Geometric Relations among the Bott-Virasoro Group,

Equicentroaffine Curves and the KdV Equation

(Bott-Virasoro £ & Equicentroaffine #ifE ¥ X Of KdV 2
A D E D& 72 B LR)

DING BOSHU






Contents

Introduction

1

The Euler Equation for Generalized Bott-Virasoro Groups

1.1 The Euler Equation . . . . . . . . ... ... oo
1.1.1  Adjoint and Coadjoint Actions . . . . . . .. ... ... ... ...
1.1.2 The Euler Equation on Lie Groups . . . . ... ... ... .....
1.1.3 Burgers’ Equation. . . . . ... ... oo

1.2 Generalized Bott-Virasoro Groups . . . . . . . . . .. ... ... ...
1.2.1 Connection Cochain . . . . . . .. ... ... ... ...
1.2.2  The Bott-Virasoro Group . . . . . . . . . .. ... ... ... ..
1.2.3 Generalized Bott-Virasoro Groups . . . . . . . . . ... .. ... ..

1.3 The Generalized Korteweg—de Vries Equation . . . . . .. ... ... ...
1.3.1 Symplectic Forms and Poisson Brackets . . . . . . . ... ... ...
1.3.2 The Korteweg-de Vries Equation . . . . ... ... .. .. .....
1.3.3 The Generalized Korteweg-de Vries Equation. . . . . . . . ... ..

Hamiltonian Equations for the Space of Equicentroaffine Curves

2.1 The Space of Equicentroaffine Curves . . . . . . . . . ... ... ... ...
2.1.1 Basic Concepts . . . . . . . . . ..
2.1.2  Fundamental Vector Fieldsover M . . . . . . . .. ... ... ...

2.2 Symplectic Forms for the Space of Equicentroaffine Curves . . . . . . . ..
2.2.1 The Pinkall 2-Form . . . . . . .. ... ... ... .. ... . ...,
2.2.2  The Fujioka-Kurose 2-Form . . . . . . ... ... ... ... ....

2.3 Poisson Brackets for the Space of Equicentroaffine Curves . . . . . . . . ..
2.3.1 A Poisson Bracket for Mg . . . . .. ...
2.3.2 A Poisson Bracket for My . . . . ...

2.4 Momentum Maps for the Space of Equicentroaffine Curves . . . . . . . ..
2.4.1 A Momentum Mapon Mg . . . . . . . ... .. ... ... .....
2.4.2 A Momentum Mapon My . . . . . .. ... ... ... .......

Relations between the Bott-Virasoro Group and the Space of Equicen-

troaffine Curves
3.1 The Kirillov-Kostant-Souriau Form and Canonical Symplectic Form . . . .
3.1.1 The Kirillov-Kostant Souriau Form . . . . . . ... ... ... ...

10
10
10
11
14
17
17
20
25
26
27
29
30

55
95
95



3.2

3.1.2 Canonical Symplectic Form . . . . ... .. ... ... ... ..., o7
3.1.3 The Kirillov-Kostant-Sauriau Form and Canonical Symplectic Form 61
Canonical Symplectic Form, the Pinkall 2-Form and the Fujioka-Kurose

2-Form . . . . .. 61
3.2.1 Canonical Symplectic Form and the Pinkall 2-Form . . . . . .. .. 62
3.2.2  Canonical Symplectic Form and the Fujioka-Kurose 2-Form . . . . . 63
3.23 Conclusions . . . .. ... 65



Introduction

As the title says, in this thesis, we would like to build a bridge between two different
mathematical objects: the Bott-Virasoro group and the space of equicentroaffine curves.
The key will be the Korteweg-de Vries equation:

ou oPu ou
E = —CL% — 3’211%, (1)
where u : S' x R — R is a function of (z,¢) € S* x R and a a positive constant.

