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Irreducible subfactors of LðFyÞ of index l > 4

By Dimitri Shlyakhtenko at Los Angeles and Yoshimichi Ueda at Fukuoka

Abstract. By utilizing an irreducible inclusion of type IIIq2 factors coming from a
free-product type action of the quantum group SUqð2Þ, we show that the free group factor
LðFyÞ possesses irreducible subfactors of arbitrary index > 4. Combined with earlier results
of Radulescu, this shows that LðFyÞ has irreducible subfactors with any index value in
f4 cos2ðp=nÞ: nf 3gW ½4;þyÞ.

1. Introduction

Let M be a type II1 factor, and let NHM be a finite index subfactor. Recall that
NHM is called irreducible, if the relative commutant N 0 XM is trivial.

In his fundamental paper [8], V. F. R. Jones introduced the notion of index ½M : N	
of a subfactor NHM. Related to the index, he introduced two invariants of a factorM:

IðMÞ ¼ fl A Rþ: bNHM subfactor; ½M : N	 ¼ lg;

CðMÞ ¼ fl A Rþ: bNHM irreducible subfactor; ½M : N	 ¼ lg;

measuring the possible index values of subfactors of M.

In the same paper, Jones showed that for any factor M, the index of a subfactor
cannot be arbitrary; in fact, CðMÞHIðMÞHI ¼ f4 cos2ðp=nÞ: nf 3gW ½4;þy	. More-
over, he produced subfactors of the hyperfinite II1 factor R of arbitrary allowable index,
thus showing that IðRÞ ¼ I. However, the subfactors of R with index > 4 that he con-
structed are not irreducible; to this day, it is still not known whether the equality CðRÞ ¼ I
holds; in other words, whether every index value can be realized by an irreducible subfactor
of the hyperfinite factor. The one general positive result is due to Popa [12] (see also [13]
and [14]), stating that given a number l A I, there is a (non-hyperfinite) II1 factor M, for
which l A CðMÞ.

Thanks to the theory of free probability, pioneered by Voiculescu in the early 80s (see
e.g. [25]), there has been much progress at understanding free group factors LðFnÞ (Voicu-
lescu’s introduction to [25] states that these are the ‘‘best’’ of the ‘‘bad’’ non-hyperfinite
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factors). Following this philosophy, Radulescu undertook a study of subfactors of free
group factors. Using a particular version of Popa’s construction [16] and by employing
free probability and random matrix techniques, he managed to show that for an inter-
polated free group factor LðFtÞ, C

�
LðFtÞ

�
X ½0; 4	 ¼ I

�
LðFtÞ

�
X ½0; 4	 ¼ IX ½0; 4	. Coupled

with his earlier result [15] on the fundamental group of LðFyÞ this gave that LðFyÞ has
(possibly non-irreducible) subfactors of all indices, i.e., I

�
LðFyÞ

�
¼ I. However, this still

left the question about whether subfactors of LðFyÞ of index > 4 can be chosen to be
irreducible.

The main theorem of this paper is

Theorem. For each l > 4, there exists an irreducible subfactor of LðFyÞ of index l.

Combined with earlier results of F. Radulescu, this gives:

Corollary. C
�
LðFyÞ

�
¼ I

�
LðFyÞ

�
¼ I.

In fact, more is true: given an allowable index value l A I, there exists an irreducible
subfactor LðFyÞGNHMGLðFyÞ of index l.

We would like to point out that it is still not known whether every Popa’s l-lattice
[13] (i.e., an abstract system of higher relative commutants of a subfactor) can be realized
by a subfactor of some fixed universal II1 factor M. The factor M ¼ LðFyÞ seems to be a
likely candidate, although we don’t know how to prove it1Þ; note, however, that Radulescu
gave an a‰rmative answer to this question in the case that the l-lattice is finite-depth. Also,
by the results of this paper, all examples of irreducible subfactors whose l-lattices come
from the representation theory of SUqð2Þ (see [2], [30], [27]) can be realized as NHM with
NGMGLðFyÞ.

We don’t know whether our result holds for LðFnÞ, n < y.

The strategy to find irreducible subfactors of LðFyÞ with index l > 4 comes from the
work of the second-named author [24] on quantum SUqð2Þ actions on free products of von
Neumann algebras, and analysis of resulting Wassermann-type inclusions of type III fac-
tors. As was pointed out in [24], Question 2, to prove the main theorem of the present pa-
per, it is su‰cient to identify a certain crossed product of a certain von Neumann algebra
by SUqð2Þ, which we do in Section 2 by identifying this algebra as a free Araki-Woods
factor [18]. For the convenience of the reader, we summarize the main necessary facts from
[24] in Section 3.

Acknowledgement. The authors would like to express their sincere gratitude toMSRI
and the organizers of the year-long program ‘‘Operator Algebras (2000–2001)’’ held at
MSRI for inviting them to the program, where this joint work (although conceived some
time ago) was carried out and completed.

