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SUMMARY
Seismic signals during explosive eruptions have been correlated to eruption size or eruption
volume flux for individual eruptive episodes. However, the universality of these correlations has
yet to be confirmed. We quantified the sources of high-frequency seismic signals associated
with sub-Plinian and Vulcanian eruptions at Kirishima (Japan), Tungurahua (Ecuador) and
other volcanoes in Japan using a simple approach based on highly scattered seismic waveform
characteristics. We found that eruption plume heights scale to seismic source amplitudes
and are described by two relations depending on the value of source amplitudes: powerlaw and exponential relations for plume height >6 km and <6 km, respectively. Though
conceptually similar, our scaling relations differ from the previously proposed relation based on
reduced displacement. By comparing seismic and geodetic data during sub-Plinian eruptions
at Kirishima, we found that the source amplitude is proportional to eruption volume flux.
Combining these relations, we show that our scaling relation for Plinian eruptions is consistent
with predictions from plume dynamics models. We present a source model to explain the
proportionality between the source amplitude and eruption volume flux assuming a vertical
crack or a cylindrical conduit as the source. The source amplitude can be estimated in seconds
without any complicated data processing, whereas eruption plumes take minutes to reach
their maximum heights. Our results suggest that high-frequency seismic source amplitudes
are useful for estimating plume heights in real time.
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1 I N T RO D U C T I O N
Seismic observations, which are widely used to monitor active volcanoes (e.g. Chouet & Matoza 2013), have revealed that two main
types of seismic signals are common during explosive eruptions:
eruption tremor and explosion events (Fig. 1). Eruption tremor exhibits sustained oscillatory signatures during steady Plinian-type
eruptions, and explosion events show isolated waveforms generated by discrete Vulcanian-type eruptions. The correlation between
seismic amplitudes and eruption size or eruption volume flux has
been investigated by using recent eruption data at various volcanoes.
At Piton de la Fournaise, erupted lava volume was correlated to cumulative quadratic source amplitudes for eruption tremor signals
below 5 Hz (Battaglia et al. 2005). Cumulative source amplitudes
in 5–10 Hz were correlated to eruption volume at Tungurahua,
Ecuador (Kumagai et al. 2015). Correlations between the ash fallout mass and cumulative quadratic median amplitudes of eruption
tremor in the 0.5–5 Hz band were found for each phase of the 2015
eruption at Cotopaxi, Ecuador (Bernard et al. 2016). For the 2011


C

sub-Plinian eruptions at Kirishima, Japan, the linear relation between seismic power amplitudes in the 1–7 Hz band and eruption
volume flux was observed during quasi-stable or slowly growing
eruption phases (Ichihara 2016). At Pavlof volcano, Alaska, plume
heights were correlated to seismic amplitudes in the 0.8–5 Hz band
during waxing and waning eruption phases, respectively (Fee et al.
2017). Plume heights during the 2008 eruption at Kasatochi volcano
(Aleutian Islands) and the 2006 eruption at Augustine (Alaska) were
inferred from the relation between eruption rates and far-field seismic amplitudes assuming a single force source (Prejean & Brodsky
2011). Although various correlations have been indicated, the universality of them has yet to be confirmed. A systematic approach
to quantify the sources of eruption tremor and explosion events
is required to compare seismic signals associated with eruptions
at different volcanoes. Reduced displacement DR is a normalized
measure of amplitude (Aki & Koyanagi 1981) and used to express
the size of tremor. McNutt (1994, 2004) investigated the relationship between DR and the volcanic explosivity index (VEI; Newhall
& Self 1982), but reported a wide range of DR values for each
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VEI rank. McNutt (1994) also indicated that DR is related to plume
height, but this relation has not been systematically examined using
recent eruption data.
Volcanoes have highly heterogeneous structures characterized
by the mean free path, which represents the average travel distance of seismic waves between scatterers (Sato et al. 2012). In
such structures, wavefields are dominated by multiple scattering in
high-frequency bands, resulting in isotropic S-wave radiation patterns (Kumagai et al. 2010; Morioka et al. 2017). Based on the
assumption of isotropic S wave in a high-frequency band around 5–
10 Hz, the amplitude source location (ASL) method was developed
(Battaglia & Aki 2003; Kumagai et al. 2010). This method estimates
the source location and source amplitude by a grid search using seismic amplitudes of various volcano-seismic signals (Battaglia et al.
2003, 2005; Kumagai et al. 2010, 2011, 2013, 2014, 2015; Ogiso
& Yomogida 2012, 2015; Ogiso et al. 2015; Kurokawa et al. 2016;
Ichimura et al. 2018). It is thus possible to quantify the seismic
source amplitude without information about the source mechanism
by using seismic signals in the 5–10 Hz band. Kumagai et al. (2013)
found a proportional relation between seismic magnitude and the
logarithm of the source amplitude for volcano-tectonic earthquakes
and long-period and explosion events at various volcanoes, indicating that the source amplitude can be used as a quantitative measure
of event size.
In this study, we estimated the source amplitudes of eruption
tremors and explosion events observed during recent eruptions at
Sakurajima, Kuchinoerabujima, Kirishima and Ontake in Japan and

Tungurahua in Ecuador (Fig. 1) and compared the source amplitudes
with eruption plume heights and eruption volume fluxes. Our results indicate that plume heights of explosive eruptions scale to the
source amplitude, which is proportional to eruption volume flux. We
theoretically derive the proportional relation between the source amplitude and eruption volume flux by using a moment tensor source
model based on the theory of seismic source equivalents (Haney
et al. 2018). We then show that our scaling relation for Plinian-type
eruptions is consistent with predictions of plume dynamics models.
These results suggest that our simple source quantification approach
is useful for estimating eruption plume heights and contributes to a
better understanding of eruptive processes.

