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A REMARK ON ORBITAL FREE ENTROPY

YOSHIMICHI UEDA

ABSTRACT. A lower estimate of the orbital free entropy Xorp, under unitary conjugation
is proved, and it together with Voiculescu’s observation shows that the conjectural exact
formula relating x., to the free entropy x breaks in general in contrast to the case when
given random multi-variables are all hyperfinite.

1. INTRODUCTION

Voiculescu’s theory of free entropy (see [I0]) has two alternative approaches; the microstate
free entropy x and the microstate-free free entropy x*, both of which are believed to define
the same free entropy (at least under the R¥-embeddability assumption). Similarly to the mi-
crostate free entropy x, the orbital free entropy xorb(X1,. .., X, ) of given random self-adjoint
multi-variables X; was also constructed based on an appropriate notion of microstates (called
‘orbital microstates’, i.e., the ‘unitary orbit part’ of the usual matricial microstates appearing
in the definition of x) in [3],[5]. The free entropy should be understood, in some senses, as
the ‘size’ of a given set of non-commutative random variables, while yob (X1, ..., X,,) precisely
measures how far the positional relation among the W*(X;) are from the freely independent
positional relation in the ambient tracial W*-probability space. In fact, we have known that
Xorb(X1, ..., X,,) is non-positive and equals zero if and only if the W*(X;) are freely indepen-
dent (modulo the R“-embeddability assumption). This fact and the other general properties of
Xorb suggest that the minus orbital free entropy —xorb is a microstate variant of Voiculescu’s
free mutual information ¢* whose definition is indeed ‘microstate-free’. Hence it is natural to
expect that those two quantities have the same properties.

In [9] Voiculescu (implicitly) proved that

(01 Aol . v Ay B) < —(Z(v1) 4+ - - + E(vg))

holds for unital #-subalgebras A;,...,A,, B of a tracial W*-probability space and a freely
independent family of unitaries vy, . .., v, in the same W*-probability space such that the family
is freely independent of A; V- -V A,V B. Here, we set X(v;) := [1 [11og [¢1 —Ca| pro, (dC1) o, (dC2)
with the spectral distribution measure p,, of v; with respect to 7. In fact, this inequality
immediately follows from [9) Proposition 9.4] (see Proposition 10.11 in the same paper). Its
natural ‘orbital counterpart’ should be

Xorb(V1 X107, .., 0, X0l ) > B(vy) + -+ 4+ 3(vy)

with regarding A; = W*(X;) (1 < ¢ < n) and B = C. We will prove a slightly improved
inequality (Theorem[B.1l). The inequality is nothing but a further evidence about the unification
conjecture between i* and Yornb. However, more importantly, the inequality together with
Voiculescu’s discussion [9] §§14.1] answers, in the negative, the question on the expected relation
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between xorb and x. Namely, the main formula in [3] (see (@) below), which we call the exact
formula relating xorb to X, does not hold without any additional assumptions.

In the final part of this short note we also give an observation about the question of whether
or not there is a variant of x., satisfying both the ‘W*-invariance’ for each given random
self-adjoint multi-variable and the exact formula relating xob to x in general. Here it is fair to
mention two other attempts due to Biane-Dabrowski [I] and Dabrowski [2], but this question
is not yet resolved at the moment of this writing.

2. PRELIMINARIES

Throughout this note, (M, 7) denotes a tracial W*-probability space, that is, M is a finite
von Neumann algebra and 7 a faithful normal tracial state on M. We denote the N x N self-
adjoint matrices by My (C)** and the Haar probability measure on the N x N unitary group

U(N) by yu(wn)-

2.1. Orbital free entropy. ([3],[5].) Let X; = (Xj1,..., Xjr5)), 1 < i < n, be arbitrary
random self-adjoint multi-variables in (M, 7). We recall an expression of xorb(X1,...,X;,)
that we will use in this note. Let R > 0 be given possibly with R = 0o, and m € N and § > 0
be arbitrarily given. For given multi-matrices A; = (A;; );(:l)l € (My(C)*)r® 1 < i < n, the set
of orbital microstates Topb (X1, ..., Xy : (Ai)I,; N,m,d) is defined to be all (U;); € U(N)"
such that

