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ABSTRACT 

Although the tube models have attained remarkable success, development of simulation 

method for entangled branch polymer dynamics is still a challenge. In this study, the 

multi-chain slip-spring model has been examined to branch polymers for the first time. 

In the model, the bead-spring chains are dispersed in the simulation box, and the 

entanglement is mimicked by the virtual spring so-called slip-spring, which connects the 

chains and hops along the chain. The slip-springs are created and destructed only at the 

chain ends. Besides, for the relaxation of entanglements formed between the backbone 

chains in the branch polymers, the hopping of slip-spring across the branch point (SHAB) 

is additionally allowed when the branching arm relaxes. The simulation results for 

symmetric and asymmetric star and H branch polymers are in semi-quantitative 

agreement with experimental and earlier simulation data extracted from the literature. 

Although the proposed simulation is compatible with the data for scarcely entangled 

systems, due to the computational difficulties the test against well-entangled systems was 

remained unperformed, and the details of SHAB implementation remains open. 
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INTRODUCTION 

Lots of attempts have been made to describe the dynamics of branch polymers in the 

entangled state1. The theoretical development has been made owing to the tube picture, 

in which the entanglement effects for a test molecule by the surrounding molecules are 

cast into a tube-shaped constraint2,3. Since the branching point prevents the sliding of the 

molecule along the tube, the dominating relaxation mode is the retraction of the branching 

arm towards the branch point. Initiated by the pioneering work by Doi and Kuzuu4, 

molecular theories have been developed for quantitative description of linear 

viscoelasticity of star polymers for which the molecular weights of branching arms are 

identical5–7. Meanwhile, further development has been elaborated for the other classes of 

branch polymers, for which the sliding motion of backbone activated after the retraction 

of branching arms is the dominating relaxation mechanism. McLeish8 introduced such a 

hierarchical relaxation idea, and applicability of the modified theory has been confirmed 

for H9, comb10,11 and asymmetric star polymers12. The hierarchical relaxation idea has 

been followed by the code developments for further complicated branching structures13–

17. The theory for non-linear viscoelasticity has been developed as well by implementing 

the branch point withdrawal activated under fast flows18,19.  
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Apart from the theories mentioned above, molecular dynamics simulation is a 

straightforward option. Indeed, the tube modeling is difficult for some problems with 

structural and dynamical inhomogeneity. For entangled branch polymers, despite the 

technical difficulties including equilibration20–22, several attempts have been performed 

for prediction of long-time behaviors23–26. The other smart direction is tests of the 

assumptions in molecular theories, such as the branch point dynamics assumed in the 

hierarchical picture27–29. Studying the effects of branching on the structure of the 

entanglement network30 is another interesting direction as well. In most of the attempts 

mentioned above, the coarse-grained bead-spring model31 is used. However, the 

computational efficiency is not practically sufficient to reproduce characteristic features 

of entangled branch polymers. For example, quantitative comparison to experimental data 

for viscoelastic spectrum has never been reported to our knowledge.  

 

Further coarse-graining has been attempted than bead-spring models to trace the long-

time dynamics of branch polymers. Padding and Briels32 have developed a smart 

algorithm so-called TWENTANGLEMENT, in which the chain crossing is prohibited 

according to the geometry. Kumar and Larson33 have proposed the inter-bonds interaction 
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so-called segment repulsive potential. Although these techniques have been applied to 

star polymers34,35, the benefit in the reduction of computational costs seems not sufficient. 

Kindt and Briels36 have proposed a further coarse-grained description so-called RaPiD, 

in which a single particle represents each polymer molecule, and the effects of 

entanglement are embedded into the inter-particle interactions. This approach is quite 

useful on the computational efficiency, and it has been tested for a star polymer system37. 

However, design of the inter-particle interaction is not straightforward. The multi-chain 

slip-link simulation38 is an approach located in the niche between the technique 

disallowing chain crossing and the inter-particle modeling of entanglements. In this 

modeling, the entanglements among polymers are replaced by slip-links that bundle two 

polymer chains in a pair. Due to the neglected degrees of freedom between entanglements, 

this model attains a considerable reduction in computational costs, yet it naturally 

implements some multi-chain effects such as thermal and convective constraint release. 

This model has reproduced a variety of rheological phenomena for branch polymers semi-

quantitatively for linear and non-linear viscoelasticity of star39,40, H15,41, pompom42 and 

comb43 polymers. However, the problem of this modeling is that the molecular motion is 

calculated concerning the dynamics of entanglement, and thus, extensions towards further 

complex systems with specific inter-molecular interactions are fundamentally 
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challenging due to the lack of the requisite degree of freedom.  