1Þ Note added in proof. After this paper was written, S. Popa and the first-named author proved that,

indeed, any l-lattice can be realyzed by a subfactor of LðFyÞ.
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2. Amalgamated free products of free group factors with B(H)

In this section, we prove some technical results about amalgamated free products of
free group factors with BðHÞ, identifying them as free Araki-Woods factors. The treatment
given in this section is more general than strictly speaking necessary for our result, but al-
lows for more succinct and abstract proofs. We encourage the interested reader to look
through Appendix I, which can serve as an illustration of the proof given here.

We recall some notation from [20]. Let M be a von Neumann algebra and

h:M !MnBðl2Þ

be a normal completely positive map, given as a matrix hðmÞ ¼
�
hijðmÞ

�
ij. Let K be theM-

Hilbert bimodule spanned by vectors xi, and satisfying

hxi;mxjiM ¼ hijðmÞ; Em AM

(see [20], Lemma 2.2).

Let T be the universal C�-algebra generated by M and operators LðzÞ: z A K sat-
isfying

LðzÞ�mLðz 0Þ ¼ hz;mz 0i; Em AM; z; z 0 A K:

This is the Toeplitz extension of the Cuntz-Pimsner C�-algebra associated to the M-
bimodule H (see [11]). The operators LðzÞ are called h-creation operators overM.

Set Li ¼ LðxiÞ. Let EM denote the canonical conditional expectation fromT ontoM
(see [11], [20]). Choose a faithful normal state f0 on M and set f ¼ f0 
 EM . In the GNS
representation associated to f, consider the von Neumann algebra

FðM; hÞ ¼W �ðM;Li þ L�
i : i ¼ 1; 2; . . .Þ:

It can be shown ([20]) that FðM; hÞ depends only onM and ðhijÞ.

Let K h HK be the R-linear subspace of the HilbertM-bimodule K, given as the norm
closure of the set of vectors

P
finite

mjxjn
�
j þ njxjm�

j ; mj; nj AM:

Then ([20], Proposition 2.19) FðM; hÞ depends only on the inclusion K hHK . In fact

FðM; hÞ ¼W ��M;LðzÞ þ LðzÞ�: z A K h HK
�

ð2:1Þ

(in the GNS representation associated to f).
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In the particular case that M ¼ C, the matrix hijð1Þ defines a scalar-valued inner
product on K, and K hHK ends up a particular real subspace. In this case, under the as-
sumption that the state EM ¼ EC is faithful, FðM; hÞ is nothing other than the free Araki-
Woods factor GðK h HKÞ00 in the notation of Remark 2.6 of [18] (see also [20], Example
3.5).

A very particular example of such a matrix m is

ml ¼

0
BBB@

1 �i l� 1
lþ 1

i
l� 1
lþ 1 1

1
CCCA; 0 < l < 1;

in this case FðC; mlÞ is of type IIIl and is the unique free Araki-Woods factor Tl of this
type.

Theorem 2.1. Let H be a finite or infinite dimensional Hilbert space. Let

ðhijÞ: BðHÞ ! BðHÞnBðl2Þ

be any normal completely positive map. Assume that EBðHÞ: F
�
BðHÞ; h

�
! BðHÞ is faithful.

Then the von Neumann algebra F
�
BðHÞ; h

�
is stably isomorphic to the von Neumann algebra

FðC; mÞ for some (completely) positive map m: C ! Bðl2Þ; moreover, EC: FðC; mÞ ! C is

faithful.

Proof. By equation (2.1),

N ¼ F
�
BðHÞ; h

�
¼W ��BðHÞ;LðzÞ þ LðzÞ�: z A K hHK

�
;

where K and K h are as described above. Let eij, 0e i; j < y be a family of matrix units
generating BðHÞ; thus

eijej 0i 0 ¼ djj 0eii 0 ; e�ij ¼ eji:

Consider the algebra

P ¼ e00Ne00:

It is clear that PnBðl2ÞGNnBðl2Þ; thus it is su‰cient to prove that P is isomorphic to
FðC; mÞ for some m. Note that P is generated by the family

e0i
�
LðzÞ þ LðzÞ�

�
ej0; 0e ie j; z A K h;

hence

P ¼W ��Lðe0izej0Þ þ L�ðe0jzei0Þ: z A K h
�
:

Consider the linear space
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VR ¼ spanR

�
fe0izei0: z A K h; if 0gW fe0izej0 þ e0jzei0: z A K h; 0e i < jg

W f
ffiffiffiffiffiffiffi
�1

p
ðe0izej0 � e0jzei0Þ: z A K h; 0e i < jg

�
HK h;

as a subspace of the complex linear space

V ¼ spanfe0izej0: z A KgHK :

Since for i < j,

�
Lðe0izej0Þ þ L�ðe0jzei0Þ

�
¼ 1
2
Lðe0izej0 þ e0jzei0Þ þ Lðe0izej0 þ e0jzei0Þ�

� 1
2

ffiffiffiffiffiffiffi
�1

p �
L
� ffiffiffiffiffiffiffi

�1
p

ðe0izej0 � e0jzei0Þ
�

þ L
� ffiffiffiffiffiffiffi

�1
p

ðe0izej0 � e0jzei0Þ
���

;

it follows that

P ¼W ��LðzÞ þ LðzÞ�: z A VR

�
:

