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ABSTRACT 

 

To reduce angular and spatial discretization error of MOC with a coarse calculation condition, the region-

wise even-parity discontinuity factor (EPDF) for transport calculations is evaluated through an iterative 

procedure using only region-wise scalar flux, i.e., without odd parity angular flux, partial-, or net-current 

at region boundary. Region-wise EPDF is evaluated in a single assembly geometry with reflective boundary 

condition. The evaluated EPDF are applied to 2x2 colorset assembly and core configurations and the 

performance is compared to that of the conventional superhomogenization (SPH) method. The calculation 

results indicate that 1) no convergence issue is observed during the iteration process to estimate EPDF, 2) 

performance of the region-wise EPDF is better than that of the conventional SPH method, 3) the 

normalization of EPDF is necessary to incorporate different surface scalar flux levels among different types 

of fuel assemblies. 

 

KEYWORDS: Method of Characteristics, GENESIS, MOC, Even-parity discontinuity factor, the SPH 

method 
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I. INTRODUCTION 

 

The Method of Characteristics (MOC) has been widely used not only for lattice physics 

calculations, but also for whole core analyses. In the case of lattice physics computation, the use of fine 

energy group (e.g., a few hundred), fine quadrature set (e.g., a hundred for azimuthal, 3 for polar), and fine 

ray trace (e.g., 0.05cm) is practical and can be used for production calculations. 

Application of MOC to whole core analyses is being practical by utilization of the planar MOC 

method and various advanced core analysis codes have been developed [1]-[6]. The planar MOC method 

greatly improves the computational efficiency of three-dimensional whole core calculations with explicit 

heterogeneous geometry, but the application of the fine calculation condition used in lattice physics 

calculations still requires very large computational cost and cannot be carried out with affordable PCs. The 

latest supercomputer would be necessary to meet such large computational requirements. Therefore, the 

use of a coarser calculation condition is necessary for practical calculations when a three-dimensional 

heterogeneous transport method is used. This fact implies that a mitigation measure for angular, spatial, 

and energetic discretization error is still necessary for the latest core simulations. Namely, a correction 

method is required for a coarse calculation to accurately reproduce the result of a fine calculation. 

The superhomogenization (SPH) method is a well-known correction method used to reduce errors 

due to various approximations in calculations [7]-[9]. The SPH method has been extensively used for 

diffusion and SPN pin-by-pin fine mesh core calculations in which the cell homogenization error should be 

reduced [7]-[10]. The SPH method is also applied to reduce energy collapsing error in a resonance 

calculation, in which reaction rate obtained by an ultra-fine group calculation is preserved in a multi-group 

calculation using the SPH factor [11][12]. The SPH method is a generic correction method and can be used 

for various applications. Thus, the application of the SPH method to correct errors of MOC due to a coarse 

calculation condition seems to be straightforward. In fact, the SPH method can successfully reduce the 

discretization error of MOC in many cases. However, the SPH method with MOC may fail to evaluate 

appropriate correction factor especially when strong absorber exists in a small part of calculation geometry, 

e.g., Gd bearing fuel pellet with subdivision or control rod absorber. The SPH method has another 

deficiency in that the neutron partial currents are not explicitly preserved at each region boundary. Thus, 

degradation of accuracy tends to be larger when the boundary condition is changed. 

An alternate approach for correction is the discontinuity factor (DF). The DF is widely used in the 

field of core analysis with advanced nodal methods based on the diffusion theory [13]-[15]. In principle, 

the DF can be used not only with the diffusion theory, but also with the transport theory. However, the 

application of DF to the transport theory is rather complicated compared to that of the diffusion theory, and 

therefore has not been widely adopted. For example, the tally of angular flux (or angular flux moments) is 
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necessary at each surface of the flux region to rigorously estimate DF for angular flux [16]. This 

complicated process would be an obstacle for the practical utilization of DF with MOC. Note that partial 

currents or angular flux can be explicitly preserved with DF, thus the degradation of accuracy is smaller 

than that of SPH when the boundary condition is changed. 

In the present paper, a new iteration procedure to estimate the region-wise DF for MOC without 

the information of angular flux, partial- or net-current at each surface of the flux region is described. Only 

the region average scalar flux is used in the present method. This procedure is equivalent to that used to 

obtain the conventional SPH factors. The DFs are estimated in a single assembly geometry with the 

reflective boundary condition. The performance of DF to mitigate the discretization error of MOC with a 

coarse calculation condition is compared with that of the SPH method in colorset and core geometries.  

It should be noted that the region-wise DF and the SPH factor are equivalent in the diffusion and 

transport theory using the second order differential form, but they are different in the transport theory using 

the first order differential form (e.g., Sn, MOC) as discussed in section II.A. This is a key point of the 

present study. 

The remaining part of this paper is organized as follows. In section II, the theoretical descriptions for 

evaluation of DF using an iteration procedure are given. Performance comparison of DF and SPH is shown 

in section III. Finally, concluding remarks are summarized in section IV. 

