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Abstract

In 2017, it was theoretically shown that the higher harmonics radiation from charged
particles in spiral motion has a helical wavefront. Since electron cyclotron motion is
a kind of spiral motion, Electron Cyclotron Emission (ECE) should also have a helical
wavefront. ECE exists commonly in nature, such as in the interaction between the solar
wind and Earth’s magnetosphere, magnetic reconnection in solar flares, and radiation
from magnetic confinement fusion plasma. However, observations of the ECE with helical
wavefront have never been reported and experimental demonstration is expected to make
a significant contribution to these studies as well.

Laguerre-Gaussian (LG) beam with a helical wavefront known as an optical vortex
is shown by Allen et al. in 1992. Optical vortex has been actively studied since the
approximate solution of the wave equation in the cylindrical coordinate system showed
the presence of an angular momentum that does not depend on the polarization. A beam
with a helical wavefront has a donut-shaped intensity distribution, which does not have
intensity on the beam axis, and has the orbital angular momentum in addition to the
spin angular momentum which depends on the polarization. Many research fields utilized
these characteristics for applications, such as nanostructure formation by matter-optical
vortex interaction, the interaction between the magnetic material and an optical vortex,
chemical researches of molecules with asymmetry, and telecommunication by controlling
orbital angular momentum.

The optical vortex is passively generated by conversion from a Gaussian beam without
a helical wavefront using an optical element, for example, a spiral phase plate, computer-
generated holography, and g-plate. An optical vortex can be easily produced by those
passive methods at a visible frequency. But at other frequencies, producing an optical
vortex is difficult due to restrictions of the available optical elements. However, if we can
control the electron motion, we can obtain any waveband of a vortex beam. Therefore,
there is a great significance in actively generating the beams with helical wavefront in any
wavebands by controlling the rotation frequency of the charged particle.

At present, the generation experiments for the beam with helical wavefront actively
generated in a shorter wavelength regime such as vy-rays and extreme ultraviolet are in-
tensively carried out. In the y-ray regime, it is possible to generate a vy-ray with a helical
wavefront by using inverse Compton scattering by specifically colliding low-energy laser
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photons with circular polarization with a high-energy electron. And, the donut-shaped
intensity distribution for the radiation with helical wavefront in y-ray was observed. In
the extreme ultraviolet regime, by passing an electron through a helical undulator, a rel-
ativistic electron with a spiral trajectory is generated, and the radiation with a helical
wavefront is obtained.

On the other hand, the studies of active radiation with helical wavefront in the longer
wavelength regime such as millimeter-wave have not been reported yet. This is because
the measurement focusing on the helical wavefront has never been carried out. In addi-
tion, the phase of the ECE from the multi-electron system is usually cancelled out due
to the random rotation phase of each electron. In order to demonstrate the ECE with
helical wavefront, we designed and developed an experimental device that generates the
ECE with helical wavefront in multi-electron system. In this experiment, we attempt to
control the rotation phase of electrons with cyclotron motion by externally applied cir-
cularly polarized wave so that the coherent radiation can be generated. This experiment
is equivalent to the principle of Electron Cyclotron Resonance Heating (ECRH) in fusion
plasma. In the fusion plasma, the ECRH plays an important role in which it is necessary
to produce and maintain the high temperature plasma electron. Then, electrons in the
plasma are in the state where the rotation phase of each electron is locally controlled by
externally applied electromagnetic wave. And then, such electrons produce the coherent
ECE with helical wavefront as well. By thermalizing the resonantly accelerated electrons,
that is, being randomized for the rotation phase of each electron, the helical wavefront of
ECE should be cancelled out. Therefore, time scale of appearance and disappearance for
the helical wavefront provides an indication of the coherent acceleration and the thermal-
ization of the electrons. In this basic experiment, producing a pure group of electrons and
measuring the ECE in millimeter-wave regime with helical wavefront greatly contribute
to the understanding of plasma heating physics in fusion research.

In this study, we conducted comprehensive studies 1) - 4), concerning measuring the
helical wavefront of ECE in the millimeter-wave regime, which is a longer wavelength band
than such as the y-ray and the ultraviolet; 1) We carried out the numerical calculations
of ECE with a helical wavefront from the electron with a cyclotron motion in magnetic
field accelerated by a circularly polarized wave; 2) An experimental device was developed
based on the obtained numerical calculation results; 3) A grating mirror that separates
fundamental radiation and second harmonic radiation from ECE, including higher har-
monics radiation, was developed and a general theory concerning development of grating
mirror was also developed; 4) We developed a method for measurement of a beam with
a helical wavefront by a triangular aperture. The details of these research results are
presented below.

1) Numerical calculation regarding ECE with a helical wavefront from an electron ac-
celerated by a circularly polarized wave.
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In this calculation, a Right-Handed Circularly Polarized (RHCP) wave was ap-
plied to an electron with cyclotron motion. And radiation from the rotation phase-
controlled electron was performed. The helical wavefront of the ECE cancels out
due to the random rotation phase of the multi-electron system and it has not been
experimentally observed that the cyclotron radiation from a multi-electron system
as well as that from a single electron has a helical wavefront. However, our calcula-
tion shows that the rotation phase of the electron can be controlled by high power
RHCP wave by accelerating the electron with cyclotron motion resonantly and then
demonstrates the coherent radiation with a helical wavefront. We calculated two
types of external magnetic fields: one is a static uniform magnetic field, the other
is the magnetic mirror field. The system in which an electron in cyclotron motion
under the uniform magnetic field is accelerated by circularly polarized wave is the
simplest case of the ECRH. And the system gives us a basic behavior of the electron.
In addition, the system where an electron in cyclotron motion under the magnetic
mirror field is accelerated by circularly polarized wave is the experimental system.
This calculation with magnetic mirror field greatly contributes to the understanding
of the experimental results.

In the case of a static uniform magnetic field, when the RHCP wave is applied to
the electron with cyclotron motion, the electron receives energy from the incident
RHCP wave and the relativistic mass gradually increases. Thus, the Larmor radius
increases and the cyclotron frequency decreases. Meanwhile, the electron is accel-
erated in the z-direction (magnetic field direction) by the Lorentz force 8, x B,
(BL: the electron perpendicular velocity, Bj,: the magnetic component of the ex-
ternally applied electromagnetic wave), and reaches a relativistic velocity. In this
case, the frequency of the RHCP wave seen from the reference frame of electron
is observed to be downshifted due to the Doppler effect. The results confirmed a
phenomenon called cyclotron auto-resonance, i.e., the relativistic electron cyclotron
frequency and the downshifted frequency of RHCP wave seen from the reference
frame of electron are almost equal and electron maintains the resonance state. In
addition, it was confirmed that the direction of the externally applied electric field
and the acceleration direction of the electron were in the same direction. Also, the
electron was trapped by the RHCP wave. Although this calculation is performed for
a single electron, the same phenomenon occurs for each electron in a multi-electron
system. Therefore, by applying RHCP wave to a multi-electron system with a ini-
tial random rotational phase, the rotational phase of each electron is controlled and
coherent radiation with a helical wavefront can be obtained.

Radiation from the electron in a such a state was calculated using the Liénard-
Wiechert potential and observed on the upper hemisphere. As a result, only the
fundamental radiation appears in the frequency spectrum on the z-axis (6 = 0), and
the spectrum of higher harmonics radiation did not appear. However, a spectrum of



radiation including higher harmonics was observed at a position distant from the op-
tical axis. The absence of harmonics radiation on the optical axis (z-axis) indicates
that the intensity distribution of higher harmonics radiation is donut-shaped. This
indicates that active radiation from the charged particle with spiral motion produces
helical wavefront - one of the characteristics of the vortex beam. In addition, we
calculated the phase difference of the radiation at the symmetric point with respect
to the beam axis. The higher harmonics have the phase difference with the relation-
ship of 180(n — 1) deg. (n: harmonic number), while the fundamental radiation has
no phase difference. These results suggest that ECE has a helical wavefront from
the characteristics of donut-shaped intensity distribution and azimuth-dependent
phase structure.

The same calculation was performed for the magnetic mirror field. We confirmed
that ECE has a helical wavefront even in the magnetic mirror field, which can be
easily realized experimentally. ECE with a helical wavefront will be generated by
interaction between the electrons with cyclotron motion in the magnetic mirror field
accelerated by the externally applied RHCP wave.

Development of the experimental device producing ECE with a helical wavefront.

We designed and constructed the experimental device that generates the ECE
with helical wavefront based on the numerical calculation as mentioned in point 1).
We created magnetic mirror configuration by the use of superconducting coils. Into
such a magnetic field we supplied a group of electrons. An electron gun at the bottom
of the device was used as source. The group of electrons follows cyclotron motion
and travels to the interaction region. Then, the RHCP wave is applied from the
outside to accelerate the electron at the resonance region and control the rotation
phase. As a result, coherent cyclotron radiation including fundamental radiation
and higher harmonics radiation can be obtained. However, since these optical axes
regarding fundamental radiation and higher harmonics radiation are coaxial, they
are separated into fundamental radiation and second harmonic radiation by a grat-
ing mirror. The separated fundamental radiation is guided to the dummy load, and
the second harmonic radiation is measured by the measurement system. This exper-
imental device has already been designed and constructed, including a transmission
system for guiding the RHCP wave from the gyrotron.

Development of the grating mirror and its general theory.

A grating mirror has been developed to separate only the second harmonic ra-
diation from the fundamental and higher harmonics radiation in the experimental
device of 2). A grating mirror with a blaze angle and line spacing that satisfies
the Littrow condition is designed so that the second harmonic radiation can be ef-
fectively separated. In other words, the line spacing of the grating mirror and the
blaze angle is optimized so that the propagation direction of the —1st order wave
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diffracted by the grating and the wave reflected on the slope on the saw-tooth is the
same. Therefore, low power second harmonic radiation can be effectively measured.
This grating mirror is a planar type for the convenience of machining, but in this
study, we generalized the design method of the grating mirror and succeeded in
defining a grating mirror with an arbitrary surface shape. When parameters such
as the focal point, the waist size of the input Gaussian beam, and the output of
the m-th order diffracted wave are given, a grating can be designed on the mirror
surface.

Development of the measurement system for a beam with helical wavefront by a
triangular aperture.

We have developed a measurement system to detect a helical wavefront radiation
separated by a grating mirror. Although radiation with a helical wavefront is com-
mon in nature, that radiation has not been measured yet. This is either because of
the lack of a measurement system or an attempt to measure the a helical wavefront.
Here, the diffraction method by an aperture is excellent because the diffraction can
be caused by each photon. That is, the helical wavefront can be identified even if
it is not coherent radiation. However as mentioned, since the harmonics ECE have
low power, it is important to produce spatially coherent electrons by the externally
applied electromagnetic wave for improving the sensitivity of the measurement.

Given this, we have developed a diffraction method of the wave with helical wave-
front using a triangular aperture. In order to develop the measurement system, we
need the beam source with a helical wavefront in the millimeter wave spectrum.
First, we developed a device called a spiral mirror which passively converts a Gaus-
sian beam into vortex beams. The mirror surface of the spiral mirror has a helical
shape, which changes continuously in the azimuth direction and the mirror center is
a singular point whose height is not defined. We have developed six kinds of spiral
mirrors, one for each Topological Charge (TC) from -3 to +3 except for 0. TC =0 is
a normal mirror. We have also confirmed that each mirror produced a donut-shaped
intensity distribution. Therefore, since we have obtained a stable continuous-wave
source with a helical wavefront, the measurement system can be developed.

According to the Huygens-Fresnel principle, when a beam with helical wavefront
passes through the aperture, a characteristic diffraction pattern appears according
to its TC. In the case of a triangular aperture, the symmetric diffraction pattern
appears depending on the sign of TC. Using a triangular aperture with a larger area
is more appropriate for our purpose than other types of apertures because more
diffracted light can be obtained. In the experiment, an equilateral triangular aper-
ture with a side of 40 mm was used. Also, the aperture’s optical system was designed
and calibrated so that the optical axis and the center of gravity of the triangular
aperture coincide. In the experiment, we obtained the characteristic diffraction
patterns which resemble polka dot patterns. The data acquisition was made by
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a sub-THz imaging camera. These experimental results were perfectly compatible
with the calculation results based upon Kirchhoft’s diffraction formula, which is an
exact mathematical expression of the Huygens-Fresnel principle. In addition, we
also confirmed that the characteristic diffraction patterns did not appear when the
Gaussian beam without a helical wavefront was injected into a triangular aperture.
Therefore, we were able to detect a millimeter-wave with a helical wavefront and to
identify the TC.

This diffraction method by an aperture can be applied to the radiation with-
out phase coherence because the pattern is a result of self interference pattern for
diffracted and non-diffracted beam.
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Chapter 1

Introduction

1.1 History of the Wave with an Orbital Angular Mo-
mentum and the Characteristics of the Wave

Study on the phase singularity started with the seminal work of J. Nye and M. Berry [1,2].
The phase singularity of a wave was defined as a line along which the phase of the
electromagnetic field is indeterminate, that is, a line on which the intensity is zero. It is
well known that a photon has a Spin Angular Momentum (SAM) and an Orbital Angular
Momentum (OAM). The SAM is characterized by a polarization of waves. A right-
handed polarized wave and a left-handed polarized wave have + 1 SAM, respectively.
The presence of a photon OAM was shown by Allen [3] in 1992. The paraxial solution of
the wave equation in the cylindrical coordinate system shows the presence of an angular
momentum that does not depend on the polarization. This is called an orbital angular
momentum to distinguish from a spin angular momentum. At present, one of the waves
with OAM is called the Laguerre-Gaussian (LG) beam. In particular, the LG beams with
the frequency band of the visible light are called an optical vortex. It is well-known that
a Hermite-Gaussian (HG) beam has a plane or spherical equiphase front, on the other
hand, the equiphase front of an optical vortex or LG beam has a helical wavefront. The
reason why the LG beam is called a vortex is that there is a phase term that depends on
the radial direction and forms a spiral phase front. Furthermore, the optical vortex has a
singular point where the phase cannot be defined on the optical axis. Then the intensity
on the optical axis is defined by zero.

It is well known that the wave equation in vacuum for the field component F(r,t) is
represented by

(v2 - ég—;) F(r,t)=0. (1.1)



As we can see, this equation is independent for each field component f(r, ). Thus, we can
rewrite the eq.(1.1) in scalar Helmholtz equation by considering f(r,?) as monochromatic
light f(r,t) = u(r,t)e'k=?

0z

where V7 is the transverse component of nabla operator. In addition, we used paraxial
appropriation. Then, by solving eq.(1.2) in Cartesian coordinate, we can obtain HG mode
as follows

2 2 _w2+2y2 k(22 +y2) )
HGmn; HG<r>t) = EﬂﬂHm (x\/_> Hn (y\/_> 6( “z )6{ 2 -Hz)}ez(szwt) (13)

(v%p + 2ik3) f(r,t)=0 (1.2)
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while, by solving eq.(1.2) in cylindrical coordinate, we can obtain LG mode as follows
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Fig.1.1 shows the phase front structure and the intensity distribution regarding HGgg
mode and LGy mode. In the phase front structure, HGgg mode which is Gaussian beam
has plane or spherical equiphase front, while LGg; mode which is optical vortex has he-
lical wavefront. In the intensity distribution, HGgy mode has Gaussian-shaped intensity
distribution as the name suggests, while LGy, mode has donut-shaped intensity distri-
bution. In addition, Fig.1.2 shows the intensity distribution regarding HG,,,, mode and
LGy, mode.

Basically, an optical vortex is passively generated by using optical elements such as
a spiral phase plate, a computer-generated hologram, and a g-plate as will be mentioned
in the next section in detail. However, it is suggested in helical undulator radiation that
radiation from a charged particle in spiral motion has a helical wavefront [4]. Studies
regarding actively generated radiation with a helical wavefront without using optical ele-
ments have been started [5]. Recently, it has been theoretically and experimentally shown
that radiation from a charged particle in spiral motion has a helical wavefront by Katoh et
al. in 2017 [6,7]. From this, it becomes possible to generate a vortex beam actively. Since
the frequency of an actively generated vortex beam depends on the rotation frequency of
the charged particle, it becomes possible to generate a vortex beam in any waveband. The
theory regarding actively generated radiation from a charged particle will be discussed in
Sec.1.4.
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Figure 1.1: The phase front structure and the intensity distribution (a): Gaussian beam
as HGgp mode. (b): Optical vortex as LGg; mode.
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Figure 1.2: The intensity distribution regarding HG,,, mode and LG, mode.

1.2 How to Generate the Optical Vortex

As you will be shown below, there are two ways to make a vortex beam. One method is
shown in Fig.1.3. This is a passive method using optical elements. The vortex beam is
generated by passing a Gaussian beam through an optical element.

e Spiral Phase Plate:
A spiral phase plate shown in Fig.1.3(a) is a phase plate whose thickness continu-
ously changes in the azimuth direction, and can provide the phase difference of 27n
for the injected beam around the optical axis [8]. Here, n indicates a Topological
Charge (TC).



e Computer-generated Hologram:
A computer-generated hologram shown in Fig.1.3(b) is made based on calculation
of diffraction patterns between a Gaussian beam as reference beam and the LG
beam, and then the calculated diffraction patterns are drawn on the Spatial Light
Modulator (SLM) [9]. Thus, when a reference beam such as Gaussian beam is
injected into the hologram, the LG beam can be reproduced.

e (Q-plate:
Q-plate shown in Fig.1.3(c) is a liquid crystal plate with a TC q at its center, which
can easily generate an axially symmetric polarized beam such as radial or azimuth
polarized beams and an optical vortex [10,11]. When circularly polarized beam
is injected into the g-plate, an optical vortex can be generated, while a linearly
polarized beam is injected, radial or azimuth polarized beams can be generated.
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Figure 1.3: Passive methods for producing a optical vortex. (a): Spiral phase plate [8].
(b): Computer-generated hologram [9]. (c): Q-plate [11].



1.3 Application of the Optical Vortex

As mentioned, an optical vortex has a donut-shaped intensity distribution, which does
not have intensity on the beam axis, and has the orbital angular momentum in addition
to the spin angular momentum which depends on the polarization. Many research fields
have utilized these characteristics for applications, such as nanostructure formation by
matter-optical vortex interaction, the interaction between the magnetic material and an
optical vortex, chemical researches of molecules with asymmetry, and telecommunication
by controlling orbital angular momentum.

1.3.1 Production of Nanostructure

An optical vortex is also known as light with chirality. Chirality indicates the character-
istic of molecules and materials that have mirror image, such as our right and left hands.
Producing materials with chirality have been carried out by utilizing the chirality of light.
Fig.1.4 shows the structure called nanoneedle produced by an optical vortex. The optical
vortex has positive and negative topological charge depending on the direction of the
spiral, and that indicates the chirality. By applying the optical vortex to the material, a
chiral nanostructure can be created [12].