In [14], Khesin and Wendt provided a procedure to derive the KdV equation with the
help of the Euler equation. In Chapter 1, we will review their method. Let G be a Lie
group which can be infinite-dimensional and g its Lie algebra. Let r, denote the right
group multiplication by g € G and 7y, its differential that acts on the tangent bundle.
Let (—,—) : g x g — R be a fixed inner product and A : g — g* the corresponding
isomorphism, called the inertia operator. Given a curve ¢ : R — G, we define m : R — g*
to be a curve in the dual Lie algebra by

m(t) = A(rc(t)*l*c'(t))a (2)
where ¢ denotes the derivative with respect to t. Then, the curve c¢ is a geodesic in G
with respect to the right-invariant metric induced from (—, —) if and only if m satisfies
the following:

m(t) = ad*Aflm(t)m(t), (3)

which is called the Euler equation (see Section 1.1.2). Let Diff(S') denote the orientation-
preserving diffeomorphism group of S!. In Section 1.3.2, we will take G to be the Bott-
Virasoro group, which is denoted by Diff(S*) x 5 R. This group is defined as a set {(¢, a) |
¢ € Diff(S'), a € R} with multiplication

(¢, a)(1,0) = (poth,a+b+ Bl ).
Here, B : Diff(S') x Diff(S') — R is the Bott cocycle given by

1
B(p, ) = 5 /S1 log(¢' 0 v)dlog ).

Let X(S') x,, R denote the Lie algebra of the Bott-Virasoro group, called the Virasoro
algebra (see Section 1.2.2). As a linear space, it is isomorphic to X(S') x R. Imposing
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(—,—) as the L2-inner product over the Virasoro algebra, we will see that the Euler
equation (3) yields the KdV equation (1) as the X(S!)*-part of the corresponding curve
m in the dual Virasoro algebra.

By introducing the H i7ﬁ—inner product instead of the L2-inner product, Khesin and
Wendt also obtained a generalization of the KdV equation:

a(t+ 3ud) — B(u" + 2u'u” + vu) + au’” = 0. (4)

When a =1, 5 = 0, it reduces to the KdV equation. When o« = § = 1, it reduces to the
Camassa-Holm equation and when o« = 0, # = 1, the Hunter-Saxton equation.

On the other hand, we would like to generalize the KdV equation by changing the
Bott-Virasoro group while keeping the L?-inner product. It is known that there are two
independent group 2-cocycles on Diff(S!): the Euler cocycle and the Bott cocycle B. By
using these two cocycles, we can construct central extensions which are distinct from the
Bott-Virasoro group. Let A = x§ + BB be a group 2-cocycle and Diff(S') x5 R the
corresponding central extension (see Section 1.2.3 for the precise definition). Then, by
taking G as Diff(S') x, R, we can prove the first main result:

Theorem 1 (Theorem 1.46). Let ¢ : R — Diff(S') and d,a : R — R be smooth curves
and let u : S* x R — R be a smooth function of (z,t) € S' x R. Set ¢ := (p,d) : R = G
and m = (udx ® dz,a) : R — X(S')* x R, where X(S)* x R is naturally identified with
Lie(G)*. Suppose that m is the curve corresponding to ¢ in equation (2). Then, ¢ is a
geodesic with respect to the right-invariant metric induced from the L*-inner product if
and only if

(Wdr @ dz,a) = ((—3uu’ — fau” + aau’)dx ® dz,0), (5)
where 1 and a denotes the derivatives with respect to t, and u' with respect to x. [

We rewrite (5) as
= —3uu' — fau” + aau’. (6)
By setting u = v + %aa, and 5 = 1, the equation (6) amounts to

0= —3vv — av”,

which is nothing but the KdV equation (1).

In Chapter 2, we will turn our attention to M, the connected component of the space
of equicentroaffine curves containing the unit circle ¢y. An element in M is a plain curve
v ST — R? satisfying

det(y,7") =1

(see Section 2.1.1 for the details). Given v € M, there exists an equicentroaffine curvature
k: S' — R which is determined by

v+ ky = 0.



A tangent vector X € T, M over M is identified with a vector field along v, which has
the form

1
X = —5)\'7 + A,

where A : S — R is a certain function on S'. In [7], Fujioka and Kurose discussed two
presymplectic forms wy and w; on M, which are given by

wo(X,Y) ::/ A\ dex,
Sl

called the Pinkall 2-form, and

1

01 (X,Y) ::/ )\(5//” + 2k’ + K'p)dx,
S1

which we will call the Fujioka-Kurose 2-form, where X = —%X v+ MY = —%/J v+

wy' € T,M. They also introduced a Hamiltonian function H on M, whose presymplectic

gradient Xy with respect to w, satisfies

1
XH(W/) = 5’%/7 - '%7/7

where k is the equicentroaffine curvature of . Due to Pinkall as one of the main results in
20], given an integral curve 5 : R — M of Xy, let #(—,t) : ST — R be the equicentroaffine
curvature of §(t), where we consider % as a function of (z,t) € S' x R. Then, we can
verify that & satisfies the KdV equation (1):

: 1
f= R = 3R, (7)

It is very interesting that the KdV equation appears in such two completely different
objects, the Bott-Virasoro group and the space of equicentroaffine curves. We think
that there may exist some mathematical connection behind them, and this becomes an
important motivation for us to obtain the main results in Chapter 3.

