoretical prediction seems like the cut contribution since we ignore cut

structures on the Riemann surface. Above all, m1 is the pole if m < 1, and m2 is the pole

if m > 1. Two poles are not compatible.

We note that usual choice mp ∼ 1 is better for the locality, but there is still exponential

locality if we generalize the parameter mp. In particular, if we consider bigger mp > 1, the

locality is worse than before but the O(a) chirality violation suppressed by the mass mp.

Namely, we can see the trade-off the locality and chirality depending on the Pauli-Villars

mass mp.

We will use the generalized Pauli-Villars action to modify the discretization effects in the

high eigenvalue region, without loss of the chirality and the exponential locality. It helps

us to test the standard model by using the perturbative and numerical calculations of the

Dirac eigenvalue density ρ(λ).
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DGPV
phys (mf ,mp) mp < 1 mp > 1

GW O(a) Chirality Worse (∼ 1/mp) Better (∼ 1/mp)

Locality weight θGPV Worse (∼ mp) Worse (∼ 3/mp)

Approximation (p ∼ 0) Worse Better

Approximation (p ∼ π) Worse Better (tuning)

TABLE II. The dependence on the Pauli-Villars mass.

III. CHARM QUARK MASS AND THE STRONG COUPLING CONSTANT

FROM MOMENTS

While non-perturbative aspects are essential to understanding QCD, the perturbative

region is also accessible by using a numerical simulation of lattice QCD. Non-perturbative

quantities such as hadron mass spectra and decay constants are determined from long-

distance correlators in conventional lattice calculations. On the other hand, we can focus on

the short-distance of the correlator to extract perturbative information without lacking the

non-perturbative effect. Since perturbative expansions provide precise calculations for some

physical quantities, we can extract parameters in perturbation such as the quark mass and

the strong coupling constant αs if we can prepare corresponding lattice results. We also use

the information on short-distance from experiments. Since the short-distance information

of the vector current correlator relates to the so-called R ratio σe+e−→qq̄/σe+e−→µ+µ− with

the optical theorem, we can test our lattice calculation by experiments.

In the context of the perturbative parameter extraction using the lattice simulation, the

pseudo-scalar quarkonium correlator determines the charm and bottom mass and the strong

coupling constant [6–8]. They focus on the so-called temporal-moments of charmonium and

bottomonium correlators. Since short-distance correlators construct the temporal-moments,

perturbative calculations are performed up to the order of α3
s. We can extract the pertur-

bative quantities from temporal moments since the function of the strong coupling constant

αs and quark mass m represents temporal-moments Gn(αs,m). We can match the corre-

sponding lattice results to the perturbative expansions, and extract the parameters as the

solutions.

We follow the same method to extract these parameters using independently generated
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lattice ensembles which are generated by the number of flavors nf = 2 + 1 Möbius domain-

wall fermion formulation [41] for our calculation. In order to reduce discretization error

which is an indispensable source of the uncertainty, we take the continuum extrapolation

using the lattice data for different lattice spacings a, a ≃ 0.080, 0.055, and 0.044 fm. Another

systematic error source depending on the ensemble generation is the light quark masses

tuning. Our simulation is done in the pion mass 230–500 MeV. Although the pion mass is

not physical value, the effect from this pion mass is sufficiently small for the charmonium

correlators.

We also basically follow the previous works in the perturbative calculations [6–8]. For

more conservative estimation of the truncation error from perturbative expansion, we use

the two different renormalization scales of the αs(µα) and the charm quark mass mc(µm).

Since one of the most dominant parts of uncertainty usually has no rigorous definition, our

extension of the truncation error may produce a safe choice.

Our results with this extension agree with those of the previous works [6–8]. Since we

utilize different formulations and different error estimation, the result has slightly more

considerable uncertainty. We also check the validity of our lattice calculation by comparing

to the R-ratio from experiments. This confirmation is also a test of the discretization error

in heavy quarkonium correlators. The extrapolation to the continuum shows that the slope

is sufficiently small; this is a confirmation that the discretization effects are under control.

The rest of this section is organized as follows. In (IIIA), we review the temporal-

moment method to determine the charm quark mass. We show the lattice details in (III B).

(III C) shows the matching between our lattice calculation to the experimental data using

vector correlator. After the confirmation, we provide the temporal-moment for pseudo-scalar

correlator in (IIID). Each error source in this work is discussed in (III E), and then finally

provides the charm quark mass mc and the strong coupling constant αs for MS shceme in

(III F). We conclude in (IIIG).
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A. Temporal moments

1. Moments in the perturbation and experiments

The dimensionless pseudo-scalar and the vector charmonium current-current correlator

are defined on the lattice as follows,

GPS(t) = a6
∑
x

(amc)
2⟨0|j5(x, t)j5(0, 0)|0⟩, (III.1)

GV (t) =
a6

3

3∑
k=1

∑
x
Z2
V ⟨0|jk(x, t)jk(0, 0)|0⟩. (III.2)

We define the pseudo-scalor current and vector current as j5 = iψ̄cγ5ψc and jk = ψ̄cγkψc by

the charm quark field ψc. In the pseudo-scalar correlator, we introduce the bare charm quark

mass mc to set the quantity as the renormalization scale invariant. We have to introduce

the renormalization constant for vector current as ZV to match our lattice calculations to

perturbations.

We can construct finite quantites which has typical distance scale using even integer n ≥ 4

GPS
n =

∑
t

(
t

a

)n
GPS(t), (III.3)

GV
n =

∑
t

(
t

a

)n
GV (t). (III.4)

The time coordinate t/a is defined in the range from −T/2a+1 to T/2a with the T temporal

size of the lattice.

As usual correlators of mesons, both of GPS(t) and GV (t) are damping exponentially

as t growing at large t. On the other hand, the small t region is growing up as some

power function tn. Namely, the n-th temporal-moment has a typical scale t ∼ n/M with

corresponding meson mass G(t) ∼ e−Mt. We show the integrand of temporal-moments with

the integer n=4,8, and 12 in Figure 3 as examples. All of these moments are dominated by

the perturbative region t < π/(300 MeV) with the peak point, t ∼ n/M . The contribution

from excited states slightly shifts the peak to a smaller t/a. We note the lowest moment

n = 4 can suffer from the sizable discretization effects since it has the contribution from the

region t/a ≃ 1–2. Then we do not use the moment of n = 4 for the extraction of parameters.

We can express the relation between the temporal-moment of vector currents and the
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FIG. 3. The integrand of the moments (t/a)nG(t) on the 643 × 128 at a = 0.044 fm. We show

the result n = 4,8, and 12 by the filled circle, open circle, and square, respectively Three vertical

lines represent each peak position n/M . All data are normalized by its peak. Non-perturbative

contribution dominated distance t/a ∼ 48 (π/(300 MeV)) is plotted by the long-dashed line. We

note that the dimensionless meson mass is Ma = 0.6656.

experiments. We define the vacuum polarization function ΠV (q2) as follow,

(qµqν − q2gµν)ΠV (q2) = i

∫
d4x eiqx⟨0|jµ(x)jν(0)|0⟩. (III.5)

The experimental data provides derivatives of the function ΠV (q2).

12π2Q2
f

k!

(
∂

∂q2

)k (
Π(q2)

)
|q2=Q2

0
=Mk ≡

∫ ∞

s0

ds
1

(s−Q2
0)
k+1

R(s), (III.6)

using the R-ratio R(s) ≡ σe+e−→cc̄(s)/σe+e−→µ+µ−(s). Now, the charm quark electromagnetic

charge is introduced as Qf . We can tune the reference scale Q2
0 arbitrary although we often

set Q2
0 = 0. The maximum of another scale s0 is the J/ψ mass. Since the derivatives of

polarization function are nothing but the temporal-moments, we define

gV2k+2 = (2m(µ))2k
12π2Q2

f

k!

(
∂

∂q2

)k (
ΠV (q2)

)
|q2=0, (III.7)
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and then the moments on the lattice and continuum space are related by

GV
n =

gVn
(am(µ))n−2

. (III.8)

We will show the comarison of the experimental data with our lattice calculation in (III C).

As previous studies, the moment Mn is phenomenologically estimated in [2, 11, 82, 83].

We also consider the pseudo-scalar density correlator

q2ΠPS(q2) = i

∫
d4x eiqx⟨0|j5(x)j5(0)|0⟩, (III.9)

without its corresponding experimental value. Again we also analogously define gPSn as in

(III.7). Then the relation between the derivatives of the vacuum polarization function and

the temporal-moment is represented as

GPS
n =

gPSn
(am(µ))n−4

. (III.10)

In order to calculate the moments, we may use the parametrization which is represented

as below,

ΠPS(q2) =
3

16π2

∞∑
k=−1

CPS
k zk, (III.11)

ΠV (q2) =
3

16π2

∞∑
k=−1

CV
k z

k, (III.12)

with the dimensionless parameter z = q2/(2mc(µ))
2 and coefficient Ck. These coefficients

Ck are expanded by perturbation theory in terms of αs/π:

Ck = C
(0)
k +

αs(µ)

π

(
C

(10)
k + C

(11)
k lm

)
+

(
αs(µ)

π

)2 (
C

(20)
k + C

(21)
k lm + C

(22)
k l2m

)
+

(
αs(µ)

π

)3 (
C

(30)
k + C

(31)
k lm + C

(32)
k l2m + C

(33)
k l3m

)
+ ... (III.13)

with the quark mass running contribution lm = log (m2
c(µ)/µ

2). These coefficients in con-

ventional MS renormalization scheme are known up to O(α3
s) [1, 2, 7, 82–87]. Table III

sammarize the coefficients for nf = 4 for convenience.
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n k C
(0)
k C

(10)
k C

(11)
k C

(20)
k C

(21)
k C

(22)
k C

(30)
k C

(31)
k C

(32)
k C

(33)
k

4 1 1.33333 3.11111 0.00000 0.115353 -6.48148 0.00000 -1.22241 2.50084 13.5031 0.00000

6 2 0.533333 2.06420 1.06667 7.23618 1.590947 -0.0444444 7.06593 -7.58522 0.550549 0.0320988

8 3 0.304762 1.21171 1.21905 5.99920 4.33726 1.16825 14.5789 7.36258 4.25232 -0.0649030

10 4 0.203275 0.712756 1.21905 4.26701 4.80644 2.38730 13.3285 14.7645 11.0345 1.45891

12 5 0.1478 0.4013 1.1821 2.9149 4.3282 3.4971 16.0798 16.6772 4.4685

14 6 0.1137 0.1944 1.1366 1.9656 3.4173 4.4992 14.1098 19.9049 8.7485

16 7 0.0909 0.0500 1.0912 1.3353 2.2995 5.4104 10.7755 20.3500 14.1272

18 8 0.0749 -0.0545 1.0484 0.9453 1.0837 6.2466 7.2863 17.9597 20.4750

TABLE III. nf = 4 coefficients for the pseudo-scalar correlator from perturbation in [1, 2].

n k C
(0)
k C

(10)
k C

(11)
k C

(20)
k C

(21)
k C

(22)
k C

(30)
k C

(31)
k C

(32)
k C

(33)
k

4 1 1.06667 2.55473 2.13333 2.49671 3.31303 -0.0888889 -5.64043 4.06686 0.959031 0.0641975

6 2 0.457142 1.10956 1.82857 2.77702 5.14888 1.75238 -3.49373 6.72161 6.49161 -0.0973544

8 3 0.270899 0.519396 1.62540 1.63882 4.72072 3.18307 -2.83951 7.57355 13.1654 1.94521

10 4 0.1847 0.2031 1.4776 0.7956 3.6440 4.3713 -3.349 4.9487 17.4612 5.5856

12 5 0.1364 0.0106 1.3640 0.2781 2.3385 5.3990 0.9026 18.7458 10.4981

14 6 0.1061 -0.1158 1.2730 0.0070 0.9553 6.3121 -3.1990 16.9759 16.4817

16 7 0.0856 -0.2033 1.1982 -0.0860 -0.4423 7.1390 -6.5399 12.2613 23.4000

18 8 0.0709 -0.2660 1.1351 -0.0496 -1.8261 7.8984 -8.6310 4.7480 31.1546

TABLE IV. nf = 4 coefficients for the vector correlator from perturbation in [1, 2, 85].

2. Formulae for the extraction of mc and αs

We follow the method in [6, 7]. The lattice and perturbative moments determine mc

and αs as the solution of equality. From now on we sometimes neglect superscript PS for

simplicity.

We introduce the reduced moment Rn to reduce discretization effects. Using the tree
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level moments G
(0)
n with the same lattice formulation,

Rn =


G4

G
(0)
4

for n = 4,

amηc

2am̃c

(
Gn

G
(0)
n

)1/(n−4)

for n ≥ 6.

(III.14)

RV
n =

amJ/ψ

2am̃c

(
GV
n

G
V (0)
n

)1/(n−2)

for n ≥ 4. (III.15)

with the meson mass from lattice calculation mηc and mJ/ψ. We also define the charm

quark pole mass m̃c for the reduced moment. The pole mass is given at tree-level domain-

wall fermions as

am̃c = amc

[
1− 1

6
(amc)

2 − 7

40
(amc)

4 − 5

112
(amc)

6 +
53

1152
(amc)

8 + ...

]
(III.16)

as a function of the quark mass amc which is the input parameter of the lattice simulation.

The propagator of domain-wall fermion formulation at the tree-level on the lattice is written

as [81]

⟨q(−p)q(p)⟩ = −iγµ sin pµ +m(1−W e−α)

−(1−W eα) +m2(1−W e−α)
, (III.17)

where the Wilson term W (p) is

W (p) = 1−M − r
∑
µ

(1− cos pµ). (III.18)

We use the parameters M = 1 and r = −1 in our simulations.

The pole mass at the tree-level m̃1 is found as a pole of ⟨q(−p)q(p)⟩. We solve the

equation to define the pole p0 = im̃1 for zero spatial momentum. The result is

m̃1 = cosh−1

(
1−Q+

√
3Q+Q2

2

)
(III.19)

with Q = ((1 +m2)/(1−m2))2.

The pole mass correction starts at (amc)
2, and its size is 3.9% at amc = 0.4404 even for our

coarsest lattice setup. We expect that the correction partially eliminates the discretization

effect in the calculation of amηc . The ratio in (III.14) also reduces the discretization effects

at the leading order O(α0
s). Then the remaining uncertainty starts at O(αsa

2) since the

domain-wall fermion is a kind of O(a)-improved lattice actions.
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We use another definition R̃n which is introduced in [8]:

R̃n =
a

am̃c

(
Gn

G
(0)
n

)1/(n−4)

for n ≥ 6. (III.20)

This definition is free from the fitting uncertainty of the meson mass since it does not

include the meson mass amηc . However, this definition contains the lattice spacing a explic-

itly. Then the error of the lattice spacing is directly reflected in the result of αs and mc.

In our case, this uncertainty is about 1.7% which inevitably appeared in the final results.

For that reason, we use Rn to provide a precise determination. With Rn, there is no “di-

rect” uncertainty from the lattice spacing since the meson mass effectively sets the scale to

determine mc in (III.14) (or in (III.15)). In our case, this is an advantage of Rn.

