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Abstract

The Bohr-Jessen limit theorem is a probabilistic limit theorem on the value-
distribution of the Riemann zeta-function in the critical strip. Moreover
their limit measure can be written as an integral involving a certain density
function. The existence of the limit measure is now known for a quite general
class of zeta-functions, but the integral expression has been proved only for
some special cases (such as Dedekind zeta-functions). In this paper we give
an alternative proof of the existence of the limit measure for a general setting,
and then prove the integral expression, with an explicitly constructed density
function, for the case of automorphic L-functions attached to primitive forms
with respect to congruence subgroups I'g(N).
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1. Introduction

Let s = o + it be a complex variable, ((s) the Riemann zeta-function.
Let R be a fixed rectangle in the complex plane C, with the edges parallel
to the axes. By u, we mean the k-dimensional usual Lebesgue measure. For
o>1/2and T > 0, define

Vo(T,R;¢) = u{t € [-T,T] | log((o +it) € R}. (1.1)
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(The rigorous definition of log ((¢ + it) will be given later, in Section 3.) In
their classical paper [4], Bohr and Jessen proved the existence of the limit

1
ﬁVU(T7 R; C) (12>

This is now called the Bohr-Jessen limit theorem. Moreover they proved that
this limit value can be written as

WoFiQ) = [ Ma(z,)ld:], (1.3)

Wo(R; ¢) = lim

where z = x + iy € C, |dz| = dxdy/27, and M,(z,() is a continuous non-
negative, explicitly constructed function defined on C, which we may call the
density function for the value-distribution of {(s).

This work is a milestone in the value-distribution theory of ((s), and var-
ious alternative proofs and related results have been published; for example,
Jessen and Wintner [9], Borchsenius and Jessen [5], Guo [6], and Thara and
the first author [7].

An important problem is to consider the generalization of the Bohr-Jessen
theorem. The first author [13] proved that the formula (1.2) can be general-
ized to a fairly general class of zeta-functions with Euler products. However,
(1.3) has not yet been generalized to such a general class. The reason is as
follows.

The original proof of (1.2) and (1.3) by Bohr and Jessen depends on a
geometric theory of certain ”infinite sums” of convex curves, developed by
themselves [3]. In later articles [9] and [5], the effect of the convexity of curves
was embodied in a certain inequality due to Jessen and Wintner [9, Theorem
13]. Using this method, the Bohr-Jessen theory was generalized to Dirich-
let L-functions (Joyner [10]) and Dedekind zeta-functions of Galois number
fields (the first author [14]). These generalizations are possible because these
zeta-functions have ”convex” Euler products in the sense of [13, Section 5].
But this convexity cannot be expected for more general zeta-functions. For
example, we cannot apply Jessen-Wintner theorem to each Euler factor of
log L(f,s) or (L'/L)(f,s), where L(f,s) is the L-function associated with a
primitive cuspform f. But Lebacque and Zykin [12] studied log L(f ® ¥, $)
and (L'/L)(f®x, s) as modulas aspect in the way similar to [8] using Murty’s
result [20].

In [13], the first author developed a method of proving (1.2) without using
any convexity, so succeeded in generalizing the theory. However, the method
in [13] cannot give a generalization of (1.3).
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So far, there is no proof of (1.3) or its analogues without using the convex-
ity, or the Jessen-Wintner type of inequalities. For example, [7] gives a differ-
ent argument of constructing the density functions for Dirichlet L-functions,
but the argument in [7] also depends on the Jessen-Wintner inequality. Addi-
tionally, authors [18] studied the value-distribution of the difference between
the log L(sym’', s) and log L(sym?”, s) in level aspect, where L(sym’',s)
is the symmetric mth power L-function associated with a primitive cusp-
form f. The argument in [18] is similar to one in [7] and it depends on the
Jessen-Wintner inequality.

In [16] [17], the first author obtained certain quantitative results on the
value-distribution of Dedekind zeta-functions of non-Galois fields and Hecke
L-functions of ideal class characters, whose Euler products are not convex.
But in these cases, they are "not so far” from the case of Dedekind zeta-
functions of Galois fields. In fact, a simple generalization of the Jessen-
Wintner inequality is proved ([17, Lemma 2]) and is essentially used in the
proof.

Actually, analyzing the proof of [9, Theorems 12, 13] carefully, we can
see that the convexity of curves is not essential. The indispensable tool is
the inequality of the Jessen-Wintner type. (However the convex property is
probably of independent interest; see Section 8.)

It is the purpose of the present paper to obtain an analogue of (1.3) in
the case of automorphic L-functions. The main result (Theorem 2.1) will be
stated in the next section. The key is Proposition 7.1, which is an analogue
of the Jessen-Wintner inequality for the automorphic case. The novelty of
this proposition will be discussed in Section 6.

Except for the proof of this inequality, the argument can be carried out in
more general situation. In Section 3 we will introduce a general class of zeta-
functions, and in Sections 4 to 6 we will generalize the method in [14] to that
general class. Then in Section 7 we will prove the Jessen-Wintner inequality
for the automorphic case to complete the proof of the main theorem.