 

A promising approach is the multi-chain slip-spring model44–47 that considers the 

dynamics of a lot of Rouse chains dispersed in the simulation box. As a natural extension 

of the single chain version48, in this approach the entanglement effect is replaced by 

virtual springs that connects two Rouse beads in a pair. The springs slide along the chain, 

and they are created and removed at chain ends. Depending on the density of virtual 

springs, each Rouse bead carries a specific molecular weight corresponding to several 

beads for the conventional bead-spring simulations. This reduction of the degrees of 

freedom attains less computations. The lack of hard-core interactions helps the 

calculation as well. Consequently, entangled polymer dynamics can be traced with much 

less computational costs than the bead-spring simulations. Meanwhile, inter-molecular 

interactions can be reasonably implemented for the Rouse beads. For instance, the 

attempts have been made for block copolymers46 and polymer solutions49. The systematic 

coarse-graining has also been attempted from the atomistic molecular simulations50,51.  

 

In this study, the multi-chain slip-spring model is extended to branch polymers. The 

extension is straightforward except the topological change around the branch point. As 
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discussed in the tube model8 and the slip-link model15, the branch point hinders the 

topological dynamics of entanglement. The simple idea is disallowing penetration of 

entanglement across the branch point to conserve the topology around branch point. The 

earlier models for star polymers4–7 are constructed on the basis of this conserved topology, 

in which the chain sliding is not allowed at the branch point. This idea works well for star 

polymers for which the molecular weights of branching arms are identical to each other. 

However, further consideration is necessary for the other classes of branch polymers for 

which the sliding motion of the backbone chain is the dominant relaxation mechanism. 

In particular, polymers with multiple branch points per molecule never relax under the 

conserved topology. In the present study, in accordance with the earlier tube8 and slip-

link15,17 models, the topological change between entanglement and branch point is 

triggered by the relaxation of the branching arm. Namely, a slip-spring is allowed to hop 

across the adjacent branch point if the branching arm does not carry any slip-spring at 

that moment. The results are compared with the literature data for the bead-spring 

simulations and the experiments for star and H branch polymers. The comparison is made 

to the results for multi-chain slip-link simulations as well.  

 

MODEL AND SIMULATIONS 
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The multi-chain slip-spring (MCSS) model proposed by Uneyama and Masubuchi44 was 

extended. In the model, polymers are replaced by Rouse chains consisting of beads and 

springs. The chains are dispersed in a simulation box with a specific beads density and 

connected with each other via virtual springs that mimic entanglements. Because the 

virtual springs hop between consecutive beads along the chain, they are called slip-

springs. The state variables are the bead position and the connectivity of slip-springs. The 

total free energy of the system is given by 
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The first term of the right-hand side of eq 1 is the contribution of the Rouse springs, for 

which 𝐑,,. is the position of beads, the indices stand for chain 𝑖 and bead 𝑘. 𝑏 is the 

bond length. The second term is the contribution of slip-springs. 𝛼	is the index for the 

slip-spring, and 𝑆<=(𝑆<,0, 𝑆<,(, 𝑆<,O, 𝑆<,P) is the state of the spring	𝛼, for which the ends 

are connected at the bead 𝑆<,( of chain 𝑆<,0 and the bead 𝑆<,P of chain 𝑆<,O. 𝑁5 is 

the elastic parameter of the slip-springs. Because the second term plays a role of the 

attractive interaction between the beads on average, it disturbs the statistics of the Rouse 

chains. Since any effect of entanglement on chain statistics is not observed experimentally, 

the third term is thus added to the free energy to correctly eliminate the artifact of the 
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second term on the chain statistics. 𝑒>/.@  is the activity of slip-springs52, for which the 

grand canonical ensemble is assumed. Although the 3rd term has the form of a soft 

repulsive interaction potential, as mentioned above, the role of this term is to correct the 

chain statistics, and thus, no effect on the density fluctuations. Consequently, the 

compressibility of the present model is the same with that of an ideal gas, and different 

from the real polymer melts. Some recent studies have proposed systematic methods for 

the modeling of compressibility, yet utilized the slip-springs to mimic the entanglement 

effect50,51.  

 

From eq 1, the kinetic equations for the state variables can be derived according to the 

standard procedures. Namely, the equation of motion of the beads is the Langevin 

equation. For the slip-springs, the sliding kinetics along the chain and the creation and 

destruction events at chain ends are managed concerning the Glauber dynamics. See the 

earlier publication44 for further details.  