  

II. THEORY AND CALCULATION PROCEDURES 

 

II.A. Definition of DF in This Study and Relation with SPH factor 

 

Various DFs have been proposed for the transport theory. They are classified into the angular flux 

discontinuity factor (AFDF) [16], [17], the partial current discontinuity factor (PCDF) [15], [18] and the 

even parity angular flux discontinuity factor (EPDF) [19], [20]. The AFDF and the PCDF directly apply the 

discontinuity factor to angular flux while the EPDF applies the discontinuity factor to the even parity 

angular flux. In the present study, the EPDF is utilized among them. The reason for this choice is described 

as follows. 

To estimate AFDF or PCDF, the tally of angular flux or partial current is necessary for all surfaces 

of all flux regions as described in Refs.[16] and [18]. Tally and storage of these parameters require 

considerable computational time and memory storage, especially in the case of AFDF, which has angular 

dependence. In many MOC code, the net or partial current is tallied at fuel cell boundary for acceleration, 

but AFDF and PCDF require the angular flux or the partial current at all surfaces of all flux regions, for 

which additional implementation work is necessary. The next point is conservation of neutron balance. 
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Since angular fluxes are discontinuous, the net current directly calculated by the discontinuous angular 

fluxes can be also discontinuous. This requires careful treatment of neutron balance in implementation, for 

example, the net neutron current directly calculated by the discontinuous angular flux cannot be used for 

an acceleration calculation by the coarse mesh finite difference (CMFD) or the generalized coarse mesh 

rebalance (GCMR) methods. 

In the EPDF, the discontinuity factor is applied to the even parity angular flux and the continuity 

condition is applied to the odd parity angular flux. This concept is a straightforward extension of the 

conventional DF for diffusion theory. Since continuity of all odd parity angular fluxes is guaranteed with 

EPDF, neutron net current at any surface, which is obtained by angular integration of the odd parity angular 

flux multiplied by the direction cosine, is continuous even if angular flux itself is discontinuous. Thus, 

neutron balance for even-parity angular flux (thus scalar flux) is always conserved even if the calculated 

angular flux is directly used. 

To estimate the surface-dependent EPDF, the even and odd parity angular fluxes at region surface 

are necessary. By forcing the odd parity angular fluxes obtained by a reference calculation as the boundary 

condition, the even parity angular fluxes at boundaries are estimated by solving the transport equation of 

second order differential form in each flux region. Once the even parity angular flux at the boundary is 

obtained, the EPDF is estimated by the ratio of the reference even parity angular flux over the estimated 

even parity angular flux. This is the same procedure to estimate DF in the diffusion theory. 

In the case of surface-dependent EPDF, the even and odd parity angular fluxes are necessary at all 

surfaces of all flux regions, which is equivalent to AFDF. However, in the case of region-wise EPDF, the 

even and odd parity angular fluxes at boundaries are not necessary. Thus, the region-wise EPDF is 

considered in the present study due to computational efficiency. 

To discuss the relationship between the region-wise EPDF and the SPH factor, let us consider a 

one-group, even-parity transport equation [21] in a two-region, one-dimensional slab geometry with 

isotropic scattering and reflective boundary. 

െ
𝜇ଶ

Σ୲,୐

𝑑ଶ𝜓௅
௘ሺ𝑥, 𝜇ሻ

𝑑𝑥ଶ ൅ Σ୲,୐𝜓௅
௘ሺ𝑥, 𝜇ሻ ൌ

1
2

൭൬
νΣ୤,୐

𝑘
൅ Σୱ,୐൰ න 𝜓௅

௘ሺ𝑥, 𝜇ሻ𝑑𝜇
ଵ

ିଵ
൱, 

െ
𝜇ଶ

Σ୲,ୖ

𝑑ଶ𝜓ோ
௘ ሺ𝑥, 𝜇ሻ

𝑑𝑥ଶ ൅ Σ୲,ୖ𝜓ோ
௘ ሺ𝑥, 𝜇ሻ ൌ

1
2

൭൬
νΣ୤,ୖ

𝑘
൅ Σୱ,ୖ൰ න 𝜓ோ

௘ ሺ𝑥, 𝜇ሻ𝑑𝜇
ଵ

ିଵ
൱, 

(1) 

where 𝜇, 𝜓௘, and 𝑥 are the cosine direction of neutron flight direction, the even-parity angular flux, and the 

coordinate, respectively. The subscripts L and R indicate the left and the right regions in the two-region 

problem, respectively. Other notations are conventional ones. 