2. Statement of the main result

Let f be a primitive form of weight x and level N, that is a normalized
Hecke-eigen new form of weight x with respect to the congruence subgroup
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I'o(N), and write its Fourier expansion as

f(Z) _ Z )\f(n)n(nfl)/Qe%rinz’
n=1

where the coefficients A¢(n) are real numbers with A\;(1) = 1. Denote the
associated L-function by

Ly(s) =Y Ap(n)n>.

This is absolutely convergent when o > 1, and can be continued to the
whole plan C as an entire function. We understand the rigorous meaning of
log Ls(s) and of

Vo(T,R; Ly) = uf{t € [-T,T] | log Ly(o +it) € R}

in the sense explained in Section 3. The following is the main theorem of the
present paper.

Theorem 2.1 (Main Theorem). For any o > 1/2, the limit

1
Wo(R; Ly) = lim =V, (T, R: Ly) (2.1)

T—o00

exists, and can be written as
Wy(R; Ly) = / M (z, Ly)|dz], (2.2)
R

where M, (z,L¢) is a continuous non-negative function (explicitly given by

(6.4) below) defined on C.

The above function M, (w, L¢) can be called the density function for the
value-distribution of Ls(s). The integral expression involving the density
function is useful for quantitative studies; for example, in [14] [16] [17] we
used such expressions to evaluate the speed of convergence of (3.4) below
in the case of Dedekind zeta-functions and Hecke L-functions. Therefore
we may expect that (2.2) can be used for quantitative investigation on the
value-distribution of L¢(s) (see also Remark 6.2).
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Let IP be the set of all prime numbers. Since f is a common Hecke eigen
form, L(s) has the Euler product

Ly(s) = [T = A=) T = App)p~ +p72)

bV v
=T = X@p ) [ = app) (1= Brp)p™*) ", (2.3)
by o

where a;(p) + B;(p) = Ar(p), Br(p) = as(p), and
lag(p)| = 1B ()| = 1. (2.4)

Also we know
M) <1 (if p|N) (2.5)
(see [19, Theorem 4.6.17]).

It is known that, for any € > 0, there exists a set of prime P () of positive
density in P, such that the inequality

(D) > V2 —e¢ (2.6)

holds for any p € Ps(e) (M. R. Murty [20, Corollary 2 of Theorem 4] in
the full modular case, and M. R. Murty and V. K. Murty [21, Chapter 4,
Theorem 8.6] for general I'o(NN) case). This fact is used essentially in the
course of the proof.

3. The general formulation

A large part of the proof of our Theorem 2.1 can be carried out under
a more general framework, that is, for general Euler products introduced in
[13]. We begin with recalling the definition of those Euler products.
Let N be the set of all positive integers, and g(n) € N, f(j,n) € N
(1 <j <g(n)) and a) € C. Denote by p, the n-th prime number. We
assume
g(n) <Gy, a| <), (3.1)

with constants C; > 0 and «, 5 > 0. Define
p(s) =[] Ann) ™, (3.2)
n=1
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where A, (X) are polynomials in X given by

g(n)
A, (X) =[] = aP X0,
j=1

Then ¢(s) is convergent absolutely in the half-plane o > o+ 5+ 1 by (3.1).

Definition. We denote by M the set of all ¢ satisfying the following three
conditions.

(i) ¢(s) can be continued meromorphically to o > oy, where a+5+1/2 <
09 < a+ B+ 1, and all poles in this region are included in a compact
subset of {s | 0 > 0y},

ii o+it) = O((|t| + 1)) for any o > 0, with a constant C' > 0,
¥
(iii) It holds that
T
/ lp(og + it)|2dt = O(T). (3.3)
-T

Remark 3.1. Here we note that L;(s) defined in the preceding section be-
longs to M. In fact, the Euler product is given by (2.3). The condition (3.1)
is satisfied with a = 5 = 0 by (2.4), (2.5). It is entire, so (i) is obvious. Since
it satisfies a functional equation, (ii) follows by using the Phragmén-Lindel6f
convexity principle. Lastly, (iii) follows (with any oy > 1/2) by Potter’s
result [22].

Now let us define log ¢(s). First, when 0 > o+ + 1, it is defined by the
sum

oo g(n)
log(s) =—> > Log(l — af)p, /0m),
n=1 j=1

where Log means the principal branch. Next, let
B(p) ={o+iSp |09 < 0 < Rp}

for any zero or pole p with Rp > 05. We exclude all B(p) from {s | ¢ > o¢},
and denote the remaining set byG(y). Then, for any s € G(p), we may
define log (s) by the analytic continuation along the horizontal path from
the right. Define

Vo(T, R;p) = m{t € [-T.T] | 0 + it € G(p),log (o +it) € R}.
Then, as a generalization of (1.2), the first author [13] proved the following

6



141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

Theorem 3.1 ([13]). Let ¢ € M. For any o > oy, the limit

|
Wo(R; ) = lim ﬁVJ(Tv R; ) (3.4)

ex1sts.