Optical Vortex

Figure 1.4: The nanoneedle produced by an optical vortex. Since the optical vortex has
positive and negative topological charge depending on the direction of the spiral, a chiral
nanostructure can be created [12].

1.3.2 Communication using a Vortex Beam in Millimeter Wave
Regime

A vortex beam in millimeter wave regime has been actively investigated. Studies on
millimeter wave with helical wavefront mainly focus on the use of the wave in telecommu-



nication [14-20]. Because it is an important issue to achieve high-capacity optical network
technologies for contribution of high data traffic. Recently, Mode-Division Multiplexing
(MDM) optical transmission technologies using multi-core optical fiber, which has been
able to transmit high-capacity data than single-core optical fiber, have been studied. As
shown in Fig.1.5, OAM of the optical vortex is considered as one of the degrees of free-
dom in the wave. It has been expected to achieve high-capacity telecommunication by
multiplexing the topological charges. Since each optical vortex with different topological
charge is orthogonal to each other, it is possible to communicate using different optical
vortex which is called OAM mode-division multiplexing (OAM-MDM). The advantage us-
ing optical vortex is that the OAM- MDM can be data transmission with same frequency
and it will contribute to overcome the lack of frequency assignment.
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Figure 1.5: Telecommunication using optical vortex. Since each optical vortex with dif-
ferent topological charge is orthogonal to each other, it is possible to communicate by
OAM-MDM ([14].

1.4 Vortex Radiation from a Charged Particle in Spi-
ral Motion

As mentioned above, there are two ways to make a vortex beam. The first was the passive
method using optical elements as mentioned in Sec.1.2. The other is the active method
theoretically derived by Katoh et al. [6]. They studied the radiation field created by
electrons with spiral motion and theoretically showed that the higher harmonics radiation
have helical wavefront as a classical phenomenon. The electromagnetic field created by
an electron with an arbitrary trajectory is calculated with the Liénard-Wiechert potential



and in the case of having periodic motion, the potential can be Fourier decomposed as
follows

A(r,t) = e

= ) A(r)e ™ (1.6)

where A(r,t) is vector potential; e, 3, r, and 7. are electric charge, normalized velocity,
position vector at observer position, and position vector at electron position; ¢ and ¢, are
time at observer position and time at electron, that is retarded time. In addition, A(r,t)
is Fourier component of vector potential and it is represented as follows

~ 1 ikr . nere(te 1
Ai(r) = e e fezlw(tec( —))dre(te) +o <T—2) (1.7)

c2njw T

Fig.1.6 shows the coordinate system in this theory. An electron has spiral motion with
radius |r.| around the origin. We consider the spherical coordinate system with unit
vector e,, ey, and e,. The position vector of the electron at a given time is represented
as follows

re(te) = re(sinfsin(wt. — ¢)e, + cos O sin(wt. — ¢p)ey — cos(wte — P)ey). (1.8)

By substituting the trajectory information into the Fourier component of vector potential,
the radiation field with the helical wavefront can be calculated. Finally, we can obtain
the equation below

1 e 6i(lcrflo.nf)

E = Tres Elw . {e;et™e, e T — e e}, (1.9)
where
cos? . Lo
ey = +——Ji(IBsin0) + SJ/(If sinb), (1.10)
sin ¢
e, = cos0.J,(Ifsinb), (1.11)
e, +ie, €, — 1€y

e, = — e_ = — (1.12)

Here, J; and J] are a Bessel function of the first kind and its derivative, respectively.
e, and e_ are rotation unit vectors on the x-y plane, respectively. It should be noted



that the phase term with respect to ¢ is added in the eq.(1.9). This expression explicitly
shows that the phase term is dependent on the azimuthal angle. Since ¢ represents the
azimuthal angle of the position of the observer, eq.(1.9) has spatial phase structure. This
is a characteristic of a beam with a helical wavefront. The helical wavefront arises at only
2nd and higher harmonics, and the radiation is circularly polarized (see Fig.1.7).

When hearing the word “vortex,” a phenomenon with a spiral pattern is usually imag-
ined. However, in general, a wave with helical wavefront is a wave that has the following
two characteristics. 1): There is a phase term depending on the azimuthal angle, and the
phase is characterized by an integer called a Topological Charge (TC). 2): The intensity
distribution is donut-shaped with no intensity peak on the optical axis. Although it is
difficult to imagine the spiral pattern from these characteristics, the phase structure of
the cross section of the beam has vortex structure. For example, by creating the inter-
ference patterns between the wave with helical wavefront and the wave without helical
wavefront, the spiral pattern can be visualized. The interference patterns are shown in
Fig.1.8. Therefore, the word “vortex” is commonly used.
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Figure 1.6: The coordinate system for deriving the radiation theory where an electron
with spiral motion produces electromagnetic field with helical wavefront actively [7].
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Figure 1.7: The intensity distribution and the direction of the electric fields at a given
time [7]. (a): fundamental radiation, (b): second harmonic radiation, and (c): third
harmonic radiation.

1.5 Progress of the Wavelength Spectrum regarding
Actively Generated Vortex Beams

A vortex beam can be easily produced by passive methods at visible frequency. But at
other frequencies, it is difficult to produce an optical vortex due to restrictions of the
optical elements. However, if we can control the electron motion, we can obtain any
waveband of vortex beam.

Historically, Sasaki et al. was theoretically suggested for the first time in helical
undulator radiation that radiation from a charged particle in spiral motion may have
a helical wavefront. The experimental demonstration was carried out at a synchrotron
radiation facility in Germany in 2008 [4,5]. The results showed that the radiation from an
electron with spiral motion in the helical undulator has helical wavefront. However, these
results were not sufficient to show the characteristics of vortex beam. Recently, it has been
theoretically and experimentally shown by Katoh et al. that radiation from a charged
particle in spiral motion has a helical wavefront [6,7]. From this, it becomes possible to
generate a vortex beam actively. Studies regarding actively generated radiation with a
helical wavefront without using optical elements have been started. Since the frequency
of an actively generated vortex beam depends on the rotation frequency of the charged
particle, it becomes possible to generate a vortex beam in any wave band. Therefore,
actively generated vortex beams have been studied in several frequency bands such as
gamma ray, x-ray, and ultraviolet, which are high-energy vortex beams because limitation
of the optical elements no longer exists. Katoh et al. experimentally demonstrated for
the first time that the radiation from high-energy electron with spiral motion in helical
undulator has a helical wavefront at the UVSOR synchrotron facility (Fig.1.8) [7]. They
succeeded in obtaining the characteristic diffraction patterns by passing the radiation
from the helical undulator through the double-slit. In addition, they have succeeded



in measuring spiral interfering patterns by interfering with the fundamental radiation
without helical wavefront and the second harmonic radiation with helical wavefront. In
addition, Taira et al. theoretically deduced the method to generate y-ray with helical
wavefront(Fig.1.9) [21,22]. ~-ray with helical wavefront is generated by laser Compton
scattering. When the laser used for the laser Compton scattering is circularly polarized,
the scattered photons by high-energy electron produce the v-ray with helical wavefront.

(a) Undulator #1 Undulator #2 Bandpass ( b)
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Figure 1.8: The experimental results at the UVSOR synchrotron facility. For the first
time, it has been demonstrated that the radiation from high-energy electron with spiral
motion in helical undulator has a helical wavefront [7].
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Figure 1.9: The method to generate y-ray with helical wavefront. When the laser used for
the laser Compton scattering is circularly polarized, the scattered photons by high-energy
electron produce the v-ray with helical wavefront [21].

1.6 Purpose of the Research

The radiation with helical wavefront in shorter wavelength regime such as extreme ul-
traviolet and «-ray have been actively studied. However, the studies of active radiation
with helical wavefront in the longer wavelength regime such as millimeter-wave have not
been reported yet. This is because the measurement focusing on the helical wavefront
has never been carried out. In addition, the phase of the ECE from the multi-electron
system is usually cancelled out due to the random rotation phase of each electron. In
the longer wavelength regime, passively generated vortex beam has been reported such as
using spiral mirrors, spiral phase plates, and radiation from the gyrotron with whispering
gallery mode described in the next section.

Given this, in this study, we will carry out comprehensive researches in order to exper-
imentally demonstrate ECE with helical wavefront in the millimeter-wave regime. Since
cyclotron motion is also a type of spiral motion, Electron Cyclotron Emission, or ECE,
should also have vortex properties. In addition, an ECE is a common phenomenon in
nature. For example, it is found in the interaction between the solar wind and the mag-
netosphere, the magnetic reconnection in solar flare, and the radiation from a magnetic
confinement fusion plasma. Studying the ECE with helical wavefront greatly contributes
to underatanding the physics of the origin of the radiation as well.

In order to demonstrate the ECE with helical wavefront, we designed and developed
an experimental device that generates the ECE with helical wavefront in multi-electron
system. In this experiment, we attempt to control the rotation phase of electrons with
cyclotron motion by externally applied circularly polarized wave so that the coherent
radiation can be generated. This experiment is equivalent to the principle of Electron
Cyclotron Resonance Heating (ECRH) in fusion plasma. In the fusion plasma, the ECRH
plays an important role to produce and maintain the high temperature plasma electron.
Then, electrons in the plasma are in the state where the rotation phase of each electron
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is locally controlled by externally applied electromagnetic wave. And then, such electrons
produce the coherent ECE with helical wavefront as well. By thermalizing the resonantly
accelerated electrons, that are being randomized for the rotation phase of each electron,
the helical wavefront of ECE should be cancelled out. Therefore, time scale of appear-
ance and disappearance for the helical wavefront provides an indication of the coherent
acceleration and the thermalization of the electrons. In this basic experiment, producing
a group of electrons with as coherent gyro-phase as possible and measuring of ECE in
millimeter-wave regime with helical wavefront greatly contribute to the understanding of
plasma heating physics in fusion research.

1.6.1 Electron Cyclotron Emission

Cyclotron radiation is one of the radiation mechanisms from a charged particle which is
affected by Lorentz force in the magnetic field. When the charged particle is an electron,
this motion is called an electron cyclotron motion, and the electron emits an electro-
magnetic field whose frequency is proportional to the magnetic field strength. This is,
specially, called an Electron Cyclotron Emission (ECE). The electron cyclotron frequency
wee 18 Tepresented as follows

e, = 11B (1.13)

Me

where e, B, and m, are elementary charge, magnetic field strength, and electron rest
mass. In addition, the cyclotron radiation which is found in nature or fusion plasma is
low power radiation, but ECE with helical wavefront can be obtained. Because producing
the helical wavefront does not depend on relativistic effect. Retardation effect is a primary
factor for producing the helical wavefront.

1.7 Vortex Radiation from the Gyrotron

In recent years, Sawant et al. have reported vortex radiation from the gyrotron [23]. The
gyrotron is a cyclotron maser in millimater-wave regime which utilizes electron cyclotron
emission in the cavity. However, note that the reported radiation from the gyrotron is
not active radiation from the electron cyclotron motion. The radiation obtained in the
study is radiation from a waveguide where a whispering gallery mode is excited as shown
in Fig.1.10. Considering geometrical optics, this mode is cyclotron radiation propagates
through a cylindrical cavity like a spiral stage. As a result, the whispering gallery mode
makes radiation with helical wavefront.
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Figure 1.10: The radiation with helical wavefront from the gyrotron cavity in millimeter-
wave regime. The vortex radiation is produced by the whispering gallery mode [23].

1.8 Composition of this Dissertation

This dissertation is composed of seven chapters. In Chap. 2, the basic theory of electro-
magnetism and theory of radiation with helical wavefront is briefly described. In Chap.
3, calculation results of ECE with helical wavefront in case static magnetic field and mag-
netic mirror field are discussed. In Chap. 4, experimental devices for demonstrating ECE
with helical wavefront are discussed. In Chap. 5, development of the grating mirror for
separating fundamental radiation without helical wavefront into second harmonic radia-
tion with helical wavefront are discussed. In Chap. 6, development of the measurement
system for vortex beam using a triangular aperture is discussed. The summary of this
research is provided in Chap. 7.
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Chapter 2

Basic Theory

2.1 Charged Particle Motion

2.1.1 Cyclotron Motion in the Externally Applied Electromag-
netic Field

The relativistic equation of motion regarding a charged particle in the electromagnetic
field is represented by [1]:

W = {Eu(r.t) +v(t) x (B(r,t) + Bex)}
= Fg + Fp_+ Fp, (2.1)

where m,, v(t), and ¢ are represented by the rest mass of a charged particle, the velocity
of the charged particle, and the elementary charge, respectively. B,y is the static external
magnetic field. In addition, the Ey,(r,t) and Bj,(r,t) are the electromagnetic fields

applied from outside to the charged particle. Lorentz force is defined as Fg,_, Fp, , and
Fp_ on the last equal sign below,
Fg, qEi,(r,t) 2.2)
Fg, = qu(t) X By(r,t) (2.3)
Fp, = qu(t) x B(r). 2
The ~ is the relativistic factor as follows:
1
S (25)
V1-18
where the beta is velocity normalized to the speed of light ¢ defined by
v(t
8= —i ) (2.6)



Although the 7 and the B are dependent on time, we have omitted the variable for

simplification. From now, we will expand and deform the LHS of eq.(2.1), Fg, , Fp,, , and
Fg,,.
(i) LHS of eq.(2.1)
By expanding the left side of eq.(2.1), we can obtain
d{ymgv(t -
Wm0} e (1480 9) - B (2.7

where B and I are the acceleration of the normalized velocity and the unit matrix.
In addition, the symbol ® means dyadic, which is defined by using two vectors
A= (A;, A, A,) and B = (B,, By, B,) as follows

A,B, A,B, A,B.
A®B=|A,B, AB, AB.]|. (2.8)
A.B, A.B, A.B.

Also we use the identity below to obtain the relationship eq.(2.7),
(B-B)B=(BwB)- B (2.9)

(11> FEin
We can rewrite by using unit matrix I below

Fg, =ql - Ey(r,t). (2.10)

(ii) Fp,
In Maxwell’s equations for the curl of an electric field, Ei,(7,t) and By,(r,t) are
related to each other,

OB, (r,t
Y x By (r 1) = — 2Bl (2.11)
ot
Fourier transformation regarding Ei,(r,t) and Biy(7,t) are represented by
1 RO ;
E,(r,t) = / dkE;, (k, t)ekr—wkt) (2.12)
(2m)* J o
1 <= ;
B (r,t) = / dkB;, (k, t)e'Fr—wrt), (2.13)
(27)° J oo



By substituting eq.(2.12) and eq.(2.13) into eq.(2.11), we can obtain the relationship

of Fourier component between Ei,(k,t) and By,(k,t) as follows,

B (k,t) = LA Eu(k,t). (2.14)

Wk

Furthermore, by substituting eq.(2.13) with eq.(2.14) into eq.(2.3), Fg,, is deformed
as follows,

q = k n i(k-r—wit
Fg, = ot dk— x Ey(k, t)e'F =)
B;, U( ) X (27T)3 /_Oo Wi X ( ) )6
= qu(t) x —Z x Ei,(k,t) (2.15)

where m is the unit vector with (0,0,1). That is, n represents the propagation
direction for the electromagnetic wave with the relationship below,

k="n. (2.16)
C

Furthermore, eq.(2.15) is rewritten with an inner product of Ey,(k,t) by vector
identity

o(t) x 2 x Eu(r,t) = (n®B)- En(r,t)

c
that is,
Fp,=((-8-n)I+n®p)- Ey. (2.18)
Fp.,
We can rewrite as follows,
py, i :
Bex — chwcq(ﬁ X bn) (219)
q

where we normalized the magnetic field by By,.,, which is the magnetic field strength
at the origin, as follows,

Bex(’r) = Bmaxi)n(r) (220)
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with

0= (G B ) o2

And the cyclotron angular frequency is defined by

Bmax
_ 101Buax (2.22)

Mg

Weq

By substituting eq.(2.7), eq.(2.10), eq.(2.18), and eq.(2.19) into eq.(2.1), and multiplying
the inverse matrix for (I +~%(8 ® 3)) by both sides, we can obtain

6:mq07 IT+2B28) " - (1-8-n)I+nwp)- E,

q

+(I+2BeB) - %'%(ﬁ X by,). (2.23)

The inverse matrix is solved by cofactor expansion, therefore

(I++*BeB) =I-Ba8. (2.24)
Furthermore, the second term of eq.(2.23) is calculated by
(I-B@B) (B xbn)=0xbn. (2:25)

Therefore, the motion of the charged particle is represented by the relativistic equation
of motion as follows

B = m;}w(I—ﬂ@ﬁ)((l—ﬁ.n)un@g).Ein+%%(gxgn), (2.26)

This equation shows that if the external electric field satisfies with E;,, = 0, this equation
represents pure cyclotron motion. The orbit is distorted by the external electric field.
When the static magnetic field Bey = (0,0, Bey) is applied and the charged particle is an
electron, eq.(2.26) becomes

—e Wee

B = mw(I—ﬁ@ﬁ)((l—ﬁ~n)1+n®5>-Em—7<B><éz> (2.27)

where the €, indicates the unit vector along the z-direction.
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2.2 Radiation Theory

2.2.1 Maxwell’s Equation

Maxwell’s equations are the fundamental equations for describing the electromagnetic
field,

_ 0B(r,1)
VxE(rt) = ——— (2.28)
VxH(rt) = jrt)+ % (2.29)
V-D(r,t) = p(r,t) (2.30)
V-B(r,t) = 0 (2.31)

where E(r,t), D(r,t), H(r,t), and B(r,t) are electric field, electric flux, magnetic field,
and magnetic field flux, respectively. p(r,t) and j(r,t) are charge density and current
density. In this chapter, since we also treat an electromagnetic wave in a vacuum, set
p(r,t) and j(r,t) to 0. Then,

_0B(r.1)

V x E(r,t) = (2.32)
V x B(r,t) = 50%% (2.33)
V- E(rt) = 0 (2.34)
V-B(r,t) = 0 (2.35)

where €¢ and o are the permittivity of the vacuum and the permeability of the vacuum.
Here we used the relationship below:

D(r,t) = eoE(r,t) (2.36)
B(r,t) = uoH(r,t). (2.37)

Hereafter, we refer to B(r,t) as “magnetic field” for convenience. By Maxwell’s equations
in a vacuum, the wave equation for electric field and the magnetic field are given below.