Since for any z; z 0 A V , e00ze00 ¼ z and e00z
0e00 ¼ z 0, we get that

hz; z 0iBðHÞ ¼ he00ze00; e00z
0e00i ¼ e00hz; z 0ie00 A Ce00:

It follows that the restriction of the inner product on K to V is scalar-valued; we denote the
restriction by h� ; �iV . Hence we get an inclusion of a real Hilbert space into a complex
Hilbert space

VR HV :

In particular, for any z; z 0 A V , we have

LðzÞ�Lðz 0Þ ¼ hz; z 0iV :ð2:2Þ

Denote by y the state P C m 7! e00EBðHÞðmÞe00. Since EBðHÞ is faithful by assumption,
and yðe00me00Þ ¼ EBðHÞðe00me00Þ, we get that y is a faithful state. Furthermore,

y
�
Lðz1Þ � � �LðzkÞLðzkþ1Þ� � � �LðzrÞ�

�
¼ 0ð2:3Þ

if r3 0; note that this, together with the relations (2.2) determines y on P.

Choose now a basis zi for VR as a real Hilbert space, and let

mij ¼ hzi; zjiV :

Then FðC; mÞ is generated in the GNS representation associated to EC by li þ l �i , subject to
the relations

l �i lj ¼ mij ¼ hzi; zjiV :
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Moreover, c ¼ EC is determined by

cðli1 li2 � � � lik l �ikþ1 � � � l
�
ir
Þ ¼ 0; r3 0:

Comparing these with (2.2) and (2.3), and using the fact that y is faithful, we obtain that
the map LðziÞ þ LðziÞ� 7! li þ l �i extends to an isomorphism

PGW �ðli þ l �i : i ¼ 1; 2; . . .Þ ¼ FðC; mÞ;

which conjugates y and c ¼ EC. It also follows that EC is faithful. r

We can now deduce the main technical result needed for further computations; for
convenience, we write LðF1Þ ¼ LðZÞ.

Theorem 2.2. Let H be a separable Hilbert space ( finite or infinite-dimensional ). Let
BHBðHÞ be a von Neumann subalgebra, and assume that E: BðHÞ ! B is a normal faithful

conditional expectation. For m ¼ 1; 2; . . . or þy, consider the reduced amalgamated free
product

N ¼
�
LðFmÞnB; tn id

�
�B
�
BðHÞ;E

�
:

Then N is stably isomorphic to a free Araki-Woods factor GðHR;UtÞ00.

In particular, if N is of type IIIl, 0 < l < 1, then N is isomorphic to the unique type IIIl
free Araki-Woods factor Tl.

Proof. Let h: BðHÞ ! BðHÞnBðl2Þ be given by

hðTÞ ¼ diag
�
EðTÞ;EðTÞ; . . . ;EðTÞ; 0; 0; . . .

�
(m copies of EðTÞ). Since hij ¼ dijE, the canonical conditional expectation

EBðHÞ: F
�
BðHÞ; h

�
! BðHÞ

is known to be faithful (see e.g. Appendix II). By [20], Example 3.3(c),

F
�
BðHÞ; h

�
G
�
BðHÞ;E

�
�B
�
FðB; hjBÞ;EB

�
:

Moreover, by [20], Example 3.3(b),�
FðB; hjBÞ;EB

�
G
�
FðC; hjC1BÞnB;EC n id

�
G
�
LðFmÞnB; tn id

�
:

Hence

F
�
BðHÞ; h

�
G
�
LðFmÞnB; tn id

�
�B
�
BðHÞ;E

�
¼ N:

Applying Theorem 2.1, we get that

NnBðl2ÞGFðC; mÞnBðl2Þ

for some m. It follows that FðC; mÞGGðHR;UtÞ00 for some real Hilbert spaceHR and one-
parameter group Ut (in fact,HR is the real subspace VR constructed in the proof of Theo-
rem 2.1).
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If N is of type IIIl, 0 < l < 1, it follows from the uniqueness of the type IIIl free
Araki-Woods factor Tl [18] that NGTl. r

The following theorem can be deduced from the results of Radulescu [17] and Dy-
kema [6], as was done in [18]. We have since found a somewhat shorter argument, which we
give below:

Theorem 2.3. Let Tl be the (unique) free Araki-Woods factor of type IIIl. Let f be
any normal faithful state, so that the modular group s f

t is periodic of period �2p=log l. Then
the centralizer T

f
l is isomorphic to LðFyÞ.Also, the core of Tl is isomorphic to LðFyÞnBðHÞ.