This theorem may be regarded as a result on weak convergence of prob-
ability measures, and Prokhorov’s theorem in probability theory is used in
the proof given in [13].

In [14], the first author presented an alternative argument of proving
such a limit theorem, again without using any convexity. This argument is
based on Lévy’s convergence theorem. The method in [14] is more suitable
to discuss the matter of density functions, so in the present paper we follow
the method in [14].

In [14], only the case of Dedekind zeta-functions is discussed, but, as
mentioned in [15], the idea in [14] can be applied to any ¢ € M. Such a
generalization has, however, not yet been published, so we will give a sketch
of the argument in the following Sections 4 and 5.

4. The method of Fourier transforms

Let ¢ > 09, and N € N. The starting point of the argument is to consider
the finite truncation of y(s), that is

= H An(p®) H H zf(yn)) ,

n<N n<N j=1

where T(j) £l )p;f(j’n)a. Then

log on (s Z Z log (1 e~ (Gn)logpn) (4.1)

n<N j=1
Note that

|T’(] | < |a(] | fG,n)o < pﬁ—U < pg—(a+5+1/2) S p;l/2 S 1/\/§

— n —

Let Z be the set of all integers, R the set of all real numbers, TV = (R/Z)"
be the N-dimensional unit torus, and define the mapping Sy : TV — C,

7
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attached to (4.1), by

g(n)

Sn(by,....,0 =) ) log (1 Je2mifGmny (4.2)

n<N j=1

(Though Sy depends on ¢ and ¢, we do not write explicitly in the notation,
for brevity. Similar abbreviation is applied to the notation of Ay, A, K,, be-
low.) We write z(j)(e ) = —log(1— ) e2mif G, m0n) andz, (6,,) = Zg () 2) (6,).

Then
SO, 08) = D za(6). (4.3)

n<N

For any Borel subset A C C, we define Wy, (A; p) = un(Sy'(A)). Then
Wi, is a probability measure on C.

Let R C C be any rectangle with the edges parallel to the axes. The
idea of considering the inverse image S&I(R) C TV goes back to Bohr’s work
(Bohr and Courant [2], Bohr [1], and Bohr and Jessen [4]). Also let E be
any strip, parallel to the real or imaginary axis. We have the following two
facts, whose proofs are exactly the same as the proofs of [14, Lemma 1].

Fact 1. The sets Sy'(R), Sy'(E) are Jordan measurable.

Fact 2. For any ¢ > 0, there exists a positive number 7 such that, for any
strip £/ whose width is not larger than n, it holds that Wx ,(E; ) < €.

Now define
VN,O’(T7 R; ()0) = ,ul{t S [_Ta T] ’ lOg SON(O' + Zt) S R}

We see that log pn (o + it) € R if and only if

({—%logpl},...,{—%logp]v}) € Sy'(R)

(where {x} means the fractional part of z). Since logpy,...,logpy are lin-
early independent over the rational number fieldQ, in view of Fact 1, we can
apply the Kronecker-Weyl theorem to obtain

Proposition 4.1. For any N € N, we have

1
WN,O’(R; ()0) = lim _VN,U(Ta R; @) (44>

T—o0 2T
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This is the "finite truncation” version of Theorem 3.1. Therefore, the
remaining task to arrive at Theorem 3.1 is to discuss the limit N — oco. For
this purpose, we consider the Fourier transform

Ay (w) :/e“Z’w)dWN’U(z; ©),
C

where (z,w) = RzRw + FzJw. Our next aim is to show the following

Proposition 4.2. As N — oo, Ay(w) converges to a certain function A(w),
uniformly in{w € C | |w| < a} for any a > 0.

Proof. The proof is quite similar to the argument in [14, Section 3|. It is
easy to see that

An(w) :/ e/ SN LN gy (01, O,
TN

so in view of (4.3) we can write

Av(w) =[] Kn(w) (4.5)
n<N
with .
K,(w) = / etEnnwigy
0
Noting |25(6,)] < |r$| < ph~7 and (3.1), we have

2

g(n)
2 (0)]F = D 29 (0,)| < peti=.
j=1

Therefore, analogously to [14, (3.2)], we obtain
[ (w) = 1] < Jw]Ppfet7=), (4.6)
which implies

[Ans1(w) = An(w)] = [An(@)] - [Kpia(w) = 1] < JwlPpp {7770 (47)
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Therefore, for M > N,

Mi

| Ay (w) —

Apyr(w n(w)|
n=N

M-—1
2(a+pB—0o «
< Y77 < fwf? Z . (4.8)

Since 0 > 09 > a + [+ 1/2, the last sum tends to 0 as N — oo, uniformly
in the region |w| < a. This implies the assertion of the proposition. a

From Proposition 4.2, in view of Lévy’s convergence theorem, we imme-
diately obtain

Corollary 4.1. There exists a reqular probability measure Wy (- ; ), to which
Who(- ;) converges weakly as N — oo, and

A(w) :/Ce“z’de(,(z; ©). (4.9)

Moreover, taking the limit M — oo on (4.8), we obtain
[A(w) = An(w)| < Jwl? anaw : (4.10)

5. Proof of Theorem 3.1

In this section we show how to prove Theorem 3.1 in the framework of our
present method. The argument is very similar to that given in [14, Sections
3 and 4], so we omit some details.