2 M E T H O D S A N D D ATA
2.1 Estimation of the source amplitude and cumulative
source amplitude
We estimated the source amplitude (As , m2 s−1 ) and cumulative
source amplitude (Is , m2 ) for eruption tremors and explosion events
following the method of Kumagai et al. (2015) in which isotropic
S-wave radiation is assumed for high-frequency (5–10 Hz) seismograms. Previous studies adopting this assumption have successfully
applied the ASL method to seismograms in this frequency band (e.g.
Battaglia & Aki 2003; Kumagai et al. 2010; Ogiso & Yomogida
2012; Ichimura et al. 2018), and the method has also been validated
by the theoretical study of Morioka et al. (2017) based on numerical
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Figure 1. Eruption tremors and explosions at various volcanoes. (a and b) Locations of volcanoes in Japan and Ecuador, respectively. (c–e) Explosion events
observed during Vulcanian eruptions at Sakurajima, Kuchinoerabujima and Tungurahua, respectively. (f–h) Tremors observed during a phreatic eruption at
Ontake and during sub-Plinian eruptions at Kirishima and Tungurahua, respectively. These seismic signals were recorded at stations in local networks deployed
at the individual volcanoes (see Fig. 3).
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waveform simulations using realistic heterogeneous volcano structures with intrinsic attenuation and topography. The band-passed
(centre frequency f) ground velocity vi at the ith station may be
written as
vi (t + τi ) = A0 s0 (t)

e−Cτi
,
ri

(1)

tsk = ts + (k − 1)Tw ,

(k = 1, 2, 3, . . .),

(2)

where ts is the source origin time and Tw is the window duration.
We define ṽi as the envelope of vi and wi as ṽi averaged over the
time window Tw , which is given as
 Tw
e−Cτi
1
ṽi (t + tsk + τi )dt = Aks
,
(3)
wi (tsk + τi ) =
Tw 0
ri
where
Aks =

A0
Tw



Tw

s̃0 (t + tsk )dt.

(4)

0

Aks

Here,
is the source amplitude at source time tsk and s̃0 is the
envelope of s0 . The discrete forms of eqs (3) and (4) are
wi (tsk + τi ) =

L w −1
1 
ṽi (lt + tsk + τi )
L w l=0

(5)

and
Aks =

L w −1
A0 
s̃0 (lt + tsk ),
L w l=0

(6)

where t is the sampling interval and Tw = Lw t. We estimate Aks
in the kth time window as
Aks =

N
1  o k
w (t + τi )ri eCτi ,
N i=1 i s

(7)

where N is the number of stations. Here, wio is the observed velocity
envelope amplitude averaged over the time window Tw at the ith
station:
 Tw
1
wio (tsk + τi ) =
ṽio (t + tsk + τi )dt,
Tw 0
=

L w −1
1 
ṽ o (lt + tsk + τi ),
L w l=0 i

(8)

where ṽio (t) is the envelope of the observed vertical velocity waveform. We identify the maximum Aks in sliding time windows during
each eruption tremor or explosion event and regard this maximum
Aks as the source amplitude As .
We define the cumulative source amplitude Is as
N 
1  T o
ṽ (t)ri eCτi dt,
Is =
N i=1 0 i
=

N L−1
T  o
ṽ (lt)ri eCτi ,
N L i=1 l=0 i

(9)

where T = Lt is the tremor or event duration (Fig. 2). We used
Tw = 10 s, a constant S-wave velocity (β) of 1400 m s−1 and Q = 60

following Kumagai et al. (2015). Because Q values of around 60
have been estimated at various volcanoes (e.g. Battaglia & Aki
2003; Kumagai et al. 2010; Ogiso et al. 2015), we used Q = 60
as a typical value at our studied volcanoes. To estimate As and Is ,
we assumed that the seismic sources during the eruptions were at
the summit craters of the individual volcanoes (Fig. 3), and no grid
search in space to estimate source locations in the ASL method
was performed. We used a two-pole Butterworth filter with corner
frequencies of 5 and 10 Hz in the Seismic Analysis Code (Goldstein
et al. 2003) and f = 7.5 Hz. To test the sensitivity of our analysis to
our parameter selection, we varied the values of Q and β, and found
that the estimates of As were more sensitive to decreasing Q and β.
For 20 per cent decreases and increases in Q and β, respectively, at
Kirishima, As increased and decreased by roughly 20–25 and 10–15
per cent, respectively. These As variations are within the standard
deviations of our estimates of As at different stations, indicating that
the effects of Q and β may not be large.