[t (AU AU YL) = 7(h((Xo)))]| < 6

holds whenever h is a *-monomial in (r(1) 4+ --- + r(n)) indeterminates of degree not greater
than m. Similarly, Tr(X;; N,m,d) denotes the set of all A € ((My(C)**)g)"") such that

|trn (h(A)) = 7(h(X5))

holds whenever h is a *-monomial in (i) indeterminates of degree not greater than m. It is
rather trivial that if some A; sits in ((My(C)*®)g)"D\T r(X;; N,m, ), then T, (X, ..., X, :
(A", ; N,m,d) must be the empty set. Hence we define

)Zorb,R(Xla v 7Xn7 N7m75)

<0

= sup v log (7{‘?(”]\,) (Forb(Xl, o Xt (A5 Nym, 5))) (1)
Asc(My(©=)F"
= sup log (”y{?("N) (Forb(X1, o Xt (A5 Nom, 5)))

AleFR(Xl ; N,m,é)
(defined to be —oo if some T'g(X;; N,m,d) =), and we define

. — 1 _
Xorb,R(Xlu L. ,Xn) = 7%1%%0 ngnoo mXorb,R(Xla s X N,m,é). (2)

It is known, see [0} Corollary 2.7], that xorp(Xi,...,Xp) 1= SUPg~q Xorb,r(X1,...,X,) =
Xorb,R(X1,...,X;) holds whenever R > max{||Xi;|loc |1 <7 <mn,1<j<r(i)}.

Let v = (v1,...,vs) be an s-tuple of unitaries in (M, 7). For given multi-matrices A; =
(AU);(:l)l € (My(C))r @) 1 <i <y Tomn(Xa, .., Xy (Ay), @ v; N,m,6) in presence of v
is defined to be all (U;)!_, € U(N)™ such that there exists V = (V4,...,V,) € U(N)® so that

|tr v (B((Ui AU )iy, V) = T(h((Xi)foy, V)| < 6
holds whenever h is a #-monomial in (r(1) + --- 4+ r(n) + s) indeterminates of degree not
greater than m. Then Xorb r(X1,...,X, : V) can be obtained in the same way as above

with Topb (X1, ..., Xy, 0 (Ay)f, : v; Nym,d) in place of Top(X1, ..., Xy ¢ (As) 5 N,m,9).
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Remark that Xorn(X1,..., Xy 1 V) i = SUpgso Xorb,2(X1, ..., Xy 1 V) = Xorb,rR(X1, ..., Xy 1 V)
also holds if R > max{||X;j|le |1 < i < n,1 <j <r(i)}. Moreover, xorb(X1,...,X, 1 V) <
Xorb (X1, ..., X,,) trivially holds.

2.2. Microstate free entropy for unitaries. (See [, §6.5].) Let v = (v1,...,v,) be an
n-tuple of unitaries in M. We recall the microstate free entropy x.,(v). Let m € N and
0 > 0 be arbitrarily given. For every N € N we define I',(v; N,m,d) to be the set of all
V = (Vi,...,Va) € UN)" such that [try(h(V)) — 7(h(v))| < & holds whenever h is a x-
monomial in n indeterminates of degree not greater than m. Then

N el I
Xu(V) = 7}3%1%0 J\}E}noo my{?m) (TCu(viN,m,6)). (3)
Note that x,(v) = > ; xu(v;) holds when vy, . .., v, are freely independent and that x.,,(v) =0
if v is a freely independent family of Haar unitaries. Moreover, when n = 1, x,(v1) = X(v1)
holds.