Proof. Clearly, only the statement about the centralizer needs to be proved, since
the core is isomorphic to the centralizer, tensor BðHÞ, as soon as the centralizer is a factor
(see [4]). Also, we can restrict ourselves to dealing with a particular choice of the state f,
satisfying the hypothesis of this theorem; indeed, by [4], all centralizers of such states are
stably isomorphic. Since by Radulescu’s results [15], the fundamental group of LðFyÞ is all
of ð0;þyÞ, a II1 factor M is stably isomorphic to LðFyÞ i¤ it is actually isomorphic to
LðFyÞ.

Recall [18] that Tl can be described as the free product

Ly½0; 1	 �
�
BðHÞ; y

�
where y is a normal faithful state on BðHÞ given by

yðTÞ ¼ TrðDTÞ;

where

D ¼ diag
�
1� l; lð1� lÞ; . . .

�
:

Consider now the completely-positive map h given by hðTÞ ¼ yðTÞ, and consider
F
�
BðHÞ; h

�
¼W ��BðHÞ;Lþ L��, where L�TL ¼ hðTÞ ¼ yðTÞ for all T A BðHÞ. By [20],

Example 3.3(a), F
�
BðHÞ; h

�
G
�
BðHÞ; y

�
� ðLy½0; 1	; Lebesgue measureÞG ðTl; flÞ.

Note that BðHÞ is generated, as a von Neumann algebra, by a partial isometry v, so
that v�v ¼ 1 and vv� ¼ diagð0; 1; 1; . . .Þ. Hence Tl is generated by Lþ L� and v. The modu-
lar group of fl acts by fixing Lþ L� and sending v to l itv. The centralizer of the free product
state is then isomorphic to the von Neumann algebra generated by all elements of the form

vkðLþ L�Þðv�Þk; ðv�Þ lðLþ L�Þvl ; k; l ¼ 0; 1; . . .

as well as the projections pk ¼ vkðv�Þk.

Let for kf 0

Lk ¼ vkLðv�Þk
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and for �l < 0,

L�l ¼ ðv�Þ lLvl :

Denote by C the faithful normal conditional expectation

CðmÞ ¼
Ð�2p=log l

0

s
fl
t ðmÞ dt; C: Tl ! T

fl
l :

It follows that any m A Tl can be written as the sum (convergent in L
2ðTl; flÞ)

m ¼
P
kf0

vkmk þ
P
k<0

mkðv�Þk; mk ¼ C
�
ðv�Þ�km

�
; kf 0; mk ¼ Cðmv�kÞ; k < 0;

with mk A T
cl

l . The centralizer is linearly spanned by words of the form

vk1ðv�Þ l1Xvk2ðv�Þ l2X � � � vkpðv�Þ lp ;
P
kj �

P
lj ¼ 0;

where X ¼ Lþ L�. Using the notation

Xk ¼ Lk þ L�
k ; k A Z

and the relation v�v ¼ 1, vkðv�Þk ¼ pk A D, we get that the centralizer is generated by

D and fXk: k A Zg:

Note that for all diagonal elements d A D ¼W �ðpk: kf 0Þ,

L�
k dLk 0 ¼ vkdkk 0y

�
ðv�Þk dvk

�
ðv�Þk;

with the convention that v�1 ¼ v�.

By [22] and [20], Example 2.6, Lk are free with amalgamation over D.

Let M1 ¼W �ðD;Lk þ L�
k ; ke 0Þ. Since when ke 0,

L�
k dLk ¼ CkyðdÞ;

for some nonzero constants Ck, we get by [19], Theorem 2.3 that Lk is �-free from D, and

M1 ¼ ðD; yÞ �
�

�
ke0
W �ðLk þ L�

kÞ


:

Since Lk þ L�
k is semicircular, we get

M1 ¼ ðD; yÞ � LðFyÞGLðFyÞ;

by the results of Ken Dykema [5].
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Now,M ¼M1 �D
�
W �ðLk þ L�

k ; k > 0Þ
�
. SinceM1 is a factor and Lk are o-creation

operators over M, where oij ¼ dijCipiy
�
ðv�Þ i dvi

�
; we get by [19], Proposition 5.4 that

MGM1 � LðFtÞ, where t ¼
P
i

y
�
viðv�Þ i

�2
. Hence MGLðFyÞ. r

3. Quantum SUq actions

The main goal of this section is to analyze inclusions of type III factors coming from
a minimal free product type action of SUqð2Þ on a von Neumann algebra.

Let ðA; dÞ be the Hopf-von Neumann algebra of Woronowicz’s quantum group
SUqð2Þ [29], [28], and denote by h the canonical Haar state on A. Let V be the multi-
plicative unitary, i.e., the unitary on L2ðAÞnL2ðAÞ defined by

V
�
LhðaÞn z

�
¼ dðaÞ

�
Lhð1Þn z

�
;

and let W be the fundamental unitary, i.e., the unitary on L2ðAÞnL2ðAÞ defined by

W
�
hnLhðaÞ

�
¼ dðaÞ

�
hnLhð1Þ

�
;

where Lh: A! L2ðAÞ is the canonical injection associated with the Haar state h. The dual
Hopf-von Neumann algebra ÂA is the von Neumann algebra acting on L2ðAÞ generated by
elements of the form:

ðIdnoÞðVÞ; o A B
�
L2ðAÞ

�
�:

Let m be an integerf 2 or þy and set

M ¼
�
LðFmÞ; t

�
� ðA; hÞ

and let G:M !MnA be the free product of the trivial action of SUqð2Þ on LðFmÞ, and
the left regular representation action d of SUqð2Þ on A [24], §3.