2.2 Seismic and plume height data
We used vertical seismograms from local networks of the Japan
Meteorological Agency (JMA) at Sakurajima, Kuchinoerabujima,
Ontake and Kirishima; the Earthquake Research Institute (ERI); The
University of Tokyo and the National Research Institute for Earth
Science and Disaster Resilience (NIED) at Kirishima; and the Institute Geofı́sico, Escuela Politécnica Nacional of Ecuador (IG-EPN)
at Tungurahua (Kumagai et al. 2007, 2010; Fig. 3). These andesitic
volcanoes produce sub-Plinian, Vulcanian, phreato-magmatic and
phreatic eruptions (see the Appendix). All stations used in this study
were 1–10 km from the individual craters (Fig. 3). Plume height data
measured from the craters of the individual volcanoes were adopted
from Steffke et al. (2010), Shimbori et al. (2013), Kozono et al.
(2014), and JMA and IG-EPN reports (Table 1). No corrections for
site amplification were performed in this study. We note, however,
that estimates of As and Is using borehole seismic data were clearly
smaller than those using surface station data (Fig. 4), indicating that
station site conditions affected our estimates of As and Is . Therefore,
we excluded borehole station data and used only surface station data
to homogenize station site conditions, and our estimates as the averages of surface station data are easily comparable to those at seismic
networks at other volcanoes, where surface stations are commonly
deployed. This procedure follows that used by Kumagai et al. (2013)
to compare the source amplitude with seismic magnitude for various
volcano-seismic events at different volcanoes.
Seismic data from surface stations can be more easily affected by
air–ground coupling than data from borehole stations (Ichihara et al.
2012; Matoza & Fee 2014). Seismic waves generated by infrasonic
waves were clearly identified for explosion events at Tungurahua;
for those events, we used time windows preceding the arrivals of the
infrasonic waves to estimate As following Kumagai et al. (2013).
Seismic waveforms of eruption tremor signals at Tungurahua were
also affected by infrasonic waves. Kumagai et al. (2015) indicated
that the ASLs of explosion events at Tungurahua estimated from
seismic amplitudes contaminated by infrasonic waves were not near
the summit; however, the ASLs of eruption tremor signals at Tungurahua were near the summit. These results suggest that the ASL
method failed to correctly determine the source locations for seismic signals largely contaminated by infrasonic signals and that our
analysed tremor signals located near the summit were dominantly
radiated from their seismic sources at the summit crater. Ichihara
(2016) showed that seismic data of eruption tremor signals during
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where t is time, A0 and s0 are the S-wave radiation coefficient and the
second time derivative of the moment function, respectively, τ i and
ri are the S-wave traveltime and source-station distance at the ith
station, respectively, and C = π f/Q, where Q is medium attenuation.
We used a sliding time window tsk defined as
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the 2011 Kirishima eruptions in the 1–7 Hz band at station SMN,
closest to the crater of Kirishima, were dominated by seismic energy than acoustic energy, and we confirmed this observation by
our visual comparison of the seismic waveforms with the infrasonic
waveforms in the 5–10 Hz band at this station. Using data from stations equipped with both seismic and infrasonic sensors at the other
studied volcanoes, we visually confirmed that our analysed seismic
waveforms were not largely contaminated by infrasound waves.

3 R E S U LT S
Our results highlight power-law relations between As and Is for
eruption tremors and explosion events (Fig. 5a). By comparing
individual plume height estimates (H, km; Table 1) with As for
eruption tremors and explosion events, we found that H is described
by a power-law relation with As (Fig. 5b) for eruption tremors,
H = 11.3A0.25
s ,



−(As −δ)
H =α 1−e γ

(δ ≤ As ≤ 0.1),

(12)

(10)

and for explosion events,
H = 7.80As 0.34 .

The relation for eruption tremor (eq. 10) is based on the maximum seismic amplitudes and associated maximum plume heights
during individual eruptive episodes. However, these data alone are
insufficient to fully characterize their relation. More detailed comparison between H and As is possible for sub-Plinian eruptions
at Kirishima in 2011 by using plume heights from continuously
recorded weather radar data with time intervals of 10 min (Shimbori et al. 2013; Kozono et al. 2014; Fig. 6). We estimated As in each
10-min time window from seismograms recorded during eruptions
P1–P3 and compared those values with the corresponding plume
heights (Fig. 6a). Moreover, we compared those values with the
relation between the maximum H and As values for sub-Plinian
eruptions at Tungurahua and Kirishima (Fig. 7a). To derive the relation between H and As for Kirishima, we assumed the following
exponential function:

(11)

We note large scatter in our results for explosion events. H is also
described by power-law relations with Is for both eruption tremors
and explosion events; our estimated power-law relations among As ,
Is and H for eruption tremors and explosion events with errors on
the coefficients and power-law indices are listed in Table 2.