First, using Fact 2 in Section 4, we can show (analogously to the argument
in the last part of [14, Section 3]) that R is a continuity set with respect to
W,, and hence

Wo(R; @) = lim Wy, (R; ). (5.1)

Now, following the method in [14, Section 4], we prove Theorem 3.1. Put

Roy(s:) — log o(s) — logow(s),  f(sio) = L1 1

10
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When o > a+ 5+ 1, since

g(n)
Ru(si) < Y > a9 |p, 10m7 <y pptie (5.2)
n>N j=1 n>N

which tends to 0 as N — oo, the assertion of the theorem directly follows
from Proposition 4.1 and (5.1).

In the case 0 < 0 < a+£+1, naturally we have to discuss more carefully.
Let § > 0, and define

K3(Ts ) = {t e [-T.T]

o+it € G(p),
|log p(o +it) —logpn(o+it)| >0 |

and k3 (T;¢) = (K (T; ). We will prove that k% (T;¢) is negligible,
that is, for any € > 0 we can choose Ny = Ny(9,¢) for which

limsup T kS (T ) < € (5.3)

T—o0

holds for any N > Nj.
Let g = 0—¢, oy = 0 —2¢. We choose ¢ so small that og < a1 < a9 < 0.
For any ty € [T, T], put

H(to) = {S | o> g, ty — 1/2 <t < t0+1/2},
and define % (to; ) = 0 if H(ty) C G(p) and|Rn(s;p)| < d for any s €
H(ty), and ¥ (to; ¢) = 1 otherwise. Then clearly

T
k(T ) < /_ . Uiy (to; @) dto. (5.4)

Using (5.2) we can find By = a+ 8+ 1+ C§~! (with an absolute positive
constant C') for which |Ry(s; )| < 0 holds for any s satisfying o > 3. Let

Q(to) = H(to) N {S | o< ,80}
Lemma 5.1. If | fx(s;¢)| < 6/2 for any s € Q(ty), then ¥ (to; ©) = 0.

This is a generalization of [14, Lemma 2], which further goes back to
Bohr [1, Hilfssatz 5]. Bohr’s proof in [1] can be applied without change to
the above general case, so we omit the proof.

11
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Let 81 = 2fp, and let P(ty) be the rectangle given by a1 < o < f,
to—1<t<ty+1. Put

Fx(to; ) = //p@ | | fu (s ) Pdodt.

(This can be defined only when P(ty) does not include a pole of ¢(s).) We
use Lemma 5.1 and [14, Lemma 3] (which is [1, Hilfssatz 4]) to see that if

Fn(to;p) <m (5/2)2 (5/2)2

then 9% (to; ¢) = 0. Therefore

11(S)
2T

1 T
o7 | kit b (55)

where S is the set of all t € [=T,T] for which we can find a pole s" ofp(s)
satisfying [t — s’| < 2, and

= gpm( {0 € RTINS | Futiig) 2 mle/20/27 )

From the definition of b we obtain

m(e/2)%(6/2)%

1 1 b1 pT+1 ) #
<— Fn(to; o)dty = — / fn(s;p / dtydtdo,
2T Jypel-r,m\s w{fos ) 2T Jo, —T—l‘ wiss o) ’

where the innermost integral (with the # symbol) is on ty € [T, 7]\ S,
t—1 <ty <t+ 1. This innermost integral is trivially < 2, and is equal to
0 if there exists a pole ' of ¢(s) such that |t — Js’'| < 1 (because then all
to € [t — 1,t + 1] belongs to S). Therefore

2 2 i o AT
w(e/22(0/27% < = / | / oy Lt )P (5.6)

where

J(T)={te[-T,T] | |t — 3’| > 1 for any pole s’ of ¢(s)}.

12
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From (5.4), (5.5) and (5.6) we now obtain

1 ' 1 . T 111(S)
1) < oy [ it + 22 5)

On the double integral on the right-hand side, as an analogue of [14,
Lemma 4], we can show the following lemma.

Lemma 5.2. For any n > 0, There exists Ny = No(n), such that

1 b1
1 / / (s ) Ptdo <1 (5.8)
T al J(T+1)

for any N > Ny and any T > Ty with some Ty = To(N).