Equation (1) is solved with the following boundary conditions: 
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𝜓௅
௘ሺ0, 𝜇ሻ ൌ 𝜓ோ

௘ ሺ0, 𝜇ሻ, 

െ
1

Σ୲,୐

𝑑𝜓௅
௘ሺ0, 𝜇ሻ

𝑑𝑥
ൌ െ

1
Σ୲,ୖ

𝑑𝜓ோ
௘ ሺ0, 𝜇ሻ

𝑑𝑥
, 

െ
1

Σ୲,୐

𝑑𝜓௅
௘ ቀെ

𝑎
2 , 𝜇ቁ

𝑑𝑥
ൌ െ

1
Σ୲,ୖ

𝑑𝜓ோ
௘ ቀ൅

𝑎
2 , 𝜇ቁ

𝑑𝑥
ൌ 0. 

(2) 

Note that the origin of coordinate is set at the boundary between the left and right regions, and each region 

has the same thickness of 𝑎/2. 

 The SPH method is applied to Eq.(1) by multiplying the SPH factors for the left and the right 

regions (1/𝑓௅ and 1/𝑓ோ) to the cross sections. Note that 1/Σ୲  corresponds to the diffusion coefficient thus 

the SPH factor is multiplied to 1/Σ୲. 

െ
𝜇ଶ

𝑓௅Σ୲,୐

𝑑ଶ𝜓௅
௘ሺ𝑥, 𝜇ሻ

𝑑𝑥ଶ ൅
Σ୲,୐

𝑓௅
𝜓௅

௘ሺ𝑥, 𝜇ሻ ൌ
1
2

൭൬
νΣ୤,୐

𝑓௅𝑘
൅

Σୱ,୐

𝑓௅
൰ න 𝜓௅

௘ሺ𝑥, 𝜇ሻ𝑑𝜇
ଵ

ିଵ
൱, 

െ
𝜇ଶ

𝑓ோΣ୲,ୖ

𝑑ଶ𝜓ோ
௘ ሺ𝑥, 𝜇ሻ

𝑑𝑥ଶ ൅
Σ୲,ୖ

𝑓ோ
𝜓ோ

௘ ሺ𝑥, 𝜇ሻ ൌ
1
2

൭൬
νΣ୤,ୖ

𝑓ோ𝑘
൅

Σୱ,ୖ

𝑓ோ
൰ න 𝜓ோ

௘ ሺ𝑥, 𝜇ሻ𝑑𝜇
ଵ

ିଵ
൱. 

(3) 

The boundary conditions are: 

𝜓௅
௘ሺ0, 𝜇ሻ ൌ 𝜓ோ

௘ ሺ0, 𝜇ሻ, 

െ
1

𝑓௅Σ୲,୐

𝑑𝜓௅
௘ሺ0, 𝜇ሻ

𝑑𝑥
ൌ െ

1
𝑓ோΣ୲,ୖ

𝑑𝜓ோ
௘ ሺ0, 𝜇ሻ

𝑑𝑥
, 

െ
1

𝑓௅Σ୲,୐

𝑑𝜓௅
௘ ቀെ

𝑎
2 , 𝜇ቁ

𝑑𝑥
ൌ െ

1
𝑓ோΣ୲,ୖ

𝑑𝜓ோ
௘ ቀ൅

𝑎
2 , 𝜇ቁ

𝑑𝑥
ൌ 0. 

(4) 

 Now we consider the following even-parity angular fluxes: 

𝜓෨௅
௘ሺ𝑥, 𝜇ሻ ≡

𝜓௅
௘ሺ𝑥, 𝜇ሻ

𝑓௅
,  

𝜓෨ோ
௘ ሺ𝑥, 𝜇ሻ ≡

𝜓ோ
௘ ሺ𝑥, 𝜇ሻ

𝑓ோ
. 

(5) 

By substituting Eq.(5) into Eq.(3), the following equations are obtained: 

െ
𝜇ଶ

𝛴௧,௅

𝑑ଶ𝜓෨௅
௘ሺ𝑥, 𝜇ሻ

𝑑𝑥ଶ ൅ 𝛴௧,௅𝜓෨௅
௘ሺ𝑥, 𝜇ሻ ൌ

1
2

൭൬
𝜈𝛴௙,௅

𝑘
൅ 𝛴௦,௅൰ න 𝜓෨௅

௘ሺ𝑥, 𝜇ሻ𝑑𝜇
ଵ

ିଵ
൱ , 

െ
𝜇ଶ

𝛴௧,ோ

𝑑ଶ𝜓෨ோ
௘ ሺ𝑥, 𝜇ሻ

𝑑𝑥ଶ ൅ 𝛴௧,ோ𝜓෨ோ
௘ ሺ𝑥, 𝜇ሻ ൌ

1
2

൭൬
𝜈𝛴௙,ோ

𝑘
൅ 𝛴௦,ோ൰ න 𝜓෨ோ

௘ ሺ𝑥, 𝜇ሻ𝑑𝜇
ଵ

ିଵ
൱ . 