and H = 0 for As < δ. Here, α, γ and δ are fitting parameters. We
performed a grid search to find their best-fit values. The highest
plumes (6–7 km) are explained by eq. (10), whereas plumes with
H < 6 km deviate from this relation (Fig. 7a) and are better explained
by As data for eruption tremors:

H=

0


6.97 1 − exp − (As −0.003)
0.02

(As < 0.003)
(0.003 ≤ As ≤ 0.15)

(13)
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Figure 2. Estimation of cumulative source amplitude Is . (a) Vertical velocity waveform in the 5–10 Hz band at station SMW during the first phase (Phase 1)
of the 2011 Kirishima sub-Plinian eruptions. (b) Envelope of the waveform in (a). (c) Source amplitude function estimated from the envelope seismogram in
(b) corrected for geometrical spreading and medium attenuation in individual 10-s time windows. (d) Time integration of the function in (c) (thick line) and
the linear trend estimated from pre-tremor noise (thin line). The offset of the time-integrated function from the trend line (arrows) was taken as Is .
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and
H = 11.3As

0.25

(As > 0.15).

(14)

Here, we estimated As = 0.15 m2 s−1 as the value at the intersection of the exponential and power-law relations near H = 6 km in
Fig. 7(a). Fig. 7(b) shows that plume height estimates based on eqs
(13) and (14) better reproduced the fluctuations of the observed
time-series plume height data at Kirishima compared to estimates
using the single power-law relation of eq. (10).
During the 2011 Kirishima eruptions, Kozono et al. (2014) estimated eruption volume flux (V̇ , m3 s−1 ) from tiltmeter data (Ueda
et al. 2013). Comparison to our estimates of As (Fig. 8) indicates
the following relation when As < 0.1 m2 s−1 :
V̇ = 3970As .

(15)

In previous studies, the relation among seismic amplitudes, plume
heights and eruption volume flux has been also investigated using
reduced displacement DR (cm2 ). DR has been related to plume height
as (McNutt 1994)
H = 1.11D R 0.556 ,

(16)

and to vent area (McNutt & Nishimura 2008). Tremor during the
waxing phase of the 2016 eruption of Pavlof volcano, Alaska, followed the relation of eq. (16) (Fee et al. 2017; Haney et al. 2018).

Ichihara (2016) suggested that eq. (16) is consistent with a linear
relationship between the powers of eruption tremors (DR 2 ) and V̇
during the 2011 Kirishima eruptions. Although DR is conceptually similar to As , no frequency band is specified and the peakto-peak amplitude is used to estimate DR . To investigate the relation between As and DR , we compared DR with As and H for
eruption tremors at Kirishima and individual explosion events and
eruption tremors at Tungurahua. DR was estimated by the following equation using vertical seismograms with a 1-Hz high-pass
filter:

DR =

N
√
1 
ai ri /(2 2),
N i=1

(17)

where ai is the peak-to-peak amplitude given in displacement (cm)
and ri is the source-station distance (cm) at the ith station. Our
comparison indicates that DR is correlated with As (Fig. 9), but
our estimates of DR are not consistent with eq. (16) (Fig. 10).
We also note that the data of smaller eruptions (H less than 2–
3 km) at various volcanoes including Krishima are deviated from
the relation of eq. (16) (Fig. 10) as pointed out by Johnson
et al. (2005).
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Figure 3. Seismic stations used in this study at (a) Sakurajima, (b) Ontake, (c) Kirishima, (d) Kuchinoerabujima and (e) Tungurahua. We did not use data from
stations within 1 km of the craters, as they may not satisfy the assumption of isotropic radiation of S waves used in our seismic data analysis. Stations shown
by blue circles at Kirishima were used to derive the estimates of As with 10-min intervals shown in Figs 6–11. These stations provided good quality continuous
data without gaps during the P1–P3 eruptions. Data from these and other stations except for SMN at Kirishima were used to derive the maximum As values
during the individual P1–P3 eruptions in Fig. 5.
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Table 1. Eruptive episodes and estimates of source amplitudes (As ) and cumulative source amplitudes (Is ). The plume height (H) above the crater in each
eruption episode was adopted from the numbered references listed in the footnote. Eruption dates and times at Tungurahua are Coordinated Universal Time
(UTC), and other eruption dates are Japan Standard Time (UTC + 9 h).
Volcano
Sakurajima

Tungurahua

Event type
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Tremor
Tremor
Tremor
Tremor
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Explosion
Tremor
Tremor
Tremor
Tremor
Tremor
Tremor

As (m2 s−1 )
7.95 × 10–2
4.38 × 10–2
1.74 × 10–2
1.19 × 10–2
6.24 × 10–2
3.06 × 10–2
5.97 × 10–2
3.00 × 10–2
1.53 × 10–2
7.37 × 10–3
1.35 × 10–2
4.59 × 10–3
8.01 × 10–3
4.81 × 10–3
7.68 × 10–2
1.01 × 10–1
5.64 × 10–2
2.78 × 10–2
5.72 × 10–2
1.73 × 10–2
4.17 × 10–1
2.05 × 10–1
1.26 × 10–1
1.07 × 10–1
1.19 × 10–1
1.86 × 10–1
1.85 × 10–1
3.61 × 10–1
1.48 × 10–2
2.04 × 10–2
2.49 × 10–1
1.15 × 10–1
2.12 × 10–1
7.01 × 10–2
8.29 × 10–1
1.07
5.30 × 10–1
3.45 × 10–1
2.81 × 10–1
5.76 × 10–1