We also introduce the reduced moment rn in the continuum. Using the derivatives of the

vacuum polarization function q2Π(q2) with respect to q2

g2k ≡
12π2Q2

f

k!

(
∂

∂z

)k (
zΠ(q2)

)∣∣
q2=0

=
12π2Q2

f

(k − 1)!

(
∂

∂z

)k−1 (
Π(q2)

)∣∣
q2=0

, (III.21)

we define the reduced moment in the continuum as

rn =

 g4/g
(0)
4 = C1/C

(0)
1 for n = 4,

(gn/g
(0)
n )1/(n−4) = (Cn/2−1/C

(0)
n/2−1)

1/(n−4) for n ≥ 6.
(III.22)

rVn = (gVn /g
V (0)
n )1/(n−2) = (Cn/2−1/C

(0)
n/2−1)

1/(n−2) for n ≥ 4. (III.23)

For convinence, the tree-level moment g
(0)
n is explicitly written as [88]

g
(0)
2n+2 = 12π2Q2

f

3

8π2

2n(n− 1)!

(2n+ 1)!!
, (III.24)

and g
V (0)
2k+2 as

g
V (0)
2n+2 = 12π2Q2

f

1

4π2

2n(n+ 1)(n− 1)!

(2n+ 3)!!
. (III.25)

After all the equality (III.10) can be rewritten as

Rn =
mexp
ηc

2mc(µ)
rn(αs(µ),mc(µ)). (III.26)

We use this equation to match our non-perturbative lattice calculation Rn to the per-

turbative expansion rn as the function of parameters αs(µ) and mc(µ). We also discuss the

ratio of the reduced moments,

Rn

Rn+2

=
rn(αs(µ),mc(µ))

rn+2(αs(µ),mc(µ))
, (III.27)
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since the convergence of the perturbative expansion is different from that of individual

moment rn.

We choose integer n to suppress a series of errors. The perturbative expansion is reliable

in sufficiently higher scale compared to the scale ΛQCD in QCD. It means that the pertur-

bative regime is nothing but the short-distance regime. We should take the integer n as

n/M ≪ π/ΛQCD. This condition determines the maximum of the integer n. We substitute

≃ 3 GeV as charmonium mass, and then its upper limit of n is about 10 or smaller. The

non-perturbative contribution appears as the gluon condensate in the Operator Product Ex-

pansion (OPE) as is shown in (III E 2). As we discussed, the non-perturbative contribution

rapidly grows for larger n as shown in (III.33).

The lower limit for n is already discussed earlier. Above all, there is a window of n to

suppress the systematic uncertainties of this method. We only chose n = 6, 8, and 10 in

our analyses. We remark that the n ≥ 12 are not useful practically since the perturbative

calculation of O(α3
s) coefficients of rn are still unknown.

B. Lattice details

Our lattice QCD simulations are performed by using nf = 2+1 fermions with Symanzik

improved gauge actions. We take the stout smearing three times [89]. We use the Möbius

domain-wall fermions [41]. Our lattice simulation has sufficiently small residual mass, i.e.,

the mass is O(1 MeV) for our coarsest lattice. Since the small residual mass shows the

violation of the Ginsparg-Wilson relation, the violation in our setup is under control. Then

the contribution from violation to charmonium can be neglected. We also consider the

artifacts from slightly mistuned dynamical quark masses. In Rn, since the error from this

deviation is also small, the uncertainty from this contribution is not severe.

To take the continuum limit and investigate finite volume effects, we prepare 15 ensembles

with different parameters. We choose three different lattice spacings: a = 0.080, 0.055, and

0.044 fm with the lattice size for spacial direction L/a = 32, 48, and 64, respectively. The

size corresponds to ∼ 2.6–2.8 fm. We set the temporal size T/a to be 64, 96, and 128. We

prepare 50-100 gauge configurations from 10,000 molecular dynamics trajectories in each

ensemble. To improve statistical fluctuation, we use Z2 noise with eight or twelve times

charmonium calculation starting from different time slices. “#meas” on the table is the
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β a−1 L3 × T (×L5) Nsrc #meas amud ams mπ mπL id

[GeV] [MeV]

4.17 2.453(4) 323 × 64(×12) 8 800 0.0035 0.040 230(1) 3.0 C-ud2-sa

0.007 0.030 310(1) 4.0 C-ud3-sb

0.007 0.040 309(1) 4.0 C-ud3-sa

0.012 0.030 397(1) 5.2 C-ud4-sb

0.012 0.040 399(1) 5.2 C-ud4-sa

0.019 0.030 498(1) 6.5 C-ud5-sb

0.019 0.040 499(1) 6.5 C-ud5-sa

483 × 96(×12) 8 800 0.0035 0.040 226(1) 4.4 C-ud2-sa-L

4.35 3.610(9) 483 × 96(×8) 12 600 0.0042 0.0180 296(1) 3.9 M-ud3-sb

0.0042 0.0250 300(1) 3.9 M-ud3-sa

0.0080 0.0180 407(1) 5.4 M-ud4-sb

0.0080 0.0250 408(1) 5.4 M-ud4-sa

0.0120 0.0180 499(1) 6.6 M-ud5-sb

0.0120 0.0250 501(1) 6.6 M-ud5-sa

4.47 4.496(9) 643 × 128(×8) 8 400 0.0030 0.015 284(1) 4.0 F-ud3-sa

TABLE V. The setup of lattice ensembles.

number of measurement for each ensemble.

The Z2 (±1) noise on a source for charm quark propagator improves the statistical signal.

We calculate propagators with the noise which is any points on a time-slice and calculate

the results as the mean value. The results should be gauge invariant since any other con-

taminations are removed to respect local invariance of Z2. After all, the signal is improved.

We distinguish the lattice spacings using by a label “id”. The capital letter comes from

the coarse, medium, and fine. In C and M ensembles, strange quark mass is chosen from two

different values (a and b). One larger volume 483 × 96 is prepared by a lable “-L” for the

coarse lattice with lightest ud quark mass to estimate the finite volume effects. Since the ud

mass is the lightest one, the possible finite volume effects can be significant in our choice.

The difference between C-ud2-sa and C-ud2-sa-L shows representative estimate from finite
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volume effect.

We set the lattice spacing a by the scale from Wilson-flow t
1/2
0 = 0.1465(21)(13) fm as

an input [90, 91]. Table V lists the corresponding values of lattice spacings a−1 with the

statistical error in our measurement.

Since the ensemble is the same with JLQCD works, the details of the ensemble are

also shown in the previous papers [92, 93]. This ensemble is also used in η′ meson mass

calculation, the determination of renormalization constant, and the decay constants of heavy

mesons [94–96]. We use the IroIro++ code for simulation [97].

From the previous paper, we use the renormalization constant ZV [98]. We use ZV =

{0.9553(92), 0.9636(58), 0.9699(47)} for each beta β = {4.17, 4.35, 4.47}. The error is the

quadrature sum of the uncertainty from statistical and systematic.

We use the charm quark massmc = {0.4404, 0.2723, 0.2105} for each beta β = {4.17, 4.35, 4.47}.

These values should be slightly shifted to the physical value, (mηc + 3mJ/ψ)/4.

We prepare extra configuration with different charm quark masses to interpolate to (mηc+

3mJ/ψ)/4. Even if the calculation from these extra configurations are not so precise since

the correlators are calculated with a local source, the precision is enough to interpolate the

primary results to the correct charm quark mass.

For precision, we should consider the disconnected diagrams which are not taken into

account in our lattice calculation. The flavor-singlet operators such as j5 = ψ̄cγ5ψc can

generate this contribution. This lack of disconnected diagrams does not matter to match

the perturbative and lattice calculations since one can omit the diagrams from perturbative

expansion. Since we use the ηc or J/ψ mass as an input parameter for lattice calcula-

tion to tune input mass parameters, the lack of disconnected diagrams and electromagnetic

correction can contribute to our results as error sources. We will discuss these sources of

uncertainties in (III F).

C. Vector current correlator and experimantal data

We compare the temporal moments of the J/ψ correlator with the experimental value.

We use the same quantity RV
n for the vector moments similar to the pseudo-scalar momens

(III.14). The correspondence between the lattice and the continuum is simply written down
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FIG. 4. The points at a2 = 0 are produced by our continuum extrapolation for the vector moments

RV
n (n = 6 (pluses) and 8 (squares)). Phenomenological estimates of corresponding quantities are

plotted on the left: Dehnadi et al. [10] (filled circle), Kuhn et al. [11] (open circle), Kuhn et al.

[12] (filled square), and Hoang et al. [13] (open square).

using (III.8) as

RV
2k+2 = mJ/ψ

(
Mk

g
V (0)
2k+2

) 1
2k

. (III.28)

Table VI shows numerical results of vector reduced moments Z
− 2

n−2

V RV
n for useful order n at

the physical mc. The extrapolation as a function of a2 is plotted in Figure 4. The details of

this extrapolation are discussed below.

The function for the extrapolation RV
n is

RV
n = RV

n (0)
(
1 + c1(amc)

2
)
×
(
1 + f1

mu +md +ms

mc

)
, (III.29)

with free parameters RV
n (0), c1, and f1. Then the remaining error is suppressed as O(a4)

by the O(a2) extrapolation. We estimate the systematic error of the fitting by the linear

fitting on a2 with and without the coarsest lattice point. The χ2/dof value is slightly

underestimated since we do not consider the correlated error of ZV between different β. We

use the mean value of the extrapolation with and without coarsest lattice point as our result,

and estimate the systematic error using deviation from the mean value. For example, our
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Z
− 2

n−2

V RV
6 Z

− 2
n−2

V RV
8 Z

− 2
n−2

V RV
10 Z

− 2
n−2

V RV
12

C-ud2-sa 1.3563(5) 1.3101(5) 1.2722(5) 1.2429(5)

C-ud3-sb 1.3562(5) 1.3101(5) 1.2721(5) 1.2428(5)

C-ud3-sa 1.3563(5) 1.3102(5) 1.2722(5) 1.2430(5)

C-ud4-sb 1.3564(5) 1.3103(5) 1.2723(5) 1.2430(5)

C-ud4-sa 1.3576(5) 1.3112(5) 1.2731(5) 1.2437(5)

C-ud5-sb 1.3589(5) 1.3125(5) 1.2742(5) 1.2448(5)

C-ud5-sa 1.3594(5) 1.3130(5) 1.2747(5) 1.2452(5)

C-ud2-sa-L 1.3559(5) 1.3099(4) 1.2721(4) 1.2432(4)

M-ud3-sb 1.3461(7) 1.2919(6) 1.2553(6) 1.2285(6)

M-ud3-sa 1.3475(6) 1.2932(6) 1.2564(6) 1.2296(5)

M-ud4-sb 1.3483(7) 1.2939(6) 1.2571(6) 1.2302(6)

M-ud4-sa 1.3489(6) 1.2944(6) 1.2575(6) 1.2306(6)

M-ud5-sb 1.3499(7) 1.2953(6) 1.2583(6) 1.2312(6)

M-ud5-sa 1.3511(6) 1.2964(6) 1.2594(6) 1.2323(6)

F-ud3-sa 1.3435(7) 1.2892(6) 1.2536(6) 1.2275(6)

TABLE VI. Reduced moment Z
− 2

n−2

V RV
n for each ensemble.

fit yields χ2/dof = 0.17 (0.40) for n = 6 (8). We also consider the systematic error from the

quark mass dependence. The dependence can be tiny (f1 ∼ 0) if we assume the dependence

is linear in mu +md +ms. We can ignore its higher order contributions.

We also consider the systematic difference from the flavor number. Our lattice calculation

is done by nf = 3, but we have to translate it to that of nf = 4 by multiplying coefficient

from perturbative calculation, rVn (nf = 4)/rVn (nf = 3). This factor is an estimation of the

contribution from the charm quark loop by using the perturbation. The O(α3
s) coefficients

are given in [1, 2]. The coefficients are 0.9992(26), 1.0026(68), 1.0156(342) for n = 6, 8, and

10, respectively. For our analysis, these corrections are sufficiently small.

We summarize numerical calculation for RV
n (0) in Table VII. We estimate the perturbative

error by dependence in µ = 2–4GeV. Since there is no O(α3
s) calculation for n = 10, our

n = 10 result has larger uncertainty. Our results at the continuum limit can be compared
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Our results Phenomenological estimates

nf = 3 nf = 4 [10] [11] [12] [13]

RV
6 (0) 1.3191(33)(12)(4)(34) 1.3181(33)(13)(4)(33)(34) 1.3143(61) 1.3185(59) 1.2994(184) 1.2978(176)

RV
8 (0) 1.2680(22)(7)(2)(28) 1.2714(22)(8)(2)(28)(86) 1.2732(44) 1.2749(44) 1.2620(135) 1.2596(120)

RV
10(0) 1.2365(16)(13)(0)(22) 1.2558(16)(13)(0)(22)(423) 1.2439(35) 1.2447(34) 1.2352(104) 1.2330(91)

TABLE VII. Reduced moments RV
n (0) at continuum limit. The errors in “Our results” are statis-

tical, discretization, finite volume, and the input value of t
1/2
0 , respectively. nf = 3 is our lattice

calculation, while nf = 4 are the corrected value by rn(nf = 4)/rn(nf = 3). We add the error for

“nf = 4” from the truncation of perturbation. Phenomenological estimates from [10–13] are also

shown.

with the phenomenological estimates [10–13, 99]. This is remarkable since the results are

consistent with the comparable uncertainty from the updated estimates in [10, 11].

D. Pseudoscalar current correlator

We also calculate the temporal moment of pseudoscalar current correlator Rn, and we

summarize moments in Table VIII and their ratios Rn/Rn+2 are in Table IX.

We estimate the uncertainty from finite volume using 483×96 (C-ud2-sa-L) and 323×64

(C-ud2-sa). They are sizable discrepancies for n =4 and 6. On the other hand, the values

coincide for R8, R10, and R12. We assume the similar finite volume effects are in any other

ensembles. It should be a conservative estimation since the finite volume effects are more

severe for lighter dynamical sea quarks. Except for the ensemble (C-ud2-sa), our setup

satisfies mπL > 3.9. The finite volume effects are not crucial as is shown in the final results

(Table XI) since the other uncertainty is more substantial about the order of magnitude.

Namely, finite volume effects is negligible at least present calculation.

We should interpolate the temporal moment Rn to the physical charmonium mass

point considering the spin averaged mass (mηc + 3mJ/ψ)/4 coinside with the experiment,

3.0687 GeV. We assume the slope in m2
π is independent of β to extrapolate our results to

the physical pion mass as shown in Figure 5. The χ2/dof is 1.9.