Recall that the crossed-product McG SUqð2Þ is the von Neumann subalgebra of
MnB

�
L2ðAÞ

�
generated by GðMÞ and C1n ÂA.

For each irreducible finite-dimensional unitary representation p: Vp ! Vp nA of
SUqð2Þ, consider the Wassermann-type inclusion [26] of von Neumann algebras

N ¼ C1nM G H
�
BðVpÞnM

�Ad pnG ¼ M:

It turns out that the negative (normalized) q-trace t
ðp;�Þ
q gives rise to a finite-index condi-

tional expectation E:M ! N (see [24], eq. (3.6)). We collect below some facts about this
inclusion, most of which are from [24].

Theorem 3.1. Let p be an irreducible representation of SUqð2Þ and letNHM be as

above, taken with the conditional expectation E. Then:
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(a) N andM are type IIIq2 factors andNGM.

(b) The inclusionNHM is irreducible.

(c) The index of E is the square of the q-dimension of p, ðdimq pÞ2.

(d) Let f denote the restriction of the free product state t � h toN ¼MG HM. Then
the centralizers N̂N ¼ N f and M̂M ¼ Mf
E are both factors of type II1.

(e) The inclusionNHM is ‘‘essentially type II’’. More precisely, the restriction of E
to the inclusion NHM is trace-preserving, and

N̂N ¼ N fHMf
E ¼ M̂M

is an inclusion of type II1 factors with the same index and the same system of higher relative
commutants asNHM. In particular, N̂NH M̂M is irreducible.

(f ) The algebrasN ¼M G and McG SUqð2Þ are isomorphic.

Proof. The fact thatN is of type IIIq2 was proved in [24]; this fact also follows from
the explicit description ofN given in Appendix I.

For the convenience of the reader we give an expanded proof of the isomorphism
NGM (see [24], Remark 10). Let n be the dimension of Vp as a vector space. Choose
a standard orthonormal system of vectors xi, 1e ie n for the space Vp so that the (co)-
representation p is given by

pðxjÞ ¼
Pn
i¼1

xin uij A VpnA;

for some uij A A satisfying
P
k

u�kiukj ¼ dij.

Since N ¼M GHM is of type III, we can find isometries Si AM G, i ¼ 1; . . . ; n so
that

P
SiS

�
i ¼ 1 and S �

i Sj ¼ dij. Set

vj ¼
Pn
i¼1
Si � uij AM G � AHM; H ¼ spanCfvj: 1e je ng:

Then v�i vj ¼ dij and
P
viv

�
i ¼ 1. Moreover, since Si AM G are fixed by G, we get (since G is

an action and GjA ¼ d)

GðvjÞ ¼
P
i

ðSjn 1Þ � GðuijÞ

¼
P
i

ðSjn 1Þ � dðuijÞ

¼
P
i;k

ðSjn 1Þ � ðukin uijÞ

¼
P
i

Vin uij:
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It follows that the isomorphism H C vi 7! xi A Vp is equivariant with respect to the restric-
tion of G to H and the (co)representation p on V. It follows that the isomorphism

F: BðVpÞnM !M; F
�
ðqijÞij

�
¼
P
ij

viqijv
�
j

is equivariant with respect to the action Ad pnG on BðVpÞnM and the action G on M.
Thus F restricts to an isomorphism ofN ¼M G andM ¼

�
BðVpÞnM

�ðAd pnGÞ
. Thus (a)

holds.

Statements (b)–(e) were proved in [24] (Theorem 8 and the discussion on pp. 43–49).

For part (f ), it is known that

McG SUqð2Þ ¼
�
MnB

�
L2ðAÞ

�� ~GG
;

where ~GG :¼ Ad
�
1nSðW �Þ

�

 ðIdnSÞ 
 ðGn IdÞ, and where S is the flip map. (See [3],

Remark 20 for a simple proof, which also works in the W �-algebraic setting without any
change. For the reader’s convenience, we should mention that the definition of ‘‘lðoÞ’’ in
that paper involves a typographical error.) Since ðM;GÞ contains ðA; dÞ, we see that

�
MnB

�
L2ðAÞ

�� ~GG
GMG nB

�
L2ðAÞ

�
(see [23], Lemma 4.2) so that the crossed-productMcG SUqð2Þ and the fixed-point algebra
M G are isomorphic to each other, both being of type III. r

We would like to point out that the n-th stepMn in the basic construction associated
toNHM is rather easy to describe:

MnG
�
BðVrnÞnM

�Ad rnnG

where

r2sþ1 ¼ p̂pn r2s;

r2s ¼ pn r2s�1;

r0 ¼ p;

and p̂p is the canonical dual of p. The conditional expectation En:Mn ! Mn�1 is given by

E2sþ1 ¼ tðp̂p;�Þ
q n Idn � � � ;

E2s ¼ tðp;�Þ
q n Idn � � � :

This allows one to compute the l-lattice of higher relative commutants of NHM (and
thus of N̂NH M̂M) in terms of the representation theory of SUqð2Þ. In particular, one can
show that if p is taken to be the fundamental representation, then the principal graph of
N̂NH M̂M is Ay, and the index is ðqþ q�1Þ2.
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For 0 < l < 1, let Tl denote the (unique) free Araki-Woods factor of type IIIl (see
[18] and Section 2).