(6) 

Similarly, by substituting Eq.(5) into Eq.(4), the following boundary conditions are obtained: 

𝑓௅𝜓෨௅
௘ሺ0, 𝜇ሻ ൌ 𝑓ோ𝜓෨ோ

௘ ሺ0, 𝜇ሻ, (7) 
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െ
1

Σ୲,୐

𝑑𝜓෨௅
௘ሺ0, 𝜇ሻ

𝑑𝑥
ൌ െ

1
Σ୲,ୖ

𝑑𝜓෨ோ
௘ ሺ0, 𝜇ሻ

𝑑𝑥
, 

െ
1

Σ୲,୐

𝑑𝜓෨௅
௘ ቀെ

𝑎
2 , 𝜇ቁ

𝑑𝑥
ൌ െ

1
Σ୲,ୖ

𝑑𝜓෨ோ
௘ ቀ൅

𝑎
2 , 𝜇ቁ

𝑑𝑥
ൌ 0. 

Equations (6) and (7) indicate the even-parity transport equation with the discontinuity factor for the even-

parity angular flux. 

The above discussion shows a region-wise EPDF can be taken into by correction of cross sections, 

i.e., the cross sections are divided by region-wise EPDF or are multiplied by the inverse of region-wise 

EPDF. In other words, a region-wise EPDF and the SPH factor can be used interchangeably. This is the 

straightforward extension of the relation between the region-wise DF and the SPH factor in diffusion theory. 

This discussion suggests that the region-wise EPDF can be estimated by an iteration procedure that is used 

for the SPH method. Once the SPH factor is obtained, the region-wise EPDF can be evaluated by: 

EPDF ൌ
𝜙ୡ୭ୟ୰ୱୣ

𝜙୤୧୬ୣ ൌ
1

SPH
. (8) 

In this approach, only the region-average scalar flux is necessary, which is always edited in MOC 

calculations. Thus, existing MOC code can be directly used. 

In Eq.(8), the region-wise scalar flux is used to estimate the angular independent region-wise EPDF. 

Since even parity angular flux is angular dependent, Eq.(8) can be extended to the angular dependent region-

wise EPDF. In this case, region-average even-parity angular flux is used in Eq.(8) instead of the scalar 

fluxes. In the reference configuration, where EPDF is obtained, reaction rate and k-effective obtained by a 

fine calculation condition are reproduced both by the angular independent and the angular dependent 

region-wise EPDF. But in the case of “off-nominal” condition, e.g., a colorset geometry, angular dependent 

region-wise EPDF would yield more robust and accurate results at the expense of computation time to tally 

the angular dependent even-parity angular flux and memory storage for the angular dependent EPDF. An 

in-depth investigation of this trade-off would be an interesting topic, but the angular independent EPDF is 

focused in this paper. 

 

II.B. Implementation of EPDF for MOC 

 

In diffusion theory (as well as the second-order Pn theory), the region-wise DF can be rigorously 

incorporated by dividing cross sections by DF when the discussion in section II.A is considered. However, 

this is not true for MOC, which utilizes the first order differential form. The difference between the diffusion 

and MOC comes from utilization of the diffusion coefficient (or the 1/Σ୲ term) in these equations. Namely, 

in the diffusion equation, or the transport equation of second order form, both of Σ୲ and 1/Σ୲ explicitly 
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present, while only Σ୲  appears in the transport equation of first order form [22]. In other words, an 

“additional type” of cross section 1/Σ୲ is used in the diffusion and the transport theory of the second order 

differential form. Due to this additional freedom, the region-wise DF can be incorporated by dividing cross 

sections in the latter equations. 

The even and odd parity angular fluxes at the interface are defined by the following angular flux 

definitions depicted in Fig.1: 

𝜓௅
௘ሺ𝛺ሻ ൌ

𝜓௅,௢௨௧ሺ𝛺ሻ ൅ 𝜓௅,௜௡ሺെ𝛺ሻ

2
, 

𝜓௅
௢ሺ𝛺ሻ ൌ

𝜓௅,௢௨௧ሺ𝛺ሻ െ 𝜓௅,௜௡ሺെ𝛺ሻ

2
, 

𝜓ோ
௘ ሺ𝛺ሻ ൌ

𝜓ோ,௜௡ሺ𝛺ሻ ൅ 𝜓ோ,௢௨௧ሺെ𝛺ሻ

2
, 

𝜓ோ
௢ሺ𝛺ሻ ൌ

𝜓ோ,௜௡ሺ𝛺ሻ െ 𝜓ோ,௢௨௧ሺെ𝛺ሻ

2
, 

(9) 

where  

𝜓௅,௢௨௧ሺ𝛺ሻ: the outgoing angular flux of region L, 

𝜓௅,௜௡ሺെ𝛺ሻ: the incoming angular flux of region L, 

𝜓ோ,௜௡ሺ𝛺ሻ: the incoming angular flux of region R, 

𝜓ோ,௢௨௧ሺെ𝛺ሻ: the outgoing angular flux of region R. 

 

To explicitly treat a region-wise EPDF in a transport calculation, the following conditions are used 

for the interface between the regions L and R. 