The results of our lattice calculations are slightly lower than the experimental results at
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R6 R8 R10 R12

C-ud2-sa 1.4689(6) 1.3681(5) 1.3087(4) 1.2679(4)

C-ud3-sb 1.4696(5) 1.3686(5) 1.3090(4) 1.2682(4)

C-ud3-sa 1.4692(5) 1.3683(5) 1.3089(4) 1.2681(4)

C-ud4-sb 1.4696(6) 1.3687(5) 1.3091(4) 1.2683(4)

C-ud4-sa 1.4706(5) 1.3693(5) 1.3097(4) 1.2687(4)

C-ud5-sb 1.4720(5) 1.3705(5) 1.3107(4) 1.2696(4)

C-ud5-sa 1.4722(6) 1.3708(5) 1.3109(4) 1.2699(4)

C-ud2-sa-L 1.4693(5) 1.3684(4) 1.3091(4) 1.2685(4)

M-ud3-sb 1.4869(6) 1.3598(5) 1.2977(5) 1.2582(4)

M-ud3-sa 1.4882(6) 1.3609(5) 1.2986(5) 1.2590(4)

M-ud4-sb 1.4888(7) 1.3611(6) 1.2987(5) 1.2590(5)

M-ud4-sa 1.4896(6) 1.3618(5) 1.2994(5) 1.2596(4)

M-ud5-sb 1.4899(7) 1.3621(5) 1.2996(5) 1.2598(5)

M-ud5-sa 1.4912(6) 1.3631(5) 1.3005(4) 1.2605(4)

F-ud3-sa 1.4961(6) 1.3616(5) 1.2987(5) 1.2590(4)

TABLE VIII. Reduced moment Rn with statistical error.

the physical pion mass. We correct the 0.1–0.3% deviation originated from the mistuning of

the input parameter mc by using the supplemental data which has three independent mc’s

for each β.

We plot the interpolation of R6 at β = 4.47. to physical a(mηc +3mJ/ψ)/4 (filled square)

in Figure 6. We use the slope from the supplemental data to correct our data. Although

our supplemental data has a more substantial statistical error, the precision is sufficient to

correct our data. The correction factor is ∼ 0.03%. We ignore this correlation among the

three data points since the correlation only has a small effect on the final result.

The error from t
1/2
0 propagates to our result through the determination ofmc. To estimate

the error propagation, we repeat the following analysis with lattice spacing a set to the

maximum and minimum of its one standard deviation.
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R6/R8 R8/R10 R10/R12

C-ud2-sa 1.07365(8) 1.04540(3) 1.03216(2)

C-ud3-sb 1.07381(7) 1.04548(3) 1.03220(2)

C-ud3-sa 1.07368(7) 1.04542(3) 1.03217(2)

C-ud4-sb 1.07377(7) 1.04547(3) 1.03221(2)

C-ud4-sa 1.07396(7) 1.04555(3) 1.03226(2)

C-ud5-sb 1.07406(7) 1.04563(3) 1.03234(2)

C-ud5-sa 1.07400(8) 1.04563(3) 1.03235(2)

C-ud2-sa-L 1.07369(5) 1.04529(2) 1.03204(1)

M-ud3-sb 1.09346(11) 1.04783(5) 1.03144(3)

M-ud3-sa 1.09360(9) 1.04792(4) 1.03151(2)

M-ud4-sb 1.09380(12) 1.04801(5) 1.03157(3)

M-ud4-sa 1.09384(12) 1.04802(5) 1.03158(3)

M-ud5-sb 1.09388(12) 1.04808(5) 1.03162(3)

M-ud5-sa 1.09401(9) 1.04814(4) 1.03167(2)

F-ud3-sa 1.09882(10) 1.04839(4) 1.03150(3)

TABLE IX. Ratios of the reduced moment Rn/Rn+2 with statistical error.

We assume the form similar to (III.29) to extrapolate Rn:

Rn = Rn(0)
(
1 + c1(amc)

2
)
×
(
1 + f1

mu +md +ms

mc

)
. (III.30)

We show the extrapolation in Figure 7.

The systematic error in the extrapolation is estimated by the difference between ex-

trapolations with and without coarsest lattice data. Besides, the dependence of the lattice

spacings and input masses are insignificant. The value of χ2/dof is 2.1, 4.1, 5.1, 4.6, and 3.9

for R6, R8, R10, R12, and R14, respectively.

The results for Rn(0) are summarized in Table X with the series of systematic erorrs.

We modify our lattice calculation for nf = 3 to nf = 4 multiplying by the perturbatively

esitimated factor rn(nf = 4)/rn(nf = 3). This is numerically 1.0031, 1.0014, and 1.0026 for

n = 6, 8, and 10, respectively. We also listed corrected values on Table X.
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FIG. 5. Spin-averaged mass (mηc +3mJ/ψ)/4 as a function of m2
π. A filled circle is an experimental

value, 3.072 GeV. Data at β = 4.17 (square), β = 4.35 (circle), and β = 4.47 (triangle) are plotted.

nf = 3 nf = 4

R6(0) 1.5048(5)(5)(4)(66) 1.5094(5)(5)(4)(66)

R8(0) 1.3570(4)(22)(3)(39) 1.3589(4)(22)(3)(39)

R10(0) 1.2931(4)(27)(5)(27) 1.2965(4)(27)(5)(27)

R6(0)/R8(0) 1.1089(1)(13)(0)(17) 1.1108(1)(13)(0)(17)

R8(0)/R10(0) 1.0494(0)(5)(1)(8) 1.0481(0)(5)(1)(8)

TABLE X. Reduced moments Rn and their ratios. nf = 3 denotes our calculation of nf = 2 + 1,

and nf = 4 are corrected value by a factor rn(nf = 4)/rn(nf = 3) for Rn or (rn(nf = 4)/rn(nf =

3))/(rn+2(nf = 4)/rn+2(nf = 3)) for Rn/Rn+2. The errors represent statistical, discretization

effect, finite volume effect, and the input value of t
1/2
0 in the order given.

E. Estimates of systematic errors

In order to extract the strong coupling constant and the charm quark mass as summarized

in Section IIIA, we need to estimate systematic errors from several sources. We precisely

discuss systematic errors.
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FIG. 7. R6, R8, R10, R12, and R14 are shown from top to bottom. The continuum extrapolation

by (III.30) are drown by lines. We use the mean value of the extrapolated points two (without

coarsest lattice spacings) or three data as the result of a = 0.
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1. Truncation of perturbative expansion

Since the perturbative expansion is known up to O(α3
s) which is summarized in Table III,

there is systematic error from the O(α4
s) contribution. We estimate this truncation error from

the residual µ dependence of rn(αs(µ),mc(µ))/mc(µ). Since the lattice calculation (III.26)

is a value without the scale µ, our procedure can estimate the systematic uncertainty. We

set the scale µ = 3 GeV and estimate the systematic error in the range of ± 1 GeV. We show

an example for n = 8 on Figure 8. The µ dependence of the rn and mc is almost canceled

with each other, but still has small non-zero remnant dependence of µ. We estimate the

trancation error by using this dependence.

We generalize this argument to different scales for αs(µ) and mc(µ). We reorganize the

perturbative expansion in terms of αs(µα) and mc(µm) with µα ̸= µm [10, 99]. Namely,

we substitute an expansion of αs(µ = µm) in terms of αs(µα) into the expansion of

rn(αs(µ),mc(µ)) and rearranging the series.

After the generalization, the error is calculated with the analysis in µα = µm± 1 GeV

with 2 GeV ≤ min{µα, µm} and max{µα, µm} ≤ 4 GeV. This estimate provides more

conservative errors than merely taking 2 GeV ≤ µα = µm ≤ 4 GeV. Since the error is the

dominant part, our final results have a more substantial truncation error than those in the
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previous works.

2. Non-perturbative corrections

In the operator product expansion, we should consider the non-perturbative corrections

to correct the perturbative series. We should carefully examine the power corrections before

introducing the perturbative series.

At the lowest non-trivial order, the gluon condensate ⟨(αs/π)G2
µν⟩ appears [100]. The

O(α2
s) calculation is done as

∂

∂q2
(
zΠ(q2)GG

)
=

∂

∂q2

(
⟨(αs/π)G2

µν⟩
(2mOS)4

∑
ℓ

(
aℓ +

αs
π
cℓ

)
zℓ

)
. (III.31)

Here we use mOS as an on-shell heavy quark mass, and aℓ and cℓ are numerical coefficients

which may be found in [100]. We can translate the on-shell mass mOS to MS mass mc(µ)

by using mOS = mc(µ)[1 + αs/π(4/3− logmc(µ)
2/µ2)] up to O(α2

s) truncation.

Time moments have the correction from the contribution of gluon condensate gGG2ℓ . It

can be simply written as

gGG2ℓ =
⟨(αs/π)G2

µν⟩
(2mOS)4

(
aℓ +

αs
π
cℓ

)
, (III.32)

and the corresponding reduced moment rn is written down as

rn−4
n =

1

C
(0)
n/2−1

(
Cn/2−1 +

16π2

3

⟨(αs/π)G2
µν⟩

(2mOS)4

(
an/2 +

αs
π
cn/2

))
. (III.33)

In the analysis of gluon condansate, the uncertainty is large: ⟨(αs/π)G2
µν⟩ = 0.006±0.012

GeV4 from τ decay analysis [101], or based on charmonium moments ⟨(αs/π)G2
µν⟩ =

0.005±0.004 GeV4 [102, 103], 0.022±0.004 GeV4 [104]. We do not use these value as

input value and treat ⟨(αs/π)G2
µν⟩ as a free parameter. We simulataneously determine

⟨(αs/π)G2
µν⟩, mc(µ), and αs(µ) from the temporal moments. For this determination, we do

not need to consider the error which is originated from the gluon condensate.

3. dynamical charm quark

Although our calculation does not dynamically simulate the charm quark, the effect is

expected to be small since this is O(α2
s) with 1/m2

c suppression. As we already discussed, we
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estimate the effects using perturbative calculation of the ratio rn(nf = 4)/rn(nf = 3). The

correction factor is calculated up to the O(α3
s) with inputs from PDG mc(µ = 3 GeV) =

0.9791 GeV, and αs(µ = 3 GeV) = 0.2567. For the pseudo-scalar, the numerical factor is

1.0031, 1.0014, and 1.0026 for n = 6, 8, and 10, respectively.

F. Determination of mc(µ) and αs(µ)

Before we extract the charm quark mass and strong coupling constant from the non-

perturbative lattice calculation of Rn with perturbative one, we consider some minor cor-

rection from other systematics.

The contribution from the disconnected diagram and electromagnetic interactions are

sources of error since our lattice calculations miss these effects. In our analysis, this contri-

bution should be considered as a tiny shift of ηc and J/ψ mesons since this shift can affect

the tuning of the charm quark mass and systematic error. Namely, the shift contributes to

the value of mexp
ηc in (III.26). The previous lattice study shows that the disconnected dia-

gram effect reduces the meson mass by 2.4(8) MeV [64]. The electromagnetic interactions

also reduces the ηc mass by 2.6(1.3) MeV [105].

With all corrections, we use the meson mass as an input value mexp
ηc = 2983.6(0.7) +

2.4(0.8)Disc. + 2.6(1.3)EM MeV.

We consider discretization effects for the charmonium mass. In particular, the hyperfine

splitting ∆J/ψ−ηc = mJ/ψ −mηc is sensitive to this source of error. As is shown in Figure 9,

the hyperfine splitting has a significant a2 dependence on the lattice data. We assume a

linear dependence on a2 to extrapolate to the continuum point. The result at the continuum

limit 111.4(1.8) MeV coincides with the experimental value, 110.9(2.1) MeV. This result is

another evidence that our lattice simulation well controls the discretization effect of the

temporal moment after the continuum extrapolation.

Finally, we extract the three value: mc(µ), αs(µ), and ⟨(α/π)G2⟩/m4
OS. We use three

temporal moments R6, R8 and R10 as inputs for (III.26). We also consider the ratio of the

moment R6/R8 as in (III.27). Although this is not independent of individual moments, it

can provide a consistency check and a different dependency of each parameter.

Figure 10 shows the constraints on mc(µ) and αs(µ) at µ = 3 GeV using the moments

R6, R8, R10, and its ratio R6/R8. The gluon condensate is determined by the combination
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FIG. 9. Hyperfine splitting ∆J/ψ−ηc and its continuum extrapolation. We add the error of lattice

scale a from t1/2 for each data point.

FIG. 10. Constraints on mc(µ) and αs(µ) using R6 (dotted curve), R8 (dashed curve), R10 (long

dashed curve), and R6/R8 (solid curve). The band represents the error from the truncation of

perturbative expansion.
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inputs mc(µ) [GeV] pert t
1/2
0 stat O(a4) vol mexp

ηc disc EM

R6, R8, R10 1.0032(98) (82) (51) (5) (16) (4) (3) (4) (6)

R6, R6/R8, R10 1.0031(194) (176) (78) (6) (18) (5) (4) (4) (7)

R6/R8, R8, R10 1.0033(96) (77) (49) (4) (30) (4) (3) (4) (6)

inputs αs(µ) pert t
1/2
0 stat O(a4) vol mexp

ηc disc EM

R6, R8, R10 0.2530(256) (213) (134) (12) (38) (10) (9) (10) (16)

R6, R6/R8, R10 0.2528(127) (120) (33) (2) (25) (1) (0) (0) (1)

R6/R8, R8, R10 0.2528(127) (120) (32) (2) (26) (1) (0) (0) (1)

inputs <(α/π)G2>
m4 pert t

1/2
0 stat O(a4) vol mexp

ηc disc EM

R6, R8, R10 −0.0005(99) (85) (45) (4) (23) (4) (3) (4) (6)

R6, R6/R8, R10 −0.0006(144) (133) (49) (4) (23) (4) (3) (3) (5)

R6/R8, R8, R10 −0.0006(78) (68) (29) (3) (22) (3) (2) (3) (5)

TABLE XI. Numerical results for mc(µ) (top panel), αs(µ) (mid panel) and <(αs/π)G2>
m4 (bottom

panel). with the renormalization scale is µ = 3 GeV. We also shows the estimated errors from

the truncation of perturbative expansion, the input value of t
1/2
0 , statistical, discretization error

of O(a4) (or O(αsa
2)), finite volume, experimental data for mexp

ηc , disconnected contributions,

electromagnetic effects, in the order given. The total error is estimated by adding the individual

errors in quadrature.

of R6/R8, R8, and R10 in this plot. This figure demonstrates that each constraint has

different sensitivities for mc(µ) and αs(µ). As a typical example, the ratio R6/R8 is almost

independent of mc(µ) since it depends on mc(µ) only logarithmically by diffinition (III.27).

Table XI lists the numerical results including the breakdown of estimated errors. We

show the estimated errors from the truncation of perturbative expansion, the input value of

t
1/2
0 , statistical, discretization error of O(a4) (or O(αsa

2)), finite volume, experimental data

for mexp
ηc , disconnected contributions, electromagnetic effects, in the order given. We already

discussed each error in previous sections.

We note that the truncation of the perturbative expansion is a dominant source of the

uncertainty for these three quantities. As we discussed above, we estimate this error conser-

vatively by using an independent renormalization scale for µm and µα in the range between
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FIG. 11. Constraint from the vector-current moments RV
n on the (mc(µ), αs(µ)) plane. Dotted,

dashed, long-dashed, and solid curves correspond to that of R6, R8, R10, and R6/R8, respectively.

2 GeV and 4 GeV without µm/µα being far away from 1. The subdominant part from the

discretization effect of the lattice calculation. Any other sources are negligible when we take

the summation in quadrature.

We do not precisely determine the gluon condensate. Our results are consistent with

zero. We can understand this fact without surprise since the quantity is nothing but the

small difference between the perturbative and non-perturbative calculations. It depends on

the order of perturbation. Although our calculation is not so precise, it is consistent with

previous studies [101–104].