1 O*E(r,t
) ~ 18°B(r,1)
\Y% B('r,t) = 2 —8752 (2.39)
where
9 1
ct=——. 2.40
Eo o ( )

As can be seen, these wave equations have the same formation and are independent for
each component, which is composed of six scalar wave equations.
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2.2.2 Gauge Transformation

Maxwell’s equations are again

Vx E(r,t) = —% (2.41)
VxH(rt) = j(rt)+ 8D((g:’t) (2.42)
V.-D(r,t) = p(r,t) (2.43)
V.B(r,t) = 0. (2.44)
Here we represent B(r,t) as follows
B(r,t) =V x A(r,t), (2.45)

then eq.(2.45) is satisfied with eq.(2.44) automatically. Here A(r,t) represents vector
potential, and this is a differentiable function. Also, substituting eq.(2.45) into eq.(2.41),
we obtain

OA(r,t
V x {E(r,t) + ﬁ} = 0. (2.46)
ot
Eq.(2.46) must be satisfied with the relationship below
A(r,t
E(r,t) + 0 é:’ ) _ —Vo(r,t). (2.47)

Here, ¢(r,t) represents scalar potential. Therefore, E(r,t) and B(r,t) are represented
by A(r,t) and ¢(r,t)

E(rt) — —aAé:;’t)—VMr,t) (2.48)
B(r,t) = V x A(r,t). (2.49)

Next we must find the equation to determine A(r,t) and ¢(r,t). By substituting eq.(2.48)
and eq.(2.49) into eq.(2.42)

v {v CA(r ) + é(%(r’t)} - (V2A(r,t) - lw) — o (1),

ot 2 ot?
(2.50)
Also, by substituting eq.(2.48) and eq.(2.49) into eq.(2.41)
9] 1 9¢(r,t) , 1 0? o p(rt)
Py {V A(r,t)—i—c2 Py }+<V ~ 2 o(r,t) = — -
(2.51)

22



Therefore, we can determine A(r,t) and ¢(r,t) by solving eq.(2.50) and eq.(2.51). Then,
by substituting these results into eq.(2.48) and eq.(2.49), respectively, we can obtain
E(r,t) and B(r,t). However, even when Ag(r,t) and ¢g(r,t) are made by adding
arbitrary functions to A(r,t) and ¢(r,t), the E(r,t) and B(r,t) remains unchanged by
substituting Ag(r,t) and ¢g(r,t).

Ag(r,t) = A(r,t)+ Vu(r,t) (2.52)
da(r,t) = o(r,t) —w. (2.53)

That is, by substituting eq.(2.52) and eq.(2.53) into eq.(2.45) and eq.(2.48)

B(r,t) = Vx Ag(r,t) (2.54)
E(r,t) = —aA%—gr’t)—quG(r,t) (2.55)

This arbitrariness of A(r,t) and ¢(r,t) is called Gauge freedom, and the relationship be-
tween eq.(2.52) and eq.(2.53) is called Gauge transformation. Since u(r,t) is an arbitrary
function, Ag(r,t) and ¢g(r,t) have Gauge uncertainty. To put a restriction on Gauge
freedom (called Gauge fixing), we explain two classical Gauge fixings, Lorentz Gauge and
Coulomb Gauge. We will then show the radiation Gauge, which is a special case of these
Gauges.

2.2.2.1 Lorentz Gauge

The Lorentz Gauge condition is represented by

i 8¢L(T‘, t)

V-Ap(r,t)+ R =0, (2.56)
then
& L& Ap(r,t) = (7, t 2.57
- gﬁ L(TJ ) - _Moz(ra ) ( . )
1 02 1
E(r.t) — —MB—(Z“” Ve (r,t) (2.59)
B(r,t) = V x Ay(r,t) (2.60)

where Ay (r,t) and ¢p(r,t) are vector and scalar potentials in Lorentz Gauge. However,
these equations from eq.(2.57) to eq.(2.58) have to be unchanged by Gauge transformation
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as follows

Ap(r,t) = Ap(r,t)+ Vup(r,t) (2.61)
Srt) = oufrt) - 204n0) (2.6

where up,(r,t) is arbitrary function. Eq.(2.57) and eq.(2.58) are equivalent to setting
the first term of eq.(2.50) and eq.(2.51) equal to 0. Since the translated Aj(r,t) and
@1 (7, t) have to be satisfied with this gauge condition, we need to determine the uy, (7, t).
The equation which determines uy(r,t) properly is given by substituting eq.(2.61) and
eq.(2.62) into (2.56),

1 82uL(r,t) 1 8¢L(T,t)

Therefore, we can obtain the electric field and the magnetic field by solving eq.(2.57),
eq.(2.58), and eq.(2.63) in the Lorentz Gauge.

2.2.2.2 Coulomb Gauge

The Coulomb Gauge condition is represented by

V- Ac(r,t) =0 (2.64)
then
(v?-é%) Aclrt) = —puir,t) 4 500D (2.65)
Vio(r,t) = —%;t) (2.66)
E(r,t) = —aA%—Y’t)—ngc(r,t) (2.67)
B(r,t) = V x Ac(r,t) (2.68)

where Aq(r,t) and ¢c(r,t) are vector and scalar potentials in Coulomb Gauge. However,
these equations from eq.(2.65) to eq.(2.66) must be unchanged by Gauge transformation
as follows

Aq(r,t) = Ac(r,t)+ Vuc(r,t) (2.69)

Solrt) = gelrp) — 2T

Similarly, in order to determine the arbitrary function uc(r,t), we substitute eq.(2.69)
into (2.64), then,

(2.70)

Viug(r,t) = =V - Ac(r,t). (2.71)
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In the Coulomb Gauge, we can consider two possible situations because the Coulomb

Gauge condition can be understood such that %La—(tr’t) =0 or ¢p(r,t) = 0 in the Lorentz
Gauge condition. The former condition represents the static electric field, while the latter

condition represents vacuum space without charge.

2.2.2.3 Radiation Gauge

In the case where the current density and the charge density are both zero, Lorentz Gauge
and Coulomb Gauge lead to the same Gauge condition, which is called radiation Gauge.
In the Lorentz Gauge, we can choose the new vector potential as Af(r,t) = 0. In this

case, we also determine the ur,(r,t) as the solution of the equation below
our,(r,t
% = ¢r(r,t). (2.72)

Since the solution of eq.(2.72) is satisfied with eq.(2.63), Maxwell’s equation in the Lorentz
Gauge becomes as follows

V-A(r,t) = 0 (2.73)
(vté%) A(r,t) = 0 (2.74)
E(r.t) = —% (2.75)

B(r,t) = V x A(r,t). (2.76)

The same result can be obtained from the Coulomb Gauge without the current density
and the charge density.

2.2.3 Liénard Wiechert Potential

In this section, we consider the radiation field created by moving charged particle along the
arbitrary orbit [2]. To begin with, we consider the radiation from the charges distributed
in space with intense oscillation. In this case, the fundamental equations are Maxwell’s
equations in Lorentz Gauge with non-zero current density and charge density, which exist
in the infinitesimal space. To obtain the potentials A(r,t) and ¢(r,t) created by these
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sources, we consider the Fourier transformation regarding time as follows

Alrt) — /_Zde(r,w)em (2.77)
ort) = /:dw&(r,w)eiwt (2.78)
i(rt) = /:dwi(r,w)ew (2.79)
plrt) = [ duptr)e (280)

where A(r,w), ¢(r,w), i(r,w), and j(r,w) are Fourier compoments, respectively. By
substituting from eq.(2.77) to eq.(2.80) into eq.(2.57) and eq.(2.58), we can obtain the
nonhomogeneous Helmholtz equations regarding A(r,w) and ¢(r,w)

(v2 + i—j) Alr,w) = —poi(r,w) (2.81)
(V2 - “cj—j) o(r,w) = —glo,é(r,w). (2.82)

In order to solve the equations eq.(2.81) and eq.(2.82), we consider the Green function
G(r) which is satisfied with the equation below

<v2 - “’—2) G(r) = —=d(r). (2.83)

c2

Once Green function is found, A(r,w) and ¢(r,w) are represented by using the Green
function as follows

A(r,w) = uo/vd'rG(r—r’)'Ni(r’,w) (2.84)
Srw) = % [ arGr =150, (2.85)

It is well known that the solution of eq.(2.83) is as follows

1 eii%|’r‘|

T4 |

G(r)

(2.86)
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By substituting eq.(2.84) with eq.(2.86) into eq.(2.77), we can obtain

A(r,t) = [Lo/ dwe‘i”t/dr’G(r—r’)%(r',w)
- v

o0

00 ] 1 o) o
— #0/ dwe_“"t/ dr’G(r—r’)Q—/ dt'a(r', t') e
—00 Vv T J -
= @ | : /\/ dt/z'(r’,t’)gi / dwe (WU=IFEIr—])
rT—T T J_x
t—t’ —‘“"")
— / / dt i t) (2.87)

=7

where we have used properties of Dirac delta function

é(z) = % h dwe™” (2.88)
i(z) = (—x), (2.89)

and also inverse Fourier transformation of the eq.(2.79)

2T

- 1 o0 i
i w) = / At'i(r, 1) (2.90)

Likewise for the ¢(r,t),

o(r,t) = dwe / G(r —r")p(r',w)

50

1 o -
= dwe / dr'G(r — ') / dt'p(r' t')e™?

50

= / / dt'p(r', ") / dwei(w=t)FeIr=r"1)
dmeg |’r—r’|
- = r\)
= / dr’ / dt Lo 1), (2.91)

dmeg |r - 'r’|

where we have used properties of Dirac delta function eq.(2.88) and eq.(2.89), and inverse
Fourier transformation of the eq.(2.80)

oo

1 -
plr,w) = %/ dt'p(r, t")e™". (2.92)

—00
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Therefore, by time integrating of eq.(2.87) and eq.(2.91), A(r,t) and ¢(r,t) are repre-
sented as follows

y / t/
Ay = P [ g0 (2.93)

A Jy | — 7|

1 ol 1)
t) = dr’ ’ 2.94
o) = = [l n (2.94)
where the ¢’ in eq.(2.93) and eq.(2.94) is
_ !

MO et} (2.95)

In eq.(2.93) and eq.(2.94), these potentials with the negative signs are called retarded po-
tential. On the other hand, the potentials with a plus sign are called advanced potential.
The retarded potential means that the observer position at |r — 7’| observes the electro-
magnetic field with delayed time ¢’ + "=l $hen the electromagnetic field is generated
by the source v’ at t’. While the advanced potential means that in order to observe the
electromagnetic field on the observer position at ¢’ — @, the source has to have existed
in past time.

From now on, we consider the radiation from the current density and charge density
represented by the Dirac delta function. This means we can calculate the electromagnetic
field created by charged particle. Then, the current density and the charge density are
represented as:

p(r.t) = qo(r —mry(r)) (2.96)
i(r,t) = qdq(;—gf)(S(r—rq(r)). (2.97)

For the convenience of calculation, we start from eq.(2.87) and eq.(2.91) by substituting
eq.(2.96) and eq.(2.97) into them. Then

A(r,t) = M/ dr’ /00 dt’5 <t e ‘T_CM) drq(t/)é(r' —r,(t))  (2.98)

47 |r —7/| dt’

s(rt) = 4 /dfr’/oo dt’5<t_t/_r%ﬂ)é(r’—rq(t’)). (2.99)
v —oo

Ameg |r — 7|

Integration over ' can be easily performed. Then

o oty
Hoq , c dr,(t')
A(r,t) = — dt 2.1

(r,?) 4t /OO |r — 7, (t')] de’ (2.100)

o(r,t) = 2 /mdtlé(t—ﬂ_%>

drey J_ oo lr — 7 (1))

(2.101)

28



The integration concerning ¢ is complicated due to 7(¢'), but the integration can be
performed by change of variable. As a result, we can obtain

1 dr,(t)

Hoq
A(r,t) = HY __ (2.102)
AT | — g (1) = 19450 - (r — (1) A
q 1
o(r,t) = : 2.103
(4 Ameg [p — r ()| — 1A (o (1)) ( )
where
_ t’
R el 1GY (2.104)

C

Eq.(2.102) and eq.(2.103) are called Liénard-Wiechert potential, which describes the elec-
tromagnetic field created by a charged particle with arbitrary motion. Furthermore, by
differentiating by using eq.(2.59) and eq.(2.60), the electric field and the magnetic field
at the observer position can be calculated. Then

a0 [ @I IBOF) | nx (n-B(E) x AE)
E““””‘zmo{ I—n-BOPIRP ' l-n-BOVIR } (2105

g [(B) xn)(1-|B()P)
B(x,1) = 47?600{ (1—-n-B())3R[?

(B(t") x n)(n - B(t") + (B(t') x n)(L —n - B(t'))
' A —n BEFIR } -
where
R=r—r,t), (2.107)
_ R
n= gl (2.108)

2.3 Diffraction Theory

2.3.1 Huygens-Fresnel Principle

In 1678, an important principle describing the propagation of the wave was proposed by
the Dutch physicist Christiaan Huygens. A wavefront at a given time produces wavelets at
each point on the wavefront as a wave source, then the wavelets propagate as a spherical

29



wave. And the envelope in contact with the wavefronts of the wavelet becomes a new
wavefront at the next time step (See Fig.2.1). This is called the Huygens’ principle
[2]. The Huygens’ principle well explained the propagation of the wave in a uniform
material and the reflection and the refraction of the wave at the interface of different
materials. However, Huygens’s principle had two difficulties. In Huygens’ principle, the
backward wave is also generated outside the traveling wave. The other difficulty is that
the diffraction phenomenon that occurs when the wave injects an opaque material cannot
be explained.

In 1818, the French physicist Augustin-Jean Fresnel modified Huygens’ principle to
compensate for difficulties that could not be explained by Huygens’ principle. According
to Fresnel, the amplitude of the wavelets sent out from each point on the wavefront of the
primary wave differs depending on the traveling direction. When the traveling direction
of the primary wave and the second wave are the same, the amplitude is maximum,
while when the traveling direction is the opposite direction to each other, the amplitude
of the wavelets is zero. Furthermore, the angle between the traveling direction of the
primary wave and the wavelets increases, and the amplitude of the wavelets decreases.
These wavelets interfere with each other by superposition. Huygens’ principle modified by
Fresnel is called the Huygens-Fresnel principle. In 1882, Kirchhoff mathematically proved
the Huygens-Fresnel principle, which will be derived in the next section.

(a)

Source

Figure 2.1: Huygens-Fresnel Principle. (a): In the case of plane wave. (b): In the case
of spherical wave. A wavefront at a given time produces wavelets at each point on the
wavefront as a wave source, then the wavelets propagate as a spherical wave. And the
envelope in contact with the wavefronts of the wavelet becomes a new wavefront at the
next time step.
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2.3.2 Kirchhoff’s Diffraction Formula

Kirchhoft’s Diffraction Formula is a mathematically strict representation of the Huygens-
Fresnel principle. To begin with, we consider the propagation for an electromagnetic wave
in a vacuum without any charges, which is related to the radiation Gauge. The general
solution of the wave equation eq.(2.74) regarding A(r,t) can be represented as Fourier
transformation as follows

A(r,t) = / dk {A(k)e“’”—wﬂ +A*(k)e—i<k~r—wt>} (2.109)

o0

where A(k) and A*(k) are the Fourier component and the complex conjugate of the
Fourier component. Generally speaking, homogeneous wave equation can be solved ex-

actly when A(r,t') and % are given initially. Thus, we adopt the initial condition
=t/
as follows
A(r,t) = f(r,t) (2.110)
0A(r,t
GAM Y| ), (2.111)
ot |,y

First, we multiply both sides of eq.(2.109) by e "7 and integrate over wavenumber
space. Then we can obtain

A(k)e ™ + A*(—k)e™ = L dkA(r, t)e ™*. 2.112
(2m)3
™ —00

Here, we have used the property of the Dirac delta function in eq.(2.88). Also, the time
derivative of A(r,t) is

A > 5 ; A '
0A(rt) _ / dk {—z’wA(k)e’("”"_“t) +zwA*(k)e—’<’“"—“t>}. (2.113)
ot o
Likewise, by multiplying both sides of eq.(2.113) by e=*"" and integrating over wavenum-
ber space
- » - , 1 > 0A(r,t)
Alk iwt — A*(—k iwt ¢ _/ dk—’ zk~7“‘ 2.114
(k)e (k) = g | Ak (2114)

By adding eq.(2.112) and eq.(2.114)

A(k) = ! /dﬂ{A(ﬂ,tHé%ﬁ}e“’”’wt). (2.115)
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By subtracting eq.(2.112) and eq.(2.114)

. 1 o ) i OA( ) ithr
A* (k) = m/ dr {A(r,t)—;%)}e(k D, (2.116)

—0o0

Therefore, we can obtain the general solution of eq.(2.74) by substituting eq.(2.115) and
eq.(2.116) with initial condition

OO 1 OO / 1 gl i 1ogl i(k-r'—wt’
A(’I",t) = / dk2(2—7r)3/oodr {f('l",t)—{—;g(’l",t)}e(k t')

o0

&0 1 o , I, i 1oyt —i(k-r'—wt’)
+/_ dk2(2w)3/_mdr {ﬂr’t) ATty

(e 9]

1 gl - ik (r—r)—ico(t—t') | —ik-(r—1")fiw(t—t")
= m/_mdrf(r,t)/_oodk{e +e }

1 & o0 1 : ’ : / : ’ : /
dr’ "t dk—{ ik-(r—r')—iw(t—t") —ik-(r—r )+zw(t7t)}.
—i——2(27r)3/_0O r'g(r', )/_Oo ¢ +e
(2.117)

Here we define the function D(r,t), which describes the characteristics of the propagation
for an electromagnetic wave in a vacuum.

i - 1 i(k-r—w —i(kr—w

—00

Finally, A(r,t) is represented more simply as follows

Al t) = / Z da {3”’“ LD p )+ D g, t')} (2.119)

D(r,t) function can be integrated at k space and will be represented by Dirac delta
function as follows

11
 drmc|r|

D(r,t) {6(|r] —ct) = d(|r| +ct)} (2.120)

In particular, D(r,t) function can be written by retarded part and advanced part

D(r—7't —t") = Dyt(r — 7't —t') — Dagy(r — 7', t — 1) (2.121)
where
Dl — v/t =) = ——— L 5l — | — et — 1) (2.122)
et ’ " Adrwe|r — 7| '
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1 1
Dade )= —
av(r = )= dme|r — 7|

S(lr —r'|+c(t—1t)). (2.123)

Diet(r — 7/, t — t') is the function which describes the propagation of the wave at current
time ¢ when the initial values are given at the past time ¢, while D,q, (7 — 7/, t —t') is the
function which describes the propagation of the wave at current time ¢ when the initial
values are given at the future time ¢'.