Proposition 3.2. The factor
��
LðFmÞ; t

�
� ðA; hÞ

�
cG SUqð2Þ is isomorphic to the free

Araki-Woods factor Tq2 . HenceMGNGTq2 .

Proof. It is known that the fundamental unitary W lies in An ÂA 0 (acting on
L2ðAÞnL2ðAÞ), and hence the mapping F: x A B

�
L2ðAÞ

�
7!Wð1n xÞW � gives rise to an

isomorphism from B
�
L2ðAÞ

�
onto Acd SUqð2Þ ¼ Acd ÂA (see e.g. [1]).

Moreover, the crossed product structure and the Haar state h on A give rise to a
normal faithful conditional expectation

E: B
�
L2ðAÞ

�
¼ Acd ÂA! ÂA

given by

EðxÞ ¼ ðhn IdÞ
�
W ð1n xÞW ��; x A B

�
L2ðAÞ

�
:

We claim that

McG SUqð2ÞG
�
LðFmÞn ÂA; tn id

�
�ÂA
�
B
�
L2ðAÞ

�
;E
�
:

This isomorphism is obtained by extending the map

C :¼ F�1: Acd SUqð2Þ ! B
�
L2ðAÞ

�
to

��
LðFmÞ; t

�
� ðA; hÞ

�
cG SUqð2ÞIAcd SUqð2Þ

by mapping elements in LðFmÞ to the canonical copy of LðFmÞ inside
�
LðFmÞn ÂA; tn id

�
�ÂA
�
B
�
L2ðAÞ

�
;E
�
:

Since FðâaÞ ¼ 1n âa, âa A ÂA and ðhn IdÞ 
F ¼ E, C ¼ F�1 extends to the desired isomor-
phism (a freeness condition needs to be checked, see [24], Proposition 1 and [25]).

(If instead of a quantum group action, we would have an action of an ordinary group
G, the isomorphism above would be the content of the general identity

ðR; fÞ � ðS;cÞcid�aG ¼
�
RnLðGÞ; fn id

�
�LðGÞ ðScaG;EGÞ;

where EG is the canonical LðGÞ-valued conditional expectation on ScaG associated to the
state c: S ! C.)

Applying Theorem 2.2, and noting that McG SUqð2Þ is of type IIIq2 (Theorem 3.1
(f ) and (a)), we find that
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MGNG
�
LðFmÞn ÂA; tn id

�
�ÂA
�
BðHÞ;E

�
is isomorphic to the unique type IIIq2 free Araki-Woods factor Tq2 . r

Remark 3.3. Since the free Araki-Woods factor Tq2 is prime (i.e., cannot be written
as a tensor product of two di¤use von Neumann algebras, see [21]), it follows that the in-
clusion NHM cannot be decomposed as a tensor product of a type II inclusion with a
fixed type III factor, although the l-lattices of the type III and type II inclusions coincide.
(This remark can be also obtained from the results of Ge [7].)

Lemma 3.4. With the assumptions of Theorem 3.1 (d), M̂M and N̂N are both isomorphic

to LðFyÞ.

Proof. Since N̂N ¼ N f is a factor (Theorem 3.1 (d)) andN ¼MG is isomorphic to
Tq2 , N̂NGLðFyÞ (see Theorem 2.3). Similarly, since MGTq2 and M̂M ¼ Mf
E is a factor,

M̂MGLðFyÞ. r

For a general finite dimensional representation p the factor map structure associated
with the type III inclusionMMN (see [9]) can be described as follows. Decompose

p ¼ n1 � pl1 l � � � l nk � plk

into multiples of irreducible spin l representations pl (see [10]) with li3 lj (i3 j).

Set X :¼ f1; 2; . . . ; kg � ½0;�log q2Þ and Ftð j; sÞ :¼ ð j; sþ tÞ, and let ðXM;FM
t Þ and

ðXN;FN
t Þ be the flows of weights associated withM andN, respectively, which are both

identified with ð½0;�log q2Þ; translation by tÞ. Let us define two factor maps

pM: X ! XM ¼ ½0;�log q2Þ; pN: X ! XN ¼ ½0;�log q2Þ

by

pMð j; sÞ ¼ s� lj log q
2 mod �log q2; pNð j; sÞ ¼ s:

These pM, pN describe the factor map structure. As a consequence, we get:

Remark 3.5. The inclusionMMN is essentially type II if and only if all the set

fl: pl occurs in the decomposition of pg

either consists entirely of half-integers or consists entirely of integers. Under this assump-
tion, all statements in Theorem 3.1 still hold, with the exception of statement (b) (the re-
sulting inclusion is of course no longer irreducible).