We also consider the vector channel to extract three values. Unfortunately, we can not

succeed as we can see in Figure 11. When we only use R6, R8, R10, and their ratio, all of

these have a similar dependence on the charm mass and the strong coupling9. Unless we

use αs(µ) as an input, the determination of the charm quark mass fails. Also, the lattice

calculation for the vector channel has 3–4 times larger statistical error compared to the

9 Although it can be different if we use R4, it contains too large discretization effect as we discussed.
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pseudo-scaler channel.

We use the vector channel to determine ZV in (III.2) with input for mc(µ) and αs(µ)

obtained from the pseudo-scalar channel. Our results are 0.925(19), 0.937(22) and 0.942(31)

for β = 4.17, 4.35 and 4.47, respectively. These results can be compared with the determina-

tion from the light quark-hadron correlators: 0.955(9), 0.964(6), 0.970(5) [98]. Although our

data are slightly lower and have more significant errors, the ratio of these two determinations

is consistent with one at the continuum limit.

G. Summary

In this work, we determine the charm quark mass mc(µ) and strong coupling constant

αs(µ) through the temporal moments of the charmonium current-current correlator on the

lattice ensembles with 2+1 flavors of Möbius domain-wall fermion. The method itself was

developed by the HPQCD-Karlsruhe collaboration [6–8]. We apply it to the lattice data of

a different formulation.

Since the temporal moments in the vector channel relates to moments from experiments,

we validate or calibrate our lattice calculations using experimental extraction. In order to

determine mc(µ) and αs(µ), we use the pseudo-scalar channel which has enough sensitivity

to detemine mc(µ) and αs(µ) separately.

The sizable effect from discretization can be seen for charm quark. We control this

effect by the continuum extrapolation using sufficiently small lattice spacings in the range

0.044–0.080 fm.

Our final results and the PDG numbers [106] are summarized in Table XII. Figure 12

shows our results and results from other collaborations. We chose the values of the smallest

total error from Table XI as our final results. The charm quark mass mc(µ = 3 GeV) is

converted to mc(µ = mc), and the strong coupling constant αs(3 GeV) is converted to the

value at the Z boson mass scale using four-loop running formulae. The threshold effect at

the bottom quark mass is incorporated at one-loop. Our extraction of αs(MZ) is consistent

with the PDG.

The dominant error source is the truncation of the perturbative expansion. This uncer-

tainty is known up to O(α3
s). Because of this reason, in order to improve the precision of

this method, higher order perturbative calculations are needed. At the same time, since the
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this work PDG (2014)

mc(µ = 3 GeV) 1.0033(96) GeV

mc(µ = mc) 1.2871(123) GeV 1.275(25) GeV

αs(µ = 3 GeV) 0.2528(127) 0.2567(34)

αs(µ = MZ) 0.1177(26) 0.1185(6)

Λ
nf=4

MS
286(37) MeV 297(8) MeV

Λ
nf=5

MS
205(32) MeV 214(7) MeV

TABLE XII. Our results and the values in the Review of Particle Properties (2014) [106] which

are given in MS scheme.

 1.25  1.3  1.35  1.4  1.45  1.5

HPQCD 14
ETM a 14
ETM b 14
This work
Maezawa et al 16
HPQCD 10

HPQCD 8
χ QCD  14
ALPHA 13
ETM a 11
ETM b 11
PDG

n f
 =

 2
n f

 =
 2

 +
 1

n f
 =

 2
 +

 1
 +

 1

mc(mc)
FIG. 12. Charm quark mass obtained in this work is compared with previous lattice determination.

The previous results are separately shown for a different number of sea quarks. HPQCD 14 [8],

ETM a 14 [107] and ETM b 14 [108] for nf = 2 + 1 + 1, Maezawa et al. 16 [109], HPQCD 10

[7], HPQCD 08 [6], and χQCD 14 [110] for nf = 2+1, and ALPHA 13 [111], ETM a 11 [112], and

ETM b 11 [113] for nf = 2.
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subdominant part comes from the scale uncertainty, we have to determine lattice spacings

more precisely if higher order perturbative calculation will be completed.
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IV. PERTURBATIVE EXPANSION OF DIRAC EIGENVALUE DENSITY

The Dirac operatorD is an essential building block for QCD, and it defines the interaction

between quarks and the gauge field with gauge invariance. Namely, after the path-integration

of gauge configurations, the eigenvalue and eigenfunction of the Dirac operator can represent

any observable consisting of quarks in QCD. Since eigenvalues are gauge invariant quantity,

any observable is invariant under gauge transformations.

The eigenvalue distribution can relate to the dynamics of QCD. The Banks-Casher rela-

tion is a good example [114]. The near-zero eigenvalue density relates to the order parameter

of the spontaneous chiral symmetry breaking in QCD: the chiral condensate ⟨ψψ⟩. We can

determine the chiral condensate by the numerically countings of the number of eigenvalues,

utilizing this relation. In order to reduce systematic effects, we require the chiral symme-

try on the lattice for the correct identification of near-zero eigenmodes. Previous works

[115, 116] explicitly calculated the individual eigenvalues and its density on the lattice gen-

erated by overlap fermion formulation. We use a stochastic estimation of eigenvalue density,

which is first introduced with Wilson fermions [117]. Recently we applied a slightly different

stochastic approach to calculating the eigenvalue spectrum of domain-wall fermions, which

are also chiral lattice fermions, and achieved a precise determination of the chiral condensate

[15].

Not only the near-zero eigenvalue but also the spectrum ρ(λ) has more information about

the system. For example, we can extract the scale dependence dρ(λ)/dλ. Since this scale

dependence is precisely calculated in the perturbative eigenvalue scale λ ≫ ΛQCD with the

QCD scale ΛQCD , we can test the perturbation theory comparing the lattice calculation to

perturbation. So far, tests of high-order perturbative theory with non-perturbative lattice

results have been performed for the vacuum polarization function at the order of α4
s [98, 118]

and for the charmonium correlation function at α3
s [6, 9]. Moreover, stochastic perturbation

theories have been applied to simple quantities such as the plaquette [119] and the static

quark self-energy [120]. We perform another test at α4
s using the scale dependence of ρ(λ).

The precise calculation of the spectral function provides another way to determine the strong

coupling constant.

We consider the so-called conformal regime of many-flavor QCD or related models have

been studied on the lattice. The spectral function helps us to study the regime as we can
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see in [121, 122] for instance. The same technique is applied to two-flavor QCD [123]. The

mass anomalous dimension of fermions γ∗ parametrizes the scale dependence of the spectral

density. For the conformal (or scale) invariant system, the mass anomalous dimension γ∗ is a

constant. For QCD, the mass anomalous dimension is no longer a constant since the coupling

constant runs and diverges in the low-energy region. Namely, the mass anomalous dimension

does not parameterize the scale dependence of the spectral density. The subsection IVA

shows details.

We calculate the Dirac spectral density in the perturbative regime. A stochastic method

provides the Dirac spectral density in the whole energy range, and we use the high energy

region as the regime. We extrapolate the data to the continuum limit using the results of

three lattice spacings. After the extrapolation, we match our lattice calculation to the O(α4
s)

perturbative calculation. We also try to determine αs.

The discretization error is crucial for our works since the high energy regime is sensitive to

the uncertainty near the lattice cutoff 1/a. We investigate the uncertainty at the tree level of

the domain-wall fermion Dirac operator. From the study of the tree level, we show that the

Pauli-Villars mass generalization reduces uncertainty. Domain-wall fermions are defined in

five-dimension, and eigenmodes on the four-dimensional surface are identified as the physical

mode. Our generalization corresponds to a slightly different procedure that eliminates the

unphysical bulk effects from the five-dimensional modes. Taking the continuum limit by

using a linear ansatz in a2, we make the discretization effects small.

This section is organized as follows. We first introduce the perturbative calculation for

the Dirac spectral density in QCD in the subsection IVA. This subsection contains a review

of perturbative results for the spectral function ρ(λ) and its exponent. The subsection IVB

shows the details of the perturbative coefficients. In the next subsection IVC, we discuss

the discretization effects in the domain-wall fermion. The lattice setup and the procedure

to calculate the eigenvalue density are shown in the subsection IVD. We compare our result

with the perturbative calculation in the subsection IVE. Finally, we extract the strong

coupling constant using the comparison in the subsection IVF. We use the properties for

the modified Dirac operator which is discussed in the previous section.
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A. Dirac eigenvalue density

The Dirac operator D eigenvalue density ρ(λ) is represented as

ρ(λ) =
1

V

⟨∑
k

δ(λ− λk)

⟩
, (IV.1)

where ⟨· · · ⟩ is an average over gauge field configurations. The λk is labeled by the momentum

pµ as |λk|2 = p2µ in the free quark limit. In this limit, the eigenvalue density is explicitly repre-

sented as a surface of a three-dimensional sphere in momentum space: ρfree(λ) = (3/4π2)|λ|3.

In the theories that have conformal invariance or approaches a renormalization group fixed

point, there is a relation ρFP ∼ |λ|4/(1+γ∗)−1. Now the mass anomalous dimension of theory

γ∗ is constant [124]. The relation between the eigenvalue density and the mass anomalous

dimension has been used for studying the many-flavor QCD-like theories at the fixed point.

In QCD, the spectral density is perturbatively known up to the order α3
s [17, 18] using

ρMS(λ) =
3|λ|3

4π2

[
1− ρ(1)

αs(µ)

π
− ρ(2)

(
αs(µ)

π

)2

− ρ(3)
(
αs(µ)

π

)3

+O

((
αs(µ)

π

)4
)]

,

(IV.2)

with the coefficients ρ(i) are calculated as

ρ(1) = 8

(
Lλ −

5

12

)
, (IV.3)

ρ(2) =
1

8

[
1

2

(
52Nf −

4406

9
+

32

3
ζ3

)
−32

9
(5Nf − 141)Lλ +

32

9
(2Nf − 81)

(
3

2
L2
λ −

π2

8

)]
, (IV.4)

ρ(3) =
1

32

[
c40

(
2L3

λ −
π2

2
Lλ

)
+ c41

(
3

2
L2
λ −

π2

8

)
+ c42Lλ +

1

2
c43

]
. (IV.5)

The renormalization scale is µ in Lλ ≡ ln(λ/µ). We also need the numerical constants

ζ3 ≃ 1.20205 and c40 ≃ 4533.33, c41 ≃ −11292.4, c42 ≃ 12648.1, c43 ≃ −15993.5 for Nf = 3

dynamical fermion flavors [18]. Nf = 2 results are also in [18]. The Dirac eigenvalues and

the quark mass is renormalized in the same way. After the renormalization, the eigenvalue

is scale µ dependent. We often suppress this scale dependence for simplicity. The absolute

value |λ| is sometimes written as λ 10.

10 In the Euclidean continuum theory, λ is pure imaginary.
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We discuss the perturbative calculation of the next order, O(α4
s). Using the renormaliza-

tion group equation,

0 =

[
∂

∂ lnµ
− γm(αs)

(
1 + λ

∂

∂λ

)
+ β(αs)

∂

∂αs

]
ρ(λ). (IV.6)

This equations follows from the scale invariance of the mode number
∫M
0
dλ ρ(λ) with a pa-

rameterM [117]. We can also understand that this equation comes from the scale invariance

of the mqq. The renormalization group equation of the spectral function is identical to the

chiral condensate ⟨q̄q⟩ since ρ(λ) is given by ⟨q̄q⟩ with the artificial valence quark mass i|λ|.

We define the mass anomalous dimension γm(αs) and the beta function β(αs) as

β(αs) ≡
∂αs
∂ lnµ

, (IV.7)

γm(αs) ≡ −∂ lnm(µ)

∂ lnµ
, (IV.8)

which are known up to O(α6
s) and O(α

5
s), respectively. The details are shown in the subsec-

tion IVB. We rewrite the (IV.6) using the fact that the µ-dependence of ρ(λ)/λ3 is originated

from Lλ = lnλ/µ,

(1 + γm)
∂

∂Lλ
K(αs, Lλ) =

(
β(αs)

∂

∂αs
− 4γm(αs)

)
K(αs, Lλ) (IV.9)

with K(αs, Lλ) defined as ρ(λ) = (3/4π2)λ3K(αs, Lλ). We solve this equation to deter-

mine the spectral function iteratively. Since γm(αs) and β(αs) start at O(αs) and O(α2
s)

respectively, the Lλ dependent term of ρ(λ) can be determined up to αn+1
s . While the Lλ

independent term of ρ(λ) is known at order αns The details are in the subsection IVB.

We remark that the relation ρ(λ) ∝ λ4/(1+γm)−1 is valid in QCD only at the one-loop

level, i.e., in MS, and it is valid up to λ3−8αs/π. This is consistent with the λ4/(1+γm)−1 with

the one-loop level calculation, γm = 2αs/π. The relation is violated in higher-loop order for

QCD.

We also introduce F (λ) as the exponent of the spectral function as

F (λ) ≡ ∂ ln ρ(λ)

∂ lnλ
. (IV.10)

We explicitly write the perturbative expansions up to order α4,

F (λ) = 3−F (1)αs(µ)

π
−F (2)

(
αs(µ)

π

)2

−F (3)

(
αs(µ)

π

)3

−F (4)

(
αs(µ)

π

)4

+O(α5
s), (IV.11)

65



and the coefficients F (k) for Nf = 3 are

F (1) = 8, (IV.12)

F (2) =
4

3
(22− 27Lλ)

= 29.3333− 36Lλ, (IV.13)

F (3) =
1

36

(
6061− 9216Lλ + 5832L2

λ − 1350π2 − 936ζ3
)

= −233.003− 256Lλ + 162L2
λ, (IV.14)

F (4) =
1

5184

[(
−3583861 + 1015200π2 − 69984ρ̄(3) + 3888π4 − 315168ζ3 − 432000ζ5

)
+
(
−10980576 + 2624400π2 + 1819584ζ3

)
Lλ + 8771328L2

λ − 3779136L3
λ

]
= −1348.6655 + 3300.2425Lλ + 1692L2

λ − 729L3
λ, (IV.15)

where ζ5 ≃ 1.03692, and ρ̄(3) is the value of ρ(3) at λ = µ, −ρ̄(3) = −c43/(64π3) + c41/(256π)

which is from (IV.5). The exponent F (λ) is also provided in the MS scheme. It depends on

the renormalization scale µ.

We can extract the term of O(α5
s) except for the Lλ independent term. We introduce an

unknown constant ρ̄(4) analogue with ρ̄(3), and then the term at O(α5
s) is represented as

F (5) =
1

108864

[
−30717197 + 85848525π2 + 6858432ρ̄(3) − 16438275π4

−1959552ρ̄(4) + 54000π6 − 51803465ζ3 − 5443200π2ζ3

+73592064ζ23 − 280468510ζ5 + 179028360ζ7

+Lλ
(
1526603652− 395992800π2 + 26453952ρ̄(3)

−1469664π4 + 66824352ζ3 + 163296000ζ5
)

+L2
λ

(
1986475428− 496011600π2 − 343901376ζ3

)
−1087551360L3

λ + 357128352L4
λ

]
= −18.0000ρ̄(4) + 3751.43 + 24167.1Lλ − 30518.4L2

λ − 9990L3
λ +

6561

2
L4
λ,

(IV.16)

where ζ7 ≃ 1.00835.