2.3. Voiculescu’s measure concentration result. ([§]) Let (2(,¢) be a non-commutative
probability space, and (£2;);e7 be a family of subsets of 2. Denote by (2A*!, ¢*!) the reduced
free product of copies of (2, ¢) indexed by I, and by \; the canonical map of 2 onto the i-th
copy of 2 in A*!. For each ¢ > 0 and m € N we say that (Q;);e; are (m,e)-free (in (2, ¢)) if

|p(ar---ar) — o™ (Niy (1) -+~ Niy (an))| < &
forall a; € ;,4; € I with 1 <j<kand 1<k <m.

Lemma 2.1. (Voiculescu [8, Corollary 2.13]) Let R > 0, ¢ > 0, 0 > 0 and m € N be given.
Then there exists Nog € N such that

0 1) 77 *
Yo ({1, U e UNY AT, 1O {0 VT, U TP UL,

L AGTPUE, U TPURY are (mye)-free)) > 10
whenever N > Ny and Tj(i) € My (C) with ||Tj(i)Hoo <R, 1<p<m,1<qg <m,1<i<np,
1<j<¢ 0<i<p.

3. LOWER ESTIMATE OF Xorh, UNDER UNITARY CONJUGATION
This section is devoted to proving the following:

Theorem 3.1. Let Xy,...,X,+1 be random self-adjoint multi-variables in (M,7) and v =
(v1,...,v,) be an n-tuple of unitaries in M. Assume that X := Xy U---UX,,4+1 has f.d.a. in
the sense of Voiculescu [8 Definition 3.1] (or equivalently, W*(X) is R*-embeddable) and that
X and v are freely independent. Then

Xorb(lelvrv cen 7’UnX-’n,/U:;) Xn+1) > Xorb(lelvra v 7’Uanv:,7 Xn+1 : V)
> Xorb(1X0], ..., 0, X008 X 1 v) (4)
> Xu(V)-

Proof. The first inequality in () is trivial, and the second follows from (the conditional variant
of) [5l Theorem 2.6(6)]. Hence it suffices only to prove the third inequality in ). We may and
do also assume that x,(v) > —oo; otherwise the desired inequality trivially holds.

Write X = (X1,...,X,) for simplicity. Set R := max{||X;|o|1 < j <r}, and let m € N
and 0 > 0 be arbitrarily given. We can choose ¢’ > 0 in such a way that 6’ < § and that, for
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every N € N, if A € Tp(X;N,m,d’) and V = (Vq,...,V,) € Tw(v; N,2m, ") are (3m, §')-free,
then
[try (R(VIAVI U+ UV, AV UAUV)) = 7(h(vi Xof U+ U, Xok Uv))| <6

whenever h is a *-monomial of (n + 1)r 4+ n indeterminates of degree not greater than m. For
such a ¢’ > 0 the assumptions here ensure that there exists Ny € N so that T'r(X; N,m, ") # 0
and the probability measure

! Yo !
n Ty (v;N,2m,d8’
'Y{‘?(N)(Fu(w N, 2m, 5/)) UN) ( )

is well-defined whenever N > Ny. Let Z(N) € I'r(X; N, m,d’) be arbitrarily chosen for each
N > Ny. Note that Z(N) also falls in T'r(X; N, m,0) = I'(v;Xv}; N,m, ) since §' < §. Then
we define

O(N,3m,8) := {(Vi,..., Vo, U) € UN)" T [ {V,...,V,,} and UE(N)U* are (3m, &')-free}.
By what we have remarked at the beginning of this paragraph, we see that
(Vi,..., Vi, U) € O(N,3m, 8" )N (Ty(v; N,3m, ") x U(N))
= (VU,....V,U,U) € Top(nn Xo7, ..., 0. X0}, X : (E(N),...,E(N)) : v; N,m,9).
By Lemma 2] there exists N1 > Ny so that

VN ‘=

()