In Section 2.2, we will introduce a right S'-action and a left SL(2, R)-action on M.
Setting My = M/S! and M; := SL(2,R) \ M to be the quotient spaces, we will
see that the presymplectic forms @;(i = 0,1) descend to symplectic forms w; on M,
respectively. Moreover, due to Fujioka, Kurose and Moriyoshi in [8], we will see that
there are momentum maps p; (i = 0, 1) on M; corresponding to certain actions as well as
the symplectic forms w; on M;, respectively (see Section 2.4).

In Chapter 3, we will finally focus on the relations between the Bott-Virasoro group
and the space of equicentroaffine curves. A powerful tool will be the well-known canon-
ical symplectic form d© (see Definition 3.5) related to the cotangent bundle 7*G. In
Section 3.1, we will introduce the canonical symplectic form d© and discuss its relation
to the Kirillov-Kostant-Souriau form wggg. Given a Lie group G, which can be infinite-
dimensional, we will introduce a right action of G on the semidirect product G x g* given
by

(9, @) - h = (gh, Adj-0v), (8)



where (g,a) € G x g* and h € G. For U € g, let U be the fundamental vector field
corresponding to the action (8) (see Section 2.1.2). Let pr, : G X g* — g* denote the
projection onto g*. We will prove that:

Theorem 2 (Theorem 3.11). For the Kirillov-Kostant-Souriau form wi ks on g* and the
canonical symplectic form d© on G x g*, we have

P50k kS (U g o) Vigo) = AOWU g 00, Vigo):
where U,V € g and (g,0) € G X g*. |

In Section 3.1.2, we will introduce a Hamiltonian function F on G x g*. Let Xg be its
symplectic gradient with respect to dO and (¢, &) an integral curve of Xg. By taking G
as the Bott-Virasoro group, we can verify that the curve ¢ satisfies:

£= 28" 4 35, 0

which is only different from the KdV equation (1) by a minus sign. Since the KdV equation
(7) is related to the presymplectic form @&, and the vector field Xy, the discussion above
shows that we may answer why the KdV equation (7) appears by revealing the relationship
between the forms dO© and @w; as well as the relationship between the vector fields Xz and
Xpg. Tt is known that there is a right Diff(S!)-action on M, which is called Pinkall’s right
action. In Section 3.2, setting G' to be the Bott-Virasoro group and g* the dual Virasoro
algebra, we will prove that:

Theorem 3 (Theorem 3.12). Given v € M, we take 1) € Diff(S') such that v = ¢o - 1,
where - denotes Pinkall’s right action. Let og : M — G x g* be a map on M given by

70(1) = (7, 0), (5 (67" @ i, 0),
Then, we have
0,dO = wy,
where d© is the canonical symplectic form on G X g* and wy the Pinkall 2-form on M. R

Theorem 4 (Theorem 3.14). Given v € M, we take ¢ € Diff(S*) such that v = co - .
Let o1 : M — G x g* be a map on M given by

1
01(7) = ((W 0)7 (—:‘idl’ ® dl’, _5))7
where K is the equicentroaffine curvature of v. Then, we have
O'Td@ = (2)1

where dO s the canonical symplectic form on G X g* and w, the Fujioka-Kurose 2-form

on M. [ |



As corollaries of the theorems above and Theorem 2, we can show the relationship between
the Kirillov-Kostant-Souriau form wg ks and w;(i = 0, 1):

Corollary 5 (Corollary 3.13). Let wy be the Pinkall symplectic form and wggs the
Kirillov-Kostant-Souriau form on g*. Then, we have

HoWKKS = —Wo,
where pg : My — g* is the momentum map mentioned in Section 2.4.1. |
Corollary 6 (Corollary 3.15). Let w; be the Fujioka-Kurose symplectic form and wg g
the Kirillov-Kostant-Souriau form on g*. Then, we have

PWKKS = Wi,
where p; : M; — g* is the momentum map mentioned in Section 2.4.2. [ |

With the help of these theorems and corollaries, we will finally build a bridge between
the Bott-Virasoro group and the space of equicentroaffine curves. To sum up, we will
construct the following commutative diagram:

Equicentroaffine Curve Bott-Virasoro Group
(M17 wl)
\
(Mo, wo) = ((X(S%) xu R)*, wks)

1 Pro T

((DIff(SY) x 5 R) x (X(S') x,, R)*,dO)

/’

o

(Mvw()’wl)
where
[o © Ty = —pry o0y and pq o = pry 0 oy.