We estimate the uncertainty from the unknown constant ρ̄(4). Since we use λ in the

range 0.8–1.2 GeV for determination of αs(µ), we take λ = 1.2 GeV as a typical value in

the estimation. The series (IV.11) is simple at µ = λ,

F (λ)µ=λ = 3− 2.54648αs − 2.97209α2
s + 7.51469α3

s + 13.8454α4
s − d5α

5
s + · · · . (IV.17)
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The unknown constant d5 = (−18.0000ρ̄(4) + 3751.43)/π5 is contained in the last term. We

can assume the size of d5 is about 25 since the coefficient grows by a factor of 2 from any

order to the next in (IV.17). We allow ±50 for the error from d5 conservatively. The size of

O(α5
s) is 18% of the total at µ = 1.2 GeV.

The uncertainty from this unknown constant depends on the renormalization scale µ.

Namely, we also show exponents in µ = 2.5λ and 5λ,

F (λ)µ=2.5λ = 3− 2.54648αs − 6.31432α2
s − 4.43721α3

s + 24.5484α4
s − (d5 − 123.421)α5

s + · · · ,

(IV.18)

and

F (λ)µ=5λ = 3− 2.54648αs − 8.84261α2
s − 19.3071α3

s − 7.81967α4
s − (d5 − 177.403)α5

s + · · · .

(IV.19)

Although some coefficients are larger than those of µ = λ, we should pay attention to the

value of αs. Since αs(3 GeV) = 0.244 and αs(6 GeV) = 0.191 are smaller than αs(1.2 GeV)

= 0.406, the uncertainty from d5 is 1.4% and 0.4% for µ = 2.5λ and 5λ, respectively11.

For the case of µ = 5λ, we roughly estimate the µ-dependent coefficient to be a factor of 4

from any order to the next. We also estimate one higher order contribution as ∼ ±700α6
s.

This contribution is 2.6% for F (λ). We use this estimate for our result of αs(6 GeV) from

(IV.19).

We show the convergence of the perturbative expansion for F (λ) in Figure 13 with un-

known parameter d5 = 0. The figure clearly shows a bad convergence of µ=1.2 GeV. On the

other hand, others have better convergence on some scale. The convergence range extends to

lower values of λ ≈ 1 GeV if we set µ= 6 GeV. This scale setting might be counter-intuitive

since we are usually recommended that the renormalization scale µ should be taken at the

scale of interest, µ ≈ λ. The convergence of the perturbations, however, depends on the

quantity. For our case, F (λ) has better convergence with the higher renormalization scale

µ.

With the choice of µ=6 GeV, the convergence is good up to the λ = 0.8 GeV. Since our

lattice results are in λ = 1.2 GeV or slightly lower, we choose µ = 6 GeV for the convergence.

11 The reduction of uncertainty potentially suffer from enhancements of higher order term which comes from

logarithmic term,∼ lnλ/µ.
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FIG. 13. The convergence of the exponent F (λ) of the Dirac pectral density in Nf = 3 QCD are

plotted. MS scheme at the renormalization scale µ is 1.2 GeV (upper panel), 3 GeV (middle) and

6 GeV (lower panel). Any perturbative order from O(αs) to O(α5
s) are shown. We set the unknown

constant term d5 = 0.
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B. Perturbative formulae for Dirac spectral density

We summarize useful formulae for the Dirac spectral density in the perturbative expan-

sion.

The definitions of the β-function and the mass anomalous dimension γm are given by

[125, 126]

β(µ) ≡ ∂αs
∂ lnµ

= β0α
2
s + β1α

3
s + β2α

4
s + β3α

5
s + β4α

6
s +O(α7

s), (IV.20)

γm(µ) ≡ −∂ lnm(µ)

∂ lnµ
= γ0αs + γ1α

2
s + γ2α

3
s + γ3α

4
s + γ4α

5
s +O(α6

s). (IV.21)

Now, the coefficients are

πβ0 = −5.5 + 0.333333nf ,

π2β1 = −12.75 + 1.58333nf ,

π3β2 = −44.6406 + 8.73785nf − 0.188079n2
f ,

π4β3 = −228.461 + 54.2679nf − 3.16476n2
f − 0.0117134n3

f ,

π5β4 = −1049.12 + 363.598nf − 34.312n2
f + 0.451714n3

f + 0.00359858n4
f , (IV.22)

and

πγ0 = 2,

π2γ1 = 8.41667− 0.277778nf ,

π3γ2 = 39.0313− 4.56824nf − 0.0540123n2
f ,

π4γ3 = 197.887− 38.2149nf + 0.552325n2
f + 0.0115864n3

f ,

π5γ4 = 1119.41− 287.373nf + 14.9648n2
f + 0.216637n3

f − 0.000170718n4
f . (IV.23)

We also show the coefficients of the spectral function ρ(λ) with scale dependence,

−ρ1
π

= c1 − 4Lλγ0,

−ρ2
π2

= c2 − 2L2
λγ0 [β0 − 4γ0] + Lλ

[
β0c1 − 4(c1γ0 − γ20 + γ1)

]
,

−ρ3
π3

= c3 −
4

3
L3
λγ0
[
β2
0 − 6β0γ0 + 8γ20

]
+L2

λ

[
β2
0c1 − 2γ0(β1 − 4c1γ0 + 8γ20 − 8γ1) + β0(−6c1γ0 + 6γ20 − 4γ1)

]
+Lλ

[
β1c1 + β0(2c2 − c1γ0)− 4(c2γ0 − c1γ

2
0 + γ30 + c1γ1 − 2γ0γ1 + γ2)

]
,
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−ρ4
π4

= c4 +
1

3
L4
λγ0
[
−3β3

0 + 22β2
0γ0 − 48β0γ

2
0 + 32γ30

]
+
1

3
L3
λ

[
3β3

0c1 − 2β2
0(11c1γ0 − 11γ20 + 6γ1) + 2β0γ0(−5β1 + 24c1γ0 − 48γ20 + 36γ1)

]
+
1

3
L3
λ

[
8γ20(3β1 − 4(c1γ0 − 3γ20 + 3γ1))

]
+L2

λ

[
β2
0(3c2 − 5c1γ0/2) +

1

2
β0(5β1c1 − 4(5c2γ0 − 7c1γ

2
0 + 6γ30 + 4c1γ1 − 9γ0γ1 + 3γ2))

]
+L2

λ

[
2(−β2γ0 + β1(−3c1γ0 + 3γ20 − 2γ1))

]
+L2

λ

[
8(c2γ

2
0 − 2c1γ

3
0 + 3γ40 + 2c1γ0γ1 − 6γ20γ1 + γ21 + 2γ0γ2))

]
+Lλ

[
β2c1 + 2β1c2 + 3β0c3 − β1c1γ0 − 2β0c2γ0 − 4c3γ0 + β0c1γ

2
0 + 4c2γ

2
0 − 4c1γ

3
0 + 4γ40

]
+Lλ

[
−β0c1γ1 − 4c2γ1 + 8c1γ0γ1 − 12γ20γ1 + 4γ21 − 4c1γ2 + 8γ0γ2 − 4γ3

]
,

−ρ5
π5

= c5 −
4

15
L5
λγ0
[
3β4

0 − 25β3
0γ0 + 70β2

0γ
2
0 − 80β0γ

3
0 + 32γ40

]
+
1

3
L4
λ

[
3β4

0c1 + 4β0γ
2
0(13β1 − 20c1γ0 + 60γ20 − 48γ1)

]
+
1

3
L4
λ

[
β3
0(−25c1γ0 + 25γ20 − 12γ1)− 16γ30(3β1 − 2c1γ0 + 8γ20 − 8γ1)

]
+
1

3
L4
λ

[
β2
0γ0(−13β1 + 70c1γ0 − 140γ20 + 88γ1)

]
+
1

3
L3
λ

[
β3
0(12c2 − 13c1γ0) + β2

0(13β1c1 − 52c2γ0 + 88c1γ
2
0 − 70γ30 − 36c1γ1 + 88γ0γ1 − 24γ2)

]
+
1

3
L3
λ

[
−4β0(3β2γ0 + β1(13c1γ0 − 13γ20 + 7γ1))

]
+
1

3
L3
λ

[
−4β0(−6(3c2γ

2
0 − 7c1γ

3
0 + 10γ40 + 5c1γ0γ1 − 16γ20γ1 + 2γ21 + 4γ0γ2))

]
+
1

3
L3
λ

[
−2γ0(3β

2
1 − 12β1(2c1γ0 − 4γ20 + 3γ1))

]
+
1

3
L3
λ

[
−2γ0(4(−3β2γ0 + 4(c2γ

2
0 + 3(−c1γ30 + 2γ40 + c1γ0γ1 − 4γ20γ1 + γ21 + γ0γ2))))

]
+L2

λ

[
3β2

1c1
2

+ β2
0(6c3 − 7c2γ0 +

9c1γ
2
0

2
− 3c1γ1)

]
+L2

λ

[
β1(β0(7c2 − 6c1γ0)− 2(5c2γ0 − 7c1γ

2
0 + 6γ30 + 4c1γ1 − 9γ0γ1 + 3γ2))

]
+L2

λ

[
β0(3β2c1 − 2(7c3γ0 − 11c2γ

2
0))
]

+L2
λ

[
−2β0(+12c1γ

3
0 − 10γ40 + 6c2γ1 − 17c1γ0γ1 + 24γ20γ1 − 6γ21 + 5c1γ2 − 12γ0γ2 + 4γ3)

]
+L2

λ

[
−2(β3γ0 + β2(3c1γ0 − 3γ20 + 2γ1)− 4(c3γ

2
0 − 2c2γ

3
0 + 3c1γ

4
0 − 4γ50 + 2c2γ0γ1))

]
+L2

λ

[
−2(−4(−6c1γ

2
0γ1 + 12γ30γ1 + c1γ

2
1 − 6γ0γ

2
1 + 2c1γ0γ2 − 6γ20γ2 + 2γ1γ2 + 2γ0γ3))

]
+Lλ

[
β3c1 + 2β2c2 + 3β1c3 + 4β0c4 − β2c1γ0 − 2β1c2γ0 − 3β0c3γ0 − 4c4γ0 + β1c1γ

2
0 + 2β0c2γ

2
0

]
+Lλ

[
4c3γ

2
0 − β0c1γ

3
0 − 4c2γ

3
0 + 4c1γ

4
0 − 4γ50 − β1c1γ1 − 2β0c2γ1 − 4c3γ1 + 2β0c1γ0γ1

]
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+Lλ
[
8c2γ0γ1 − 12c1γ

2
0γ1 + 16γ30γ1 + 4c1γ

2
1 − 12γ0γ

2
1 − β0c1γ2 − 4c2γ2 + 8c1γ0γ2 − 12γ20γ2

]
+Lλ [8γ1γ2 − 4c1γ3 + 8γ0γ3 − 4γ4] , (IV.24)

where Lλ = ln(λ/µ), and the numerical coefficients are

c1 =
10

3π
,

c2 =
2203− 234nf − 324π2 + 8nfπ

2 − 48ζ3
72π2

,

c3 =

 −5.98134 (nf = 3)

−5.90468 (nf = 2)
. (IV.25)

C. Discretization effects with lattice domain-wall fermion

The Dirac eigenvalue spectrum in 1 GeV or higher can contain sizable discretization

error since our lattice spacings are in 1/a = 2.4–4.6 GeV. We investigate the size of lattice

artifacts in the Dirac spectral density at the free field limit. Since our lattice calculation is

done using domain-wall fermion formulation [37, 38], we mainly analyze the lattice artifacts

of the domain-wall fermion.

The Möbius generalization of the domain-wall fermion [41] provides the Dirac operator

as

aDov(mf ,mPV) ≡ (2− cM0)M0amPV

[
P−1D−1

DW(mPV)DDW(mf )P
]
11
, (IV.26)

where DDW(mf ) is the five-dimensional Dirac operator with a fermion mass mf . As we

discussed in Section II, the dimensionless parameters c and M0 are in the kernel operator.

The definition contains 5D Dirac operator with a heavier Pauli-Villars mass to eliminate the

unphysical bulk mode in the 5D with respect the exponential locality. We usually set the

Pauli-Villars mass mPV to be 1/a. The details of this definision are in the Section II and

[41, 127]. Equation (IV.26) can represent the overlap operator as

aDov(mf ,mPV) = (2− cM0)M0amPV
(1 + amf ) + (1− amf )γ5sgn(γ5aDM)

(1 + amPV) + (1− amPV)γ5sgn(γ5aDM)
, (IV.27)

in the limit of Ls → ∞. The conventional choice is amPV = 1. Here, the Möbius kernel

operator DM is

aDM =
baDW

2 + caDW

, (IV.28)
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in terms of the Wilson-Dirac operator DW with dimensionless parameter b. In our work, we

take M0 = 1 and c = 1. Since the choice of b does not contribute to the Dirac eigenvalue in

the tree level, we do not need to take b at the typical value.

As shown in Section II, the general form of the 4D overlap operator (IV.27) still holds

the Ginsparg-Wilson relation and the exponential locality. In this work, we use amPV = 1

in the simulation and reinterpret our results to the case of amPV ̸= 1 for valence quarks.

We calculate the eigenvalues of a2D†
ov(mf ,mPV)Dov(mf ,mPV) in the massless limit, mf =

0. We denotes the corresponding eigenvalue as a2λ2(amPV). Since any a2D†
ovDov of amPV

commute with each other, we find the relation of their eigenvalues as

a2λ2(amPV) =
a2λ2(1)

1 +

(
1

a2m2
PV

− 1

)
a2λ2(1)

(2− (b− c)M0)2M2
0

. (IV.29)

The projection from eigenvalue to the imarginaly axis can be represented as the limit

amPV → ∞, which is utilized in [15, 115, 116].

We calculate the eigenvalue a2λ2 with given four-momentum apµ for plane wave states at

tree-level. We count the number of states in an eigenvalue interval [a2λ2, a2(λ± δλ)2] with

random momenta apµ. The sampling number is ∼ 1012 to ignore the statistical error with

our choice of bin size aδλ = 0.0025.

We show results of domain-wall fermions with different Pauli-Villars masses and Wilson

fermion in Figure 14. Any formulations are consistent with the continuum limit at the lower

eigenvalue regime which is below aλ ≃ 0.3. On the other hand, the spectral density of the

domain-wall fermion with amPV = 1 overshoots the continuum curve. We can understand

this discrepancy as the cut-off effects of the Pauli-Villars mass. When the Pauli-Villars

mass is set to 1, the maximum of the eigenvalue is also 1. It means that the eigenvalue

becomes dense around λ ∼ 1. This property holds to any Pauli-Villars mass amPV > 1; the

maximum of the eigenvalue is the same as the Pauli-Villars mass12. The spectral densities

for amPV = 3 and ∞ are consistent with that of the continuum theory up to aλ ∼ 0.5–0.6.

We remark that the Wilson fermions also match to the continuum up to the same region.