Yooy ({U € UN) [ (V... Vi, U) € O(N, 3m,8)}) > %

for every N > Nj and every (Vi,...,V,) € U(N)". Consequently, we have

(VN ®7U(N))(@(N; 3m,5/)) > =

whenever N > Nj. Therefore, for every N > N; we have

%7{?8\,) (Tu(v; N, 2m, 8"))
< () Lulvs N, 2m,6)) x (v @ Yu(w) (O, 3m, "))
= 7oty (6N, 3m, 8) N (D (v; N, 3m, ') x U(N)))
< ?8&?”({(%, LV U) € U(N)™ |
(WU, ..., VU, U) € Do (n1X05, ..., v, X0, X 1 (E(N), ...,

" o) (@) 15y ({ (Vi - Vo) € UN)™ |

u(

(iU, ..., VoU,U) € Tom(v1X07, ..., 0, X075, X (E(N), ...,
U(N

(

[1]

(N)):v; N,m,5)})

(1]

(N)):v; N,m,6)})
)'VU(N)(dU oy {UL,- -, Un) € UN)" |
Ur,....Up,U) € Tomp (1 X07, ..., v, X5, X : (E(N),...,E(N)) : v; N,m,6)})
= oty Do (1 Xvf, 0, X0k, X (E(N),...,E(N)) : v N,m, d)),

where the fourth line is obtained by (@) and the sixth due to the right-invariance of the Haar
probability measure yy(y). Hence

1 1 .
xulv) < T log (578 (Fu(v: V. 2m, )
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1
< -

T ®(n+1) * * (= = Sy
< 1\}£no<> Nz log v (Corb (01X, ..., 0, Xv5, X : (E(N),...,E(N)) : v; N,m,0))

U(N)
T 1 - * *
< ngnoo mXorb,R(levla v Xl X i vy Nym, 6),

implying the desired inequality since m,§ are arbitrary. O

Remark 3.2. Inequality () is not optimal as follows. Assume that (M, 1) = (L(F,), 15, ) *
(L(Zy,),72,,) and that X is the canonical free semicircular generators of L(F,) and v is a
canonical generator of L(Z,,). Since 7(v) = 0, one easily confirms that vXv* and X are freely
independent so that o (vXv*, X) = 0. On the other hand, we know that y,(v) = —o0, since
the spectral measure of v has an atom.

Remark 3.3. The proof of Theorem Bl (actually, the idea of obtaining the second equality in
([@) gives an alternative representation of Yorb, r(X1,..., Xy ; N,m,9):

)Zorb,R(Xlu oo 7X’ﬂ7 N7m75)

= sw o log (48 ({0t e v
A;e(My (C)s2) 5™

(Ur,. o Un_1,In) € Tom (X1, s Xt (A" 5 N,m,a)}))

= sup log (7%{1]\7)1 ({(Ui)?z_ll c UN)"! ’
AiGFR(Xi H N,m,é)

(Ulv R Unfla IN) € Forb(}(l; s 7Xn : (Az)?:l 5 Na m, 6)}))5
when n > 2. This corresponds to [9, Remarks 10.2(c)].

4. DISCUSSIONS

4.1. Negative observation. In [3] Theorem 2.6] the following formula was shown when all
X, are singletons:

XXy U U = Xors (X, X)) + ) x(X). (7)

Note that the same formula trivially holds true (as —oo = —o0) even when one replaces each
singleton X; with a hyperfinite non-singleton X;, that is, W*(X;) is hyperfinite and X; con-
sists of at least two elements. Beyond the hyperfiniteness situation, inequality (<) in (@) still
holds (see [, Proposition 2.8]), but equality unfortunately does not in general as follows. The
following argument is attributed to Voiculescu [9] §§14.1]. Let X = (X7, X2) be a semicircular
system in M and v € M be a unitary such that 7(v) # 0, xu(v) > —oo, and that X and v
are *-freely independent. Set Y; := vX,;v*, i =1,2, and Y := (Y7,Y2). By [0 Proposition 2.5]
W* (X1, X2, Y1,Ys) = W* (X1, X0, Y1) = W*(X4, Xo,v), and hence by [7, Proposition 3.8]
X(leXQaYh}/Q) = X(X15X27}/17[) < X(X15X27}/1) + X(I) = — 09,
where I denotes the unit of M. On the other hand, by Theorem Bl xorb (X, Y) > xu(v) > —o00,
implying that
X(XUY) =00 < Xorn(X,Y) + x(X) + x(Y).