Is (m2 )
9.45
8.20 × 10–1
2.19 × 10–1
5.27 × 10–1
8.47 × 10–1
3.57 × 10–1
9.70 × 10–1
4.62 × 10–1
4.72 × 10–1
7.41 × 10–2
2.36 × 10–1
4.91 × 10–1
6.36 × 10–1
1.39 × 10–1
3.34
3.11
3.31
12.2
3.88
2.04
18.9
1.92 × 102
3.43 × 102
4.13 × 102
1.49 × 102
40.1
8.26
8.52
15.9
1.23
4.63
3.50
3.52
2.51
3.70 × 103
4.62 × 103
3.71 × 103
1.84 × 103
5.60 × 102
2.05 × 103

H (km)
5.0
1.3
1.1
1.3
1.6
Unknown
Unknown
1.3
1.2
1.5
1.4
1.1
1.3
1.0
4.0
3.5
3.3
4.0
4.3
3.3
9.0
7.0
7.08
6.98
6.98
1.98
6.38
3.58
3.18
5.78
5.08
3.78
2.98
5.78
9.4
15.4
10
7.2
8.3
8.7

Reference
1
2
3
4
5

6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21, 22
21, 22
21, 22
21, 22
21, 22
21, 22
21, 22
21, 22
21, 22
21, 22
21, 22
21, 22
23
23
24
25
26
27

a 2011.1.26

15:27–18:41. b 2011.1.26 21:34–27 4:57. c 2011.1.27 16:20–17:48.
(2013); 2 JMA (2015a); 3 JMA (2015b); 4 JMA (2015c); 5 JMA (2015d); 6 JMA (2015e); 7 JMA (2015f); 8 JMA (2015g); 9 JMA (2015h); 10 JMA (2015i); 11 JMA (2015j); 12 JMA (2015k); 13 JMA (2015l);
14 JMA (2015m); 15 JMA (2015n); 16 JMA (2015o); 17 JMA (2015p); 18 JMA (2015q); 19 JMA (2015r); 20 JMA (2014); 21 Shimbori et al. (2013); 22 Kozono et al. (2014); 23 Steffke et al. (2010); 24 IG-EPN
(2010); 25 IG-EPN (2012); 26 Washington VAAC (2013); 27 IG-EPN (2014).
1 JMA

Figure 4. Comparison of surface and borehole station data. Is and As data
from surface and borehole stations at Ontake and Kirishima are compared
with surface station data at Tungurahua.

4 DISCUSSION
Our estimated linear relation between As and V̇ for the 2011
Kirishima eruptions (eq. 15) is different from the proportionality between seismic power and V̇ reported by Ichihara (2016). We

examined this difference based on characteristics of scattered wavefields, which depend on frequency and source-station distance. We
found that V̇ proportional to As when we use seismic data from stations SMW, OHTT and KRMV, which are located more than 1 km
from the crater (Fig. 11c, eq. 15). However, V̇ and As are not proportional when we use only data at station SMN, located at 800 m from
the crater (Fig. 11d). We also compared DR with V̇ (Figs 11a and b).
A proportionality between V̇ and DR 2 roughly holds at station SMN
(Fig. 11b), as suggested by Ichihara (2016). However, when we use
data at stations SMW, OHTT and KRMV, the relation between DR
and V̇ deviates from this proportionality (Fig. 11a). Assuming an
S-wave velocity of 1400 m s−1 , the wavelength of an S wave in the
5–10 Hz frequency band is about 140–280 m. The scattering mean
free path for S waves is estimated to be around 500 m at volcanoes
(e.g. Wegler 2003; Yamamoto & Sato 2010). Therefore, the wavefields at stations SMW, OHTT and KRMV are regarded as far-field
and multiple scattering dominates, resulting in isotropic radiation
of S waves. In this case, estimates of As may be simply related to
the moment rate function ( Ṁ) or V̇ for a moment tensor source
model as explained below. At station SMN, however, single scattering dominates and isotropic radiation of S waves may not hold. In
this case, estimates of As are affected by source mechanisms and a
simple proportional relation between As and V̇ may not exist. Thus,
the proportionality between As and V̇ holds only for seismic data in
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Kuchinoerabujima
Ontake
Kirishima