We now consider the exponent of the spectral density F (λ) (IV.10). We use the symmetric

difference as an O(δλ2) approximation of the difference,

∂ρ

∂λ
≃ ρ(λ+ δλ)− ρ(λ− δλ)

2δλ
. (IV.30)

12 This holds when we set parameters b− c = M0 = 1
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FIG. 14. Tree-level ρ(λ) are plotted. We show amPV = 1 (triangles), amPV = 3 (filled circles),

amPV → ∞ (open circles), and for Wilson fermion (crosses). The black solid line is ρ(λ) = 3λ3/4π2

as a continuum result.

The leading error for F (λ) is 2δλ2/λ2. We focus on δλ/λ < 0.07 to take the uncertainty is

below 0.01. The reliable range is aλ > 0.07 with our choice of aδλ = 0.005.

The tree level exponent F0(λ) with bin size aδλ = 0.005 are shown in Figure 15. In the

continuum limit, it should be a constant, i.e., 3. The results of continuum thoery with the

same finite difference (IV.30) have some deviation from 3 near aλ = 0 (black dots). This

deviation originated from the approximation of the derivative. Since we do not use the points

below aλ < 0.025, the discretization uncertainty from this approximation is negligible.

The discretization effects of the spectral density are magnified in its exponent. There

is a significant deviation for amPV = 1 from the continuum theory below aλ ∼ 0.1. The

generalization of the Pauli-Villars mass reduces the discretization effect. We investigate the

discretization effect using numerical approximation by a polynomial in (aλ)2,

F0(λ) = 3 + 6.93(aλ)2 + 2.08(aλ)4 − 13.0(aλ)6 + 24.9(aλ)8 (amPV = 1),

F0(λ) = 3 + 1.59(aλ)2 − 6.58(aλ)4 + 6.95(aλ)6 − 2.51(aλ)8 (amPV = 3). (IV.31)

The approximation is valid for aλ < 0.6. We find the suppression of the discretization error
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FIG. 15. Tree-level exponent of the Dirac spectral density F (λ) = ∂ρ(λ)/∂λ of the domain-wall

fermion with amPV = 1(triangles), amPV = 3(filled circles), and amPV → ∞(open circles) are

shown. We also show that of the Wilson fermion (crosses). We set the bin size aδλ = 0.005. To

show the size of unvertainty from the finite bin size, The numerical derivative of the free field

spectral density, ∼ λ3, is also represented (black dots).

as the small coefficients for amPV = 3.

We analyze the lattice data with amPV = 3. Namely, we translate our lattice calculation of

λ(amPV = 1) to λ(amPV = 3) using (IV.29). We use the parametrization (IV.31) to further

correction multiplying by 3/F0(λ). This procedure eliminates the leading discretization

error. After all, we take the continuum limit with the assumption that the remaining

discretization effects are linear in a2.

Strictly speaking, the different choice of sea and valence fermion formulation is a partially

quenched theory. However, since the correspondence is one-to-one even in the interacting

case, the results are the same after taking the continuum limit. We find this correspondence

explicitly in (IV.29) as a2λ2(amPV) = a2λ2(1)+O(a4λ4(1)). We only utilize the small aλ(1)

regime, the corresponding aλ(amPV) are reliable in the continuum.

One might have concern about the validity of the formulation with amPV ̸= 1. As

we described in Section II with the formulations of domain-wall fermion, the locality and
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β a−1 L3 × T (×Ls) #meas amud ams mπ mπL

[GeV] [MeV]

4.17 2.453(4) 323 × 64(×12) 100 0.0035 0.040 230(1) 3.0

0.007 0.030 310(1) 4.0

0.007 0.040 309(1) 4.0

0.012 0.030 397(1) 5.2

0.012 0.040 399(1) 5.2

0.019 0.030 498(1) 6.5

0.019 0.040 499(1) 6.5

483 × 96(×12) 100 0.0035 0.040 226(1) 4.4

4.35 3.610(9) 483 × 96(×8) 50 0.0042 0.0180 296(1) 3.9

0.0042 0.0250 300(1) 3.9

0.0080 0.0180 407(1) 5.4

0.0080 0.0250 408(1) 5.4

0.0120 0.0180 499(1) 6.6

0.0120 0.0250 501(1) 6.6

4.47 4.496(9) 643 × 128(×8) 39 0.0030 0.015 284(1) 4.0

TABLE XIII. Lattice ensembles used in this section.

chirality still hold for finite amPV.

We also show the result for Wilson fermion by crosses, and the results have a smooth and

mild slope. Its polynomial approximation is

F0(λ) = 3− 0.459(aλ)2 + 0.208(aλ)4 (Wilson), (IV.32)

and the coefficient of O(a2) term is even smaller than that for the domain-wall fermion

amPV = 3 or ∞.
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D. Lattice calculation

1. Lattice ensembles

Our lattice QCD simulation is again performed with flavors of dynamical quarks. The pa-

rameter choice is the same as in Table in Section III except for the number of measurements.

In this work, the finite volume effect and the sea quark mass dependence of the spectral

density are negligible in the high-energy region. We only count the number of eigenvalues

of massless Dirac operator for valence quarks. “#meas” in the Table is 39–100 depending

on the ensemble.

For the renormalization of the Dirac eigenvalue, we use the constants Zm(2 GeV) =

Z−1
S (2 GeV),

λMS(2 GeV) = Zm(2 GeV)λ. (IV.33)

The numerical values are ZS(2 GeV) = 1.0372(145) at β = 4.17, 0.9342(87) at β = 4.35,

and 0.8926(67) at β = 4.47. We quote the uncertainty as for the summation of statistical

and systematic errors in quadrature. The renormalization constants are also used for renor-

malization of the spectral density. However, the renormalization is implicitly done when we

calculate the eigenvalue spectral density by dividing the number of eigenvalues in a bin of

λ by the corresponding bin size. As we discussed in the subsection IVC, we shift the scale

from 2 GeV to 6 GeV in order to get more convergent perturbative expansions.

2. Stochastic calculation of the spectral density

We use the stochastic estimator to calculate the Dirac eigenvalue density. The details are

described in [15], and see [128] as a related work. We provide a brief review in this section.

We introduce a filtering function h(x) which is equal to 1 in a range [v, w] and is zero

elsewhere. The stochastic procedure estimates the number of eigenvalues of a Hermitian

matrix A in a range [v, w] as

n[v, w] ≃ 1

N

N∑
k=1

⟨ξkh(A)ξk⟩. (IV.34)

The number of normalized random noise vectors ξk is N . For numerical calculation, we
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approximate the filtering function by the Chebyshev polynomial Tj(x) through

h(x) ≃
p∑
j=0

γjTj(x) (IV.35)

where constants γj depends on v and w. This approximation is only valid in the range −1 ≤

x ≤ 1. We also introduce another factor gpj for stabilization. We calculate the chebyshev

polynomial using a recursion relation: T0(x) = 1, T1(x) = x, and Tj(x) = 2xTj−1(x) −

Tj−2(x). The polynomial is constructed by order p = 8,000–16,000.

We calculate the mode number n[v, w],

n[v, w] ≃ 1

N

N∑
k=1

p∑
j=0

gpjγj⟨ξ
†
kTj(A)ξk⟩. (IV.36)

We note that the ⟨ξ†kTj(A)ξk⟩ is independent of the sampling range [v, w]. Once we calculate

the inner products ⟨ξ†kTj(A)ξk⟩ for all j with upper limit p, we can estimate n[v, w] for

arbitrary [v, w] using the known factors gpjγj. This estimation calculates the whole spectrum

from λ = 0 to the lattice cut-off scale.

For calculation of the Dirac eigenvalue density, we define the hermitian operator A =

2a2Dov(mf , 1)
†Dov(mf , 1)− 1, whose range is [−1,+1]. We define the range as v = 2a2(λ−

δ/2)2 − 1 and w = 2a2(λ + δ/2)2 − 1 with the bin size δ. The spectral function at λ is

obtained by

a3ρ(λ) =
1

2V/a4
n[v, w]

aδ
. (IV.37)

As we discussed above, the systematic error from the finite bin size is taken into account when

we get the derivative of the spectral density. The finiteness of the Chebyshev polynomial

also provides uncertainty. Although smaller bin sizes enhance this error, we confirm that

this uncertainty is much smaller than the statistical error with our choice of bin size.

E. Lattice results for the spectral function and its exponent

We calculate the spectral density ρ(λ) as summarized in Table XIII. For each configura-

tion, we introduce one noise vector. Our results are in the MS scheme. First, we calculate

the spectral density at µ =2 GeV and translate it to 6 GeV. After the transformation, we

match our result with the perturbative series. We chose the bin size δ = 0.05 GeV in physical
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FIG. 16. Dirac spectral density ρ(λ) as a function of λ(µ = 2 GeV) with amPV = 1 (top panel),

amPV = 3 (middle), and amPV → ∞ (bottom). Each lattice spacings β = 4.17 (crosses), β = 4.35

(triangles) and β = 4.47 (circles) are plotted. each points are mean value of different sea quark

masses.
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units for the scale of 2 GeV. With this bin size, the truncation of the Chebyshev polynomial

does not contribute to the uncertainty.

Figure 16 shows the Dirac spectral density at each β with different Pauli-Villars masses.

Since there is only negligible dependence on the sea quark mass, we average over the en-

sembles with different sea quark masses. As we discussed for tree-level, the low-lying Dirac

eigenvalue region λ ≤ 0.5 GeV is sufficiently independent of the lattice spacings. Besides,

relatively higher Dirac eigenvalue spectral density suffers from the discretization effects,

and part of this contribution is reduced by introducing the generalized Pauli-Villars mass

amPV = 3 and amPV → ∞. The results are almost an analog of discussion in the subsec-

tion IVC.

As we described in the subsections IVA and IVC, we utilize the exponent of the Dirac

eigenvalue spectral density, F (λ). We perform the numerical approximation of the derivative

using (IV.30). The systematic error from the discretized derivative is about 0.008 (0.3%)

at the eigenvalue scale λmin = 0.8 GeV with the choice of bin size δλ = 0.05 GeV. This

contribution is smaller than that from statistical fluctuations.

The exponent F (λ) at each lattice spacing is plotted in Figure 17. We set the renormal-

ization scale µ = 6 GeV. The leading discretization effects are eliminated by the multiplying

the factor 3/F0(λ) from (IV.31). Our finding is the standard Pauli-Villars mass domain-wall

fermion has strong discretization effects even after the correction by the factor 3/F0(λ), as

shown in the top panel (amPV = 1). The Pauli-Villars mass generalization improves the

uncertainty as one can see in the middle and bottom panel (amPV = 3 and amPV → ∞).

Gray symbols of the data points are aλ >0.5, which has significant discretization effects

even after the correction.

We also show results at each order perturbative calculation from O(αs) to O(α5
s). The

input value of the strong coupling constant for this plot is taken from the world average

Λ
(3)
QCD = 332(17) MeV for three-flavor QCD [129]. We set the unknown fifth-order constant

to be d5 = 0 as a representative value. We transform the lattice results from µ = 2 GeV to

6 GeV by the renormalization group equation with the same value of the strong coupling

constant. The consistency between our lattice calculation with amPV = 3 (middle panel)

and the perturbative estimate can be seen except gray points.

In order to compare our lattice results with perturbative calculations more precisely, we

extrapolate the lattice data for the exponent F (λ) to the continuum limit. We assume
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FIG. 17. Exponent of the Dirac spectral density F (λ) with the Pauli-Villars mass amPV = 1 (top),

mPV = 3 (middle), and amPV → ∞ (bottom) are shown. We set the renormalization scale µ =

6 GeV. We show the data at β = 4.17 (crosses), 4.35 (triangle) and 4.47 (dots). Grayed data points

are aλ > 0.5. Lines represent results from each order of perturbative expansion.
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FIG. 18. Exponents F (λ) at λ = 0.82 GeV (top panel) 1.02 GeV (middle), 1.14 GeV (bottom)

in the continuum limit. The results with amPV = 3 (circles) and with amPV → ∞ (crosses) as a

function of a2 [GeV−2] are plotted.
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FIG. 19. Exponents F (λ) at λ = 1.25 GeV in the continuum limit. Results with mPV = 3 (circles)

and with mPV → ∞ (crosses) as a function of a2 [GeV−2] are plotted.

a linear dependence in a2 for the data at amPV = 3 and amPV → ∞. Figures 18 and

19 show the extrapolation for some representative values of λ. The condition aλ < 0.5 is

satisfied for all three lattice spacings when we focus on the eigenvalue at λ = 1.22 GeV or

below. For this sufficiently small eigenvalue region, the remaining a2 dependence is under

control as one can see in Figure 18. The extrapolated value of amPV = 3 and amPV → ∞

agrees with each other with small slope in a2. The results are consistent with our naive

expectation: remaining discretization effects are naive O(αsa
2λ2), which is about 5%. After

the extrapolation, the uncertainty is much smaller.

The coarsest lattice does not satisfy the condition aλ < 0.5 in the eigenvalue region

above λ ≃ 1.22 GeV. We extrapolate the data without the coarsest lattice assuming no

dependence on a2, i.e., we take a weighted average for the extrapolation. We show an

example at the λ = 1.25 GeV and the extrapolated value is consistent with each other in

Figure 19. The large discretization error at the coarsest lattice spacing can be seen at around

a2 = 0.16 GeV−2 as the deviation from the straight lines.

Exponents F (λ) in the continuum limit is shown in Figure 20. The results from amPV = 3

are plotted. We plot an extrapolation using three lattice spacings (filled circles), two lattice

spacings (open circles), and those of the finest lattice (green triangles). Since we set the

condition aλ < 0.5, the highest eigenvalue is 2.2 GeV.

Perturbative results are also drawn with various orders from O(αs) (dotted line) to O(α5
s)

(thin solid curve) with unknown coefficient d5 in (IV.17) set to zero. Our lattice results
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FIG. 20. Exponent of the Dirac spectral density F (λ) as a function of λ(µ = 6 GeV) for Pauli-

Villars mass amPV = 3. We plot extrapolation using three lattice spacings (filled circles), two

lattice spacings (open circles), and those of the finest lattice (green triangles). Perturbative results

are also drawn with various orders from O(αs) (dotted line) to O(α5
s) (thin solid curve).

agree with the perturbative calculation with the input αs(6 GeV) = 0.191 in the range λ ≃

0.8 GeV and 2.2 GeV. This consistency suggests that our lattice calculation can extract the

numerical value of the strong coupling constant αs(6 GeV) without loss of the agreement

with the world average.

In order to compare the perturbative expansion with the lattice data, we should pay

attention to the non-perturbative effect. The non-perturbative contribution can be a power

correction to the spectral function. The general form of the operator product expansion

(OPE) tells us that the spectral function ρ(λ) has a correction from ∼ ⟨ψ̄ψ⟩ at the first non-

trivial order. Since the leading order contribution is ∼ λ3, the power correction is relatively

suppressed. The Banks-Casher relation supports this suppression although it is valid in the

limit of λ→ 0. In any case, the power correction which is represented as a constant in ρ(λ)

does not contribute to the exponent F (λ). Namely, the power correction to the exponent

F (λ) is highly suppressed. Figure 20 shows the lattice QCD results, and also supports this

suppression.
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FIG. 21. Strong coupling constant αs(µ = 6 GeV) extracted from the exponent F (λ) of the Dirac

spectral function ρ(λ).