Since we have been able to describe the propagation of electromagnetic waves in a
vacuum, we are finally ready to derive Kirchhoff’s diffraction formula. In order to derive
Kirchhoft’s diffraction formula, we consider the two arbitrary functions ¢ (r,t) and ¢(r, t),
which are defined in space V' surrounded by closed surface S. In addition, ¥ (r,t) is
regarded as one of the scalar field components. Here we consider Green’s theorem for
these two functions

(7, t) ¢ , )
]i{cb(r, t) n —Y(r, ) }dS / {p(r, )V (7, t) — d(r,t)V2o(r, 1)}
(2.124)

where the partial derivative for n means directional derivative along n, and defined by
as follows

N(r,t)
on

Here, we integrate eq.(2.124) by the time ¢’ from ¢, to ¢1, which is satisfied with t; > ¢’ > ¢

=n-Viy(r,t). (2.125)

/ dt/dr {o(r' YW P(r' ') — (v " )VPo(r' 1)}

/dt ]{/ds’{ ('t Wg’;lt) w(r’,t’)g—i}. (2.126)

As mentioned, since the 1 (r,t) is one of the scalar field components, 1 (r,t) have to be
satisfied with the wave equation below

, 1 0
Furthermore, ¢(7,t) is considered as follows
d(r',t) = Dygy(r — v’ t — 1) (2.128)

where t; > t > tg, and r is a point in the space V. Here again, D, is the function that
describes the propagation of the wave at current time ¢ when the propagation of the wave
at past time t' is known. So D, is represented by D

Dyei(r,t) = 0(¢)D(r, t) (2.129)
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where the 0(t) is the Heaviside step function defined by
I (t>0
o(t) = { ( < ) (2.130)

with
do(t)
dt
Then, we have found that the eq.(2.129) has to be satisfied with the relationship below

= 5(b). (2.131)

(V2 — é%) Dyer(r,t) = —6—125(15)5(1“). (2.132)

By substitution eq.(2.128) into eq.(2.126),
t1
/ ar / A’ { D@ — @t — £)V(@, ) — (@, )V D@ — @', — ')}
to

/t1 dt’ j[dS’{ et(@ — 't —t )awézl t) @/z(a:’,t’)%Dret(a: —x't— t’)}.
(2.133)

Finally, by carefully performing the integration regarding ¢, we can obtain the equation
below

¢($,t> = /dwl{Dret(w_w/?t_t,)M_w(wlat/>2Dret(w_wlvt_t/)}
v ot ot
1 , V’E(r’,¢’,z’,t’) R . R OE(r', ¢/, 2 1)
— - ) _ .
T ( R TP A Ty yyn

(2.134)

The first term on the right hand of the eq.(2.134) has the same form of the solution of an
initial value problem for the wave equation. And the D¢ function includes §(|r — r'| —
c(t—t')), thus the only points in the space V contribute to the integration of 7’. Therefore,
the diffracted wave at the observer position r produced by the elementary wave on the
closed surface V' is represented by the second term on the right hand of the eq.(2.134) as

follows
1 "E(r. b St R
D(r’¢’z,t) — 4_%(15/ (V (T,¢,Z, >+—E<7"/7¢/’2/,t’)
™ S

R R3
R OE(r', ¢/, 2, 1)

_ 2.135
CR2 8t/ )t/ t R ( )
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Chapter 3

Calculations of ECE with Helical
Wavefront

3.1 Outline for the Calculations

In the calculation, we consider a situation in which Right Handed Circularly Polarized
(RHCP) wave is applied into an electron with cyclotron motion in the magnetic field.
In Sec.3.2, we will discuss the case where an electron with cyclotron motion in a uni-
form magnetic field is accelerated by RHCP wave, and in Sec.3.3, we will discuss the
case where an electron with cyclotron motion in a magnetic mirror field is accelerated by
RHCP wave. At this time, this RHCP wave applied from the outside plays an important
role to control the electron’s cyclotron motion. As a result, we can obtain the coherent ra-
diation from such rotation phase-controlled electrons in the multi-electron system because
the electron’s rotation phase is followed by the phase of the externally applied electric
field. The electron motion in a magnetic field when the electromagnetic wave is externally
applied can be calculated by the eq.(2.26). In this calculation, the ordinary differential
equation is numerically solved to obtain the electron trajectory. After that, the trajectory
information is substituted into the Liénard-Wiechert potential to calculate the radiation
field. Fig.3.1 shows the details of the calculation flow. First, the trajectory information
can be calculated by eq.(2.26) when an electron with cyclotron motion in a magnetic field
is accelerated by RHCP wave applied from the outside. What the required trajectory
information for calculation of radiation field is three components of position, three com-
ponents of velocity, and three components of acceleration. We use the GNU Scientific
Library (GSL) for this numerical calculation. GSL provides a fourth-order Runge-Kutta
method to solve the initial value problem of ordinary differential equations. This calcula-
tion is designed so that the calculation step is controlled within the acceptable error. The
uniform magnetic field is set to 2.954 T which corresponds to the magnetic field strength
of the cyclotron frequency with 82.7 GHz, and then the electron cyclotron period T, is
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12 p sec. In this calculation, calculation time step At = 150 f sec. is sufficiently smaller
than T,.. In the case of the magnetic mirror field, the time step is the same with the case
of the uniform magnetic field. However, the magnetic field strength is set to the resonant
magnetic field strength which corresponds to the Doppler-shifted frequency of the RHCP
wave seen from the reference frame of the electron. Once the trajectory information is
obtained, radiation field can be calculated by substituting trajectory information into
Liénard-Wiechert potential. The radiation field is observed on the upper hemisphere. In
the case of a uniform magnetic field, the calculation of radiation field is performed at a
position where the distance from the origin is |R| = 15 m, and in the case of a magnetic
mirror field, the calculation of radiation field is performed at a position where |R| = 3 m.
Since the radiation field includes higher harmonics radiation other than the fundamental
wave, the observed radiation signal is spectrally decomposed by Fast Fourier Transform
(FFT). Before FFT, it is necessary to equalize the sample step by spline interpolation
regarding the result of the calculated radiation field. This is because when the radiation
field is calculated by Liénard-Wiechert potential, the time step becomes not uniform due
to considering the retarded time. Thus, an equalized data set are required in the FFT.
The inverse FFT is not necessary when we observe the time variation of the spectrum at
a given point in space. The vortex property can be confirmed by comparing the phase
difference at the two spatial points after FFT. However, when observing the radiation
with intensity distribution and phase structure for the fundamental radiation and higher
harmonics radiation at all points on the upper hemisphere, it is necessary to perform
inverse FF'T. GSL is also used for FF'T, inverse FFT, and spline interpolation.

3.2 In the Case of a Static Magnetic Field

We consider a situation where the RHCP wave is applied into an electron with cyclotron
motion in a static magnetic field [1]. As shown in Fig.3.2, an electron is injected from z =
—415 mm with perpendicular velocity that corresponds to 20 keV. Then, the momentum
of the electron only has the z-y plane, that is, the electron initially rotates on the z-y
plane. In addition, the electromagnetic wave applied from the outside is considered as
Gaussian beam with right-handed circular polarization as follows
2 2
Ein:EO%exp <%) exp {i(kz—wt+%+()}e+ (3.1)

z z

with
e, =e,; +ie, (3.2)

where FEj is the amplitude of the electric field; r and z are parameters in the cylindrical
coordinate system; wy, w,, k, R, and ( are waist size, spot size, wave-number, radius of
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Equation for calculating
trajectory mformatlon
Trajectory mformatlon
Positions: x,y, z

@@ Velocities: Bx, By, Bz

Accelerations: ﬂx, ﬁy, [3z

—E[Save to data file | ]

All data sets

Radiation field
Liénard-Wiechert potentials

— Save to memory] ]

All data sets

( Spline interpolation
\for data equalization

[Fast Fourier Transformation (FFT)j

Inverse FFT

Figure 3.1: Calculation flow. First, solve the eq.(2.26) for obtaining the trajectory infor-
mation, and then calculate the radiation by substituting the trajectory information into
Liénard-Wiechert potential.

curvature, and Gouy phase shift, respectively. w and t are angular frequency and time.
The waist size is 30 mm, and is located at the origin. The frequency of the RHCP wave
is 82.7 GHz. The power can be changed from 100 kW to 1000 kW by 100 kW. In table
3.1, the initial condition of the electron, beam parameters, and information related to the
magnetic field are listed.
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Upper
hemisphere Observer

Bex

Ein  power = 100 kW
Frequency = 82.7 GHz

X
Circularly Polarized
Wave Bin
Figure 3.2: Coordinate system of the calculation where an electron with cyclotron motion
in magnetic field is accelerated by the RHCP wave. The angle o between the line of sight
of the observer and the propagation direction of the electron is also defined.

3.2.1 Electron Trajectory in the Electromagnetic Wave

An electron trajectory can be calculated by eq.(2.27) shown again below when the elec-
tromagnetic wave is applied to an electron with cyclotron motion.

. —e Wee ~
g:m_w(I—,B(g),B)((l—ﬂ-n)I%-n@,@)'Ein—7(,3><€z) (2.27)

This is the relativistic equation of motion describing what happens when the electromag-
netic wave is applied from the outside. As can be seen, if E;, = 0, this equation represents
just a cyclotron motion. When Ey, is not equal to 0, the equation produces a result where
the Larmor radius gradually increases due to resonant acceleration until the relativistic
effect becomes dominant.

Fig.3.3 shows the trajectory and some parameters of the electron. Fig.3.3 (a) shows
the part of the electron trajectory. It can be seen that the Larmor radius gradually be-
comes larger with time. However, the increase of the Larmor radius does not continue
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Initial Conditions

X 0 mm
Position y 0 mm

Z -415 mm
Energy 20 keV
Momentum x-y direction

Beam Parameters
Frequency 82.7 GHz
Power 100 kW
Waist size 30 mm
Polarization RHCP wave
Others

Magnetic field Uniform static

2954 T
Electron cyclotron frequency 82.7 GHz
Electron cyclotron period 12 p sec.
Calculation step 150 f sec.

Table 3.1: Initial condition of the electron with cyclotron motion in static uniform mag-
netic field, beam parameters applied from the outside, and some parameters.

constantly. The Larmor radius settles to a certain value with time. This is a phenomenon
caused by a phase relationship between the electron and the externally applied RHCP
wave. Fig.3.3 (g) purple line shows the phase relationship between the velocity of the
electron in the z-y direction B, and the electric field E;,. Furthermore, Fig.3.3 (g) green
line shows the phase relationship between the velocity of the electron in the z-y direction
B, and the magnetic field Bj,. These are defined as follows

Ein : ﬁJ_

COS ¢E = m (33)
. _ Biw-BL
singp = | Bin| |3 (3.4)

where ¢g indicates the angle between E;, and 3, and ¢p indicates the angle between
B;, and 3,. When cos ¢ changes from —1 to 1, the electron is in the acceleration phase,
while cos ¢ changes from 1 to —1, the electron is in the deceleration phase. In addition,
when sin ¢ g negative value, the electron is accelerated in the z-direction by the effect of
B x By, while cos ¢ positive value, the electron is decelerated in the reverse direction.
As shown in Figs.3.3 (b) to (g), the region I of the diagonal line is the acceleration
phase in both perpendicular and parallel direction, and the region II of gray hatching is
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the deceleration phase in both perpendicular and parallel direction. In the acceleration
phase, an increase of the Larmor radius and a decrease of the cyclotron frequency can be
found with an increase of the kinetic energy as shown in Fig.3.3 (b), (e) and (f). This
is because the kinetic energy is changed by the relativistic effect. Here, as shown in the
following equation, the relativistic cyclotron frequency is represented by

wce

-

(3.5)

Wee,y =

Also, it can be seen that the electron has a linear motion with a constant velocity, but
the motion to z-direction includes small oscillations due to the effect of 3, x Bj,. In
addition, regarding velocity and acceleration as shown in Fig.3.3 (c¢) and (d), the velocity
in perpendicular direction is increased by the acceleration in same direction, while the
velocity in parallel direction (z-direction) is also increased by acceleration in z-direction
with positive value. The opposite motion happenes in the deceleration phase. At this
time, since the electron is moving with relativistic velocity in the z-direction, the electron
sees the RHCP wave with Doppler-shifted frequency wp (defined below), which is lower
than the original frequency of the RHCP wave [2].

[1 —
wp = WE rg” (36)

where it is assumed that the electron has only z component. Eq.(3.6) describes the
Doppler effect of light as seen from the reference frame of a particle (observer) which is
traveling with a relativistic velocity. Fig.3.3 (e) green line shows the result of plotting
eq.(3.6). As a result, it can be seen that the relativistic electron cyclotron frequency and
the frequency of the RHCP wave seen from the reference frame of electron are satisfied
with a relationship of we, >~ wp. Such a system is called cyclotron auto-resonance
acceleration and has been well studied by Kuramitsu et al. [3,4]. In other words, when a
circularly polarized wave has the same polarization direction as the rotation direction of
a charged particle, the electron can be almost always maintained in the resonance state.

In addition, it can be seen that the electron travels a few meters for a short period of
time. It is possible to calculate the electron motion for a longer time, but it is inefficient
to calculate the propagation of the electron up to several tens of meters in z-direction
due to being restricted by the experimental device. In the experiment, the externally
applied electromagnetic waves can be applied as continuous wave (CW) for at most a few
minutes, thus the sufficient radiation intensity can be obtained if more than one group of
electrons is injected into the wave with CW operation.
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Figure 3.3: Trajectory information and some parameters. (a): Part of the electron tra-
jectory when the RHCP wave is applied into an electron with cyclotron motion in static
uniform magnetic field from the outside. (b)-(d): Trajectory information concerning po-
sitions, velocities, and accelerations. (e): Relativistic electron cyclotron frequency and
Doppler-shifted frequency of RHCP wave seen from the reference frame of electron with
relativistic velocity. (f): Kinetic energy of the electron. (g): Phase relationships between
the acceleration of the electron in the z-y direction ﬁ L and the electric field E;,, also
between the velocity of the electron in the z-y direction B, and the magnetic field By,
which are defined by eq.(3.3) and eq.(3.4).
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3.2.2 Regarding Application to Multi-electron System

As shown in Fig.3.3(g), it was found that electron travels in a magnetic field while re-
peatedly accelerating and decelerating under the effect of externally applied circularly
polarized wave, except for the first irregular state. It can be seen from the eq.(2.26) that
this period depends on the power of the electromagnetic wave. This is because if Ey, is
larger, the effect of the second term on the right side of the eq.(2.26) can be relatively
small. Fig.3.4 shows the change of frequency for cos ¢ and sin ¢ g when the power of E;,
is changed from 100 kW to 1000 kW by 100 kW. As can be seen, the frequency of cos ¢g
and sin ¢ g gradually decreases as the power of the externally applied E;, increases. Since
the electron cyclotron period is Ty, = 12 p sec. at the 2.954 T, it can be seen that the
greater the power, the better the electron is trapped by the electric field. In addition,
the spatial coherence of the electrons can be maintained by the effect of the externally
applied wave, as shown in Fig.3.5. Because the electric field vectors of the injected beam
have same directions at the given z plane, and if the beam is high power, each phase
relationship between the electric field vector and the acceleration vector of the electron is
the same everywhere. Thus, the spatial coherence of the electrons can be produced. This
calculation is for an electron, but the same phenomena occur in each electron even in a
multi-electron system. When a circularly polarized wave is applied to the multi-electron
system with cyclotron motion in a uniform magnetic field, the direction of B for each
electron can have the same direction as the Ej,. Thus, the coherent radiation can be
obtained from a multi-electron system.
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Figure 3.4: Change of frequency for cos ¢ and sin ¢ when the power of E;, is changed
from 100 kW to 1000 kW by 100 kW.
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Figure 3.5: Spatial coherence of the electrons. If the injected beam is high power, each
phase relationship between the electric field vector and the acceleration vector of the
electron is the same at a given z plane.
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3.2.3 Observation of the ECE with Helical Wavefront

In the previous subsection, we have obtained the trajectory information of electron when
the circularly polarized wave is applied to the electron with cyclotron motion in a uniform
magnetic field. Next, we will calculate the radiation using the trajectory information. The
calculation was performed at the distance from the origin |R| = 15 m, 6 is changed from
0 deg. to 90 deg. by 10 deg., and ¢ is at 0 deg. By substituting the trajectory information
into Liénard-Wiechert potential, we can calculate the radiation field. Fig.3.6 shows the
time variation of the spectrum observed at each 6 on ¢ = 0. As was mentioned in Sec.3.1,
the time step of radiation calculated by the Liénard-Wiechert potential is not the same
considering the retarded time. Therefore, the time step of radiation is equalized by spline
interpolation before performing FFT. Considering the retarded time, the radiation arrives
around 50 n sec. As can be seen, only the fundamental radiation appears at 6 = 0, while
higher harmonics appear at other #. Since § = 0 corresponds to the optical axis, this
suggests that higher harmonics do not have intensity on the optical axis, which is one of
the characteristics of the radiation with a helical wavefront. It can also be seen that these
spectra change with time. This is related to the Doppler effect in which electron travels
to the observer with relativistic velocity while maintaining cyclotron motion. This will
be discussed in the next subsection.
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Figure 3.6: Time variation of the spectrum observed on the upper hemisphere at the
distance from the origin |R| = 15 m, each 6 on ¢ = 0.
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3.2.4 Transverse Doppler Shift by Traveling with Relativistic
Velocity in Cyclotron Motion

In the Fig.3.6, the radiation whose frequency changes with time is observed. This is related
to the Doppler effect caused by electrons traveling with a relativistic velocity around the
optical axis (z-axis). The Doppler effect depends on the positional relationship between
the observer and the light source. The Doppler effect including the case where there is
an observer in the transverse direction is given by the following equation.