Proof. Write the Dirichlet series expansion of ¢(s) in the region o > a+5+1

as
o)

o(s) = Z crk™°.

k=1

Then the Dirichlet series expansion of fy(s) is

fn(sie) = Z/ckk_s,

k

where the symbol Y~ means that the summation is restricted to & > 1 which
is co-prime with pips---py. In [11, Appendix] it has been shown that, for
any € > 0, we can choose a sufficiently large N = N(¢) such that

cr, = O(koTPTe) (5.9)

for all k co-prime with p1ps---pn.
By (3.3) and the convexity principle we have

/J(T) lp(o + it)|*dt = O(T) (5.10)

for any o > 09. On the other hand, using (4.1) we have

g(n)
on(o+it) " <exp [ C Z Z a9 |p 76m7 | < exp (C/N+B+1=0)
n<N j=1

13
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(where C,C" are positive constants). Combining this estimate with (5.10)
we obtain

1
[ lislo it o) < exp (20851,
T Jyr

which is O(1) with respect to T'. Therefore by Carlson’s mean value theorem
(see [23, Section 9.51])

1 /
lim — / |fn (o +it; p)|2dt = E k™, (5.11)
T J(T) k ‘

T—o0

uniformly in 0. Using (5.9), we can estimate the right-hand side of (5.11) as
< Z k2(a+/5+57¢7) < N1+2(a+/5+57¢7)’
kZpni1

whose exponent is negative for o > oy (if ¢ is sufficiently small). This
immediately implies the assertion of the lemma. O

Now, applying Lemma 5.2 with n = 7§%¢%/16 to (5.7), we arrive at (5.3).
The assertion of the theorem in the case oy < 0 < a+  + 1 then follows by
the same argument as in the last part of [14, Section 4].

6. The density function

In this section o is any real number larger than oy. We discuss when it is
possible to show that W, (-; Ly) is absolutely continuous. Then by measure
theory we can write

mww:AMwmm| (6.1)

with the Radon-Nikodym density function M, (z; ¢).
For this purpose, we aim to show

An(w) = O(Jw|~®™)  (Jw| — o) (6.2)

uniformly in N, with some 1 > 0.
If (6.2) is valid, then

/C\AN(w)Hdw\ < 0.

14
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Therefore Wy, is absolutely continuous, and the Radon-Nikodym density
function My ,(2; ¢) is given by

Mo (2;9) :/ei<z’w>AN(w)]dwl (6.3)

C

and is continuous (see [9, p.53], [5, p.105]). Moreover, the above uniformity
in N implies that the same estimate as (6.2) is valid for the limit function
A(w). Therefore W, is also absolutely continuous, hence (6.1) is valid with
the continuous density function given by

M, (2 ) = / =20 A ()| duo. (6.4)

C

The following proposition reduces the problem to the evaluation of K, (w):

Proposition 6.1. If there are at least five n’s, say nq,...,ns, for which
K,(w) = O,(Jw|7Y?) holds as |w| — oo, then (6.2) is valid for any N >
max{ni,...,ns}, and so (6.1) and (6.4) are also valid.

Remark 6.1. The proof of (6.2) in the above proposition is simple: just ap-
ply K, (w) = O,(|w|7*/?) (for ny, ..., ns) and the trivial estimate | K,,(w)| < 1
to the product formula (4.5). The result is (6.2) with n = 1/2, uniform in N.

Remark 6.2. The existence of the density function is useful for quantitative
studies. For instance, if there are at least ten n’s with K, (w) = O(Jw|~/?),
then Ay(w) = O(|w|™®) for large N. This fact with (4.6), (4.10) leads the

estimate
Wo(B; L) = W (R: Ly)| = O(pa( )N (log N)*H770) - (6.5)
for ¢ > 0y, as an analogue of [14, (6.4)].

In [14], when ¢ = (k (the Dedekind zeta-function of a Galois number field
K), the key estimate (6.2) was proved by using [9, Theorem 13]. In this case,
(k has the Euler product of the form (3.2) with f(1,n) =--- = f(g(n),n)

(= f(n), say, the inertia degree) and a’ = 1 (and hencer’ = - .. = "

pgf(")a (

=Ty, say)). Therefore

20(0,) = —g(n) log(1 — r,, & /(M)
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307

308

309

310

311

312

313

314

315

316

317

318

319

which describes a curve when 6, moves from 0 to 1. This curve is convex,
so the original Jessen-Wintner inequality ([9, Theorem 13]) can be directly
applied. In this case we encounter only one type of curve, that is, the curve
~log(1—€) (E€C, [¢] = r,).

When K is non-Galois, f(1,n),..., f(g(n),n) are not necessarily the same
as each other, so

Zlog (1 — r@)rifimn)fn),

However, still in this case, the number of relevant types of curves

g9(n)
—Ylog(1—¢/U7) (€€ C, fgl=p7)
j=1

is finite, because there are only finitely many patterns of the decomposition of
prime numbers into prime ideals in K. Because of this finiteness, we can use
[17, Lemma 2] (which is a simple generalization of [9, Theorem 13]) to show
(6.2) in this case. The case of Hecke L-functions of ideal class characters can
be treated in a similar way.

However in the automorphic case, we encounter infinitely many types of
curves, because in this case z,(6,) describes a curve

—log(1 —ay(pn)§) —log(1 = Bs(pn)§) (€ €C, [El=p,7),  (6.6)

which depends on af(p,), B¢(pn). Therefore we have to prove a new type of
Jessen-Wintner inequality, suitable for the automorphic case. This will be
done in the next section.