In particular, the quantity “C*“” (or probably “C” too) in [5, Remark 2.9] does not coincide with
Xorb 111 general. An interesting question is whether or not x(X; U---UX,,) > —oo is enough to

make the exact formula relating xo,p to x hold. Note that xorb, = Xorb (Biane-Dabrowski’s vari-
ant [I]) holds under the assumption. Moreover, the orbital free entropy dimension dg orb(X,Y)
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must be zero in this case thanks to [5 Proposition 4.3(5)], since Xorb(X,Y) > —oo. Also
00(X) = do(Y) = 2 is trivial. Note that x,(v) > —oo forces that the probability distribution of
v has no atom. Thus, it is likely (if one believes that g gives a W*-invariant) that

So(XUY) L3 <4=0600m(X,Y) +60(X) + 60(Y)

is expected. This means that if o(Xy U+ - UX,,) = do,0r0 (X1, ..., X)) + Doi g d0(X;) held in
general, then the W*-invariance problem of §, would be resolved negatively. Hence it seems
still interesting only to ask whether do(X L/Y) < 4 or not.

4.2. Other possible variants of x..,. The above discussion tells us that if a variant of o
satisfies Theorem Bl then the variant does not satisfy the exact formula relating xop to X
in general. Following our previous work [3] with Hiai and Miyamoto one may consider the
following variant of yo: For each 1 < i < n, we select an (operator norm-)bounded sequence
{E:(N)}nen with Z;(N) € (My(C)*)"@) such that the joint distribution of Z;(N) under try
converges to that of X; under 7 as N — oo. Then we replace Xorb,r(X1,...,Xn; N,m,0) in
the definition of xorp with

Xorb(Xlu . ,Xn : (EZ(N))?:l ; N,m,é)

— log (y%) (Corn (X1, X (Si(N))y ; Ny, 5))),

and define _ .
Xorb(X17 oo 7X7l : (:‘i(N))iZI)
. — 1 - n
= 7%%%0 ngnoo mXorb(Xla coy Xt (Bi(N))E, 5 Nym,6).
The conditional variant xorb (X1, ..., X 1 (E;(N)), : v) is defined exactly in the same fashion
as Xorb(X1, ..., X, : v). Then we may consider their supremum all over the possible choices of

(Z;(N))™_; under some suitable constraint as a variant of Yorp-

Even if the constraint of selecting sequences of multi-matrices is chosen to be the way of
approximating to the freely independent copies of given random self-adjoint multi-variables,
then the resulting variant of xo, still satisfies Theorem [B.1] and in turn does not satisfy the
exact formula relating xo.p, to x in general. More precisely we can prove the following:

Proposition 4.1. Let X = (X;)’_; be a random self-adjoint multi-variables in (M, 1) and v =
(v1,...,0p) be an n-tuple of unitaries in M. Assume that X has f.d.a. (see Theorem[31) and
that X and v are freely independent. Then there exists a bounded sequence {(Z;(N))!H !} ven
with Z;(N) € (Mn(C)*)" such that the joint distribution of Z1(N)U---UE,+1(N) under try
converges to the freely independent n+1 copies X{I_I- - -I_IX'77;+1 of X (n.b., the joint distribution
of X is identical to that of every v;Xv}) under 7 as N — oo, and moreover that

Xorb(V1X0], .. v, X)X (Ei(N))?Ill)
> Xorb(v1X0], .. v, X)X (Ei(N))?Ill) :V) > xu(V).