Wee,y
wrp = : 3.7
T.b N (1 + ﬁ” CoS Oz) ( )

where « is the angle between the line of sight of the observer and the propagation direction
as shown in Fig.3.2. Here, it is assumed that |r| < |R|. When 6 is small, the cosa
becomes negative, and the observer receives radiation with blue-shifted frequency larger
than wee,. On the other hand, when 0 is large, the cosa becomes positive and the
observer receives radiation with red-shifted frequency smaller than wee . Fig.3.7 shows
the result of plotting eq.(3.7). As can be seen, when 6 is small, the blue-shifted frequency
which is higher than we, (Fig.3.3(e)) is observed at the observer position. On the other
hand, when 6 is large, the red-shifted frequency which is lower than we. is observed at
the observer position. That is, the time variation of the spectra in the Fig.3.6 can be
explained by the transverse Doppler effect.
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Figure 3.7: Time variation of the frequency calculated by eq.(3.7) observed at each 6.
When 6 is small, the cosa becomes negative, and the observer receives radiation with
blue-shifted frequency larger than we.,. On the other hand, when 6 is large, the cos«
becomes positive and the observer receives radiation with red-shifted frequency smaller
than wee -
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3.2.5 Phase Difference Observed at Two Spatial Points

In the previous subsection, we obtained the result that the intensity of higher harmonics
does not exist on the optical axis, which is one of the characteristics of the radiation
with helical wavefront. In order to demonstrate that this radiation has helical wavefront
as well as the donut-shaped intensity distribution, we calculate the phase difference of
the measured radiation at two spacial points. Since the beam with helical wavefront has
spatial phase structure, we can detect the phase difference between two spatial points.
Thus, we compare the phase of the radiation observed between ¢ = 0 deg. and ¢ = 90
deg. or ¢ = 180 deg. If the observed radiation has helical wavefront, that radiation should
have a phase difference of 90(n — 1) deg. or 180(n — 1) deg., where n is the harmonic
number. To find the phase difference between two spatial points, we use the following

equation:
Fon(@) = cos <g ( o )) | (3.8)
E¢=o

Fig.3.8 and Fig.3.9 show the cosine value of the phase difference calculated by eq.(3.8).
As can be seen in both figures, because the spatial location between ¢ = 0 deg. and ¢ = 90
deg. at 6 = 0 deg. or between ¢ = 0 deg. and ¢ = 180 deg. at 6 = 0 deg. represents
a same location, the phase difference is zero, that is, the cosine value is 1. In other 6, it
can be seen that the cosine value also changes along the spectrum of fundamental and
harmonics radiation. In the case of fundamental radiation, it can be seen in both figures
that the cosine value is 1 at all . That is, the phase difference is zero in fundamental
radiation. This indicates that the fundamental radiation is merely a Gaussian beam with
a planar or spherical equiphase front. In the case of second harmonic radiation, it can be
seen that when f,,(90), which is shown in Fig.3.8, the cosine value is 0 at all 6 except for
8 = 0 deg., which indicates that the phase difference is 90 deg., while when f,,(180), which
is shown in Fig.3.9, the cosine value is —1 at all # except for # = 0 deg., which indicates
that the phase difference is 180 deg. That is, the phase in second harmonic radiation
changes 360 deg. around the optical axis. In addition, in the case of third harmonic
radiation, when f,,(90), which is shown in Fig.3.8, the cosine value of the third harmonic
is —1, which indicates that there is a phase difference of 180 deg., while when f,(180),
which is shown in Fig.3.9, the cosine value is 1 again at all § except for § = 0 deg.,
which indicates that the phase difference is 360 deg. That is, the phase in third harmonic
radiation changes by 720 deg. around the optical axis. In this way, it was shown that
the harmonics radiation has the phase difference with 90(n — 1) between ¢ = 0 deg. and
¢ = 90 deg. or 180(n — 1) between ¢ = 0 deg. and ¢ = 180 deg. Therefore, considering
the discussion in the previous result where higher harmonics do not appear on the optical
axis, the fundamental radiation has no helical wavefront, but only the higher harmonics
have a helical wavefront.
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Figure 3.8: Time variation of the cosine value of the phase difference between ¢ = 0 deg.
and ¢ = 90 deg. calculated by eq.(3.8).
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Figure 3.9: Time variation of the cosine value of the phase difference between ¢ = 0 deg.
and ¢ = 180 deg. calculated by eq.(3.8).
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3.2.6 Intensity Distribution and Phase Structure

In this subsection, the intensity distribution and the phase structure of the fundamental
and the second harmonic radiation observed on the upper hemisphere at a given time are
shown. Fig.3.10 shows the intensity distribution and the phase structure of the funda-
mental radiation and second harmonic radiation at ¢t = 70.4 n sec. Fig.3.10 is the inverse
FFT results of the Fig.3.11, which is observed from 70 n sec. The left figure shows the
fundamental radiation, and the right figure shows the second harmonics radiation. In
both figures, the calculated radiation fields are projected on the x-y plane. The arrows
indicate the direction of the electric field at a given time and place, and the color bars
indicate the power of the electric field, which is normalized by the maximum value. The
powers are time-averaged. As can be seen, in the left figure, the intensity profile of the
electric field is Gaussian-shaped with an intensity peak on the beam axis. The electric
field is circularly polarized in the paraxial area and is facing the same direction at the
same polar angle. This beam is just a Gaussian beam, thus, this is not characteristic of
the vortex beam. However, due to the Doppler effect described in the previous subsec-
tion, the radiation frequency depends on the polar angle #. Next in the right figure, the
intensity profile of the electric field is donut-shaped with no intensity on the beam axis,
and although the electric field is circularly polarized in the paraxial area, the direction
is reversed at the symmetric point with respect to the beam axis. However, due to the
Doppler effect mentioned above, the radiation frequency depends on the polar angle 6.
These are characteristics of the vortex beam. Thus, we have successfully calculated the
vortex radiation from cyclotron motion.
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Figure 3.10: Intensity distribution and phase structure of the fundamental radiation and
second harmonic radiation at ¢ = 70.4 n sec. Both figures are projected on the z-y plane.
The arrows indicate the direction of the electric field at a given time and place, and the
color bars indicate the power of the electric field, which is normalized by the maximum
value. The power is time-averaged.
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3.3 In the Case of a Magnetic Mirror Field

In this subsection, we calculate the trajectory information of an electron with cyclotron
motion in the mirror field controlled by the RHCP wave, and then calculate the radiation
from such electron. The magnetic mirror field to be externally applied is generated by a
torus coil with a radius of 0.13 m as shown in the Fig.3.12. The magnetic field strength
on the optical axis at the origin is set to resonant magnetic field strength which corre-
sponds to Doppler-shifted frequency of RHCP wave seen from the reference frame of the
electron. In this research, we calculate the radiation on the two cases of the magnetic
field strength. One is 2.286 T, the other is 2.909 T. The former is resonant field strength
which corresponds to Doppler-shifted frequency of the RHCP wave seen from the refer-
ence frame of the electron with parallel velocity which corresponds to extraction voltage
of 18 keV. While the latter is resonant field strength which corresponds to Doppler-shifted
frequency of the RHCP wave seen from the reference frame of the electron with parallel
velocity which corresponds to extraction voltage of 0.1 keV. The perpendicular velocities
(momentums) have the velocity as thermal fluctuation which corresponds to 0.1 keV in
both cases. Note that when the velocity in the z-direction is slow, an electron is reflected
at the mirror point. Thus, it is necessary to give the initial velocity in z-direction. As will
be explained in the next chapter, this magnetic mirror field is similar to the magnetic field
configuration used in the experiment. The RHCP wave applied from the outside is the
same as in the previous section, and has 82.7 GHz, 100 kW, and the waist size of 30 mm
at the origin. And the electron is injected from z = —415 mm. In table 3.2, the initial
condition of the electron, beam parameters, and information related to the magnetic field
are listed.

3.3.1 Electron Trajectory in the Electromagnetic Wave

Fig.3.13 shows the trajectory information and some parameters of the electron when the
magnetic field is set to 2.286 T, while Fig.3.14 shows the trajectory information and some
parameters of the electron when the magnetic field is set to 2.909 T.

In the Fig.3.13, it can be seen as shown in Fig.3.13 (a) and (b) purple line that the
electron travels along the magnetic mirror field, and the Larmor radius decreases as the
magnetic field increases (Fig.3.13 (e)). However, it can be seen that the Larmor radius
suddenly increases just after 5 n sec. This is because the electron passes through the
resonance magnetic field as shown in Fig.3.13 (f). Note again that the wee - is represented
by the relativistic electron cyclotron frequency along the electron trajectory with magnetic
field as shown in Fig.3.13 (e), while the wp is represented by the Doppler-shifted frequency
of the externally applied RHCP wave seen from the reference frame of the electron. The
resonance happens when these frequencies become the same. As shown in Fig.3.13 (g),
the kinetic energy of the electron spikes when the electron passes through the resonance
field. Meanwhile, the velocities and the accelerations in perpendicular direction and
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Figure 3.12: Externally applied magnetic mirror field structure used by the calculation
with a normalized magnetic field strength by the maximum value on the optical axis at
the origin. (a): Spatial distribution on z-z plane. (b): Spatial distribution on the optical
axis.

parallel direction also spike as shown in Fig.3.13 (c¢) and (d). After passing through the
resonance field, in the velocities it can be seen that the perpendicular velocity is gradually
decreasing with time, while the parallel velocity is gradually increasing with time. This is
because the magnetic moment must be conserved in the magnetic mirror field. Following
this phenomenon, the accelerations increase/decrease with time. Note that although the
acceleration in z-direction appears not to increase, the acceleration is increased averagely.
However, in the case of larger velocity in z-direction, the duration time for interaction
where the Doppler-shifted frequency of the RHCP wave seen from the reference frame of
the electron and the electron cyclotron frequency coincide with each other is very short,
thus the resonance time is also short. That is, the energy gain is not large.

While in the Fig.3.14, it can be seen as shown in Fig.3.13 (a) and (b) purple line
that the electron travels along the magnetic mirror field, and the Larmor radius decreases
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Initial Conditions

X 0 mm
Position y 0 mm

z -415 mm
Energy 18 keV in z-direction ‘ 0.1 keV in z-direction
Momentum Thermal fluctuation in z-y direction

Beam Parameters
Frequency 82.7 GHz
Power 100 kW
Waist size 30 mm
Polarization RHCP wave
Others
) Mirror static Mirror static

Magnetic field 2.286 T at origin 2.909 T at origin
Calculation step 150 f sec.

Table 3.2: Initial conditions of the electron with cyclotron motion in the magnetic mirror
field, beam parameters applied from the outside, and some parameters.

as the magnetic field increases (Fig.3.14 (e)) as well. However, it can be seen that the
Larmor radius suddenly increases just after 68 n sec., and the tendency is much greater
than the previous case. This is because the initial energy in z-direction is small and the
duration time for resonance is long enough. As shown in Fig.3.14 (f), it can be seen
that the resonance time which is satisfied with wee, = wp is maintained for a few n sec.
Meanwhile, the kinetic energy increases sharply by the resonance acceleration, and the
cyclotron frequency of the electron decreases on the other hand (Fig.3.14 (f) purple line).
Also, the frequency of the externally applied RHCP wave seen from the reference frame of
the electron is decreased as well due to increasing the velocity in z-direction. In the case
of low energy of electron in z-direction, the kinetic energy of the electron can be increased
effectively when the magnetic field strength is set to resonance one because the resonance
state can be maintained continuously. The tendency of time change for velocities and the
accelerations are the same with the previous case.
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Figure 3.13: Trajectory information and some parameters when the magnetic field is
set to 2.286 T and the energy in z-direction has 18 keV. (a): Electron trajectory (b)-
(d): Trajectory information concerning positions, velocities, and accelerations. (e): The
magnetic field strength along the electron trajectory. (f): Electron cyclotron frequency
along the electron trajectory. (g): Kinetic energy of the electron.
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Figure 3.14: Trajectory information and some parameters when the magnetic field is
set to 2.909 T and the energy in z-direction has 0.1 keV. (a): Electron trajectory (b)-
(d): Trajectory information concerning positions, velocities, and accelerations. (e): The
magnetic field strength along the electron trajectory. (f): Electron cyclotron frequency
along the electron trajectory. (g): Kinetic energy of the electron.

o8



3.3.2 Observation of the ECE with Helical Wavefront

In the previous subsection, we obtained the trajectory information of electron when RHCP
wave is applied to the electron with cyclotron motion in the magnetic mirror field, and
then the radiation field can be calculated by using the trajectory information. In this
calculation, the radiation will be observed at the distance from the origin |R| = 3 m, ¢
is changed from 0 deg. to 90 deg. by 10 deg., and ¢ is at 0 deg. By substituting the
trajectory information into Liénard-Wiechert potential, we can calculate the radiation
field.

Fig.3.15 shows the time variation of the spectrum observed at each 6 on ¢ = 0. These
results were also equalized by spline interpolation before doing FFT. Considering the re-
tarded time, the radiation arrives to observer around 10 n sec. In the common points in
every 6, the spectrum with a focus on 82.7 GHz appears. This is because the electron
has trochoidal motion by the effect of externally applied RHCP wave in the weaker mag-
netic field. That is, although the electron has the cyclotron motion overall, the cyclotron
motion is locally controlled by the RHCP wave because the acceleration direction of the
electron is mainly decided by the first term on eq.(2.27) in the weaker magnetic field. In
addition, it can be seen that many spectra with gap of 10 GHz appear. This is because of
the effect of zero padding in the FFT. To obtain the time variation of these spectra, the
zero padding is carried out before FFT in order to obtain the high frequency resolution.
Each time step is composed of 22! data points, and the zero padding is carried out so
that the data points become 224 points. Also, in order to connect smoothly between cal-
culated data points and the padded zero, the window function called Blackman window
is multiplied. However, since the connection is not perfectly smooth, many spectra with
gap of 10 GHz appeared. That is, these spectra are meaningless physically. In addition,
the spectra intensity are measured by log scale for emphasizing the spectra lines.

As can be seen, only the fundamental radiation appears at #§ = 0, while higher har-
monics appear at other § as well as in the case of the uniform magnetic field. Since
0 = 0 corresponds to the optical axis, this suggests that higher harmonics do not have
intensity on the optical axis, which is one of the characteristics of the radiation with a
helical wavefront. It can also be seen that these spectra peaks decrease with increase of
f. This is also related to the Doppler effect in which electron travels to the observer with
relativistic velocity while maintaining cyclotron motion. This will be discussed in the
next subsection.

While in the Fig.3.16, the spectrum with 82.7 GHz also appears due to the same rea-
son as the previous case, while the spectra that appeared caused by FFT did not appear.
Because the calculation time by the resonance is longer than the previous case, and the
high frequency resolution can be obtained without zero padding.

As can be seen, the characteristics of this radiation spectra are basically the same
as the previous case. Only the fundamental radiation appears at ¢ = 0, while higher
harmonics also appear around the resonance area at other 6.
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Figure 3.15: Time variation of the spectrum observed on the upper hemisphere at the
distance from the origin |R| = 3 m, each 6 on ¢ = 0 when the magnetic field is set to
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Figure 3.16: Time variation of the spectrum observed on the upper hemisphere at the
distance from the origin |[R| = 3 m, each 6 on ¢ = 0 when the magnetic field is set to
2.909 T and the energy in z-direction has 0.1 keV. The spectra intensity are measured by
log scale.
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3.3.3 Transverse Doppler Shift by Traveling with Relativistic
Velocity in Cyclotron Motion

Fig.3.17 shows the time variation for the Doppler-shifted frequency calculated by eq.(3.7)
observed on the upper hemisphere when the magnetic field is set to 2.286 T and the elec-
tron has velocity in z-direction that corresponds to 18 keV. In this case, the electron has
the relativistic velocity in z-direction, and the observer located on the upper hemisphere
receives the Doppler-shifted radiation frequency. As can be seen when 6 is small, the
observer receives radiation with blue-shifted frequency larger than we . On the other
hand, when 6 is large the observer receives radiation with red-shifted frequency smaller
than wee -

While as shown in Fig.3.18, the observer located on the upper hemisphere does not
receive the Doppler-shifted radiation frequency. This is because the electron has no rela-
tivistic velocity in z-direction due to low extraction voltage of 0.1 keV.
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Figure 3.17: Time variation of the frequency calculated by eq.(3.7) observed at each 6
when the magnetic field is set to 2.286 T and the energy in z-direction has 18 keV.
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Figure 3.18: Time variation of the frequency calculated by eq.(3.7) observed at each 6
when the magnetic field is set to 2.909 T and the energy in z-direction has 0.1 keV.
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3.3.4 Phase Difference Observed at Two Spatial Points

In the previous subsection, we obtained the result that the intensity of higher harmonics
does not exist on the optical axis even in the radiation from the magnetic mirror field. In
order to demonstrate that this radiation has helical wavefront as well as the donut-shaped
intensity distribution, we calculate the phase difference of the measured radiation at two
spacial points between ¢ = 0 deg. and ¢ = 90 deg. or ¢ = 180 deg. by using eq.(3.8).

Fig.3.19 and Fig.3.20 show the cosine value of the phase difference calculated by
eq.(3.8). Note that the phase differences with the frequency gap of 10 GHz appears
due to zero padding before FFT. Therefore, the phase differences have no physical mean-
ing. In addition, phase difference with cosine value 1 appears around 82.7 GHz. This is
because the electron has trochoidal motion by the effect of externally applied RHCP wave
in the weaker magnetic field. And the fundamental radiation is just a beam with plainer
or spherical phase front. The intensity is dominant before passing through the resonance
field, but the main radiation is much more dominant before resonance acceleration. As
can be seen in both figures, because the spatial location between ¢ = 0 deg. and ¢ = 90
deg. at 6 = 0 deg. or between ¢ = 0 deg. and ¢ = 180 deg. at 6 = 0 deg. represents
a same location, the phase difference is zero, that is, the cosine value is 1. In other 6, it
can be seen that the cosine value also changes along the spectrum of fundamental and
harmonics radiation. In the case of fundamental radiation, it can be seen in both figures
that the cosine value is 1 at all . That is, the phase difference is zero in fundamental
radiation. This indicates that the fundamental radiation is just a Gaussian beam with a
planar or spherical equiphase front. In the case of second harmonic radiation, it can be
seen that when f,,(90), which is shown in Fig.3.19, the cosine value is 0 at all § except
for # = 0 deg., which indicates that the phase difference is 90 deg., while when f;,(180),
which is shown in Fig.3.20, the cosine value is —1 at all 8 except for § = 0 deg., which
indicates that the phase difference is 180 deg. That is, the phase in second harmonic
radiation changes 360 deg. around the optical axis. In addition, in the case of third
harmonic radiation, when f,,(90), which is shown in Fig.3.19, the cosine value of the
third harmonic is —1, which indicates that there is a phase difference of 180 deg., while
when f,,(180), which is shown in Fig.3.20, the cosine value is 1 again at all 6 except for
0 = 0 deg., which indicates that the phase difference is 360 deg. That is, the phase in
third harmonic radiation changes by 720 deg. around the optical axis. In this way, it
was shown that the harmonics radiation has the phase difference with 90(n — 1) between
¢ =0 deg. and ¢ =90 deg. or 180(n — 1) between ¢ = 0 deg. and ¢ = 180 deg.

Fig.3.21 and Fig.3.22 also show the cosine value of the phase difference calculated
by eq.(3.8). In these cases, the vortex property clearly appears near the resonance field.
That is, in the case of fundamental radiation, it can be seen in both figures that the cosine
value is 1 at all 8. That is, the phase difference is zero in fundamental radiation. This
indicates that the fundamental radiation is just a Gaussian beam with a planar or spher-
ical equiphase front. In the case of second harmonic radiation, it can be seen that when
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fon(90), which is shown in Fig.3.21, the cosine value is 0 at all § except for § = 0 deg.,
which indicates that the phase difference is 90 deg., while when f;,,(180), which is shown
in Fig.3.22, the cosine value is —1 at all € except for § = 0 deg., which indicates that the
phase difference is 180 deg. That is, the phase in second harmonic radiation changes 360
deg. around the optical axis. In addition, in the case of third harmonic radiation, when
fpn(90), which is shown in Fig.3.21, the cosine value of the third harmonic is —1, which
indicates that there is a phase difference of 180 deg., while when f,,(180), which is shown
in Fig.3.22, the cosine value is 1 again at all 8 except for § = 0 deg., which indicates that
the phase difference is 360 deg. That is, the phase in third harmonic radiation changes by
720 deg. around the optical axis. In this way, it was shown that the harmonics radiation
has the phase difference with 90(n — 1) between ¢ = 0 deg. and ¢ = 90 deg. or 180(n—1)
between ¢ = 0 deg. and ¢ = 180 deg.