Date
2013.8.18 16:31
2015.9.28 7:34
2015.9.28 4:59
2015.9.27 23:51
2015.9.27 17:53
2015.9.27 15:18
2015.9.26 23:56
2015.9.26 21:37
2015.9.26 20:14
2015.9.12 4:20
2015.9.12 3:49
2015.9.12 1:36
2015.9.12 0:16
2015.9.11 20:41
2015.1.23 20:36
2015.2.21 0:53
2015.3.17 6:33
2015.4.24.9:16
2015.5.21 10:20
2015.6.1 12:33
2015.5.29 9:59
2014.9.27 11:52
Phase1 (P1)a
Phase2 (P2)b
Phase3 (P3)c
2011.1.26 14:49
2011.1.27 15:41
2011.1.28 12:47
2011.1.29 6:40
2011.2.1 23:34
2011.2.2 5:25
2011.2.2 10:47
2011.2.2 19:17
2011.2.2 22:02
2006.7.14 21:00–7.15 7:59
2006.8.17 0:00–7:59
2010.5.28 13:46–21:39
2012.12.16 12:34–21:55
2013.7.14 11:46–12:51
2014.2.1 22:38–2.2 3:35

Seismic scaling of eruption plume height

Table 2. Power-law relations among source amplitude As (m2 s−1 ), cumulative source amplitude Is (m2 ) and plume height H (km above the crater) for
eruption tremors and explosion events. Standard errors of the coefficients
and power-law indices (e.g. Larsen & Marx 2012) are shown.
Eruption tremor

Explosion events

Is = (46 ± 12) × 102 As 1.39±0.21
H = (11.3 ± 0.92)As 0.25±0.06
H = (3.10 ± 0.95)Is 0.15±0.04
Is = (38 ± 15)As 0.98±0.12
H = (7.8 ± 1.8)As 0.34±0.07
H = (2.10 ± 0.19)Is 0.30±0.05

Figure 6. Time-series data of (a) As , (b) H and (c) eruption volume flux
(V̇ ) during the P1–P3 eruptions at Kirishima (times are Japan Standard
Time). Plume height data were continuously recorded by weather radars at
10-min time intervals (Shimbori et al. 2013; Kozono et al. 2014) and V̇ was
estimated from tiltmeter data (Kozono et al. 2014).

the 5–10 Hz frequency band and at source-station distances > 1 km.
Such a difference in the wavefields may also affect DR estimates.
The peak amplitudes used to estimate DR contain low-frequency
components and are affected by the source mechanism and source
time function, which may cause scatter in the DR estimates as shown
in Fig. 10.
We consider the proportionality relation between As and V̇ based
on the equivalent source theory of Haney et al. (2018). We assume
that the seismic source of eruption tremor is a vertical crack or
cylindrical conduit and that the plume is a jet flow exiting the
conduit. In the case of a crack source, the source volume (Vs ) is
expressed as
Vs = W Ld,

(18)

where W, L and d are crack width, length and aperture, respectively.
Under the assumption that the crack volume changes with L ∝
d, the change in the source volume per unit time V̇ s in angular
frequency ω is expressed as
V̇ s ∝ ωd 2 W.

(19)
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Figure 5. Power-law relations between the source amplitude (As ) and (a)
cumulative source amplitude (Is ) and (b) plume height. The relations shown
by red and black lines in (a) and (b) were derived from the least-squares
linear fits on the log–log plots. Horizontal and vertical error bars show probable errors of the estimates based on individual station data. (a) As plotted
against Is for eruption tremors (red symbols) and explosion events (black
symbols). Red and black lines represent the best-fit power-law relations
between As and Is for eruption tremors and explosion events, respectively.
(b) Plume heights plotted as a function of As . Symbols and colours as in
(a). Red and black lines represent the best-fit power-law relations between
As and plume height for eruption tremors and explosion events, respectively. Dashed lines show the error ranges of the best-fit power-law relations
estimated for eruption tremors and explosion events. Blue and green lines
represent plume heights estimated by using eq. (31) with u = 0 and 80 m s−1 ,
respectively.
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For a moment tensor source model with the assumption of farfield S waves, S-wave velocity amplitude (v) can be expressed using
As and the moment rate function ( Ṁ) as
v∝

πf
πf
As − Qβ
ω Ṁ − Qβ
r
r
e
e
∝
,
3
r
ρβ r

(25)

where ρ, β, r, f and Q are density, S-wave velocity, source-station
distance, frequency and medium attenuation, respectively (e.g. Aki
& Richards 2002). Therefore, we obtain the following relation:
ρβ 3
As .
ω

(26)

Using Ṁ = μV̇ s and eq. (26), where μ is rigidity (e.g. Aki &
Richards 2002), we can derive the proportionality between As and
V̇ s . In turn, from eqs (21) and (24), we obtain the proportionality
between As and V̇ .
Plumes that reach the upper troposphere and stratosphere rise
buoyantly because of air entrainment (Morton et al. 1956; Settle
1978; Sparks 1986), which is theoretically described by H ∝ V̇ 1/4
for Plinian eruptions. The following empirical relation fits data from
Plinian eruptions at various volcanoes (Mastin et al. 2009):
H = 2.00V̇ 0.241 .