 

For the model extension to branch polymers, the sliding rule for slip-springs around 

branch point must be considered. In this study, from the hierarchical relaxation idea8, the 

hopping of slip-springs across the branch point is allowed when the branching arm is 
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relaxed. Assume that there exists a slip-spring (red spring) connected to a bead next to a 

branch point as shown in Fig 1, and the anchoring points of the slip-spring attempts to 

hop over the branch point (red bead in Fig 1). The slip-spring hopping across the branch 

point is referred to as SHAB, hereafter. SHAB is allowed when the branching arm (yellow 

beads) does not carry any slip-spring at this moment. This criterion for the arm retraction 

can be modified. A possible alternative is according to the birth time of slip-springs, as 

proposed for the slip-link model earlier53, though such an idea was not examined in this 

study.  

 

In addition to the arm relaxation mentioned above, the acceptance of SHAB is managed 

by the Glauber dynamics as made for the usual sliding. In this respect, the acceptance 

ratio of SHAB may be different from the usual sliding because of the difference of the 

hopping distance along the chain, which is one bond for the usual sliding whereas it is 

two bonds for SHAB. If there exist multi-arms (𝑞 arms) from the branch point, SHAB is 

allowed only when 𝑞 − 2 arms relax at the same time. Then the anchoring point hops 

along the unrelaxed arms. As long as the conditions above are fulfilled, SHAB can 

reversibly, and the anchoring point of the slip-spring may hop back and forth across the 

branch point. 
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The branching arm without slip-spring corresponds to the full retraction state in the 

terminology of tube model, as proposed by Shanbhag and Larson17 for the slip-link model. 

The correspondence to the arm retraction may suggest that the occurrence of SHAB is 

related to the chain conformation, although such a bias is not explicitly considered in the 

scheme proposed here. Concerning this issue, Ramírez-Hernández et al. 54 reported that 

there is not a significant correlation between the slip-spring number and the chain 

conformation for block copolymers under microscopic phase separation.  

 

 

Figure 1 Schematic representation of the slip-spring hopping across the branch point 

(SHAB). Red, yellow, black and white beads are the branch point, the examined branch, 

the backbone, and the other chain, respectively. SHAB is activated when no slip-spring 

exists on the branching arm.   
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For comparison purpose, multi-chain slip-link simulations were also performed. Since 

the model used is the primitive chain network model38, the simulation is referred to as 

PCN simulation hereafter. In the model, the entangled polymers are replaced by networks 

consisting of nodes, strands, and dangling ends. A path connecting dangling ends 

represent each polymer. At the network nodes, slip-links are placed to bundle two 

polymer chains in a pair to restrict the polymer motion perpendicular to the backbone. 

The dynamics of the system is described by the Brownian motion of the slip-links, the 

sliding motion of the chains through the slip-links, and the creation/destruction of the 

slip-links at the chain ends. For the branch polymers, a similar relaxation mechanism to 

SHAB has been introduced to permit the sliding motion of the chain at the branch points 

when the branching arm relaxes. Refer to the earlier publications15,42 for further details of 

SHAB implemented in PCN.  

 

The simulations were performed for linear, star-branch and H-branch polymers with 

various segment numbers per molecule. Periodic boundary condition was used with 

simulation box that is sufficiently larger than the dimension of molecules. The quiescent 

simulations were performed for large simulation time steps that are more than ten times 
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larger than the longest relaxation time of each system. For statistics, the data obtained 

from eight independent simulation runs were acquired for each case. The parameters for 

the simulations were the same as the previous study55. For the MCSS simulations, the 

bead density was 4, the virtual spring intensity 𝑁5 was 0.5, and the slip-spring activity 

𝑒>/.@  was 0.036. These parameters give the average segment number between two 

anchoring points of virtual springs along the chain as 𝑁RSS =	3.5. The cut-off length for 

the calculation of the 3rd term in the right-hand side of eq 1 was 3.2, with which the 

Gaussian chain statistics are reasonably maintained given that the sampling distance for 

the creation of new slip-spring is consistent44. For the PCN simulations, the segment 

number density was 10, and the osmotic parameter was 1.0. Figure 2 shows a snapshot of 

the MCSS simulation for the H polymer, for which the arms and the backbone consist of 

17 beads. 
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Figure 2 Snapshot of H polymer with 17 beads on the subchains for the arms and the 

backbone. Yellow beads are the branch points. Green springs are the dispersed slip-

springs. Gray beads are the surrounding molecules.  