In Section 3.2.3, by making use of the map o1, we will obtain a relation between Xy and
XE'Z

o1(Xu (7)) = Xg(o1(y) + X (10)
where X € T,, ) ((Diff(S") xp R) x (X(S") %, R)*) is a tangent vector such that
dO(X s, (v),01:4) =0 (11)

for all Z € T, M. The existence of X in (10) may keep us from getting a strong relation
between Xy and Xp. But what we will prove in Theorem 3.17 shows that the (X(S') x,,
R)*-part of X vanishes. This will help us finally answer the question why & leads to the
KdV equation (7) as the Euler equation applied to the Bott-Virasoro group does (see
Section 3.2.3).
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Chapter 1

The Euler Equation for Generalized
Bott-Virasoro Groups

In this chapter, we will provide some basic knowledge and derive a generalized version of
the KdV equation. In Section 1.1, we will introduce the Euler equation. In Section 1.3,
we will apply the Euler equation to the Bott-Virasoro group to obtain the KdV equation.

1.1 The Euler Equation

In this section, we will introduce the Euler equation, which appears as a characterization
of geodesics in a Lie group GG. Then, we will employ the Euler equation and the group
Diff(S') to obtain Burgers’ equation. The content in this section is mainly adapted from
Khesin and Wendt [14], Michor and Ratio [17], Tu [22] and Vizman [23].

1.1.1 Adjoint and Coadjoint Actions

For a smooth map f : M — N between two manifolds, we denote by f., : T,M — Ty N
the differential of f at x.

Definition 1.1 ([14, Definition 2.1]). Let G be a Lie group and g its Lie algebra. For
any g € G, let ¢, : G — G be a map given by

cg(h) = ghg™".

Then, the adjoint action of G is defined to be a map Ad : G — Aut(g) such that for
any g € G we set

Ady = Coute

and the adjoint action of g is defined to be the differential of the adjoint action of G
at 1g, denoted by ad : g — End(g)

10



Remark 1.2 ([22, p.119]). For any X € g, there is a corresponding left-invariant vector
field X € X(G) such that for any g € G we have

Xy = lg*,ch’
where [, : G — G is the left multiplication by g.
The following lemma and its proof essentially appear in Tu [22].
Lemma 1.3 (][22, Proposition 15.15]). For any X,Y € g, we have
adxY = [X,Y],

where the right-hand side is the usual Lie bracket induced by the left-invariant vector
fields. |

Definition 1.4 ([14, Definition 2.4]). Let g* be the dual space of g. Then, the coadjoint
action of G is a map Ad" : G — Aut(g*) such that for any £ € g* and X € g, we have

(Adg&)(X) = £(Adg— X)),

and the coadjoint action of g is the differential of the coadjoint action of G at 1g,
denoted by ad* : g — End(g*).

Remark 1.5 ([14, p.20]). Note that for any X, Z € g and £ € g*, we have
(ad€)(X) = —¢(adz X),

by the definition of the coadjoint action of G and the coadjoint action of g.

1.1.2 The Euler Equation on Lie Groups

Definition 1.6 (][22, p.198]). Let G be a Lie group. Then, the left Maurer-Cartan
form is defined to be a g-valued 1-form 6 : TG — g given by

0(X) = lg—1, X,
where X € T,G.

Definition 1.7 ([23, p.3]). For any inner product (—, —) over g, there is an induced
isomorphism A : g — g* given by

which is called the tnertia operator.

11



Definition 1.8 ([23, p.2]). For any inner product (—,—) over g, there is an induced
left-invariant metric (—, —) over GG given by

(X,Y) :=(0(X),0(Y)), (1.1)

where X,Y € T,G. Let C denote the space of smooth curves over G. Then, the energy
function £ : C — R is defined by

b
£c) =3 / (é(8), é(t))dt, (1.2)

where ¢ : [a,b] — G is a smooth curve in G.