Therefore, considering the discussion in the previous result where higher harmonics
do not appear on the optical axis, the fundamental radiation has no helical wavefront,
but only the higher harmonics have a helical wavefront even in the radiation from the
magnetic mirror field.
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Figure 3.19: Time variation of the cosine value of the phase difference between ¢ = 0 deg.
and ¢ = 90 deg. calculated by eq.(3.8) when the magnetic field is set to 2.286 T and the
energy in z-direction has 18 keV.
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Figure 3.21: Time variation of the cosine value of the phase difference between ¢ = 0 deg.
and ¢ = 90 deg. calculated by eq.(3.8) when the magnetic field is set to 2.909 T and the
energy in z-direction has 0.1 keV.
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Figure 3.22: Time variation of the cosine value of the phase difference between ¢ = 0 deg.
and ¢ = 180 deg. calculated by eq.(3.8) when the magnetic field is set to 2.909 T and the
energy in z-direction has 0.1 keV.
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3.4 Summary

In this chapter, we carried out the numerical calculation regarding ECE with a helical
wavefront from an electron accelerated by a circularly polarized wave. In this calculation,
a RHCP wave was applied to an electron with cyclotron motion. And a radiation from the
rotation phase-controlled electron was performed. Our calculation showed the rotation
phase of the electron could be controlled by high power RHCP wave by accelerating the
electron with cyclotron motion resonantly and then demonstrate the coherent radiation
with a helical wavefront. We calculated two types of external magnetic fields: a static
uniform magnetic field, and the magnetic mirror field.

In the case of a static uniform magnetic field, when the RHCP wave was applied to
the electron with cyclotron motion, the electron received energy from the incident RHCP
wave and the relativistic mass gradually increased. Thus, the Larmor radius increased
and the cyclotron frequency decreased. Meanwhile, the electron was accelerated in the
z-direction by the Lorentz force 3, x By,, and reached a relativistic velocity. In this case,
the frequency of the RHCP wave seen from the reference frame of electron was observed
to be downshifted due to the Doppler effect. The results confirmed a phenomenon called
cyclotron auto-resonance, i.e., the relativistic electron cyclotron frequency and the down-
shifted frequency of RHCP wave seen from the reference frame of the electron are almost
equal, and the electron maintains in the resonance state. In addition, it was confirmed
that the phase relationship between the electric field vector of the externally applied
wave and the acceleration vector of the electron were in the same phase relationship at
a given z plane. Although this calculation was performed for a single electron, the same
phenomenon occurs for each electron in a multi-electron system. Therefore, by applying
RHCP wave to a multi-electron system with an initial random rotational phase, the rota-
tional phase of each electron is controlled and coherent radiation with a helical wavefront
can be obtained.

Radiation from the electron in a such a state was calculated using the Liénard-Wiechert
potential and observed on the upper hemisphere. As a result, only the fundamental
radiation appears in the frequency spectrum on the optical axis, and the spectrum of
higher harmonics radiation did not appear. However, a spectrum of radiation including
higher harmonics was observed at a position away from the optical axis. The absence
of harmonics radiation on the optical axis indicated that the intensity distribution of
higher harmonics radiation is donut-shaped. This indicates that active radiation from the
charged particle with spiral motion produces helical wavefront - one of the characteristics
of the vortex beam. In addition, we calculated the phase difference of the radiation at
the symmetric point with respect to the beam axis. The higher harmonics have the phase
difference with the relationship of 90(n — 1) between ¢ = 0 deg. and ¢ = 90 deg. or
180(n — 1) between ¢ = 0 deg. and ¢ = 180 deg. while the fundamental radiation has no
phase difference. These results suggest that ECE has a helical wavefront from the charac-
teristics of donut-shaped intensity distribution and azimuth-dependent phase structure.
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The same calculation was performed for the magnetic mirror field. We confirmed
that ECE has a helical wavefront even in the magnetic mirror field, which can be easily
realized experimentally. ECE with a helical wavefront will be generated by interaction
between the electrons with cyclotron motion in the magnetic mirror field accelerated by
the externally applied RHCP wave.

In addition, we can understand that the system where an electron in cyclotron motion
under the magnetic field is accelerated by the externally applied circular polarized wave is
the same principle with Electron Cyclotron Resonance Heating (ECRH) in fusion plasma.
This suggests that when the electrons are heated by circular polarized wave in fusion
plasma, electrons are locally phase-controlled and produce the coherent ECE with helical
wavefront. By focusing our attention on ECE measurement with helical wavefront in
fusion plasma, the decay process of the helical wavefront becomes an index of the thermal
relaxation regarding heated plasma electrons in real and velocity spaces.

In this calculation, there is no interaction between electrons because the radiation is
calculated from an electron. However, in the experiment, since the radiation is considered
from a multi-electron system, calculation considered in the multi-electron system is also
important. However, the externally applied electromagnetic wave used in the experiment
is high-power millimeter-wave from a gyrotron, and this electric field is considered to be
sufficiently larger than the interaction force between electrons under the realistic electron
density considered. Therefore, the effect of electron-electron interaction are considered to
be ignored even in multi-electron calculations. Nevertheless, we are also attempting to
calculate by Particle-in-Cell (PIC) simulation for more precise calculations.
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Chapter 4

Experimental Devices

4.1 Arrangement

In order to demonstrate the ECE with helical wavefront, we designed and developed
the experimental devices. These experimental devices are installed in the heating power
equipment room at National Institute for Fusion Science (NIFS). More than seven gy-
rotrons are installed in this room mainly to heat the plasma electrons. Since the gyrotron
is a device that accompanies electron acceleration by a high voltage, the area where the
gyrotrons are installed is designated as a radiation control area. Fig.4.1 shows our exper-
imental devices. These experimental devices are composed of 84 GHz gyrotron, MOU,
transmission system including polarization box, and interaction vacuum chamber.

4.2 Concept of the Experiment

In order to demonstrate the ECE with helical wavefront, we designed the experimen-
tal device for producing ECE with helical wavefront shown in Fig.4.2 [1]. The ultimate
purpose of this study is to experimentally demonstrate the thermalization of the reso-
nantly accelerated electrons by measuring ECE with helical wavefront from the electrons
with randomization of the rotation phase. Therefore, it is necessary to design and de-
velop the experimental device so that the coherent radiation with helical wavefront can
be produced. This experimental device makes it possible to control the rotation phase
of electrons with cyclotron motion by externally applied circularly polarized wave. First,
this idea of producing a coherent state of electrons by applying the circularly polarized
wave to electrons in magnetic mirror field is unique. This is an original idea for obtaining
the coherent radiation by producing and maintaining the coherent state of the electrons
without canceling out the helical wavefront. In addition, we developed the grating mirror
to overcome the issue of how the ECE including the fundamental radiation and the higher
harmonics radiation with the same optical axis can be separated into second harmonic
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Figure 4.1: Arrangement of the radiation control area where our experimental equipment
is installed.

radiation with helical wavefront. Furthermore, the grating mirror developed in this study
is designed so that the second harmonic radiation can be reflected/diffracted efficiently,
that is, any other diffracted beam disappear.

The mirror field is created by the stacked pancake coils. Electrons are supplied from
the electron gun installed behind the reflecting mirror through a small hole along the
magnetic mirror field. Electrons travel to the interaction area while maintaining cy-
clotron motion. Then, from the outside, high power Right-Handed Circularly Polarized
(RHCP) wave at 84 GHz is injected in parallel to the magnetic field to the region to con-
trol the electrons’ motion. The radiation from the group of electrons is coherent radiation
because the rotation phase of each electron is controlled by injected beam. Since the
helical wavefront has only second or higher harmonics, the radiation has to be separated
into the fundamental radiation and the second harmonic radiation by the grating mirror.
The separated second harmonic radiation is detected by the detection system.

4.3 Gyrotron

A gyrotron is a high power vacuum tube which generates a millimeter wave by maser
action with electron cyclotron motion [2]. The output frequency from the gyrotron can
be set between the millimeter wave regime to the sub-millimeter wave regime by changing
the magnetic field strength applied in the optimized cavity. High power gyrotrons are used
for an Electron Cyclotron Resonance Heating (ECRH) of plasma electron, an Electron
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Figure 4.2: Schematic diagram of the experimental device which produces the ECE with
helical wavefront.

Cyclotron Current Drive (ECCD) in fusion oriented plasma confinement machine. It
is also used as a light source for scattering measurement in plasma in the frequency
regime from millimeter wave to sub-terahertz wave. Fig.4.3(a) and (b) show a diagram for
gyrotron and a photograph of 84 GHz gyrotron which is used in our experiment. Thermal
electrons are extracted by high voltage from the cathode. And electrons travel to the
cavity while maintaining cyclotron motion along the magnetic mirror field generated by
the superconducting magnet. A part of the energy of the electrons in the perpendicular
direction to the magnetic field is efficiently converted into electromagnetic wave by a
resonant interaction in the cavity. The emitted electromagnetic wave is in the T FE,,,
mode, and it is converted to almost Gaussian beam with linear polarization by a mode
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converter. The window at the output port is used by synthetic diamond made by Chemical
Vapor Deposition (CVD), which has low dielectric loss and excellent heat conductivity for
cooling and is durable for vacuum. Electrons are decelerated and collected by a reverse
electric field applied between the collector and cavity.

(a) Collector

’\\/\ |

Superconductivity
magnet

Electrons

Heater- Cathode

Figure 4.3: (a) and (b) are a diagram for gyrotron and a photograph of 84 GHz gyrotron
which is used in the experiment.

4.4 Matching Optics Unit

Matching Optics Unit (MOU) is a transmission system to shape the beam to HE;; mode
for coupling to the corrugated waveguide [3]. The beam emitted by gyrotron has a flater
beam distribution than Gaussian beam distribution because the heat load at the gyrotron
window is suppressed. Fig.4.4 and Fig.4.5 show the photograph of the MOU and the dia-
grams. The MOU is composed of six mirrors. These mirrors are named as MM1 to MM6
in order, respectively. The shaped beam is coupled to the corrugated waveguide. This
mirror can slide toward the arrow direction, and the gyrotron beam can be conditioned
by being injected into dummy bricks in the MOU when the gyrotron is activated.
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Figure 4.4: Photograph of the mirrors system inside the MOU. The MOU is composed of
six mirrors, and the shaped beam is coupled to the corrugated waveguide.

(a) South side view (b) West side view
The beam is coupled to waveguide

after changing the direction to
downward perpendicularly to this
paper by MM6

MM6 :954 MM6
The beam is directing Waveguide \

upward perpendicularly to
this paper by MM2

MM2 _~-MM3 MMS5
f,/ MM4 MM2 SoMM3
The beam is directing MM5 o\
downward perpendicularly MM4
to this paper by MM4 The beam is directing

downward perpendicularly
to this paper by MM3

Gyrotron MM1 From Gyrotron

window via MM1

Figure 4.5: Diagram of the mirrors system inside the MOU. (a) shows the south side view
and (b) shows the east side view.
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4.5 Transmission System

Fig.4.6 and Fig.4.7 show the diagram and photograph of the transmission system. This
transmission system is composed of 13 mirrors including the mirrors in the polarizer
box and the vacuum chamber. This transmission system is designed so that the waist
size of the beam becomes 30 mm at the center of the superconducting coil where the
magnetic field strength is strongest on the optical axis. These mirrors are named as M1
to M13 in order, respectively. The beam coupled with the waveguide partially propagates
the corrugated waveguide including miter vent with low loss. After that, waveguide
propagation shifts to propagation in air. The beam emitted from the horizontal waveguide
is changed in the vertical downward direction by the mirror M1, and is injected to the
polarizer through the mirror M2. The beam that has passed through the polarizer and
turned into a circularly polarized wave is injected to the vacuum chamber via two mirrors,
M8 and M9. The beam after injection into the vacuum chamber is described in Sec.4.7.

4.6 Polarizer

The polarizer is one of the key components in the transmission system which converts the
linear polarized beam from gyrotron output to the beam with any polarization including
two special mirrors with grooved surface [4]. The polarizer is necessary to produce the
circularly polarized wave in this study because the rotation phase of the electrons emitted
by electron gun has to be controlled by the circularly polarized wave from the outside for
obtaining the coherent radiation. In this experiment, polarization box with two grooved
surface mirrors have been used as shown in Fig.4.8, which used to be utilized in LHD
experiments. When the groove width is % or less, the electric field of the parallel compo-
nent with same direction of the groove cannot penetrate inside the groove. Here, A is the
wavelength of the beam. On the other hand, the electric field of the vertical component
can penetrate inside the groove. Then, the reflected electric field components of parallel
and perpendicular to the groove can have the phase difference. For the sake of simplicity,
let us consider a case in which a beam is injected perpendicularly on a grooved mirror.
The phase difference 7 produced by the grooved mirror is given as follows

2nd,
A

T=2X (4.1)

where d, is the depth of the groove. When the d, is %, either of the phase is reversed,
that is, the polarization angle can be changed. When the d), is %, either of the phase is
shifted by %, that is, the ellipticity of the polarization can be changed. Thus, by rotating
the two grooved mirrors with % and 2, it is possible to obtain an arbitrary polarization

8’
state.
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4.7 Interaction Vacuum Chamber

As shown in Fig.4.2, Interaction Vacuum Chamber is composed of mirrors system, electron
gun, superconducting magnet, and measurement systems.

e Mirrors system:

Four mirrors including grating mirror (M11) are installed in the interaction vacuum
chamber as shown in Fig.4.10 (b) and (c), and they play an important role [1]. As
shown in Fig.4.10 (b), the M10 mirror has a small hole with a diameter of 5 mm
in the center, which allows electrons supplied from the electron gun to travel to the
interaction region along the optical axis. Also, this mirror is insulated from the
outside so that it is possible to measure the amount of current that does not go
through the hole of the mirror. M11 is the grating mirror, and will be discussed in
detail below. To put it simply, since the ECE includes higher harmonics radiation,
the grating mirror makes it possible to separate the second harmonic radiation
from fandamental radiation and third or higher harmonics radiaiton. M12 and M13
mirrors have a function for focusing the beam so that the fundamental radiation
and separated second harmonic radiation by the grating mirror can pass through
the window at the top of the vacuum chamber.

e Electron gun:

The electron gun is installed at the bottom of the Vacuum chamber as shown in
Fig.4.10 (d). We use the electron gun with model NJK2301 produced by New
Japan Radio Co., Ltd. It is optimized for operation with a cathode voltage of
—18 kV. There is also a grid in front of the cathode, which allows pulse operation.
The cathode has a diameter of 10 mm, and the extracted electrons travel to the
interaction region while doing cyclotron motion along the magnetic mirror field.
Although the small hole size of the M10 mirror is a diameter of 5 mm, the Larmor
radius gradually decreases due to the mirror field effect, thus most of the electrons
can pass through the mirror’s hole. In order to maintain high vacuum near the
electron gun, differential pumping is adopted. The differential pumping system uses
a small orifice to connect two parts of vacuum chamber.

e Superconducting magnet:

We use the superconducting magnet with model JMTD-6.5T140G produced by
Japan Superconductor Technology, Inc. shown in Fig.4.10 (a). It is possible to
apply a magnetic field strength of 6.5 T at the center of the torus. And, the cen-
ter position of the magnet is the same as the position where the waist size of the
gyrotron beam is focused. The magnetic field strength is set to 2.95 T so that
the electron perform cyclotron motion with 84 GHz which is the same as the fre-
quency of the gyrotron. Fig.4.9 shows the measurement results of the distribution
for magnetic field strength on the optical axis.

80



e Diamagnetism measurement:

As shown in the Fig.4.10 (g), 150 turned enamel wire is wound with a width of 1
cm around the vacuum vessel inside the torus coil. This is called the diamagnetism
measurement [5]. When the magnetic flux in the coil changes, an induced electromo-
tive force is generated according to Faraday’s law of induction. Although electrons
are supplied by an electron gun for the source of radiation, as another option, it is
also possible to supply electrons by producing plasma by the high power gyrotron
beam. This measurement system can measure the plasma stored energy.

e Measurement ports:
Fig.4.10 (e) and (f) are a photograph taken from the top of the vacuum chamber.
There are four ICF203 flanges on the top. Two of them are CVD diamond windows
described in Sec.4.3. Then, the fundamental radiation and second harmonic radia-
tion are passed through. The remaining two ports are used for the vacuum pluming
port.

e Measurement systems:

We have developed measurement systems for millimeter wave with helical wavefront
by using a triangular aperture and heterodyne detection at two spatial point [6]. The
developed measurement system is installed at the top of the flange for measuring
second harmonic radiation shown in Fig.4.10 (f). The distance from the radiation
point where it is located on the center of the magnet to the grating is about 700
mm, and one side of the mirror is 130 mm. Therefore, the radiation within only
the polar angle of 5 deg. can be reflected at the grating mirror, and be detected
by the measurement system. In addition, considering the space distribution of the
electrons, the coherence of the radiation disappears when the observer is located
on the larger polar angle due to the incoherence of the space distribution of the
electrons. However, the radiation near the optical axis can be measured in this
experimental device, and the coherence of the radiation is maintained.