 

The simulation results were converted by the scale-conversion factors that have been 

obtained for linear polymers. Among MCSS, PCN, and the standard bead-spring 

simulation proposed by Kremer and Grest (KG), the conversion relationships obtained 

for the segment number, length, time and modulus are as follows55.  

40𝑁VWX = 8𝑁ZWSS = 𝑁[\																																			(2) 

6.2𝑎VWX = 3.1𝑏ZWSS = 𝜎[\																																(3) 

1.3 × 10P𝜏VWX = 750 × 10(𝜏ZWSS = 𝜏[\													(4) 
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1.9 × 10fO𝐺VWX = 5 × 10f(	𝐺ZWSS = 	𝐺[\											(5) 

Here, subscripts describe the models, N is the segment number, 𝑎 and 𝜎 the segment 

size, 𝜏 the unit time, and 𝐺 the unit modulus. For KG, the unit of time is the standard 

time for Lennard-Jones liquids given as 𝜏[\ ≡ 𝜎[\i𝑚/𝜖. (Here, 𝑚	is the bead mass, 

and 𝜖 is the Lennard-Jones parameter.) For MCSS, the unit time is defined as 𝜏ZWSS ≡

𝜁ZWSS𝑏ZWSS( /6𝑘m𝑇 with the friction coefficient of the Rouse bead 𝜁ZWSS. (Here, 𝑏ZWSS 

is identical to the bond length 𝑏 in eq 1.) The unit time of PCN is defined with a similar 

manner with the friction of PCN segment 𝜁VWX. All the examined models share the unit 

of energy 𝑘m𝑇. Note that eq 5 is incompatible with the unit conversion derived from eq 

3 and the energy because of the difference in the stress-optical coefficient55. Note also 

that the presentation of eqs 2-5 is different from the previous publication, though the 

conversion is the same. (For example, the Kremer-Grest chain with 200 beads 

corresponds to the MCSS chain with 25 beads and the PCN chain with 5 segments.) 

Finally, the conversion relationship may change for the MCSS model if the parameters 

relating to the slip-spring density and its kinetics are different.  

 

RESULTS 

In this section, the proposed extended MCSS is evaluated against earlier results reported 
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for the conventional simulations and experiments. The effects of SHAB shall be discussed 

in detail in the later section.  

 

Figure 3 shows the diffusion coefficient of 3-arm stars and H polymers as a function of 

bead numbers per molecule. The earlier result55 for linear polymers is also shown for 

comparison. For the H polymers examined, all the subchains for the arms and the 

backbone have the same bead number. As the diffusion of linear polymers determined the 

conversion factors given by eqs 2-4, the results reasonably overlap with each other in the 

top panel. With the same scale-conversion factors, diffusion of star and H branch 

polymers is also reasonably superposed. As reported by Xu et al. 26, in the small molecular 

weight regime, diffusion of branch polymers is faster than that for the linear polymer with 

the same molecular weight because the diffusion has a strong correlation with the gyration 

radius. Note that for unentangled chains the proposed model exhibits the Rouse-Ham 

behavior56,57, in which the diffusion is in inverse proportion of the molecular weight. 

However, the examined range of molecular weight is in the transitional regime to the 

entangled behavior. Indeed, even for the small molecular weight regime, the molecular 

weight dependence of the diffusion constant is stronger than the inverse proportion 

(shown by dotted line in Fig 3). In the large molecular weight regime, the entanglement 
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comes into play to suppress the branch polymer diffusion that becomes slower than that 

for the linear polymer. Such behavior has not been observed for KG even for the 

simulations with the beads number per molecule of several hundreds, whereas MCSS and 

PCN reasonably reproduce the phenomenon.  

 

Figure 3 Diffusion coefficient for linear (top), 3-arm star (mid) and H branch (bottom) 

polymers as a function of total beads number per molecule. The results of MCSS and 
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PCN simulations are indicated by filled circle and filled triangle, respectively. The other 

symbols represent the KG results reported earlier26,31,58–60. The KG results for star and H 

polymers are reported by Xu et al26. Dotted line shows the slope of -1.  

 

Note that SHAB is essential for H branch polymers. For polymers with multiple branch 

points, because the backbone chain lies between two branch points, the entanglements 

formed between backbone chains never relax without SHAB. Indeed, for PCN it has been 

reported that H polymer melts exhibit solid behaviors when the entanglement network 

between the backbones percolates throughout the system15. For the examined H polymers 

by MCSS in this study, the backbone network does not percolate because the molecular 

weight is not sufficiently high. Nevertheless, the simulation results entirely depend on the 

initial configuration if SHAB is not activated. 