7. An analogue of the Jessen-Wintner inequality for automorphic
L-functions

Now we restrict ourselves to the case of automorphic L-functions. Except
for the (finitely many) prime factors of N, the Euler factor of L¢(s) is of the
form

(1= ay(pa)p,*) (1 = Br(pa)py)
0 zn(0,) = A, (p;7€2 ) with

n

Ap(X) = —log(1 - af(pn)X) —log(1 - Bf(pn))o

16
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327

328

329

330

331

332

333

334

335

336

When 6,, moves from 0 to 1, the points z,(6,) describes a curve (6.6) on the
complex plane, which we denote by I',,.

Let 2,(0,) = R2,(0,) and y,(6,) = $2,(6,). Writing w = |w|e™ (7 €
[0, 27)) we have w = |w| cosT + i|w|sin 7. Then

(2n(0n), w) = |w|gT,n(0n)7 (7.1)

where
Grn(6r) = x,(6,,) cos T + y,, (6,) sin .

Therefore .
Kn(w):/ ellwlorn@n)qg (7.2)
0

Lemma 7.1. Let n € N such that p, t N. For any fized T, the function
Grn(0n) (as a function in 0,,) is a C*-class function. Moreover, if p,, € P(e)
and n is sufficiently large, then g7, (0,) has evactly two zeros on the interval

0,1).

Proof. Hereafter, for brevity, we write p, = p, p,° = q, 270, = 0, z,(0,) =
2(9), gr,n(9n> = gr(9>: xn(en) = $(9), and yn(en) = y(9> Since the Taylor
expansion of A,(x) is given by

An(x> — Z ajxj with aj; = %(Ckf(p)j + ﬁf(p)j>7
j=1

we have
x

2(0) = Z a;q’ e’

j=1

Therefore, putting b, = Ra; and ¢; = Ja;, we have
2(0) = qui(0), y(0) = ¢'v;(0),
j=1 j=1

where
u; () = b; cos(j0) — ¢;sin(j0), v;(0) = b;sin(j60) + ¢; cos(j0).

Differentiate these series termwise with respect to #; for example
2(0) ==Y idvi(0), ¥ (O) = idu0)
j=1 j=1

17



337

338

339

340

and so on. From (2.4) we have |a;| < 2/7, so
bl <2/5, el <2/ (7.3)

Noting these estimates and ¢ < 1, we see that these differentiated series are
convergent absolutely. Therefore x(6), y(0) are belonging to the C*°-class,
and so is g,(#). In particular the above termwise differentiation is valid, and
we have

g.(0) = — qujvj(e) COST + qujuj(e) sin T
j=1 j=1

= —qu(0) cosT + qui () sinT + E1(q; 0, 7), (7.4)

where E)(q; 0, 7) denotes the sum corresponding to j > 2, and

|Ev(g;6,7)] <2 i (bl + Ies)

i>2
(2 2 - 8¢?
<2) j¢ (}*;):82‘1]:1_(1' (7.5)
Jj=2 Jj=>2

Since ¢ = p;° < 272 = 1/4/2, we find that Ey(q;0,7) = O(¢*) as ¢ — 0
(that is, n — o0), where the implied constant is absolute. Therefore from
(7.4) we have

g.(0) = —gby sin(0 — 7) — qey cos(6 — 7) + O(¢?).

Write 4 = arga;. Then by = |ay| cosvi, ¢; = |aq]sin~y, and so

g.(0) = —qla1|(cos 1 sin(d — 7) + siny; cos(f — 7)) + O(q?)
= —q¢(lay| sin(y + 6 — 7) + O(q)). (7.6)

Similarly, one more differentiation gives

gr0) = — qujuj(é’) COST — qujvj(é’) sin T
P j=1

= —qlaq|cos(y1 + 0 — 1) + Ex(q; 0,7), (7.7)
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342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

where Es(q; 0, 7), the sum corresponding to j > 2, satisfies

|[Ea(q;0,7)[ <2 7% (Ibs] + )

§>2
(2 2 8¢ (2—q)
2 — —
<2350 (3+7) =sT i =g a9
5>2 3>2

(The proof of the last equality: Put J = 2322 j¢’, and observe that J =
PVES D¢t =q ijﬂqj + s ¢ =¢*+q¢J+¢*/(1—q).) Therefore
EQ\(/q_; 0,7) = O(q*) with an absolute implied constant (by using again ¢ <
1/4/2), and hence

97(0) = —q(lay| cos(y1 + 6 — 7) + O(q)). (7.9)
Furthermore

g2 (0) = glay| sin(yy + 60 — 7) + E3(q; 0, 7) (7.10)
with

|Es(q:0,7)] <2 5% (Ibs] + |ej])

j>2

2q’ 3 ! 2¢(2 — q)
< 2.0 _ Q.2 _ , |
_8;yq o (1—q+1—q2Jr (1— )7 O(q) (7.11)

with an absolute implied constant. (The evaluation of > 7%¢’ can be done
similarly to the last equality of (7.8).)