Proof. Let R > 0 be sufficiently large. Since X has f.d.a., Lemmal[ZT]shows that for each m € N
and & > 0 one has {((U;)"5, A) € UN)" x (Mn(C)®)r)" | (U AU € Tr(XI U

2

<l X£+1 i N,m,d)} # 0 for all sufficiently large N € N. By using this fact, it is easy to

choose a bounded sequence Z(N) € ((My(C)**)g)" and a sequence (W;(N))7H! € U(N)+!
in such a way that both the joint distributions of Z(N) and of Wi (N)E(N)W(N)* U --- U

Wit 1 (N)E(N)W,,41(N)* under try converge to those of X and of XJ L. - -I_IXfiH, respectively,
under 7 as N — oo. Set Z;(N) := W;(N)E(N)W;(N)*, 1 <i < n—+ 1, and we will prove that

(Zi(N)) ! is a desired sequence.
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For given m € N and ¢ > 0, we choose 0 < ¢’ < § as in the proof of Theorem Bl Let vy
and ©(N,3m,d’) be also chosen exactly in the same way as in the proof of Theorem Bl We
can choose Ny € N in such a way that Z(N) € I'r(X; N,m,d’) and vy is well-defined as long
as N > Ny. By the same reasoning as in the proof of Theorem 3.1l we have

(Vi,..., Vi, U) € O(N,3m,8") N (Ty(v; N,3m, 8') x U(N))
= (NU,...,V,,U.U) € Topp(nXv7, ..., 0, X0 , X : (E(N),...,E(N)) : v; N,m,9)
= (VUUWLN)*, ..., VaUWn(N)*, UWpir (N)*)

€ Domp (11 X0, .., v, Xvk, X2 (Z3(N)MHE s v Nom,6).

As in the proof of Theorem [B.I] again, Lemma 2.1 shows that there exists N1 > Ny so that
1
(VN & /YU(N))(G(Nu 3m7 6/)) > 5

whenever N > Nj. Therefore, for every N > N; we have

1 n
§7§(N) (PU(V;N7 2m75/))
<Y5(wy (Cu(vi N, 2m,8")) x (v @ o)) (BN, 3m, 8'))
= 7oty (6N, 3m, 8) N (D (v; N, 3m, ') x U(N)))
< gfﬁfl)({(%,---,Vn,U)eU(N)"+1|
(VLUWL(N)*, ..., VaUWo(N)*,UW,1 (N)*)
€ Lo (1 Xof, o on Xy, X+ (SN s vi Nom.o)})

= [ o @025 (Vi Vo) € U
U(N)

(VIiUWA(N)*, ..., VLUWL(N)*, UW, 11 (N)¥)
€ Tom (01 X0}, .., 0, X0, X (Zi(N) M i vy Nym ,0)})

:/U(N)’YU(N)(dU)'Y%(nN)({(‘/l,,Vn) EU(N)"|

(VlUWnJrl(N)Wl(N)*a---aVnUWnJrl( IWa(N)*,U)
€ Dorp(v1 X0, .., v, X0l X2 (E(N ))": v Nom 5)})

= /U(N) ’YU(N)(dU)'}/%(nN)({(Ul,,Un) c U(N)n|

Uty oy Un, U) € Tomy (1 X0}, .., v, X0k, X2 (Z3(N)MHE o vy Nom, o
1 n’

=1

= 7oty Com (1 Xvf, 0, X0), X (Ei(N)EE v Nym,6)),
where the fourth line is obtained by () and both the sixth and the seventh due to the right-
invariance of the Haar probability measure yy(n). Hence the desired inequality follows as in
the proof of Theorem [B.11 O

In view of our work [6] and Voiculescu’s liberation theory [9], a candidate constraint of
selecting sequences of multi-matrices may be the way of approximating to X; U- - -UX,, globally,
though it probably does not satisfy the exact formula relating yor, to x in general.
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