 

It is fair to disclose the inconsistency for the molecular dimension and the scale-

conversion factors given by eqs 2 and 3. Figure 4 shows the gyration radius 𝑅g plotted 

against the segment number per molecule, both in the KG units. As reported for linear 

polymers55, due to the lack of excluded volume interactions, 𝑅g in MCSS is smaller than 

that in KG. Because the discrepancy is not negligible even with the distributions (shown 
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by error bars), the scale-conversion factors would change if they are determined from the 

structural measures rather than the diffusion. For such a strategy, detailed tuning of inter-

beads interactions and the molecular density in MCSS is necessary, as elaborated recently 

in comparison to the atomistic models50,51.  

 

 

Figure 4 Radius of gyration plotted against the total bead number per molecule for linear 

(black), 3-arm star (red) and H branch (blue) polymers. The KG and MCSS results are 

shown by symbols and solid curves. Error bars indicate the distribution for MCSS. The 

KG results are obtained from Xu et al26.  

 

Figure 5 shows the zero-shear viscosity of star and H branch polystyrenes as a function 

of molecular weight. The experimental dataset is extracted from the literature61,62. The 

scale-conversion factors for the polystyrene melts found here are as follows (for the 
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temperature at 169.5℃).  

𝑀ZWSS = 1250	g/mol																																																															(6) 

𝜏ZWSS(PS@169.5℃) = 4 × 10fxsec																																					(7) 

𝐺ZWSS(PS@169.5℃) = 9.1 × 10xPa																																					(8) 

Note that the 𝑀ZWSS and 𝑁RSS = 3.5 give the molecular weight between two anchoring 

points as 𝑀R
SS = 4375	g/mol. This value is considerably smaller than the typical value 

of the entanglement molecular weight 𝑀R  in literature because of the fluctuations 

imposed around the entanglement. Indeed, the motional constraint realized by the slip-

spring is much weaker than the tube and the slip-link, as discussed previously55.  

Nevertheless, as seen in the figures, with the same set of scale-conversion factors, the 

literature data (shown by cross) are quantitatively reproduced. Similarly to the diffusion, 

for the small molecular weights, branch polymers exhibit smaller viscosity than the linear 

polymers with the same molecular weight in relation to the smaller gyration radius26. As 

the molecular weight increases, the viscosity of branch polymers rapidly grows with an 

exponential manner, and it becomes larger than that for linear polymers in the well-

entangled regime. Such behavior is hardly reproduced even by MCSS and barely seen for 

PCN results.  
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It is fair to note that the molecular weight range, in which the data for both MCSS and 

PCN are available and overlapped with each other, is not quite sufficient. The molecular 

weight range for MCSS is limited due to the computational difficulties. For instance, for 

the H polystyrene with the molecular weight of 240k (the second leftmost cross in the 

bottom panel of Fig 5), the computation costs were already impractically large. Further 

simulations for well-entangled chains are necessary for the evaluation of SHAB.  

 

 

Figure 5 Molecular weight dependence of zero-shear viscosity at 169.5℃ for linear, 4-
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arm star, 6-arm star and H branch polystyrene melts from top to bottom. Black cross 

shows the experimental data extracted from the literature61,62. Red circle and blue triangle 

are the simulation results for MCSS and PCN, respectively.  

 

Figure 6 shows the viscoelasticity of star and H branch polymers obtained from MCSS 

simulations compared with the literature data for polystyrene melts61,62. Although the 

polydispersity has been reported for the experiment, the simulations were performed for 

monodisperse systems. Note that for the H polymer examined here, the snapshot is shown 

in Fig 2. With the scale-conversion parameters in eqs 6-8, the simulation captures the 

experimental data nicely. (Note that the temperature is identical for Figs 5 and 6.) The 

simulation results were converted from the stress auto-correlation function by the 

REPTATE software63, for which possible uncertainty has been pointed out for the data 

conversion in the high-frequency domain64. Nevertheless, the results are self-consistent. 
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Figure 6 Viscoelasticity of 4-arm (top), 6-arm (mid) and H branch (bottom) polystyrene 

melts at 169.5℃. The molecular weight and its distribution are indicated in the figure. 

Filled and unfilled symbols are 𝐺’  and 𝐺”  experimentally reported61,62. Solid and 

broken curves are 𝐺’ and 𝐺” obtained from the MCSS simulations.  