This means that our method of constructing irreducible type II1 subfactors can be
applied to the special standard l-lattices arising from representations of the quantum group
SUqð2Þ (see [2]).

We are now ready to prove our main result:
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Theorem 3.6. For every l A I, there exists an irreducible subfactor N of M ¼ LðFyÞ
of index l, so that NGLðFyÞ.

Proof. The case l A IX ½0; 4	 was obtained by Radulescu in [16].

Let l > 4, and choose q so that l ¼ ðqþ q�1Þ2. Let p be the fundamental represen-
tation of SUqð2Þ. By Theorem 3.1 (e) and Lemma 3.4, for each 0 < q < 1, we obtain an
irreducible inclusion of type II1 factors

LðFyÞGN̂N ¼ N fHMf
E ¼ M̂MGLðFyÞ

of index ðqþ q�1Þ2. r

Remark 3.7. In the same way, we see that any irreducible representation p of SUqð2Þ
gives rise to an irreducible subfactor N̂NH M̂M, N̂NG M̂MGLðFyÞ, of index ðdimq pÞ2.

Appendix I

We give here a concrete system of generators for the von Neumann algebra M G ap-
pearing in the proof of the main theorem. This gives also a concrete example illustrating the
proof of Theorem 2.1 works.

Let H be a Hilbert space, given as a direct sum

H ¼
L
k

HknKk;

with Hk and Kk finite-dimensional or infinite-dimensional. Let ÂA be the subalgebra of BðHÞ
given by

L
k

BðHkÞn IdKk :

For each k, let yk be a normal faithful state on BðKkÞ given by

ykðTÞ ¼ TrðDkTÞ;

where Dk A BðKkÞ is a fixed positive matrix. Then

E ¼
L
k

idn ykð�Þ1BðKkÞ

is a normal faithful conditional expectation from BðHÞ onto ÂA.

Let dk ¼ dimKk. Choose a basis for Kk, so that Dk is diagonal, with eigenvalues
l1ðkÞ; . . . ; ldðkÞðkÞ. Write eijðkÞ, 1e i; je dðkÞ for the matrix units generating BðKkÞ, as-
sociated to this basis.
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Let l kij ðpÞ, p; k ¼ 1; 2; . . . ; 1e i; je dðkÞ be isometries satisfying

l kij ðpÞ � l k
0

i 0j 0 ðp 0Þ ¼ dpp 0dii 0djj 0dkk 01;

and generating the Toeplitz extensionT of the Cuntz algebra. Let c be the canonical vac-
uum state on T (see [25]). Consider the tensor product conditional expectation cnE on
P ¼ B

�
L2ðT;cÞ

�
nBðHÞ.

Let

Lp ¼
P
k

PdðkÞ
i; j¼1

ffiffiffiffiffiffiffiffiffiffi
liðkÞ

p
l kij ðpÞn

�
1BðHkÞ n eijðkÞ

�
A P

(see Figure 3.1). Then for all T A BðHÞ, we get

L�
pTLq ¼ dpq

P
k

PdðkÞ
i; j¼1

ffiffiffiffiffiffiffiffiffiffi
liðkÞ

p
l kij ðpÞn

�
1BðHkÞ n eijðkÞ

� !�
T

�
P
k 0

Pdðk 0Þ

i 0; j 0¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
li 0 ðk 0Þ

p
l k

0

i 0j 0 ðpÞn
�
1BðHk 0 Þ n ei 0j 0 ðkÞ

�

¼ dpq
P
k

PdðkÞ
i; j

liðkÞ
�
1BðHkÞ n ejiðkÞ

�
T
�
1BðHkÞ n eijðkÞ

�
¼ dpqEðTÞ:

Hence by [19], Theorem 2.3, fLp: p ¼ 1; 2; . . .g are �-free with respect to cnE: P! BðHÞ
from BðHÞ with amalgamation over ÂA. Moreover, since L�

paLq ¼ dpqa for all a A ÂA, we get
that W �ðÂA;Lp þ L�

p : pf 1ÞGW �ðLp þ L�
p : pf 1Þn ÂAGLðFyÞn ÂA (cf. [20], Examples

3.2 and 3.3(b)). We conclude that

Figure 3.1. ÂAHBðHÞ and L. Here the dotted squares are matrix units of BðHÞ; large solid-line squares are
matrix units in BðKjÞ; A A BðH1Þ, B A BðH2Þ, C A BðH3Þ, and dð1Þ ¼ 3, dð2Þ ¼ 4 and dð3Þ ¼ 1.
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M ¼W ��BðHÞ;Lp þ L�
p : p ¼ 1; 2; . . .