The radiation which is not reflected on the grating mirror will become the multi-
reflected background radiation inside the vacuum chamber. However, the multi-
reflected background radiation does not matter in the measurement. Because the
grating mirror developed in this study is designed so that the second harmonic
radiation can be reflected /diffracted efficiently, and it is assumed that the radiation
which is not reflected /diffracted on the grating mirror does not have larger intensity
than the radiation which is reflected/diffracted on the grating mirror. Therefore,
the multi-reflected background radiation can be treated as noise level. In addition,
the higher harmonics radiation cannot be propagated in the waveguide due to the
cutoff. Thus, these radiations do not matter. In the fusion experimental device, the
ECE is observed with multi-reflected background radiation [7]. However, the ECE
measurement has been carried out without any problems for the above reasons. The
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details of these systems are given in Chapter 6.
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Figure 4.6: Diagram of the transmission system. (a) shows the top view and (b) shows
the side view.
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Figure 4.7: Photograph of the transmission system. This transmission system is composed
of 13 mirrors including the mirrors in the polarizer box and the vacuum chamber. This
transmission system is designed so that the waist size of the beam becomes 30 mm at the
center of the superconducting coil where the magnetic field strength is strongest on the
optical axis.
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Figure 4.8: Photograph of the polarizer box. This polarizer box is composed of five
mirrors including two grooved surface mirrors with % and %.
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Figure 4.9: Distribution of the magnetic field strength along the optical axis. It is possible
to apply a magnetic field strength of 6.5 T at the center of the torus.
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Figure 4.10: (a): Overall photograph of the vacuum chamber. (b): Photograph taken
from the top of the vacuum chamber. There are four ICF203 flanges on the top. (c):
Photograph of the electron gun installed at the bottom of the vacuum chamber. Photo-
graph of the M10 mirror. The mirror has a small hole with a diameter of 5 mm in the
center, which allows electrons supplied from the electron gun to travel to the interaction
region along the optical axis. Photograph of the 150 turned enamel wire used in dia-
magnetism measurement. This is wound with a width of 1 cm around the vacuum vessel

inside the torus coil.
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Chapter 5

Development of the Grating Mirror

In this chapter, we discuss the development of the grating mirror, which efficiently sepa-
rates the second harmonic radiation from the ECE including fundamental radiation. As
discussed, it is theoretically demonstrated that the higher harmonics radiation from a
charged particle in spiral motion has a helical wavefront. As one of the applications of the
diffraction grating, the optimized grating mirror designed for the generation experiment
of the ECE with helical wavefront plays an important role.

5.1 Grating Condition

In the analysis of radiation with many frequency spectral peaks, the grating mirror plays
an important role in separating these frequencies toward the specific angles. Although
the diffraction beam is usually a weak signal, we can optimize the grating parameters to
maximize the diffraction efficiency by designing the grating with an adequate blaze angle.
In this case, the two frequencies w;=82.7 GHz and wy=165.4 GHz are considered. The
grating mirror is designed as shown in Fig.5.1(i). That is, w; is reflected toward +30 deg.
and wy is reflected and diffracted toward -30 deg. The grating mirror is designed by the
order shown from Fig.5.1(ii) to Fig.5.1(iv). (ii): Note that the w; is only satisfied with
the law of reflection (only Oth order diffraction). That is, the injection angle is 15 deg.
with respect to the base mirror surface. (iii): To reflect toward -30 deg. with respect
to the wy, the slope shaped saw-tooth is added on the base mirror surface. The angle of
the slope is reflected toward -30 deg. with respect to this slope surface for wy. That is,
the angle of the slope is 30 deg. This is the blaze angle. (iv): Considering the case in
which many slopes are placed regularly, this corresponds to the grating with line spacing
d. The direction of the diffracted beam is determined by d. Here, let us decide that the
line spacing can be only propagated to -30 deg. for the diffracted beam of the ws. A well
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known diffraction condition is

mkg

—2 5.1
o (5.1)

sin Oi, + sin 0, out =

where m is the diffraction order, n is the harmonics number, 6;, is the injection angle,
O out 1s the diffraction angle of the mth order, k, is the wave-number of the grating which
is defined by k, = 27/d, and ky is the wave-number of the nth harmonics beam. Fig.5.2
shows the relationship between the line spacing and the direction of the diffracted beam.
As can be seen from this figure, the line spacing d should be set at 1.878 mm in order
to propagate in only the 2nd diffracted beam to -30 deg. direction. Therefore, although
the n = 0 component, which is only a reflection component on the mirror surface, cannot
be ignored, the main diffracted beam can be propagated -30 deg. Fundamental radiation
wy can be only reflected to +30 deg. (Oth order) without generating the extra diffracted
beam by choosing the proper line spacing. Note that the wave length A; of the w; (A=
3.628 mm) is much greater than the height of the slope whth 0.813 mm and the wave
wy is recognized the surface of grating mirror we developed as a plane. That is, w; is
neither refracted nor diffracted on the added slopes. Therefore, w; is reflected toward
+30 deg. and ws is almost reflected and diffracted toward -30 deg. by the many slopes
on the mirror. This corresponds to the Littrow mount condition.

5.2 Low Power Test

In order to confirm the efficiency of the grating mirror we developed, low power experi-
ments are carried out. Fig.5.3 shows the experimental set up. The 84 GHz and the 165.4
GHz beam sources are used. These beams are propagated to the grating mirror indi-
vidually and the reflected or/and the diffracted beam are detected by the horn antenna.
Fig.5.4 shows the experimental results. In the 84 GHz, it is found that the beam was
propagated to the direction designed precisely. In the 165.4 GHz, the reflected beam and
the diffracted beam were distributed mainly in the direction of -30 deg. Some diffracted
beams are propagated in the direction of 30 deg. However, it was clearly demonstrated
that the radiation at the w; and the wy can be separated by this grating mirror as designed.

5.3 General Theory of the Grating Mirror Develop-
ment

The grating mirror which was developed here is plane-shaped because machining or devel-
opment was easier. However, this design method can be generalized to the grating mirror
which has an arbitrary base mirror shape such as a concave mirror.
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Figure 5.1: (i)Required grating mirror performance. Fundamental high power beam is to
be reflected only toward +30 deg. Main power of the 2nd harmonics is to be diffracted
toward -30 deg. (ii)The radiation of the frequency w; is only reflected or Oth order
diffracted toward 430 deg. direction without higher order diffraction by setting d < \/2
or k, > 2ko on the grating mirror. (iii)The main power of the radiation of the frequency
wy is diffracted toward -30 deg. by the slope with the blaze angle 5 on the mirror. (iv)
Many slopes are placed on the mirror in order to make the grating. Determining the line
spacing so that the -1st beam can be directed toward -30 deg [1].

5.3.1 Definition of the Mirror Surface

The local wave-number k of the Gaussian beam which has finite spatial spread is defined
by a gradient of the equiphase front ® [2] as follows,

k=Vo. (5.2)

Once the input and the output of the Gaussian beam parameters are defined, local wave
numbers k;, = V&, and ko = V Py on a mirror surface should satisfy the equation
below,

kin - kout - VSmirlror ” N. (53)
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Figure 5.2: Relationship between the line spacing and the direction of the diffracted
beam [1].

The Spirror i the mirror surface function defined by Spirror = Pin — Pous. The N is the
normal vector of the mirror surface. By integrating eq.(5.3), the mirror surface function
is determined as follows,

Sirror = Pin — Pout = const. (5.4)

In other words, the mirror surface is defined as the constant surface of the difference
between ®;, and ®,,,. This is a phase matching condition or a constant phase distance
condition of between input and output beam on the mirror, and can be interpreted as
a generalization of the elliptical mirror that satisfies a constant distance between focal
points for a geometrical optics [3]. It should be noted that the input beam and the output
beam are Gaussian beams. The beam parameter, waist size, and waist position should
be matched not only to the phase but also to the intensity on the mirror surface in Oth
order. This gives the condition of input and output Gaussian beam parameters.

5.3.2 Relationship between Grating Condition and Mirror Sur-
face

The grating condition for the vector representation is
kout,m -VG = kout -VG + mkG : VG, (55)

where Koy m is wave-number vector of the mth order diffracted beam and k¢ is the wave-
number of the grating. G is the grating function which is defined by kg = VG. Here, the
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Figure 5.3: Low power experimental set up: The beams which are emitted by the oscillator
are reflected or diffracted by the grating mirror. These beam radiation patterns are
measured by the angle scanning receiving antenna by 1 deg. Because the experimental
setup is arranged so that both long sides of the antenna area and moving distance of the
antenna per deg. are almost the same, the angular resolution is best [1].

direction of the k¢ is periodic direction of the grating. The orthogonal condition between
the grating surface and the mirror surface is

VSmirror -VG = 0. (56)

Although the relationship which determines the mirror surface function is given by eq.(5.3),
the grating mirror is considered as a form in which the grating function is incorporated
into this mirror surface function. These relationships are represented as follows,

Vq)in,wl - vCI)out,z.ul = vsun (57)
V(I)in,cug - V(I)out,wg — VSwg (58)
V(I)out,wz VG + mVG - VG = v(I)out,wg,m : VG, (59)

where @i, 0., Poutw,, and S,, are equiphase front of the injection beam, the reflection
beam, and the mirror surface function of the these beams, respectively. @i, .., Pout.w,,
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Figure 5.4: Angular distribution of the w; and the ws: Intensity is represented by the
radial direction and it is normalized by the maximum. Propagation directions of the
reflection or diffraction beams are represented by the angle direction [1].

and S, are equiphase front of the injection beam, the refraction beam, and the mirror
surface function of these beams, respectively. Eq.(5.9) is replaced by substituting eq.(5.2)
for eq.(5.5). Poutw,,m is equiphase front of the mth order diffraction beam. Multiplying
eq.(5.8) by VG and using the orthogonal condition eq.(5.6), we can obtain the following
equation

vq)in,u& VG +mVG - VG = V(I)out,wz,m -VG. (510)
That is,
v(q)in,wg - q)out,wg,m + mG) : NG =0 (511)

where Ng is the normal vector on the grating function, which is defined by Ng =
VG/|VG|. If the equiphase of the w, and the equiphase of the mth order diffracted
beam are known, the grating function G is determined. Therefore, the grating function
G is defined on the mirror surface function S,,. Here, the grating function can be shown
in Fig.5.5. Fig.5.5 (a) shows the mirror surface defined and calculated by eq.(5.4), and
the grating can be defined on this surface so that the diffraction beam can be propagated
toward the direction as shown in Fig.5.5 (b). By solving the eq.(5.11), the grating func-
tion can be defined as shown in Fig.5.5 (c).
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Figure 5.5: (a): Mirror surface calculated by eq.(5.4). (b): Direction of the desired
diffraction beam. (c¢): Definition of the grating function.

Furthermore, the grating efficiency can be optimized by defining grating plane by
eq.(5.8). This is equivalent to optimizing blaze angle in order to coincide with the direc-
tions of diffraction and reflection on each grating plane. This is a generalization of the
method to design a grating on an elliptical mirror support proposed by Tran [4]. So far,
only the matching condition of the phase front are discussed. In addition to this phase
matching, it is also important to make the intensity profiles match on the mirror/grating
surface in order to maintain the purity of the Gaussian beam property. Detailed discussion
will be given elsewhere.

5.4 Summary

In this research, development of the grating mirror for the high power transmission sys-
tem was carried out and its general theory was derived. The development of the plane

94



grating mirror was carried out in order to separate the fundamental beam and the 2nd
harmonics beam. This grating mirror can concentrate the reflection beam and the mth
order diffraction beam to the same direction because the shape of the grating has saw-
tooth surface. In the results of the low power experiment, although the diffraction beam
of the Oth could not be vanished, the fundamental beam and the 2nd harmonics could be
separated precisely.

The general theory of the grating mirror was derived. Although the grating mirror is
usually plane-shaped because machining or development is easier, it is possible to develop
a grating mirror which has arbitrary mirror shape by defining the grating function on
the base mirror surface. That is, when Gaussian beam parameters of the injection beam
and desired mth order diffraction beam are given, the grating mirror which satisfies the
Littrow mount condition can be designed. The grating described in Sec.5.1 was a simple
plane grating. We can apply this design method to upgrade this plane grating mirror.
Fundamental high power beam can be efficiently focused into a dummy load by designing
optimized base mirror. The 2nd harmonics beam can be separated efficiently toward -1st
order diffraction direction to form designed Gaussian beam parameter that simplifies the
measurement of helical wavefront at the 2nd harmonics frequency. Such an idea of de-
signing a general Littrow mount grating can be applicable to various situations in which
normal mirror design is difficult due to limited space or boundary conditions even under
high power.
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Chapter 6

Development of the Measurement
System

In this chapter, we discuss the development of the measurement system for millimeter
wave with helical wavefront. Although the cyclotron motion which radiates the vortex
beam exists commonly in nature, the vortex radiation has not yet been measured. For
this reason, the measurement system for millimeter waves with the vortex property has
not yet been developed. The ECE measurements which have already been conducted
were focused on one part of the beam or on the beam’s phase structure. Given this,
we developed the system for measuring vortex beam. We have developed a method to
estimate and to identify the Topological Charge (TC) using a vortex beam passively
generated from a Gaussian beam.

6.1 Development of the Spiral Mirror

In order to develop the measurement system, we need the vortex beam source in the
millimeter wave spectrum. Thus, first we developed a device called a spiral mirror which
passively produces vortex beams. We have six kinds of spiral mirrors with every Topolog-
ical Charge or TC from -3 to +3 except for 0. TC = 0 is a normal mirror. The millimeter
wave with a vortex property is generated by conversion from a Gaussian beam from the
spiral mirror.

6.1.1 Spiral Mirror with Flat Surface

The simplest mirror has the flat mirror surface. The mirror must have a helical shaped
mirror surface to make a reflection beam have a helical wavefront. The helical shaped
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mirror surface is defined by

x(r,¢) = rcoso (6.1)
y(r,¢) = rsing (6.2)
z(r,0) = %l (6.3)

where z, y, and z are the Cartesian coordinate values on the mirror surface; r and ¢ are
variables with domains [0 : R] and [0 : 27| on the polar coordinate. R means radius of
the mirror and [ is equivalent to TC. In addition, d means the height at the mirror origin,
and is defined by

d = A\cos@ (6.4)

where the 6 is the injection angle. The height of the spiral mirror is constant in the radial
direction but varies with the azimuthal angle. Therefore, the origin of the spiral mirror is
regarded as multivalued function at position » = 0. This mirror structure leads to phase
singularity of the reflection beam.

6.1.2 Spiral Mirror with Focusing

We also developed the spiral mirrors with focusing. First, we must note that the spiral
mirror surface with focusing is not defined by using eq.(5.4) as follows

Smirror = (I)in - (CI)out + lgb) = const. (65)

Because the constant value which is satisfied with eq.(5.4) is represented by the phase
difference value at the intersection point on the beam axis between injection beam and
reflection beam, the origin of the mirror surface has only one value. That is, this mirror
designed by eq.(6.5) has no singular point on the mirror center.

We resolved this issue, and then developed the spiral mirrors with focusing successfully.
In order to design the spiral mirror with focusing, we need the two different types of data.
One type of data is that for spiral mirror with flat surface calculated by eq.(6.1) to eq.(6.3).
The other data is that for normal mirror with focusing calculated by eq.(5.4). The TC
of spiral mirror with flat surface and the curvature of normal mirror with focusing are
determined by the spiral mirror with the focusing that we want to design. The normal
vector can be defined on the mirror surface. The normal vectors of the spiral mirror with
flat surface mg,(7) face only z directions. On the other hand, the normal vectors of the
normal mirror with focusing mp.se(7) face the arbitrary directions. When new normal
vectors n/(r) can be defined in order to satisfy the relationship below instead of ng,(7),
we can obtain the representation of the spiral mirror with focusing (see Fig.6.1).

n/(7) * Mpase(T) = 0 (6.6)

In other words, this means changing the z-value of the spiral mirror with flat surface from
the origin so that g, () has the same direction as Tase (7).
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Figure 6.1: Definition of the normal vector on the mirror surface.

6.2 Diffraction Method by a Triangular Aperture

In this section, we will show the measurement method of millimeter-wave radiation with a
helical wavefront. We developed a method to estimate a helical wavefront and to identify
the TC. This is a diffraction method of a millimeter wave with a helical wavefront by
a triangular aperture. The beams in millimeter wave regime are low-energy beams as
compared to the beams with shorter wavelength such as v-ray, X-ray, and ultraviolet.
Using a triangular aperture with a larger area is more appropriate for our purpose than
are other types of apertures because more diffracted light can be obtained. In addition,
other types of apertures such as circular aperture and rectangular aperture also produce
the characteristic diffraction patterns. However, these apertures can not identify the
differences between the positive TC and the negative TC. This method was successfully
confirmed by using the passively generated vortex beam from a Gaussian beam in the
millimeter wave regime by a spiral mirror. The characteristic diffraction pattern of the
vortex beam by a triangular aperture was observed. Since the diffraction patterns depends
on the TC, we can identify the TC of the vortex beam. Actually, diffraction experiments
by using several kinds of apertures outside the longer wavelength regime have been carried
out, such as diffraction by single slit [25], double slits [8,26,27], triangular aperture [28-31],
angular aperture [32], angular double slits [33], and off-axis diffraction by circular aperture
[34]. However, a diffraction experiment in the longer wavelength regime including the
millimeter wave regime has never been reported. Thus, we will report the diffraction
pattern in millimeter wave with helical wavefront for the first time.
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6.2.1 Experimental Setup

The diffraction experiment was carried out as shown in Fig.6.2. The millimeter wave
with a helical wavefront was generated by conversion from a Gaussian beam from the
spiral mirror [35]. Fig.6.3 shows a photograph of the spiral mirror. The z,, value (height)
of the spiral mirror is constant in the radial direction but varies with the azimuthal
angle. The size of the mirror is 130 mm x 130 mm, which size makes it possible to
reflect the beam at least over 90 %. The quality of the beam generated by the spiral
mirror depends on the accuracy of the manufacturing whether the height in the azimuthal
angle changes smoothly and the step changes sharply or not. If the spiral mirrors have
different from the calculated values, the several beams with different TC will be mixed.
In this case, the donut-shaped intensity distribution, which is one of the characteristics
of the vortex beam, does not appear. But C-shaped intensity distribution appears, or
the diffraction patterns which correspond to superposition of the diffraction patterns of
each TC appear. Spiral mirrors were manufactured using end mill with a diameter of
0.75 mm. The accuracy of the manufacturing is approximately the diameter of the end
mill. However, the minimum wavelength of the millimeter wave used in this study is
approximately 1.8 mm. Thus, the spiral mirror is considered to have the accuracy of
manufacturing less than one-half of the wavelength. In the experiment, the donut-shaped
intensity distribution which is compatible with the calculation result was observed as
shown in Fig.6.4. It was also confirmed that only a diffraction pattern by one TC appeared.
Therefore, we have successfully confirmed that the vortex beam in millimeter wave with
high accuracy has been generated in the experiment. Here, the millimeter-wave used in
the experiment has a wavelength of 1.8 mm to 3.6 mm, which is sufficiently long compared
to the scratch on the mirror surface as shown in Fig.6.3, and the reflection characteristics
do not depend on the mirror surface condition. Furthermore, we also developed the spiral
mirror with focusing abilities. The difference of the z, value at the step (at ¢, = 0)
depends on the TC of the vortex beam we would like to generate, and on the injection
angle. The origin of the spiral mirror has a singular point which is indefinite in z,, value.
These spiral mirrors are specialized in 45 deg. injection and reflection. We have 6 kinds
of spiral mirrors with TC from -3 to +3 except for 0. The Gaussian beam with frequency
154 GHz, power 12-15 mW (measured by Mm Wave high sensitive power meter with
model DPM-06 produced by ELVA-1,), and wavelength 1.95 mm were injected into the
spiral mirror. Millimeter Wave Broadband BWO source with model G4-143g produced by
ELVA-1 was used as the power source. The convex lens was installed between the oscillator
and the spiral mirror for focusing the beam waist. The vortex beam generated by the
spiral mirror was then injected into the triangular aperture, where the diffracted beam
was measured by a sub-THz camera (Terahertz camera with model T30/64/64 produced
by Terasense Group Inc.). The high-precision alignment was performed so that the optical
axis and the center of gravity of the triangular aperture coincide. The distance from the
oscillator to the convex lens was 280 mm, from the convex lens to the spiral mirror was
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480 mm, from the spiral mirror to the aperture was 200 mm, and from the aperture to
the camera was 250 mm, respectively.