Now we assume that p, € Pf(¢), where ¢ is a small positive number.
Recall a; = ap(p) + Bf(p) = Ap(p). Therefore from (2.6) we have |a;| >
V2 — . On the other hand, the term O(gq) can be arbitrarily small when n
is sufficiently large. Therefore from (7.9) we find that, for sufficiently large
n, if @ = 0y is a solution of ¢”(f) = 0, then cos(v; + 0y — 7) is to be close to
0. That is, writing § = 6¢, 65 be two solutions of cos(y; + 60 — 7) = 0 in the
interval 0 < 6 < 27, we see that 6, is close to 6] or 5.

Now consider ¢(#). From (7.10) and (7.11) we have

g7 (0) = q(Jar| sin(y1 + 6 — 7) + O(q)).

Since
|sin(yy + 07 — 1) = [sin(y + 05 — 7)[ = 1,
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is sufficiently large. This implies that g(f) is monotone around ¢ = 6.

Therefore we conclude that there is at most one solution 6 = 6 of g”(6) = 0
around 05.

Moreover, from (7.9) we see that ¢g”(f) is negative around the value of 0
satisfying cos(y; +6 —7) = 1, and is positive around the value of 0 satisfying
cos(yy + 0 — 1) = —1. Therefore ¢g”(6) changes its sign twice in the interval
0 <0 < 1, so that the above solution 6, indeed exists both around 6f and
around 65. We denote those solutions by €7 and 67, respectively. That is,
g2(f) = 0 has exactly two solutions in the interval 0 < 6 < 2. O

we see that g)"(f) # 0 around 6 = 05 (j = 1,2), if p, € Py(e) and n

Remark 7.1. By the same reasoning as above, we can show that, if p, €
P¢(e) and n is sufficiently large, ¢.(f) = 0 also has exactly two solutions
0] and 6 in the interval 0 < 6 < 27. In fact, there exists two solutions
0 = 07,05 of sin(y, + 6 — 7) = 0 in the interval 0 < 0 < 27, and 6} is close to
03 (7 = 1,2). (We can further show that, for any [ € N, there exist exactly

two solutions of ¢ (6) = 0.)

Now we can prove an analogue of the Jessen-Wintner inequality for au-
tomorphic L-functions. In the rest of this section, we follow the argument
in the proof of [9, Theorem 12]. We use the notation defined in the proof of
Lemma 7.1 and in Remark 7.1. The integral (7.2) can be rewritten as

1 27 ]
K(w) = — /0 evlo=) gp, (7.12)

:27r

Proposition 7.1. If p, € Ps(e) and n is sufficiently large, we have

1 1
Kn — O )
(w) (q1/2|w|1/2 * q|w|)

with the tmplied constant depending only on €.

Proof. When 6 moves between ¢ and 05 (1 <4, <2) (mod 27), the values
of sin(y; +6 — 7) and cos(y; + 6 — 7) varies continuously and monotonically,
and there exists a unique value 6 = 6;; between 6; and 67 at which

|sin(y +0;; — 7)| = |cos(y1 + 60, — 7)| = 1/\/5

holds. We split the interval 0 < 6§ < 27 (mod 27) into four subintervals at
the values 6;; (1 <4,j < 2). Then on two of those subintervals (which we
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392
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397

398

399

400

401

402

403

404

405

denote by I4 and I3) the inequality|sin(y, + 6 — 7)| > 1/4/2 holds, while
on the other two subintervals (which we denote by I~ and Ip) the inequality
| cos(yy + 0 — 7)| > 1/4/2 holds.

Since p,, € Py(e) and n is sufficiently large, we can again use the facts
la;| > V2 — € and the term O(q) is small. Therefore from (7.6) we find

9:(0) = a((V2 = £)(1/v2) — ) = q(1 — 2¢) (7.13)
for 6 € I, U Ig. Similarly from (7.9) we find that, for sufficiently large n,
197(0)] = (1 — 2¢) (7.14)

for 0 € Io U Ip.

The number 6{ is included in I4 or Ig, say I4. Then 65 € Ig. Therefore
also 0 € I and 6] € Iz. We split 14 into two subintervals at § = #/. Then
in the both of those subintervals, ¢/ () is monotone. Therefore, applying
the first derivative test (Titchmarsh [24, Lemma 4.2]) with (7.13) to those
subintervals we have

‘ 4 8
i|wlg-(0)
e d@ <2 N S )
/IA ' — min{|wl[g;(0)]} T qlw|(1 - 2e)

and the same inequality holds for the integral on .

As for the integrals on the intervals Io and Ip, we use the second deriva-
tive test ([24, Lemma 4.4]). The monotonicity is not required for the second
derivative test, so we need not divide I¢ into subintervals. Using (7.14), we
have

8

/ ez’|wgf<9>d9' < ,
Ic V \WIQ(l - 25)

and the same for Ip. Collecting these inequalities, we obtain the assertion
of the proposition. O

Proposition 7.1 implies that
Kp(w) = One(Jw72) (Jw] = o0) (7.15)

if p, € P¢(¢) and n is sufficiently large. The set P¢(e) is of positive density,
especially it includes infinitely many elements (so surely includes five ele-
ments). Therefore we can obviously apply Proposition 6.1 to ¢(s) = Ly(s),
and the proof of Theorem 2.1 is now complete.
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8. The convexity

In our proof of Theorem 2.1, the convexity of relevant curves plays no role.
However the geometric property of the curve I, is of independent interest.
We conclude this paper with the following

Proposition 8.1. If p, € Ps(e) for a small positive number € and n is
sufficiently large, the curve I',, is a closed convex curve.