 

Figure 7 shows the other viscoelastic dataset65 for linear, symmetric and asymmetric star 

polystyrene melts, for which the molecular weight of linear polymer is almost twice of 

the long-arm molecular weight of the star polymers. The polydispersity was not 

considered in the simulations, although the values experimentally reported are shown in 



 24 

the figure. Due to some reasons including the difference of temperature, the scale-

conversion factors for this case are different from eqs 7 and 8 as follows. 

𝜏ZWSS(PS@130℃) = 3.3 × 10f(sec																																					(9) 

𝐺ZWSS(PS@130℃) = 1.0 × 10~Pa																																								(10) 

Note that 𝑀ZWSS  is assumed to be constant. It is noteworthy that as reported in the 

original paper65, G’ and G” for the asymmetric star polymer is lower than that for the 

other two polymers in this frequency regime, indicating that the entanglement network is 

dilated due to the relaxation of the short arm. This behavior is quantitatively captured. 

However, for the terminal region, the simulation results are discrepant from the 

experimental data for the star polymers, which exhibit slower relaxation modes. Although 

the reason is unknown, additional simulations hinted a possible role of molecular weight 

distribution even though the polydispersity index is small. Further systematic 

investigations are necessary for this issue, as performed in earlier studies16,66.  
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Figure 7 Viscoelasticity of linear (top), 3-arm symmetric star (mid) and 3-arm 

asymmetric star (bottom) polystyrene melts at 130℃. The molecular weight and its 

distribution are indicated in the figure. Filled and unfilled symbols are 𝐺’  and 𝐺” 

experimentally reported65. Solid and broken curves are 𝐺’ and 𝐺” obtained from the 

MCSS simulations. 

 

DISCUSSION 

For the discussion of the effects of SHAB on the polymer dynamics, the simulations were 
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performed for a set of asymmetric star polymers, for which the beads number of the two 

long arms 𝑁�� is fixed at 74, whereas that of the short arm 𝑁� is varied from 0 to 74. 

The linear polymer (𝑁� = 0), the symmetric star polymer (𝑁� = 74), and one of the 

asymmetric star polymers (𝑁� = 17) are the polymers examined in Fig 7.  

 

Figure 8 shows the end-to-end relaxation time for the short and long arms, 𝜏� and 𝜏��. 

Apart from these arm relaxation times, the waiting time for SHAB 𝜏� was obtained from 

the simulations. Namely, for each branch point, the occurrence of SHAB was recorded 

during the long-time simulation, and 𝜏� was calculated as the averaged interval time 

between two adjacent SHAB events for each branch point. Although for most of the cases 

SHAB was triggered by the short arm relaxation, SHAB rarely occurs concerning the 

long arm relaxation as well. However, such an event was excluded for the calculation of 

𝜏�. For the symmetric star with 𝑁� = 74, SHAB virtually never occurs and 𝜏� cannot 

be estimated due to the insufficient statistics. Although all the characteristic times 

increase with the increasing 𝑁�, the 𝑁� dependence is different from each other. Namely, 

𝜏� exhibits a power-law-like increase with the exponent of ca. 2.5, whereas 𝜏� exhibits 

exponential growth. These results demonstrate that the Rouse-Ham like relaxation seems 

dominant for 𝜏� whereas the arm retraction is essential for 𝜏�. The behavior of 𝜏� is 
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similar to the bead-spring simulation by Zhou and Larson27, though the examined range 

of molecular weight is different. Meanwhile, 𝜏�� mildly increases with increasing 𝑁�, 

reflecting the suppression of the constraint release of the short arm and the occurrence of 

SHAB along with the increase of 𝑁�. 

 

Figure 8 Arm relaxation times plotted against short arm length. Black and red filled 

symbols indicate the end-to-end relaxation time of backbone and branching arm, 

respectively. The unfilled symbol is the waiting time for SHAB.   

 

For the efficiency of SHAB, the relation between 𝜏�� and 𝜏� is essential40. For the 

small 𝑁� chains (with 𝑁� ≤ 17), SHAB occurs before the long arm relaxation (because 

𝜏�� > 𝜏�). On the contrary, for the large 𝑁� chains for which 𝜏�� < 𝜏�, SHAB never 

contributes to the long chain relaxation, which is dominated by the arm retraction and the 

dilation of the network. The PCN simulations have yielded similar results, in which 
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SHAB affects the dynamics of asymmetric star polymers only when the branching arm is 

sufficiently shorter than the backbone chains40.  