F. Extraction of αs

We attempt to extract the strong coupling constant αs by the lattice results. The per-

turbative series for the exponent F (λ) is known up to order α4
s as well as an estimate for

the O(α5
s) term as explicitly shown in (IV.11)-(IV.16). We solve the equation for the strong

coupling constant at the renormalization scale µ =6 GeV with an input F (λ) on the right-

hand side. The uncertainty originated from the unknown parameter in the fifth-order is

estimated below.

We can determine αs(6 GeV) for each bin of λ by solving the equation (IV.11) as plotted

in Figure 21. There is only tiny dependence on λ for αs(6 GeV) in the eigenvalue region λ ≃

0.8 GeV or higher. This is consistent with Figure 20, which shows that the results of the

perturbative calculation agree with our lattice data down to λ ≃ 0.8 GeV. The statistical

error becomes larger in λ > 1.8 GeV since the lattice results are solely from the data of the

finest lattice spacing (β = 4.47). The average from the bins between λ = 0.8 and 1.25 GeV

is taken as our final result since the extrapolations are performed with the data for all three

lattice spacings. On the right panel in Figure 21, we plot the statistically averaged value
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αs(6 GeV) = 0.204(2). In the following, we estimate the possible systematic error since the

above value only contains the statistical error.

The continuum extrapolation well controls the leading discretization effects. We estimate

the remaining discretization effects from the result with Pauli-Villars masses amPV = 3 and

∞. We estimate the error for αs(6 GeV) as ±0.003 from the difference between these two

calculations.

We also estimate the discretization error by the difference between the extrapolation with

three and two points of data. We attempt to fit the data without points from coarsest lattice

spacings. The deviation from the extrapolated value from three lattice points is an estimate

of the systematic error. The estimate numerically leads the systematic error ±0.006 for

αs(6 GeV). For a conservative estimate, we combine these estimates in quadrature. The

estimate is ±0.007.

As we discussed in the subsection IVA, the perturbative error is estimated by varying

±50 for d5 of the O(α5
s) term. This estimate leads an uncertainty of ±0.012 for F (λ) and

propagate to αs(6 GeV), ±0.002. We also consider another contribution from unknown

O(α6
s) term. This adds ±0.052 for F (λ) and ±0.007 for αs(6 GeV). Therefore we find that

the perturbative uncertainty for αs(6 GeV) is ±0.007.

The uncertainty due to the scale setting contributes as an overall shift of the physical

scale. For αs(6 GeV), this is a shift of the QCD scale ΛQCD. We use leading scale dependence

αs(µ) ≃ (−2β0 ln(µ
2/Λ2

QCD))
−1 to estimate the error. The relative uncertainty 1.7% for the

input value of t0 becomes ±0.001 for αs(6 GeV). Also, the error from the renormalization

constant ZS(2 GeV) causes an overall shift of the eigenvalue. The relative uncertainty is

1.5% for the constant ZS(2 GeV) which becomes ±0.001 for αs(6 GeV).

The summarized values of uncertainties are in Table XIV. We estimate the total error

by averaging them in quadrature. The result is αs(6 GeV) = 0.204(10). Our estimate

shows the dominant part of the uncertainty is discretization effects and the truncation of

the perturbative expansion.

We convert the result to the value at the Z boson mass scale by using the four-loop β

function. The threshold effect is taken into account in order to transform the results of

four flavors result in those of five flavors. We obtain α
(5)
s (MZ) = 0.1226(36) as a numerical

result. It can be compared to the average of the lattice results 0.1182(12) [5] (the original

works contributing to this average are [7, 8, 130–132]) as well as the world average which is
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statistical ±0.002

discretization ±0.007

perturbative ±0.007

lattice scale ±0.001

renormalization ±0.001

total ±0.010

TABLE XIV. Estimated error for the determination of αs(6 GeV) from the spectral density.

shown in the Particle Data Group, 0.1181(11) [129]. Our final result is slightly larger but

consistent within about one standard deviation. Compared to our result, 0.1177(26) from

the Section III, the present result is higher by about 1.1 standard deviations.

G. Summary

In this section, we provide a lattice calculation of the Dirac spectral density in QCD

by the stochastic method to estimate the number of eigenvalues. Discretization effects

are subtracted as far as possible using a calculation in the free quark limit. Our lattice

calculations are extrapolated to the continuum limit by the linear fitting using data at three

lattice spacings.

The extrapolated results for the exponent of the spectral density agree with those of

the α4
s QCD perturbative calculation. This consistency of the eigenvalue λ dependence is

highly non-trivial since the exponent of the spectral density is about 30–40% smaller than

its asymptotic value. Our calculation adds another evidence of the validity of QCD in both

non-perturbative and perturbative regimes.

We determine the strong coupling constant using the lattice calculation as an input. The

discretization contribution is essential as in other methods to determine αs. Our results are

in agreement with those from other methods, although the precision is not competitive. The

origin of relatively large errors is the remaining discretization uncertainty. Since the lattice

data are limited in the eigenvalue range up to 1.2 GeV, the convergence for the perturbative

expansion is also limited. In order to improve the precision for this determination, we should

calculate the spectral density with finer lattice spacings and with reduced discretization
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uncertainty.
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V. CONCLUSIONS

In this thesis, I utilized the lattice simulation to determine parameters in perturbative

expansions such as the charm quark mass and strong coupling constant. The lattice calcu-

lation with fine lattice spacings allowed us to reach the perturbative regime without loss of

the non-perturbative contributions. I use the lattice data as an input to extract parameters

in the perturbative series. Although there are many kinds of systematic errors such as the

discretization errors, finite volume effects, disconnected diagram contributions, electromag-

netic effects, and the truncation of perturbative series, I can determine physical parameters

with high precision.

For parameters in QCD, I focused on the charm quark mass mc and the strong coupling

constant αs. The temporal moment from short-distance correlator is a perturbative quantity,

which is represented as a function of mc and αs. I match our lattice calculation to the O(α3
s)

perturbative expansion to extract parameters. After the discussion of systematic errors, I

determined the mc and αs from the pseudo-scalar channel. Our result for mc in MS shceme

has ∼1% precision.

Besides, the experimental data support the results of our lattice simulations. In order

to demonstrate this concistency, I also studied the temporal moment of the vector currents,

which could be defined by R ratio σe+e−→qq̄/σe+e−→µ+µ− . I compared our lattice results to

the experimental data and showed that the results coincided with each other.

I also investigated the Dirac eigenvalue density in the perturbative regime to determine

parameters in QCD. Since the exponent of the Dirac eigenvalue density is perturbatively

expanded up to O(α4
s), our work is a test of the Standard Model in this order. Although

our final result has ∼ 3% error, our work confirmed that the procedure was an alternative

way to determine αs.

Through our studies in QCD, we may understand that one of the significant uncertainty

comes from the truncation of the perturbative expansion. Although tireless efforts provide

O(α3
s) temporal moment and O(α4

s) exponent of the Dirac eigenvalue, the truncation is still

a dominant part of the error source. In order to reduce this systematic contribution, further

studies for the fermion formulation are essential as I have shown in the domain-wall fermion

formulation with generalized Pauli-Villars mass.

I provided detailed analysis for the fermion formulation which respects the chirality and
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the locality for the Pauli-Villars mass generalization. I also provided a series of studies of

parameter dependences in the domain-wall fermion. Since the Pauli-Villars mass extends

the cut-off scale for the lattice formulation, the eigenvalue approximation was modified.

In the appendix, I briefly reviewed the tensor network representation. I also showed

the analysis for the various parameters in fermion formulation. The generalization for the

Pauli-Villars mass provides a better approximation for the Dirac eigenvalue.
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A. TENSOR NETWORK REPRESENTATION

We briefly review the tensor representation and related works such as the worldline and

worldsheet representation, loop formulation, dual representation, dimer-monomer approach,

and tensor renormalization group method. As a simple example, we consider fermionic fields

and the path integral quantization. We introduce the functional integral with constants At

and Bt which are contact and hopping term in the action. For the fermionic correlator

⟨ψNψk⟩,

⟨ψNψk⟩ ≡
∫
DψDψψNψke

∑N
t=1 ψtAtψt+ψtBtψt−1

=

∫
DψDψψNψke

∑N
t=1 ψtAtψt

N∏
t=1

1∑
bt=0

(
ψtBtψt−1

)bt
, (A.1)

with the index bt. We use Taylor expansion for the hopping term and use the Grassmann

property ψ2 = 0. We could integrate out all field variables ψ leaving the index bt from the ex-

pansion. This index could be identified as the spin variables, and construct a tensor (matrix)

representation of the fermion propagator. Namely, we translate measurements in the other

representation, {ψ, ψ} → {bt} in this example. We will show details for supersymmetric

quantum mechanics.

For scalor field, one of the most simple extension also take the Tayler expansion with the

occupation number nbx. The hopping term e
∑

tBtϕtϕt−1 is represented as

e
∑

tBtϕtϕt−1 =
∏
x

 ∞∑
nb
x=0

1

nbx!
(Btϕtϕt−1)

nb
x

 . (A.2)

The index is no more finite set of integer. For numerical simulation, we could introduce

the cutoff parameter nbx < Λx which has to be sufficiently large to ignore the systematic

error. This formulation is called as the loop formulation [23–25]. We can use Monte-Carlo

simulation after this transformation from field variable ϕ to index parameter nbx. This

strategy is known as the worm algorithm [133, 134]. It is also called as the world line

representation in some works [31].

They also extend the “dual” representation for the gauge field theory without numerical

calculation. The path integral with the Tayler expansion translates link variables of SU(3)

gauge field Uabcd
x,µν to flux tubes nabcdx,µν . This application for the gauge field theory is the world
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sheet representation [20]. They show that the equation could represent the color conservation

low and symmetry of the gauge field in the world sheet representation.

The tensor renormalization group method relates to the dual representation in a higher

dimension (or larger number of the hopping term). Let us consider the two-dimensional free

Dirac fermion as an example. It could be represented as the two-flavor fermionic system,

Ψ [γµ∇µ] Ψ = ψx,yψx,y + ψx,yξx,y − ξx,yξx,y + ξx,yψx,y

− ψx,yψx,y+1 − ψx,yξx+1,y + ξx,yξx,y+1 − ξx,yψx+1,y. (A.3)

We take Tayler expansion to translate field variables to the spin variables. The four hopping

terms are in the second line in (A.3). We expand each hopping terms by introducing the

four indecies {ψi, ξi} → {ai, bi, ci, di}. After the integrating out field variables, the system

is represented by the network of the tensor,

Tax,y ,ax−1,y ,bx,y ,bx−1,y ,cx,y ,cx,y−1,dx,y,dx,y−1 . (A.4)

In any case, the tensor representation introduces some indices which could be identified

as the spin or flux tube degree of freedom after integrating out the field variables. Since

the calculation does not use the importance sampling like as the Monte-Carlo method, the

tensor network representation may not suffer from the sampling problem. We will show an

example in the supersymmetric quantum mechanics.

a. SUSY QM

We use the N = 2 supersymmetric quantum mechanics on the lattice with one exact

supercharge according to [135].

First, we introduce the theory on the continuum space-time. The sytem has scalor ϕ(t)

and Grassmann variables ψ(t) and ψ(t), with the periodic boundary condition in finite period

β.

The action of SUSY QM is given by

S =

∫ β

0

dt

{
1

2
(∂tϕ(t))

2 +
1

2
W (ϕ(t))2 + ψ(t)

(
∂t +W ′(ϕ(t))

)
ψ(t)

}
. (A.5)

We refer to W (ϕ), which is an arbitrary function of ϕ, as a superpotential. (A.5) has
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supersymmetry as the invariance under the transformation,

δϕ = ϵψ + ϵψ, (A.6)

δψ = −ϵ(∂tϕ−W (ϕ)), (A.7)

δψ = −ϵ(∂tϕ+W (ϕ)), (A.8)

where ϵ and ϵ are one-component Grassmann numbers.

We use the path integral quantization and define the partition function as

Z =

∫
DϕDψDψ e−S, (A.9)

The partition function Z corresponds to the Witten index Tr(−1)F , which is an order pa-

rameter of the breaking of the supersymmetry in the supersymmetric quantum mechanics.

Namely, the supersymmetry must be broken if the system has Z = 0. For the supersym-

metric quantum mechanics case, the spontaneous symmetry breaking is controlled by the

superpotential W (ϕ) [136, 137].

We introduced the tensor representation for the supersymmetric quantum mechanics in

Ref. [138, 139]. For the system with the superpotential W (ϕ) = mϕ + gϕ2 with the mass

m and the coupling g, the supersymmetry is spontaneously broken. Besides, for the weak

coupling regime, there is a sampling problem since the potential has degenerated minimum

which is separated by the potential barrier. In order to demonstrate the tensor representation

could overcome this problem, we calculate the energy.

At the weak coupling limit, our numerical calculation is consistent with the perturbative

expansion. We estimate the systematic error from fitting by the difference from the fit for

the finest four data points, and the result is R = 0.998(7)−0.91(16)λ2. Since the result from

perturbative expansion is R = 1, our result is consistent with the perturbation. Details are

in Ref [138, 139].
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B. MORE CONTINUUM LIKE EIGENVALUE WITH GENERALIZED PARAM-

ETERS

a. Eigenvalue on the lattice

We can calculate Dirac eigenvalue from operator represatation in each momentum, pparaµ ≡

(p, αp, βp, γp) with constants α, β, γ. To compare our lattice formulation with continuum,

we define continuum Dirac operator with parameterized momentum,

D†
contDcont(p

para
µ ,mscaled

f ) ≡ (1 + α2 + β2 + γ2)p2 + (mscaled
f )2 (B.1)

and its rescaled version,

λcont(p
para
µ ) ≡

√
p2 + (mscaled

f )2 =

√
D†

contDcont(p
para
µ ,

√
(1 + α2 + β2 + γ2)mscaled

f )

(1 + α2 + β2 + γ2)
. (B.2)

For comparison, we also define lattice rescaled absolute values of Dirac eigenvalue with

parametrized momentum pparaµ ,

λlat(p
para
µ ) ≡

√
D†

OVDOV(p
para
µ ,

√
(1 + α2 + β2 + γ2)mscaled

f ,M0, r, c,mp, u0)

(1 + α2 + β2 + γ2)
. (B.3)

By this rescaling, we can compare our parameters tuned lattice Dirac operator with contin-

uum operator with any momenta. We will discuss each parameters.

1. Domain Wall height M0

First we focus on the massless fermionmf = 0 for simplicity. Since the domain wall height

M0 changes the overall scale, it affect on the all region of the eigenvalue. Figure 22 shows

that M0 dependence of massless eigenvalue, with the parameter (M0, r = 1, c = 1,mp = 1).

In this parameterization, M0 = 1 might be most suitable for approximations.

We have to pay attention to the Domain-wall height from another point of view, especially

the constraint

(2− cM0) > 0, (B.4)

from consistency at the continuum limit. We also have to pay attention to the unphysical

oscillation which relates to the Wilson term. For c = 1, the correlator has no oscilational
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FIG. 22. The eigenvalues of different domain-wall heights M0 with the momentum (p, 0, 0, 0) (left)

and (p, p, p, p) (right).

behavior if the parameters satisfy the condition,

1−M0 + 4r(1− u0) > 0. (B.5)

Usually we choose M0 = 1 for u0 ∼ 1 by smearing, and M0 ∼ 1.4 for u0 ∼ 0.88 without

smearling. In any case, we can tune our domain-wall height within these constraints.