𝑓௅𝜓௅
௘ ൌ 𝑓ோ𝜓ோ

௘ , (10) 

𝜓௅
௢ ൌ 𝜓ோ

௢, (11) 

where, 𝑓௅ and 𝑓ோ are the region-wise EPDF for the regions L and R, respectively. 

Using Eqs. (10) and (11), the incoming angular flux from the region L to the region R is calculated 

by: 

𝜓ோ,௜௡ሺ𝛺ሻ ൌ
2𝑓௅

𝑓௅ ൅ 𝑓ோ
𝜓௅,௢௨௧ሺ𝛺ሻ ൅

𝑓௅ െ 𝑓ோ

𝑓௅ ൅ 𝑓ோ
𝜓ோ,௢௨௧ሺെ𝛺ሻ, (12) 

Utilization of Eq. (12) in MOC poses two issues. To calculate the incoming angular flux using Eq. 

(12), not only the outgoing angular flux from the region L (𝜓௅,௢௨௧ሺ𝛺ሻ), but also the outgoing angular flux 

from the region R (𝜓ோ,௢௨௧ሺെ𝛺ሻ ) are necessary. In common MOC transport sweeps, the incoming, the 
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outgoing, and the average angular fluxes on a segment of a ray trace are discarded once transport sweep is 

finished. This means that the outgoing angular flux from the region R (𝜓ோ,௢௨௧ሺെ𝛺ሻ), which is the angular 

flux for opposite direction and is not usually preserved, is necessary. To resolve this issue, the transport 

sweep on a ray trace is iteratively carried out back and forth, i.e., transport sweep on a ray trace is carried 

out for the forward direction, followed by the backward direction. Such transport sweep could be adopted 

to increase computational efficiency, e.g., OpenMOC by MIT [23]. With this implementation, all incoming 

and outgoing angular fluxes on a ray trace can be preserved during transport sweep on this ray trace, and 

thus. Eq. (12) can be used. The preserved incoming and outgoing angular fluxes are discarded once transport 

sweep on a ray trace is finished. 

Equation (12) indicates that an incoming angular flux is affected by the outgoing angular flux of 

opposite direction. Thus, iterations on a ray trace (back and forth iterations on a ray trace) are necessary to 

obtain converged angular fluxes, but the iteration is not necessary for the ordinary MOC transport sweep. 

The additional iterations on a ray trace have a negative impact on computational efficiency, but are adopted 

in the present study to verify the validity of the present method. For practical applications, a transport sweep 

algorithm would be changed, e.g., directly solves even parity angular fluxes by the LU decomposition 

method and eliminate the necessity of iteration on a ray trace. This is a common practice of solving a finite-

difference diffusion equation in one-dimensional geometry. 

Extension to two- or three-dimensional geometry is straightforward since the even-parity transport 

equation on a ray trace is considered. Figure 2 depicts an example of an application in a two-dimensional 

geometry. 

When Eq.(12) is used, the angular flux is discontinuous at the region boundary as shown in Fig.1. 

The partial current or the net current is edited from the angular flux for the acceleration calculation using 

the coarse mesh finite difference (CMFD) or the generalized coarse mesh rebalance (GCMR) method. The 

partial current and the net current should be calculated using the angular flux at the same region. For 

example, 𝜓௅,௢௨௧ሺ𝛺ሻ െ 𝜓ோ,௢௨௧ሺെ𝛺ሻ cannot be used as the net neutron current.  𝜓௅,௢௨௧ሺ𝛺ሻ െ 𝜓௅,௜௡ሺെ𝛺ሻ or 

𝜓ோ,௜௡ሺ𝛺ሻ െ 𝜓ோ,௢௨௧ሺെ𝛺ሻ should be used in Fig.1. 

 

II.C. Estimation of EPDF through Iterations 

 

The calculation procedures to estimate the region-wise angular-independent EPDF is summarized 

as follows: 

 

(1) Perform a reference MOC transport calculation using a fine calculation condition. 
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(2) Save average scalar flux (𝜙୤୧୬ୣ in Eq.(8)) in each flux region obtained in Step (1). 

(3) Assume initial guess (1.0) of EPDF (EPDF in Eq.(8) or 𝑓௅, 𝑓ோ in Eq.(12)) for all regions. 

(4) Perform a MOC transport calculation using a coarse calculation condition considering EPDF using Eq. 

(14). 

(5) Save the average scalar flux (𝜙ୡ୭ୟ୰ୱୣ in Eq.(8)) in each flux region obtained in Step (4). 

(6) Estimate the region-wise EPDF using 𝜙୤୧୬ୣ, 𝜙ୡ୭ୟ୰ୱୣ, and Eq.(8). 

(7) Repeat Steps (4) to (6) until convergence. 

The steps (1)-(7) are usually carried out in a single assembly geometry with the reflective boundary 

condition. In the present study, scalar flux is normalized as the volume integrated fission source over the 

whole geometry is 1.0. The steps (1)-(7) are exactly the same as that used to evaluate the SPH factor. 