 

The effect of SHAB for small 𝑁� polymers can also be discussed in the comparison 

between the mean-square-displacement of the branch point 𝑔�(𝑡)  and the squared 

entanglement mesh size40. The dilated network mesh size 𝜉(𝑡) can be related to the 

survival probability of the slip-links 𝜑(𝑡). Let us consider the number of entanglement 

segment 𝑍SS = 𝑁/𝑁RSS, and the entanglement segment length 𝑎RSS. Because 𝑁RSS is the 

average number of Rouse segments between two anchoring points of slip-springs along 

the chain, 𝑍SS  and 𝑎RSS  are different from the parameters used in the tube models. 

Because the chain dimension is not affected by the level of coarse-graining and the 

inclusion of entanglement, 𝑍SS𝑎RSS
( = 𝑁𝑎ZWSS( . This relation holds for a dilated network, 

for which the number of entanglement segment and the segment length are given as 

𝑍SS′ = 𝑁/𝑁RSS′ and 𝑎RSS′. Let us assume that the segment length and the network mesh 

size are identical to each other, 𝜉(𝑡) = 𝑎RSS′ . Then 𝑍SS�𝜉((𝑡) = 𝑁𝑎ZWSS( . Because 

𝜑(𝑡) = 	𝑍SS′/𝑍SS, 𝜉((𝑡) can be written with the dilation exponent of unity as40  

𝜉((𝑡) =
𝑁RSS𝑎ZWSS(

𝜑(𝑡) 																				(10) 

As mentioned earlier, 	𝑁RSS  for the performed simulations is ca. 3.5. 𝜑(𝑡)  can be 
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straightforwardly obtained from the simulations that trace the creation and destruction of 

all the slip-springs in the system. Figure 9 shows the comparison between 𝑔�(𝑡) and 

𝜉((𝑡) for the linear and the star polymers with various 𝑁�. For the linear polymer, for 

which 𝑔�(𝑡) is obtained for the middle bead, 𝑔�(𝑡) is smaller than 𝜉((𝑡) up to a 

specific time showing that the bead is trapped in the entanglement cage. Because the bead 

slides out from the cage by the curvilinear diffusion (i.e., reptation motion), 𝑔�(𝑡) 

becomes larger than 𝜉((𝑡)  until the longest relaxation time. Beyond the longest 

relaxation time, the chain exhibits a free diffusion because 𝜉((𝑡) becomes larger than 

the chain dimension. For the symmetric star polymer 𝑁� = 74, 𝑔�(𝑡) is suppressed in 

comparison to that for the linear polymer and close to 𝜉((𝑡), demonstrating that the 

branch point is trapped in the entanglement cage, and the relaxation occurs when 𝜉((𝑡) 

becomes larger than the molecular dimension. For the asymmetric star polymers, the 

behavior lies in between those for linear and star polymers depending on the length of the 

branching arm. Indeed, for the polymers with 𝑁� ≤ 17, the behavior is similar to that for 

the linear polymer as indicated by 𝑔�(𝑡) > 𝜉((𝑡). For the polymer with 𝑁� = 34, the 

behavior is mostly the same with that for the symmetric star, for which the branch point 

diffusion is suppressed. From the results shown in Figs 8 and 9, one may argue that the 

curvilinear diffusion of the branch point can be analyzed. However, such an analysis 
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based on the tube framework is complicated for scarcely entangled systems discussed 

here.  

 

Figure 9 Time development of the squared entanglement mesh size 𝜉((𝑡) (red curve) 

and the mean-square-displacement of the branch point 𝑔�(𝑡) (black curve) for linear, 

asymmetric and symmetric star polymers. The bead number of the short arm 𝑁�  is 

indicated in the figure. The bead number of the long arm 𝑁�� is fixed at 74.   
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The effects of SHAB on the polymer dynamics are examined in Figure 10 for the 

asymmetric star polymers with 𝑁� = 4 and 17. For 𝑁� = 4 (top panels), 𝑔�(𝑡) and 

𝜉((𝑡)  are suppressed when SHAB is turned off in the time range of 𝑡 > 100𝜏� . 