(27)

The power-law relation for eruption tremors (eq. 14) is similar
to these theoretical and empirical relations, suggesting that As may
be proportional to V̇ . Combining eqs (14) and (27), we obtain the
following relation when As > 0.15 m2 s−1 :
Figure 7. Plume height estimates based on the source amplitude. (a) Observed plume heights (H) plotted against the source amplitudes (As ) of
eruption tremors at Kirishima and Tungurahua. For sub-Plinian eruptions
P1–P3 at Kirishima, plume heights were continuously recorded by weather
radars at time intervals of 10 min (Shimbori et al. 2013; Kozono et al. 2014),
and we estimated As in each corresponding interval. Red and black lines are
plume height predictions given by eqs (10) and (13), respectively. (b) Timeseries plume height estimates using As during the P2 eruption at Kirishima
(times are Japan Standard Time). Grey bars and the blue line show observed
H and As , respectively. Yellow and red lines represent H as estimated by eqs
(10), (13) and (14), respectively.

V̇ = 1316As .

(28)

In this case, ω Rc ∝ ve holds when St is constant. Therefore, eq.
(23) can be expressed as

We also estimated the linear relation between As and V̇ from
the observation data at Kirishima when As < 0.1 m2 s−1 (eq. 15).
Thus, these results suggest that the proportionality between As and
V̇ holds over a wide range of As values, although the proportionality
coefficients in eqs (15) and (28) are different. Mastin et al. (2009)
mainly studied large eruptions with H > 10 km, which were not
extensively examined in this study, and the coefficient would be
different for such large eruptions.
Eruption plumes comprise a lower, momentum-driven gas jet and
an upper, buoyant convective plume (Wilson 1976; Woods 1988).
Plume height is thus affected by the vent radius, initial velocity,
initial temperature and initial mass fraction of gas (Woods 1988;
Suzuki et al. 2005). The difference between the relations for plumes
reaching the lower troposphere (eq. 13) and upper troposphere and
stratosphere (eq. 14) may be associated with these source parameters. When initial velocity and initial temperature are high, vent
radius is large (but not extremely large) and the initial gas mass
fraction is small, plumes can stably rise to the upper troposphere
and stratosphere (Woods 1988). For such plumes, a 1/4 power-law
relation between H and V̇ holds such as eq. (27). In this case, H
is given in terms of As by eq. (14) based on the proportionality
between V̇ and As . Deviations from the power-law relation (Fig. 7a
and eq. 13) may occur when these conditions are not satisfied. Eq.
(13) indicates that a plume will not rise if As is less than 3.0 × 10–3
m2 s−1 , corresponding to a mass flux of about 3 × 104 kg s−1 denserock equivalent. Indeed, Plinian eruptions with eruptive mass flux
less than 3 × 104 kg s−1 are rarely reported (Mastin et al. 2009).
We note that if source conditions are extremely different from those
of the eruptions analysed herein, our proposed relations between H
and As may not hold.
The eruption mass flux q (kg s−1 ) during the 2011 Kirishima
eruptions is given as (Kozono et al. 2014)

V̇ s ∝ π Rc 2 ve = V̇ .

q = 2.5V̇ ρ,

Here, to consider the relation between tremor frequencies and
source volume changes, we use the Strouhal number (St ) expressed
as
ωd
,
(20)
St =
ve
where ve is the exit velocity of the jet flow from the crack (Haney
et al. 2018). St can be considered constant over a wide range of
flow conditions (Woulff & McGetchin 1976), so we can assume
ωd ∝ ve . Therefore, eq. (19) can be expressed as
V̇ s ∝ d W ve = V̇ .

(21)

For a cylindrical conduit as the seismic source, Vs is expressed
as
Vs = π Rc 2 L c ,

(22)

where Rc and Lc are conduit radius and length, respectively. Under
the assumption that the source volume changes with Rc ∝ Lc , V̇ s is
expressed using ω as
V̇ s ∝ π ω Rc 3 .

(23)

(24)

(29)
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Figure 9. Reduced displacement (DR ) and source amplitude (As ) of selected
eruptions. DR plotted against As for eruption tremors at Kirishima (DR values
for the P1–P3 eruptions were estimated for the corresponding 10-min time
windows used to estimate As ) and explosion events and eruption tremors at
Tungurahua. The black line represents a line with the slope of 1 (D R ∝ As )
for reference.

where ρ = 2500 kg m−3 is the density of dense rock and 2.5 is
a correction factor for magma compressibility. Woodhouse et al.
(2013) derived the following model relationship between plume
height and eruption mass flux accounting for the effects of wind:
H = 0.318q 0.253

1 + 1.373W̃
,
1 + 4.266W̃ + 0.3527W̃ 2

(30)

where W̃ = 1.44u/(N H1 ) and N is a buoyancy frequency of 0.0108
s−1 and u is wind velocity at a reference altitude of H1 = 11 km.
Combining eqs (15) and (29) and using the model relationship of eq.
(30), we obtain
1 + 0.0166u
.
(31)
1 + 0.0517u + 5.182 × 10−5 u 2
During the 2011 Kirishima eruptions, a maximum wind velocity
of 80 m s−1 was estimated at 11 km above sea level (Hashimoto et al.
2012). Plume height estimates as a function of As using eq. (31) with
u = 80 m s−1 are consistent with the Kirishima data and similar
to those obtained using eq. (10) (Fig. 5b). The relation derived by
combining eq. (28) for As > 0.15 m2 s−1 and eq. (29) and using eq.
H = 23.61As 0.253