280 mm X
.~ ® Frequency:154 GHz

’)\\( /’ Power:12-15mW

480 mm - /\Convex Lens

(f=100mm)
P Gaussian

< Beam Triangular

Aperture

Sub-THz
. . Imaging Camera
Spiral Mirror

~ Vortex Beam

Figure 6.2: Experimental setup [16]: Sub-THz Imaging camera has a sensor size of 192 x
192 mm and 64 x 64 pixels, totaling 4096 pixels. The power sensitivity per pixel has 4 -
45 nW /pixel, which depends on the exposure. Frequency sensitivity also has the range
from 0.02 THz (20 GHz) to 0.7 THz (700 GHz).
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Figure 6.3: Spiral mirror with TC = +3. The origin has a singular point with indefinite
zm value, and then the step (at ¢, = 0) depends on TC of the vortex beam and on the
injection angle [16].

6.2.2 Huygens-Fresnel Principle

In the calculation, an LG beam was used for the millimeter vortex beam. An LG beam
is represented as follows [1],

_ w1 (V3 s
B o2t =\ 20 i wio) (w(z)> “ (wz(Z))

—r? —ikr?

X €w2(z) e 2R(z) ¢

—i2p I tan ™ () —ilg i(kz—wt) (6.7)

where FE is the electric field; r, z, and ¢ are parameters in the cylindrical coordinate
system; p and [ are radius index and azimuthal index ([ is equivalent to TC); L is associated
Laguerre polynomials with p and [; w, k, R, and zi are waist size, wave-number, radius
of curvature, and Rayleigh length, respectively. w and t are angular frequency and time.
Diffraction by an aperture was calculated by the Huygens-Fresnel principle as follows [36],

/ / / ! !
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where ¢ and ' are light speed and observer time, that is, retarded time, and dS’ means
the integration on the aperture area. Fraunhofer diffraction can be applied when the
distance between the light source or screen and the aperture has an infinite value. In
addition, when the wave with planer equiphase front arrives to the aperture, Fraunhofer
diffraction can be applied as well even if the distance has a finite value. However, Fresnel
diffraction should be applied in the wave with longer wavelength regime such as millimeter
waves where diffraction effect is strong. This is because this equation is a strict mathe-
matical expression of the Huygens-Fresnel principle. Thus, we can calculate a diffraction
phenomenon even though the millimeter wave has a stronger diffraction effect.

6.2.3 Experiment and Calculation Results

Fig.6.4 shows the intensity distributions with radial index p = 0 and azimuthal index
(equivalent to TC) [ = 1 on the aperture position. The left figure represents the calculation
of the intensity distribution from an LG beam, and the right figure shows the intensity
distribution of the measured result. We can see that the experimental result clearly had
the donut-shaped intensity distribution which was the characteristic of the vortex beam.
Here, it was assumed that the calculated vortex beam had waist size of 13 mm in the
light of the measured intensity distribution on the aperture position. Also, the white line
with triangle represents the size of the triangular aperture. As we can see, an equilateral
triangular aperture with sides of 40 mm was used in this experiment. This size was large
enough for the vortex beam to pass through the aperture. Actually, diffraction patterns
appear more clearly if the size of the aperture is much smaller. However, in that case,
most of the power of the vortex beam is cut off at the outside frame of the aperture.
The power of the vortex beam before passing through the aperture was ten or more mW.
However, only a power of at least 10 mW can be detected by the camera. In other
words, the diffraction power is larger than minimal pixel sensitivity at the pixels where
the polka-dot patterns are formed if we use the power source as the LG beam with 10
mW. Note that this value completely depends on the experimental setup, especially the
aperture size, beam size on the aperture position, and pixel sensitivity. Note that this
value totally depends on the experimental setup, especially the aperture size, beam size
on the aperture position, pixel sensitivity. Therefore, we set the sides of the aperture to
40 mm, which allowed the power to pass through sufficiently.

Fig.6.5 shows the diffraction patterns by a triangular aperture of a millimeter wave
with a helical wavefront. Fig.6.5(a) shows the case of negative TC, which is -1, -2, and
-3 from top to bottom. Fig.6.5(b) shows the case of positive TC, which is 1, 2, and 3
from top to bottom. In both figures, the left column represents the calculation results
and the right column represents the experimental results. For generating several types of
vortex beams, we had to replace the spiral mirror each time. Because it was an important
factor that the center of gravity of the aperture coincides with the optical axis of the
vortex beam, precise alignment had to be carried out each time. In the experiment, we
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Figure 6.4: Intensity distributions of the millimeter wave in 154 GHz with a helical
wavefront at the aperture position [16]. The left figure shows the calculated intensity
distribution by eq.(6.7) with waist size 13 mm. The right figure shows the measured
intensity distribution. Both figures had clear donut-shaped intensity distribution. Scale
of both the vertical axis and the horizontal axis were 200 mm, and the intensity with
linear scale was normalized by being maximum value 1. Next, white line with triangle on
the left figure represents size of the triangular aperture. The optical axis of the vortex
beam coincided with the center of gravity of the triangular aperture. Then the bright
ring became slightly larger than the inscribed circle.

obtained the characteristic diffraction patterns which resemble polka-dot patterns. The
diffraction patterns were also calculated by the Huygens-Fresnel principle in eq.(6.8).
These calculation results were perfectly compatible with the experimental results. Also,
as can be seen, these diffraction patterns depended on TC, and negative TC and positive
TC were symmetric pairs under reflection. Here, it can be seen that the unevenness of
the diffraction patterns appear in the experiment. This is because the deviation between
the center of gravity of the triangular aperture and the optical axis of the vortex beam
appeared. The calculation results show the ideal situation without these deviations, but it
has been found in the calculation that if these centers are slightly shifted, the unevenness
appears on the diffraction pattern. In the experiment, precise alignment was carried out
so that the unevenness of these centers disappeared. However, the alignment was not
perfect. Thus, the unevenness appeared. Note that the diffraction powers measured far
from the polka-dot patterns indicate the noise level. Therefore, we were able to estimate
the vortex property and identify the TC even in the millimeter wave regime.
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Figure 6.5: (a): Diffraction patterns by the millimeter wave with a helical wavefront
with negative TC. The left row shows the calculation results. The right row shows the
experimental results. Top figures show TC = —1, middle figures show the TC = —2, and
bottom figures show TC = —3. Scale of both the vertical axis and the horizontal axis are
200 mm, and then the intensity is normalized by being maximum value 1. (b): Same as
Fig. 4(a), but the sign of the TC is positive [16].

Finally, Fig.6.6 shows the diffraction patterns by a triangular aperture of a millimeter
wave without a vortex property, that is, only a Gaussian beam. As we can see, the
characteristic diffraction patterns did not appear when the injected beam had no vortex
property. This result is also important for identifying between a vortex beam and a
Gaussian beam.
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TC = 0 (Gaussian Beam)

Calculation Experiment

Figure 6.6: Diffraction patterns by the Gaussian millimeter wave (this is equivalent to
TC = 0). The left figure shows the calculation result. The right figure shows the exper-
imental result. In the case of the Gaussian beam, the characteristic diffraction pattern
did not appear [16].

6.3 Direct Phase Measurement

In this section, we will show the measurement method by heterodyne system for vortex
beam with high frequency. As I mentioned, the phase structure of the vortex beam has
spatial dependence by azimuthal angle ¢. That is, for example in the case of [ = 1, there
is the phase difference of 180 deg. when we compare the phase at the two azimuthal
angles between ¢ = 0 deg. and ¢ = 180 deg. Also, in the case of [ = 2, there is the phase
difference of 360 deg. If we can detect the phase difference directly in addition to the
intensity distribution with donut-shaped, the vortex beam can be identified. Therefore,
we developed measurement system using heterodyne systems, which are arranged at two
spatial points and detect the phase difference.

6.3.1 Heterodyne System

Heterodyne System is one of the measurement system for high frequency signal over 100
GHz which is difficult to be detected by Analog-to-Digital Converter (ADC). However,
it is possible to down-convert the high frequency signal to MHz regime with maintaining
amplitude and phase by the heterodyne system. As shown in Fig.6.7, the heterodyne
system mainly composed of signal combiner called mixer and Local Oscillator (LO). Mixer
is a circuit element where the input signal Eg and the LO signal E; are multiplied by
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each other. To put it simply, we consider the signals Fr and Ej, below,

Er = FEpra COS((,URt + ¢R> (69)
E;, = Epacos(wrpt+ ¢r) (6.10)
where Er 4 and Ep 4 are amplitude. wgr and wy, are frequency. ¢r and ¢ are initial
phase. Then, by multiplying each other
Eyw = EgREL

cos {(wr +wr)t + ¢r + ¢r} + cos{(wr —wr)t + or — 1}
2

(6.11)

where Epp is Intermediate Frequency (IF) signal with wip = wg — wy. That is, the
mixer generates two different frequency components. The high frequency component
with wgr + wy, can be filtered by band pas filter. Therefore, when the frequency of LO is
decided properly so that the wyr becomes MHz regime, we can obtain the output signal
which is down-converted to MHz regime.

Mixer

Input signal Output signal
Wr Wr— WL

(V]

Local Ooscillator

Figure 6.7: Operation principle of the heterodyne method. The input signal is down-
converted by multiplying LO signal using mixer.

6.3.2 Two Spatial Points Measurement by Heterodyne Detec-
tors

Two spatial points measurement by heterodyne systems is designed as shown in Fig.6.8.
The measurement system has two antennas so that the high frequency signal can be
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detected at two spatial points. In the next to antenna, the Orthomode Transducer (OMT)
has been installed. The OMT is a waveguide component which can decompose the electric
field with two orthogonal field components into each orthogonal component. Therefore,
the polarization of the vortex beam can also be identified by this system. The down-
converted each signal is detected by ADC through filters and amplifiers.
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Figure 6.8: Two spatial points measurement by heterodyne system. This measurement
system has OMT after antenna so that the polarization of the vortex beam can be iden-
tified.
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6.4 Summary

In this chapter, we carried out a diffraction experiment by a triangular aperture using
passively generated millimeter waves with a helical wavefront, using a spiral mirror. In
the experiment, donut-shaped intensity distribution was measured at the aperture po-
sition. Based on this intensity distribution, diffraction patterns were calculated using
the Huygens-Fresnel principle, which had characteristic diffraction patterns that resemble
polka-dot patterns. In the experiment, the same pattern was measured. It became obvi-
ous that these diffraction patterns depend on the TC, and that negative TC and positive
TC had reflection symmetry. Therefore, we were able to estimate a millimeter wave with
a helical wavefront and to identify the TC. In the future, we will adapt this diffraction
method by a triangular aperture to a measurement of actively generated ECE. Then we
will experimentally demonstrate the vortex property of ECE.

In addition, we developed measurement system for directly identifying the phase dif-
ference at two spatial points by heterodyne system. Heterodyne system has a great
characteristic regarding measurement for high frequency signal over 100 GHz, which is
difficult to be detected by ADC. The spatial phase structure of vortex beam can be iden-
tified by detecting the phase difference at the two spatial point even in high frequency
signal.
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Chapter 7

Summary

In this dissertation, we carried out comprehensive researches from 1) - 4) for experimen-
tally demonstrating an ECE with helical wavefront.

1) Numerical calculation regarding ECE with a helical wavefront from an electron ac-
celerated by a circularly polarized wave.
We have successfully calculated the ECE with helical wavefront from an electron
in cyclotron motion under the magnetic field. In this calculation, a RHCP wave
was applied to an electron with cyclotron motion under the magnetic field from the
outside.

In the case of a static uniform magnetic field, when the RHCP wave is applied to
the electron with cyclotron motion, the electron receives energy from the incident
RHCP wave and the relativistic mass gradually increases. Thus, the Larmor radius
increases and the cyclotron frequency decreases. Meanwhile, the electron is acceler-
ated in the z-direction (magnetic field direction) by the Lorentz force 3, x Bj,, and
reaches a relativistic velocity. In this case, the frequency of the RHCP wave seen
from the reference frame of electron is observed to be downshifted due to the Doppler
effect. The results confirmed a phenomenon called cyclotron auto-resonance, i.e.,
the relativistic electron cyclotron frequency and the downshifted frequency of RHCP
wave seen from the reference frame of electron are almost equal and electron main-
tains the resonance state. In addition, it was confirmed that the direction of the
externally applied electric field and the acceleration direction of the electron were in
the same direction. Also, the electron was trapped by the RHCP wave. Although
this calculation is performed for a single electron, the same phenomenon occurs for
each electron in a multi-electron system. Therefore, by applying RHCP wave to a
multi-electron system with a initial random rotational phase, the rotational phase
of each electron is controlled and coherent radiation with a helical wavefront can be
obtained.

Radiation from the electron in a such a state was calculated using the Liénard-
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Wiechert potential and observed on the upper hemisphere. As a result, only the
fundamental radiation appears in the frequency spectrum on the z-axis (6 = 0), and
the spectrum of higher harmonics radiation did not appear. However, a spectrum
of radiation including higher harmonics was observed at a position away from the
optical axis. The absence of harmonics radiation on the optical axis (z-axis) indi-
cates that the intensity distribution of higher harmonics radiation is donut-shaped.
This indicates that active radiation from the charged particle with spiral motion
produces helical wavefront - one of the characteristics of the vortex beam. In ad-
dition, we calculated the phase difference of the radiation at the symmetric point
with respect to the beam axis. The higher harmonics have the phase difference
with the relationship of 180(n — 1) deg., while the fundamental radiation has no
phase difference. These results suggest that ECE has a helical wavefront from the
characteristics of donut-shaped intensity distribution and azimuth-dependent phase
structure.

The same calculation was performed for the magnetic mirror field. We confirmed
that ECE has a helical wavefront even in the magnetic mirror field, which can be
easily realized experimentally. ECE with a helical wavefront will be generated by
interaction between the electrons with cyclotron motion in the magnetic mirror field
accelerated by the externally applied RHCP wave.

Development of the experimental device producing ECE with a helical wavefront.

We designed and constructed the experimental device that generates the ECE
with helical wavefront based on the numerical calculation as mentioned in point 1).
We created magnetic mirror configuration by the use of superconducting coils. Into
such magnetic field, we supplied a group of electrons. An electron gun at the bottom
of the device was used as source. The group of electrons follows cyclotron motion
and travels to the interaction region. Then, the RHCP wave is applied from the
outside to accelerate the electron at the resonance region and control the rotation
phase. As a result, coherent cyclotron radiation including fundamental radiation
and higher harmonics radiation can be obtained. However, since these optical axes
regarding fundamental radiation and higher harmonics radiation are coaxial, they
are separated into fundamental and second harmonic radiation by a grating mirror.
The separated fundamental radiation is guided to the dummy load, and the second
harmonic radiation is measured by the measurement system. This experimental
device has already been designed and constructed, including a transmission system
for guiding the RHCP wave from the gyrotron.

Development of the grating mirror and its general theory.

A grating mirror has been developed to separate only the second harmonic ra-
diation from the fundamental and higher harmonics radiation in the experimental
device of 2). A grating mirror with a blaze angle and line spacing that satisfies
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the Littrow condition is designed so that the second harmonic radiation can be ef-
fectively separated. In other words, the line spacing of the grating mirror and the
blaze angle is optimized so that the propagation direction of the —1st order wave
diffracted by the grating and the wave reflected on the slope on the saw-tooth is the
same. Therefore, low power second harmonic radiation can be effectively measured.
This grating mirror is a planar type for the convenience of machining, but in this
study, we generalized the design method of the grating mirror and succeeded in
defining a grating mirror with an arbitrary surface shape. When parameters, such
as the focal point and the waist size of the input Gaussian beam and output of
the m-th order diffracted wave, are given, a grating can be designed on the mirror
surface.

Development of the measurement system for a beam with helical wavefront by a
triangular aperture.

We have developed a measurement system to detect a helical wavefront radiation
separated by a grating mirror. Although the radiation with a helical wavefront is
common in nature, that radiation has not been measured yet. This is either because
of the lack of measurement system or attempt to measure the a helical wavefront.
Here, the diffraction method by an aperture is excellent because the diffraction can
be caused by each photon, that is, the helical wavefront can be identified even if it is
not coherent radiation. However as I mentioned, since the harmonics ECE has have
low power, it is important to produce a spatially coherent electrons by the externally
applied electromagnetic wave for improving the sensitivity of the measurement.

Given this, we developed a diffraction method of the wave with helical wavefront
using a triangular aperture. In order to develop the measurement system, we need
the beam source with a helical wavefront in the millimeter wave spectrum. First we
developed a device called a spiral mirror which passively convert a Gaussian beam
into vortex beams. The mirror surface of the spiral mirror has a helical shape, which
changes continuously in the azimuth direction and the mirror center is a singular
point whose height is not defined. We have developed six kinds of spiral mirrors,
one for every Topological Charge (TC) from -3 to +3 except for 0. TC = 0 is a
normal mirror. We have also confirmed that each mirror produced a donut-shaped
intensity distribution. Therefore, since we have obtained a stable continuous-wave
source with a helical wavefront, the measurement system can be developed.

According to the Huygens-Fresnel principle, when a beam with helical wavefront
passes through the aperture, characteristic diffraction pattern appears according
to its TC. In the case of a triangular aperture, the symmetric diffraction pattern
appears depending on the sign of TC. Using a triangular aperture with a larger
area is more appropriate for our purpose than other types of aperture because more
diffracted light can be obtained. In the experiment, an equilateral triangular aper-
ture with a side of 40 mm was used. Also, the aperture’s optical system was designed
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and calibrated so that the optical axis and the center of gravity of the triangular
aperture coincide. In the experiment, we obtained the characteristic diffraction
patterns which resembled polka dot patterns. The data acquisition was made by
a sub-THz imaging camera. These experimental results were perfectly compatible
with the calculation results based upon Kirchhoff’s diffraction formula, which is an
exact mathematical expression of the Huygens-Fresnel principle. In addition, we
also confirmed that the characteristic diffraction patterns did not appear when the
Gaussian beam without a helical wavefront was injected into a triangular aperture.
Therefore, we were able to detect a millimeter-wave with a helical wavefront and to
identify the TC.

This diffraction method by an aperture can be applied to the radiation with-
out phase coherence because the pattern is a result of self interference pattern for
diffracted and non-diffracted beam.
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