2. Wilson mass term r

Wilson mass term is induced for elimination of doubler particle, and it can change mainly

higher momentum region. Note that this term r cannot change scale of Dirac operator

since it is not contained in scale factor. Namely, this term cannot change eigenvalue cutoff

scale. Figure 23 shows the Wilson mass term r dependence of massless eigenvalue, with the

parameters (M0 = 1, r, c = 1,mp = 1). In order to eliminate doublers, these parameters

have to be satisfy

r(1 + u0) > M0. (B.6)

For the Wilson coeffient, r ∼ 3 ptovides a good approximation.

3. Möbius parameter c

Möbius parameter has effects on O(a2) contribution of the sign function. Figure 24

shows the Möbius parameter c dependence of massless eigenvalue, with the parameters

(M0 = 1, r = 1, c,mp = 1). Again it has to satisfy the condition,

(2− cM0) > 0 (B.7)
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FIG. 23. The eigenvalues of different Wilson coefficients r with the momentum (p, 0, 0, 0) (left)

and (p, p, p, p) (right).
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FIG. 24. The eigenvalue of different kernel parameters c with the momentum (p, 0, 0, 0) (left) and

(p, p, p, p) (right).

for continuum limit. For the Möbius parameter, c = 0 is the most suitable for the massless

case without considering the numerical cost.

4. Pauli-Villars mass mp

Since the Pauli-Villars mass can only change a cutoff scale of the eigenvalue, it mainly

affects higher momentum regions. Figure 25 shows the Möbius parameter mp dependence of

massless eigenvalue, with the parameters (M0 = 1, r = 1, c = 1,mp). For the Pauli-Villars

mass, mp ∼ 3 is suitable for the approximation.

b. Lorentz symmetry in momentum space

If we take lattice reguralization to construct quantum field theory, descretized space-

time breaks the Lorentz symmetry. This violation is partially represented as the difference

between longitudinal (p, 0, 0, 0) and diagonal (p, p, p, p) direction. More precisely, we inves-
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FIG. 25. The eigenvalue of different Pauli-Villras masses mp with the momentum (p, 0, 0, 0) (left)

and (p, p, p, p) (right).
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FIG. 26. The Lorentz symmetry violation of Shamir domain-wall fermion with usual mp = 1.0

(Left) and mp = 2.4 (Right). Bands represent maximum and minimum eigenvalues as Lorentz

vioration. This graph is plotted by 109 sets of momenta, which is sufficient statistics.

tigate the symmetry using λlat(p
2) which is the function of p2. We statistically calculate the

function by generating large amount of random momenta pµ. We use 109 sets of momenta

for this study.

Figure 26 shows Lorentz symmetry of usual Shamir domain-wall fermion (M0 = 1, r =

1, c = 1) with differrent Pauli-Villars mass mp = 1.0 and mp = 2.4. In this figure, bands

represent maximum and minimum eigenvalues (not error), and then it represents these

relates Lorentz symmetry vioration in momentum space. As we already discussed above,

mp = 2.4 realizes a better approximaiton, but it might enhance Lorentz symmetry violation

in higher momentum region ap ∼ 1.
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FIG. 27. The eigenvalue density of Shamir domain-wall fermion with usual mp = 1.0 (Left) and

mp = 2.4 (Right) with its statistical error. This graph is plotted by 109 sets of momenta, which is

sufficient statistics.

c. Eigenvalue density

We also consider the eigenvalue density. This approximation strongly relates the mean

value of eigenvalue in each momentum ⟨λlat(p)⟩. For more finer tuning, we calculate ⟨λlat(p)⟩

by numerical calculations. For the free field continuum theory, the eigenvalue density is

written as follows,

ρ(λ) =
3

4π2
λ3. (B.8)

Figure 27 shows eigenvalue densities of usual Shamir domain-wall fermion (M0 = 1, r =

1, c = 1) with differrent Pauli-Villars mass mp = 1.0 and mp = 2.4. Again, mp = 2.4 is a

better approximaiton.

C. TUNED PARAMETER SETS EXAMPLES

a. Massless mf = 0

For more precise investigation, we first focused on massless fermion mf = 0. We will

show approximations of various sets of the parameters.
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FIG. 28. The eigenvalue density (left) and the Lorentz symmetry violation (right) of Wilson femrion

(r = 1). This graph is plotted by 109 sets of momenta, which is sufficient statistics.
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FIG. 29. The eigenvalue density (left) and the Lorentz symmetry violation (right) of Wilson femrion

(r = 0.8053). This graph is plotted by 109 sets of momenta, which is sufficient statistics.

1. For comparison: Wilson fermion

For comparison, we consider the eigenvalue of Wilson fermion and its Lorentz symmetry

violation. Figure 28 shows the results for r = 1 and Figure 29 shows the those for r = 0.8053.

(1): The approximation is good up to λ ∼ 0.6.

(2): The eigenvalue is cutoffed |aD| = 8r by definition. In the momentum region |ap| < π,

the eigenvalue is cutoffed |aD| ∼
√
4 + 16r2.

(3): Lorentz symmetry violation grows up in higher momentum region.
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FIG. 30. The eigenvalue density (left) and the Lorentz symmetry violation (right) of Shamir

domain-wall femrion (M0 = 1, r = 1, c = 1,mp = 1). This graph is plotted by 109 sets of momenta,

which is sufficient statistics.

2. For comparison: Shamir domain-wall fermion

We also show Shamir type domain-wall fermion eigenvalue and its Lorentz vioration

bands. Figure 30 shows the results.

(1): The approximation is good up to λ ∼ 0.3.

(2): The eigenvalue is cutoffed |aD| = 1 by definition.

(3): The Lorentz symmetry in higher momentum region is better than Wilson fermion

because of the cutoff.

3. mp → ∞ limit

Pauli-Villars mass tends to infinite limit is the eigenvalue projection to imarginal axis.

Figure 31 shows the results.

(1): The approximation is good up to ap ∼ 1 and λ ∼ 0.7.

(2): Since the eigenvalue is cutoffed |aD| = mp by definition, the eigenvalue at mp → ∞

limit is not cutoffed.

(3): Sionce there is no cutoff, the Lorentz symmetry violation grows up in higher momentum

region.
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FIG. 31. The eigenvalue density (left) and the Lorentz symmetry violation (right) with parameter

mp → ∞. This graph is plotted by 109 sets of momenta, which is sufficient statistics.
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FIG. 32. The eigenvalue density (left) and the Lorentz symmetry violation (right) with parameter

M0 = 1.4, c = 0.4. This graph is plotted by 109 sets of momenta, which is sufficient statistics.

4. (M0 = 1.4, r = 1, c = 0.3265,mp = 1)

As an example, we tuneM0 and c for the approximation of the eigenvalue density. Figure

32 shows the result,

(1): The approximation is good up to ap ∼ 1 and λ ∼ 0.8.

(2): The eigenvalue is cutoffed |aD| =M0(2− cM0) = 2.16006 by definition.

5. (M0 = 0.6478, r = 0.925, c = 0.0,mp = 2.827)

We also show the result of tuned parameters with c = 0. Figure 33 shows the result,

(1): The approximation is good up to ap ∼ 1 and λ ∼ 1.

(2): The eigenvalue is cutoffed |aD| =M0(2− cM0)mp = 3.66266 by definition.
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FIG. 33. The eigenvalue density (left) and the Lorentz symmetry violation (right) with parameter

(M0 = 0.6478, r = 0.925, c = 0.0,mp = 2.827). This graph is plotted by 109 sets of momenta,

which is sufficient statistics.
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FIG. 34. The eigenvalue density (left) and the Lorentz symmetry violation (right) with parameter

(M0 = 0.405, r = 1.28, c = 0.21,mp = 3.8). This graph is plotted by 109 sets of momenta, which is

sufficient statistics.

(3): Lorentz symmetry is modified in ap < 1.

6. (M0 = 0.405, r = 1.28, c = 0.21,mp = 3.8)

As another example, we can tune all of these parameters in the formulation. Figure 34

shows the result,

(1): The approximation is good up to ap ∼ 1 and λ ∼ 0.8.

(2): The eigenvalue is cutoffed |aD| =M0(2− cM0)mp = 2.94711 by definition.

(3): Lorentz symmetry is modified in ap < 1.
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FIG. 35. The eingenvalue of Wilson femrion for r = 1 (left) and r = 0.5 (right). This graph is

plotted by 109 sets of momenta, which is sufficient statistics.

b. Massive case mf ̸= 0

The approximation of the higher momentum region relates to the approximation of the

massive fermion Dirac operators. For this case, the Pauli-Villars mass generalization is more

important to approximate the eigenvalue at the continuum limit since the mass is a cutoff

scale.

1. For comparison: Wilson fermion

For comparison we consider eigenvalue of Wilson fermion and its Lorentz symmetry viora-

tion. Figure 35 shows r = 1 and r = 0.5 result.

(1): The approximation is not good since the fermion mass is too heavy.

(2): The Lorentz symmetry violation grows up in the higher momentum region.

2. For comparison: Shamir domain-wall fermion

We also show Shamir type domain-wall fermion eigenvalue and its Lorentz vioration

bands. Figure 36 shows the result,

(1): The approximation is not good since the cutoff scale is |aD| = 1.
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FIG. 36. The eigenvalue density (left) and the Lorentz symmetry violation (right) of Shamir

domain-wall femrion (M0 = 1, r = 1, c = 1,mp = 1). This graph is plotted by 109 sets of momenta,

which is sufficient statistics.
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FIG. 37. The eigenvalue density (left) and the Lorentz symmetry violation (right) of Möbius

domain-wall femrion (M0 = 0.405, r = 1.28, c = 0.21,mp = 5.06). This graph is plotted by 109 sets

of momenta, which is sufficient statistics.

3. mf = 1,mp = 5.06,M0 = 0.405, r = 1.28, c = 0.21

We discuss the eigenvalue of the same pole mass with tuned parameters. Figure 37 shows

the result,

(1): The approximation is good up to ap ∼ 1.

(2): The eigenvalue is cutoffed |aD| =M0(2− cM0)mp = 3.92431 by definition.

(3): Lorentz symmetry is also tuned to realize in a region ap < 1.
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D. POLE AND DOUBLER

We also investigate the pole and the doubler for overlap fermion by numerical integration.

We set mp = 1 since the pole does not depend on the Pauli-Villars mass after introducing

the scaled mass mscaled
f . For the calculation of the pole mass and locality, we consider

1

2π

∫ π

−π
dpeiptD−1

OV =
1

2π

mp −mf

M0(2− cM0)mp

∫
dpeipt⟨qq⟩ (D.1)

This relation is satisfied since a constant term can be ignored by integral. We choose

pµ = (p, 0, 0, 0),

N(t) ≡ 1

M0(2− cM0)

1

2π

∫
dpeipt⟨qq⟩ ≡ (1 + γ0)

2

[
Ke−mpolet + Le−mdoublert

]
, (D.2)

≡ (1 + γ0)

2
P (t). (D.3)

We define Epole
eff (t), Edoubler

eff (t), Keff , and Leff ,

Epole
eff (t) ≡ log

[
P (t)

P (t+ 1)

]
, (D.4)

Keff(t) ≡ eE
pole
eff tP (t), (D.5)

Edoubler
eff (t) ≡ Epole

eff + log

[
eE

pole
eff tP (t)−Keff

eE
pole
eff (t+1)P (t+ 1)−Keff

]
, (D.6)

Leff(t) ≡ eE
doubler
eff t

[
eE

pole
eff tP (t)−Keff

]
, (D.7)

where functions without variable are defined as the value at sufficiently large t. The overall

scale Keff is the factor studied by Lepage, Mackenzie, and Kronfeld [140, 141] for the validity

of the lattice. This coefficient is the KLM factor.

We define the effective dynamical mass Mmom(p) as a function of |p| from the iγ0 part of

quark propagator with momentum p,

Q(t; p1, p2, p3) ≡
1

M0(2− cM0)

1

2π

∫
dpeipt⟨qq⟩( of gamma zero part) (D.8)

≡ γ0
2
U(t; p1, p2, p3), (D.9)

The dynamical mass Mmom(p1, p2, p3) is written as follows,

Mmom(p) ≡
p2

2

1

log
[

U(t;p)

U(t+1;p)

]
−mpole

. (D.10)
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FIG. 38. The pole mass with c = 0 for the bare mass mf = 0.2 (left), mf = 0.5 (middle), and

mf = 0.7 (right) are shown.

This is related to dynamical mass of the heavy quark effective theory,

E(p) = mpole +mdoublers +
p2

2Mmom(p = 0)
+ ... (D.11)

For continuum theory, the effective dynamical mass and the pole mass should be equal,

Mmom(p) = Epole
eff in O(p4) order. We compare the mass for investigating the discretization

effect.

a. Effective mass and doubler

We show the pole structure for various Möbius parameter c as the effective mass and

doubler mass. For c = 0, there is no doubler pole as shown in Figure 38. In any bare mass

m, the numerical integration uniquely determines the pole. For finite c ̸= 0, there are other

contributions from doublers as shown in Figures 39 and 40. From our numerical integration,

larger Möbius parameter c generates lighter doubler mass. Since the doubler mass has no

dependence on the bare mass, the doubler contribution becomes more severe for heavier

fermion. The small Möbius parameter is preferable since the doubler mass becomes heavy.

We also compare the effective pole mass Eeff and the kinematic mass Mmom in order

to investigate the discretization effect. Figure 41 shows the numerical calculation. In any

Möbius parameter c, while the effective pole mass Eeff and the kinematic mass Mmom has

deviation from scaled pole massmscaled
f in largermscaled

f . We could tune the Möbius parameter

c ≃ 0.6 to satisfy the equation Eeff = mscaled
f .

Figure 42 shows the KLM factor Keff . This factor should be 1.0 for the continuum

theory. Then the discretization effect is the deviation of the KLM factor from 1.0. For a

better approximation, we should choose c < 0.6.
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FIG. 39. The pole mass (blue) and doubler mass (red) with c = 0.5 for the bare mass mf = 0.2

(left), mf = 0.5 (middle), and mf = 0.7 (right) are shown.
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FIG. 40. The pole mass (blue) and doubler mass (red) with c = 1 for the bare mass mf = 0.2

(left), mf = 0.5 (middle), and mf = 0.7 (right) are shown.
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FIG. 41. The pole mass Eeff(p) and the kinematic mass Mmom(p) as the function of the scaled

mass mscaled
f ≡ (2 − cM0)M0mf with Möbius parameters c = 1.0 (top left), c = 0.8 (top right),

c = 0.6 (bottom left), c = 0 (bottom right). All calculations are at t = 30.
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FIG. 42. The KLM factor as the function of the scaled mass mscaled
f ≡ (2−cM0)M0mf with Möbius

parameters c = 1.0 (top left), c = 0.8 (top right), c = 0.6 (bottom left), c = 0 (bottom right). All

calculations are at t = 30.
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