Figure 10. Eruption plume heights as a function of reduced displacement
DR . Maximum plume heights are compared to DR for eruption tremors
during the individual eruptions at Kirishima (P1–P3 eruptions shown by
blue, red and green circles, respectively), Tungurahua (magenta circles) and
Ontake (red inverted triangle). DR values at Kirishima estimated in 10min time windows for the P1–P3 eruptions (blue, red and green sideways
triangles, respectively) are also shown. The relation between DR and plume
height (magenta line) derived from the least-squares fits on the log–log plots
of the data for the maximum plume heights at Kirishima and Tungurahua
(circles) is shown. For comparison, black squares show the data at various
volcanoes from table 2 of McNutt (1994), and their relation given by eq.
(16) is plotted (black line).

(30) with u = 80 m s−1 is similar to eq. (31) when u = 0 m s−1 ,
which is not consistent with the Kirishima data (Fig. 5b). This result
suggests that eq. (31) derived by using eq. (15) for As < 0.1 m2 s−1
may be appropriate to estimate the height of plumes reaching the
upper troposphere and lower stratosphere, though further studies
are required for larger eruptions producing plumes that reach the
upper stratosphere. We note that the error in plume height estimates
is about 2–3 km when As = 0.01–0.1 m2 s−1 (Fig. 5b, Table 2),
which should be considered when estimating plume heights from
As .
5 C O N C LU D I N G R E M A R K S
The source amplitude As can be estimated in seconds without any
complicated data processing after seismic data acquisition, whereas
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Figure 8. Correlation of eruption volume flux estimated from tiltmeter data during the P1–P3 eruptions at Kirishima (Kozono et al. 2014) with source
amplitude As estimated in the corresponding 10-min time intervals. The solid line represents the linear relation of eq. (15) derived from the least-squares fits
with a correlation coefficient of 0.69.
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eruption plumes take minutes to reach their maximum heights. Thus,
it may be possible to predict plume heights using As based on eqs
(13) and (14) or eq. (31) for Plinian eruptions and eq. (11) for
Vulcanian eruptions. The effects of wind must be considered for
real-time application in which assumed or predicted wind velocities may be used in eq. (31). The universality of the scaling relations
between As and H at other volcanoes and the precision of real-time
plume height estimates at our studied volcanoes should be investigated in future studies. Because seismic networks are commonly
used to monitor active volcanoes, the approach proposed herein can
be easily applied. Our study also demonstrates that As is related to
eruption volume flux, and thus detailed information about temporal
variations in eruption volume flux may be obtained from As . During
the 2011 Kirishima eruptions, C-band (∼5 cm wavelength) weather
radar was used to observe plume heights (Shimbori et al. 2013), limiting the spatial and temporal resolutions of available plume height
data. Recently, X-band (∼3 cm wavelength) multiparameter radar
has been used to observe eruption plumes with high spatial and temporal resolutions (e.g. Marzono et al. 2006; Maki et al. 2016). A
combined approach using As and such high-resolution plume images
would contribute to a better understanding of eruptive processes.
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APPENDIX: DESCRIPTIONS OF
VOLCANIC ACTIVITIES AND
E RU P T I O N S
We estimated As and Is for eruption tremors and explosion events
at Sakurajima, Kuchinoerabujima, Kirishima and Ontake in Japan
and Tungurahua in Ecuador (Table 1). Sakurajima hosts two craters,
Showa and Minamidake, and repeated Vulcanian eruptions occur
at these craters. The eruption on 2013 August 18 was the largest
in recent years, producing a plume that reached 5 km above the
crater (JMA 2013). In September 2015, many explosive eruptions
occurred at the Showa crater after magma intrusion during August
2015 (JMA 2015s). Kuchinoerabujima erupted on 2014 August 3
after a 34-yr repose period, and the explosive phreato-magmatic
eruption on 2015 May 29 produced plumes reaching 9 km above
the crater and pyroclastic flows on the northwest flank (JMA 2015r).
Ontake is the second largest active volcano in Japan, and phreatic
eruptions occurred on 2014 September 27 from a vent in Jigokudani,
south of the summit. The maximum plume height was 7 km above
the vent, and pyroclastic flows occurred (JMA 2014). Kirishima
is a volcanic complex consisting of more than 20 volcanic centres, including Shinmoedake and Ohachi, where historical eruptions
have mainly occurred. On 2011 January 26–27, sub-Plinian eruptions accompanying Vulcanian eruptions occurred at Shinmoedake
(JMA 2011) and were subdivided into three phases (P1–P3; Kozono et al. 2014). Eruptive activity at Shinmoedake continued until
early September 2011. Tungurahua has produced continued eruptive activity since 1999; major eruptions have produced pyroclastic flows several times since 2006. The 2006 August 16–17 subPlinian eruptions generated sizeable pyroclastic flows of 40 × 106
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