 

II.D. Normalization of EPDF using assembly discontinuity factor 

 

As described in section II.C, region-wise EPDF is estimated in a single assembly geometry with 

the reflective boundary condition. Inconsistency between the fine and the coarse calculation results inside 

a single assembly is captured and corrected by the region-wise EPDF in each flux region. However, in a 

core or a colorset configuration, the discontinuity condition for the angular flux among different types of 

fuel assemblies should be also taken into account. In the advanced nodal method using the diffusion theory, 

this is incorporated by the assembly discontinuity factor (ADF). Similarly, discontinuity for even parity 

angular flux at assembly interface is taken into account by the assembly EPDF (AEPDF). Note that the 

AEPDF is not directly used in Eq.(12). Utilization of the AEPDF is described later. In the present study, 

AEPDF is calculated by: 

AEPDF ൌ
𝜙௦௨௥

୤୧୬ୣ

𝜙௦௨௥,௖௢௥
ୡ୭ୟ୰ୱୣ , (13) 

where 𝜙௦௨௥
୤୧୬ୣ and 𝜙௦௨௥,௖௢௥

ୡ୭ୟ୰ୱୣ  are the average surface scalar fluxes of fuel assembly obtained by the fine and the 

coarse calculation conditions. The subscript 𝑐𝑜𝑟 means that the correction (EPDF or SPH) is taken into 

account in the coarse calculation in Eq. (13). The definition of AEPDF given by Eq. (13) is the same as that 

of the conventional ADF. 

Once AEPDF is obtained, it is used at the assembly boundary to correct discrepancy of angular flux 

levels among different fuel assemblies. Specifically, EPDFs obtained by the procedure shown in section 

II.C are multiplied by AEPDF. In the case of SPH method, the SPH factor in each flux region is divided by 

the AEPDF to correct the discrepancy, which is a straightforward extension of the improved SPH method 

or the Selengut normalization condition [24], [25]. The SPH factor is multiplied to the cross sections. 

Therefore, by dividing the SPH factor by ADF or AEPDF, ADF or AEPDF can be incorporated [25]. 
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III. NUMERICAL RESULTS AND DISCUSSIONS 

Two different configurations are considered in the verification calculations. The first one is the 

colorset geometries with the reflective boundary condition. The verification using the colorset configuration 

aims to confirm the validity of the present method in the low-leakage conditions with the reflective 

boundary. The second one is a small PWR core having baffle and reflector at the periphery, characterized 

by the higher leakage condition. The second verification indicates the performance of the present method 

in actual applications. 

 

III.A. Colorset Calculations 

 

III.A.1. Calculation conditions 

 

The UOX2, UOX2 with BA, UOX2 with RCC, MOX1 fuel assemblies specified in the KAIST-2A 

benchmark problem [26] are used in the present study. Seven group cross sections for each material are 

given in the specifications. The region-wise EPDF, or the SPH factor, is evaluated in a single assembly 

geometry with the reflective boundary condition and then these correction factors are applied to the 2x2 

colorset geometries shown in Fig.3, which represent typical conditions in LWRs. 

Calculations are carried out by the GENESIS code in two-dimensional geometry. The GENESIS 

code is a transport code for two- or three-dimensional geometry [27], [28]. The conventional MOC method 

is used for two-dimensional geometries while the LEAF (Legendre polynomial Expansion of Angular Flux) 

method is used for three-dimensional geometries. In the present study, treatment of EPDF is implemented 

in the GENESIS code based on the algorithms described in section II.B for the test purpose. No optimization 

for computation time is considered during the present implementation, thus comparison of computation 

time is not carried out. 

The EPDF can be used to capture the spatial, the angular, and the energetic discretization errors as 

described in Introduction. In the present study, we consider the spatial and angular discretization errors of 

ray traces in order to purely estimate the performance of the present method. Namely, the same number of 

energy groups and the background meshing are used for the coarse and fine calculation conditions. When 

the energy collapse is considered, correction on cross sections due to spectral interference among fuel 

assemblies should be taken into account. Similarly, in the case of homogenization, variation of the 

homogenized cross section due to adjacent fuel assembly should be considered. These considerations make 

a performance evaluation of the present method difficult. By using the simple calculation conditions, errors 
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due to these effects (energy collapsing, homogenization) can be neglected, which clarify the discussion on 

the performance of this method. 

Calculation conditions for the GENESIS code are summarized as follows: 

 

<Fine calculation condition> 

Number of flux regions in a cell: approximately 40 (see Fig.4) 

Ray trace width: 0.05 cm 

Number of azimuthal angles: 96 (for 2) 

Number of polar angles: 3 (for /2, the Tabuchi-Yamamoto quadrature set) 

 

<Coarse calculation condition> 

Number of flux regions in a cell: approximately 40 (see Fig.4) 

Ray trace width: 0.1 cm 

Number of azimuthal angles: 8 (for 2) 

Number of polar angles: 1 (for /2, the Tabuchi-Yamamoto quadrature set) 

 

Note that maximum and minimum values of the region-wise EPDF, or the SPH factor, are set to be 

2.0 and 0.5, respectively, to avoid the numerical issue. 