Remark 8.1. Using [9, Theorem 13] we have that each curve I',, is convex if
€] is sufficiently small. But their theorem does not give any explicit bound
of |¢| (which may depend on n), so we cannot deduce the above proposition
from their theorem.

Proof of Proposition 8.1. Assume p, € P;(¢) and n is large. Then
wi(0)® + 0i(0)? = 07 + & = | [* = |ag(p) + B; () > (V2 —¢)?

by (2.6). Therefore at least one of |u;(0)|* and |vy(6)|? is larger than (v/2 —
£)?/2, that is, at least one of |u;(0)| and |v;(0)] is larger than (vV/2—¢)/v/2 >
1 —¢. Let

O(ui,n) =4{0 €[0,27) | |[us ()] > 1 —¢€},
O(vy,n) =40 € [0,27) | |[v1(0)] > 1 —¢}.

Then ©(uy,n) UB(vy,n) = [0,2m).

First consider the case when 0 € ©(vy,n). The curve I',, consists of the
points 2(0) = z(6) + iy(#). We identify C with the R*-space {(z,y) | =,y €
R}, and identify z(0) with (z(0),y(6)). We study the behavior of the tangent
line of the planar curve I';, at z(f), when 6 varies. By Z(0) we denote the
tangent of the angle of inclination of the tangent line z(). Then

=(6) = L5 = - (quﬂ‘ujw)) / <quﬂ‘vj<9>> BT

It is to be noted that the denominator is quvi(f) + O(q?), so this is non-
zero for sufficiently small ¢ (that is, sufficiently large n), because now we
assumef € O(vy,n).

We evaluate ='(6). First, by differentiation we have

=(0) = X1(0) + Xo(0) + X3(0) + Xa4(0), (8.2)
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430

431

432

say, where

Xl( —qv1 /(qu UJ ) )
0) = (qujvjw)) / (qufvjw)) ,
X5(0) = (qui(¥ / (qu ui ) ’

and
- 2
Xu0) = | 3 gk u;0)un0) / (quﬂ‘vxe)) .

4,keEN Jj=1

J+k>3
We write

qu v; () = qui()(1 + Y (8)),

where

1

_ ijqj—lvj(g)
Since |v1(0)| > 1 — ¢, using (7.3) we have

o0

o e T

(noting ¢ is small). Therefore

S 71_ 1 Y (6)
<;” “ﬂ‘”) = o - Trvm)

B 1 1 1Y (0)] B 1
“gun @ ¢ <q<1 —o1- \Y(en) - +o).

This implies
X1(0) =1+ O(q).
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The numerator of X5(f) can be evaluated, as in (7.8), by O(¢?). Therefore
with (8.4) (whose right-hand side is O(g™!)) we have

X5(0) =0(¢*-¢7") = O(q). (8.6)
As for X3(6), again using |v1(0)| > 1 — € and (8.4) we obtain
uy (0)? V() \?  ui(0)?
X3(0) = 1— = . .
(=@ T Tiv®) T wee 09 8.7
Lastly, we have
Xa(0) < > kg™ g <, (8.8)
j,keN
J+k>3
because
Z kqurk:qu Z qu:qquk+zq]2qu
j,keN i>1 k>max{1,3—j} k>2 i>2  k>1
J+k>3
—qJ+(q+ 7)) ¢ =0(¢")
j>2

(where J was defined just after (7.8)). Collecting (8.2), (8.5), (8.6), (8.7)
and (8.8), we obtain

up (6)?
U1 (9)2

Note that all the implied constants in the above formulas are absolute. When
n is large, O(q) becomes small, so (8.9) implies that Z'(f) > 0. That is, if p,, €
P¢(e), n is sufficiently large, and 6 € ©(vy,n), then Z(f) is monotonically
increasing.

In the case when 6 € O(uy,n), we change the roles of the axes. That
is, now we identify 2(8) € C with (—y(#),x(0)) € R2 Instead of =(6),
we consider =*(0) = 2/(0)/y’(0). (The denominator y'(#) is non-zero for
large n because § € ©(uy,n).) Then —=*(0) is the tangent of the angle of
inclination of the tangent line, under this new choice of the axes. We can

proceed similarly, and obtain, analogously to (8.9),
vi(0)?

uy(0)?
hence —=*(#) is monotonically increasing when 6 € O(uy,n). Therefore the

tangent of the angle of inclination is always increasing, which implies that
the curve I',, is convex. O

=) =1+

+ O(q). (8.9)

(=E7(0)) =1+ + O(q), (8.10)
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