(Interestingly, even without SHAB, 𝑔�(𝑡) is larger than 𝜉((𝑡) due to the mobility of 

the constraint.) However, SHAB has virtually no effect on the linear relaxation modulus 

𝐺(𝑡). For 𝑁� =17 (bottom panels), surprisingly, SHAB has no apparent impact on 𝑔�(𝑡), 

𝜉((𝑡), and 𝐺(𝑡). These results demonstrate that SHAB is effective only for the short 

branch arms. A similar result was observed for the PCN simulations40.  
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Figure 10 Squared entanglement mesh size 𝜉((𝑡)  (red curve), mean-square-

displacement of the branch point 𝑔�(𝑡) (black curve), and linear relaxation modulus 

𝐺(𝑡) (blue curve) for the asymmetric star polymers with the short arm length at 𝑁� = 4 

(top) and 𝑁� = 17 (bottom). The results with and without SHAB are indicated by solid 

and broken curves, respectively.  

 

Figure 11 shows 𝑔�(𝑡), 𝜉((𝑡), and 𝐺(𝑡) for the scarcely entangled H branch polymer 
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examined in Fig 6. 𝜉((𝑡) shows a two-step relaxation that indicates the relaxations of 

the arm and the backbone. Without SHAB, since the backbone relaxation never occurs, 

𝜉((𝑡) becomes constant after the relaxation of the arms. In spite of this convincing 

behavior of 𝜉((𝑡), there is no effect of SHAB on 𝑔�(𝑡) and 𝐺(𝑡). One of the reasons 

is that the amount of entanglements formed between the backbones is only 0.04 for this 

specific case, and the backbone network does not percolate. Although the permanent 

entanglements create some aggregates like dimers and trimers, for which the relaxation 

is slower than the single molecule, the effects of such aggregates do not appear in the 

examined quantities. The reason would be the fact that even with SHAB the aggregates 

are long-lived, and the relaxation of such aggregates may be similar to those with the 

permanent links. Note however that the simulation results without SHAB strongly 

depends on the initial configuration for the formation of entanglements between the 

backbones. In this specific case, the equilibrated configurations obtained from the 

simulations with SHAB were employed for both calculations. 
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Figure 11 Squared entanglement mesh size 𝜉((𝑡)  (red curve), mean-square-

displacement of the branch point 𝑔�(𝑡) (black curve), and linear relaxation modulus 

𝐺(𝑡) (blue curve) for the H polymer examined in Fig 6. The results with and without 

SHAB are indicated by solid and broken curves, respectively.  

 

The results shown in Figs 10 and 11 reveal that, at least for the examined cases, SHAB 

has no significant effect on 𝐺(𝑡). The results may suggest that the migration of branch 

point plays a significant role in stress relaxation. However, it should be noted that the 

results are for scarcely entangled systems, and further examination is necessary for well-

entangled systems.  
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CONCLUSIONS 

The multi-chain slip-spring simulation (MCSS) has been extended for branch polymers. 

In particular, the slip-spring hopping across the branch point (SHAB) has been 

implemented to activate the relaxation of the backbone after the relaxation of the 

branching arms. The simulations with the extended MCSS for star and H branch polymers 

reproduce the experimental data for the diffusion and the linear viscoelasticity. The MCSS 

results are also consistent with the simulation results performed with the bead-spring 

model and the primitive chain network model. By the consistency with the experiments 

and the other simulations, the effects of SHAB were discussed in detail on the diffusion 

and the relaxation modulus. For the asymmetric star polymers with the significant 

difference in the molecular weight between the backbone chains and the branching arm, 

SHAB accelerates the diffusion. For the other star polymers, SHAB has virtually no effect 

on the diffusion. For the H branch polymer examined in this specific study, although 

SHAB relaxes the entanglements between the backbone chains, no impact on diffusion 

has been found. For the viscoelasticity, SHAB does not affect the linear relaxation 

modulus for the examined polymers. These results may suggest a role of the intrinsic 

migration of the branch points for scarcely entangled systems. Nevertheless, the results 

of H branch polymers cannot be obtained without SHAB, which is necessary for the 
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equilibration of the system.  

 

For the evaluation of SHAB, further tests are necessary. Because the systems used for the 

test of SHAB are not well-entangled, the criteria for the occurrence of SHAB are fulfilled 

rather easily. However, for well-entangled systems, further considerations would be 

necessary for the SHAB criteria, such as the condition of the arm relaxation. Highly 

asymmetric and well-entangled star polymers and H polymers would be suitable for such 

evaluations. For such simulations, further improvements of the simulation method for the 

reduction of computation costs are required, because the level of coarse-graining of 

MCSS is not that high. In this respect, bead-spring simulations would give useful 

reference data. The effect of polydispersity is also worth investigating for the evaluation 

as the constraint-release, and the inter-molecular correlations are naturally considered in 

the multi-chain model. Studies toward such a direction are ongoing, and the results will 

be published elsewhere. 
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