The verification is carried out by the following procedures: 

 

(1) Perform single assembly calculations for UOX2, UOX2-BA, UOX2-RCC, and MOX1 using the fine 

calculation conditions 

(2) Estimate the SPH factor or the region-wise EPDF for each flux region using the calculation procedure 

described in section II.C. 

(3) Estimate AEPDF in each single fuel assembly and corrects the region-wise EPDF or the SPH factor by 

AEPDF for normalization as described in section II.D. 

(4) Perform 2x2 colorset calculation using the fine calculation to obtain the reference solution 

(5) Perform 2x2 colorset calculation using the coarse calculation condition. Calculations are carried out 

without any correction, with region-wise EPDF, or with the SPH factor. 

(6) Compare the results obtained by Steps (4) and (5). 

 

III.A.2. Numerical results and discussions 
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The region-wise EPDF, or the SPH factor, are obtained by the calculation procedure shown in 

section II.C. Convergence behaviors of the SPH factor and DF for the single assembly geometries are shown 

in Fig.5. Table I shows the maximum and the minimum values of the SPH factor and DF. No convergence 

problem is observed for EPDF and the obtained EPDFs are within the range of 0.5-2.0. However, in the 

case of SPH factor, the SPH factor reaches the upper or the lower limit in the case of UOX2-BA and UOX2-

RCC. Note that BA indicates that Gd bearing fuel rods are used in the fuel assembly. If the range of the 

SPH factor is not limited, the SPH factor would be a very large or small value for these fuel assemblies.  

K-effective, assembly-wise relative power, and pin-wise relative power in the 2x2 colorset 

geometries are compared. Table II summarizes the results of the comparison. 

Table II indicates that the SPH method can improve prediction accuracy, especially assembly and 

pin-wise power distribution. The EPDF further improves assembly and pin-wise power distribution 

especially in the case of UOX2-UOX2BA and UOX2-UOX2RCC that contain strong neutron absorber. 

The SPH method with the normalization by AEPDF does not improve the prediction accuracy while the 

region-wise EPDF with the normalization by AEPDF further improves accuracy for all cases. 

Comparison of pin-wise power distribution for the case of UOX2-UOX2BA is shown in Fig.6. By 

using the region-wise EPDF with normalization, coarse calculation well reproduces the reference result. In 

the present study, the improved SPH method, i.e., the normalization of the SPH factors using AEPDF, does 

not contribute to accuracy improvement. The improved SPH method, which is equivalent to the SPH with 

AEPDF normalization, has been used with the simplified Pn theory. In the case of SPn method, the 

improved SPH method can reduce the error of pin-wise power distribution as shown in reference [25]. 

Reference [20] also describes the importance of normalization, which improves the accuracy. The 

difference between the references [20], [25] and the current study would come from the fact that the SPH 

correction is different between the SPn method and MOC as discussed in the reference [22]. However, the 

in-depth investigation will be desirable to fully address this issue. 

 

III.B. Core calculation 

 

III.B.1. Calculation conditions 

 

A small PWR core specified in the KAIST-2A benchmark problem is used as the second 

verification geometry. The UOX1, UOX2, UOX2 with BA, MOX1, and MOX1-BA fuel assemblies 

specified in the KAIST benchmark are used with the baffle-reflector and reflector assemblies. Note that the 

thickness of baffle is 2.52 cm, which corresponds to the pitch of two cells. Calculation geometry is shown 

in Fig.7. 
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Calculations are carried out by the GENESIS code using the MOC option in two-dimensional 

geometry as described in section III.A. Other calculation conditions are summarized as follows: 

 

<Fine calculation condition> 

Number of flux regions in a fuel cell: approximately 40 (see Fig.4) 

Number of flux regions in a reflector cell: 36 

Ray trace width: 0.05 cm 

Number of azimuthal angles: 96 (for 2) 

Number of polar angles: 3 (for /2, the Tabuchi-Yamamoto quadrature set) 

 

<Coarse calculation condition> 

Number of flux regions in a cell: approximately 40 (see Fig.4) 

Number of flux regions in a reflector cell: 36 

Ray trace width: 0.1 cm 

Number of azimuthal angles: 8 (for 2) 

Number of polar angles: 1 (for /2, the Tabuchi-Yamamoto quadrature set) 

 

Corrections by EPDF or SPH are considered only for the fuel assemblies. No correction is taken 

into account at the baffle-reflector and the reflector assemblies even in the case of coarse calculation 

condition. Maximum and minimum values of the region-wise EPDF or the SPH factor are set to be 2.0 and 

0.5. The verification procedures are identical to those described section III.A. 

 

III.B.2. Numerical results and discussions 

 

Summary of calculation results is shown in Table III. The error of pin power distribution is shown 

in Fig.8 for four cases (SPH, SPH with AEPDF normalization, EPDF, and EPDF with AEPDF 

normalization). Table III indicates that reduction of discretization error by the SPH and EPDF without the 

normalization is marginal in the core calculation. Since various fuel assemblies with different heterogeneity 

exist in the core, normalization by AEPDF is important. By comparing the results of EPDF and EPDF with 

the normalization shown in Fig.8, the EPDF with normalization can offset systematic discrepancies among 

fuel assemblies. This indicates the effectiveness of the normalization. 