�
G
�
LðFyÞn ÂA; tn id

�
�ÂA
�
BðHÞ;E

�
:

Now, fix a minimal projection p A BðH1Þn e11ð1Þ. Then the compression pMp is gen-
erated as a von Neumann algebra by the entries of fLp þ L�

p : pf 1g viewed as matrices.
These entries have the form

ffiffiffiffiffiffiffiffiffiffi
liðkÞ

p
l kij ðpÞ þ

ffiffiffiffiffiffiffiffiffiffiffi
ljðkÞ

p �
l kji ðpÞ

��
, k ¼ 1; 2; . . . ; 1e ie je dðkÞ,

pf 1. The algebra generated by such elements is isomorphic to a free Araki-Woods factor
(see [18], Section 5); the classifying Sd invariant for this type of factors is the multiplicative
subgroup of R generated by the ratios liðkÞ=ljðkÞ, k ¼ 1; 2; . . . ; 1e i; je dðkÞ.

We now turn to the particular case of ÂA arising from a quantum group action, where
one can describe the inclusion B

�
L2ðAÞ

�
M ÂA and the conditional expectation E explicitly.

We omit the details of the computation, but give only the consequence for the reader’s
convenience.

Let w
ðlÞ
ij , i; j A Il ¼ f�l; lþ 1; . . . ; lg, be the matrix elements of the spin l ðA ð1=2ÞN0Þ

representation as given in [10]. The Peter-Weyl type theorem says that the set

1� q2ð2lþ1Þ
ð1� q2Þq2ðlþiÞ

� �1=2
Lhðwl

ijÞ
( )

i; j A Il;l A ð1=2ÞN0

forms a complete orthonormal basis of L2ðAÞ. Let us denote the matrix units with respect
to the basis by eði1; j1;l1Þði2; j2;l2Þ’s. The set of elements of the form:

ÊE
ðlÞ
i1i2

¼
P
j A Il

eði1; j;lÞði2; j;lÞ

forms a complete system of matrix units of ÂA, and the conditional expectation E is com-
puted as follows:

Eðeði1; j1;l1Þði2; j2;l2ÞÞ ¼ dði1;l1Þði2;l2Þ
1

1þ q2 þ � � � þ ðq2Þ2l1
q2ðl1�i1ÞÊE

ðl1Þ
j1 j2

:

In other words, in the notation of the first part of the appendix, we have

dimHl ¼ dimKl ¼ dðlÞ ¼ 2lþ 1;

and the eigenvalues of yl are given by

liðlÞ ¼
1

1þ q2 þ � � � þ ðq2Þ2l
q2ðl�iÞ:

Since the Sd invariant of the associated type III factor is the multiplicative subgroup of
positive reals generated by the ratios liðlÞ=ljðlÞ, we see that in this case Sd ¼ q2Z, i.e., the
factor is of type IIIq2 .
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Appendix II

For the reader’s convenience, we give here a direct argument showing that the condi-
tional expectation EBðHÞ: F

�
BðHÞ; h

�
! BðHÞ in Theorem 2.2 is faithful. We use the no-

tations given in the beginning of §2. For more on this, interested readers are referred to [20].

Lemma (cf. [19], Lemma 4.2). Suppose that hij ¼ dijE, where E:M ! B is a faith-

ful normal conditional expectation. Fix a faithful normal state j on B. Then the state
y :¼ j 
 E 
 EM on FðM; hÞ satisfies

yð f0Xi1 f1 � � �Xin�1 fn�1Xin fnÞ ¼ y
�
s
j
E
i ð fnÞ f0Xi1 f1 � � �Xin�1 fn�1Xin

�
¼ y
�
Xins

j
E
i ð fnÞ f0Xi1 f1 � � �Xin�1 fn�1

�
for all analytic elements f0; f1; . . . ; fn AM with respect to the modular action sj
E .

Proof. The proof is a straightforward modification of [19], Lemma 4.2. Note that
j 
 E

�
xEðyÞ

�
¼ j 
 E

�
EðxÞy

�
ðx; y AMÞ, so we use the following identities (instead of the

trace property of j 
 E used in Lemma 4.2):

(1) sj
E
z 
 EðxÞ ¼ E 
 sj
E

z ðxÞ for analytic x AM and z A C.

(2) For analytic x; y AM

yðxyÞ ¼ j 
 EðxyÞ ¼ j 
 E
�
s
j
E
i ðyÞx

�
¼ y
�
s
j
E
i ðyÞx

�
: r

Since sj
E
t 
 E ¼ E 
 sj
E

t and j 
 E 
 sj
E
t ¼ j 
 E ðt A RÞ, there exists a 1-parameter

group of automorphisms st ðt A RÞ of FðM; hÞ, for which

stjM ¼ s
j
E
t ; stðXiÞ ¼ Xi

(note that y 
 st ¼ y). Hence the above lemma implies the following:

Proposition. With the assuputions and notations in the Lemma, the action st ðt A RÞ
satisfies the modular condition for y, i.e., st ¼ sy

t , and hence y is faithful. In particular, the
canonical conditional expectation EM : FðM; hÞ !M is faithful.
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