Though no correction is considered in the baffle-reflector and reflector assemblies, EPDF with 

normalization gives significant improvement both for the assembly power and pin power distributions. Not 
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only the maximum and minimum errors but also the root mean square error are reduced using the EPDF 

with normalization. On the contrary, the SPH correction with normalization gives worse results than other 

cases. This is consistent with the results obtained in 2x2 colorset calculations. 

 

IV. CONCLUSIONS 
 

In the present study, the region-wise discontinuity factor for even parity angular flux (EPDF) is 

used to correct discretization error due to coarse calculation condition of MOC. An iterative procedure 

using only region-wise scalar flux is adopted to estimate EPDF. 

The present method is applied to the 2x2 colorset and the core benchmark problems whose 

specification is taken from the KAIST-2A benchmark. Calculation results indicate that the present method 

using the region-wise EPDF shows better results than those with the conventional SPH method. 

Convergence issues in the estimation of the EPDFs were not observed. The calculation results show that 

the region-wise EPDF can well capture discretization error caused by a coarse calculation condition in the 

colorset and core geometries. 

There are several issues to be addressed regarding this work. At first, an efficient MOC sweep 

algorithm with EPDF is desirable for practical applications. Since EPDF is applied to the even parity 

angular flux, a dedicated solver to handle the transport equation of second-order differential form may be 

necessary. Next, the region-wise EPDF is incorporated through discontinuity of angular flux in this study. 

However, if the region-wise EPDF can be taken into account through correction of cross sections, additional 

implementation work is not necessary for existing MOC codes. Previous work reveals that EPDF can be 

explicitly considered by additional anisotropic scattering component [22]. Example of equivalence between 

EPDF and SPH with anisotropic scattering is shown in Appendix A. However since the use of anisotropic 

scattering cross section requires larger computational resources (from the viewpoint of computation time 

and memory storage), an alternate method without correction of anisotropic scattering is desirable. 
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APPENDIX A 
 

MOC calculations using the following four cross sections are compared for the MOX1 single fuel 

assembly used in the verification calculation: (1) Original cross section with EPDF, (2) Original (not 

corrected) cross section without EPDF, (3) SPH corrected P0 cross section, (4) SPH corrected P7 cross 

section. Note that in Cases (3) and (4), the inverse of the EPDF used in Case (1) is directly used as the SPH 

factor. Case (3) is equivalent to the conventional SPH correction. Case (4) includes additional anisotropic 

scattering cross sections (up to P7 here) to make Cases (1) and (4) equivalent. See Eq.(25) in reference [13] 

for detail. 

Calculation conditions for the GENESIS code are as follows: 48 azimuthal angle divisions for 2π, 

8 polar angle divisions for π with the Gauss-Legendre quadrature set, 0.1 cm ray trace width. 

Calculation results are shown in Fig. A-1. Figure A-1 indicates that Case (4) reproduces Case (1). 

The slight difference observed in Case (4) comes from the spatial and angular discretization errors. 
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Table I. Maximum and minimum values of the SPH factor and DF for the 2x2 colorset geometry 
 

 
 

 
 
  

UOX2 MOX1 UOX2-BA UOX2-RCC

Maximum SPH 1.086 1.095 2.000 2.000

DF 1.056 1.149 1.082 1.212

Minimum SPH 0.947 0.840 0.500 0.500

DF 0.920 0.912 0.892 0.899

Fuel assembly type
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Figure 1. Discontinuity of angular flux at an interface using EPDF 
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Figure 2. Application of EPDF to a ray trace in a two-dimensional geometry 
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Figure 3. 2x2 colorset geometries 
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Figure 4. Background meshing in a fuel cell in KAIST-2A benchmark problem 
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Figure 5. Convergence behaviors of the SPH factor (left) and DF (right) in single assembly 
geometry 
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Figure 6. Comparison of pin-wise error for the UOX2-UOX2BA colorset configuration. The Gd 
bearing fuel rods are indicated by the black rectangle around fuel pin. 
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Figure 7. KAIST-2A core geometry 
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Figure 8. Comparison of pin-wise error for the KAIST-2A core configuration. 
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Figure A-1. Comparison of k-infinity and pin-wise fission rate for MOX1 fuel assembly 
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