Definition 1.9 ([23, pp.2-3]). For any smooth curve ¢ : [a,b] — G, a variation of c is a
smooth map ¢ : [a,b] X [—¢,e] — C such that ¢(—,0) = ¢. The curve c is called a geodesic
if any variation ¢ of ¢ with fixed endpoints satisfies

d

| E@(=s)=0, (13)

s=0

where s denotes the parameter along the variation, and ¢ along the curve.

Given a curve ¢ : [a,b] — G, define m : [a,b] — g* to be a curve in the dual Lie algebra
g* by

m(t) == AB()). (1.4)

In the following theorem, we will present the Euler equation, which appears as a charac-
terization of geodesics in a Lie group. The proof is essentially given by Vizman [23].

Theorem 1.10 (23, Theorem 1]). A smooth curve ¢ : [a,b] — G is a geodesic with respect
to the left-invariant metric mentioned in (1.1) if and only if

m(t) = —adj-1 gneym(t), (1.5)
where m is the curve given in (1.4) and m denotes the derivative with respect to t.

Proof. For any variation ¢ : [—¢,e] — C of ¢ with fixed endpoints, we define the velocity
field u : [a,b] x [—¢,¢] — g by

u(t, s) := 0(01|(,5)C)
and the Jacobian field v : [a,b] X [—¢,e] — g by
v(t, s) = 0(02|(1,5C),

where 0; and 0, denote the directional derivatives with respect to the parameters ¢t and
s, respectively. We first show that

_all(t,s)v + a2|(1575)u = [u(t7 5)7 U(t’ S)]

12



By the definition of the left Maurer-Cartan form, for any X,Y € T,G we have

—_—~—

dO(X,Y) = do(9(X),0Y))(g) = —0([0(X),0(Y)])(g) = —[0(X), 0(Y)).
It follows that

[u(t, s),v(t,s)] = [0(01],s¢), 0(0(1,5¢))]
= —d0(01(1,5)C, 02| (1,6)C))
=" dO(O1|(t,5)5 02| t,5))
= —O|(1.)E0(D2) + |15 0 (D))
= =01 (1,50 + 02| (1.5)U,

Therefore,

b b
d% 8(6(—,5)):/a <82|(t,0)u,u(t,0)>dt:/a (O1]oyv + [u(t,0),v(t,0)], u(t,0))dt.

Since v(a, s) = v(b, s) = 0 for all s € [—¢,¢], we see that

b b b
/ <81|(t70)v, u(t, 0)>dt = / 81|(t70) <U, u)dt — / <?}(t, 0), 81|(t70)u>dt

s=0

b
_ / (0(t, 0), D1 | oyl dt.

It follows that
d

b
s 5(5(—78))2/(1 (([u(t, 0),v(t, 0)], u(t,0)) = (v(£,0), O] r.oyu) )dt

s=0

- / (Au(t, 0))(ady oy (t,0)) — A(dy |0y ) (02, 0)))dt

b
- / (—adl o) A(u(t, 0)) — A(Br] woyu)(v(t, 0))dt.

By (1.3), the curve ¢ is a geodesic if and only if

A(O1]toyu) = —ady, 0 Au(t, 0)). (1.6)

By the definition of the velocity field, we have
u(t,0) = 0(¢(t)). (1.7)
Substituting (1.7) into (1.6), we finally obtain the Euler equation. [ |

Remark 1.11 ([14, Remark 4.16]). Instead of using the left-invariant metric on G, we
can also use the right-invariant one. In this case, the corresponding curve m : [a,b] — g*
in the dual Lie algebra is given by

m(t) := A(rem— (1)), (1.8)
where 7, denotes the right group multiplication by g € G, and the Euler equation becomes

which is only different from the Euler equation in Theorem 1.10 by a minus sign.
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1.1.3 Burgers’ Equation
Let Diff(S') be the orientation-preserving diffeomorphism group of S'. By setting

e~

Diff(S') :={f € C*(R) | f'(z) > 0 and f(x + 27) = f(x) + 27 for all z € R},
we can identify Diff(S!) with a quotient space:

Diff(5") = Diff(S")/ ~,
where f ~ g if and only if f + 2nm = g for some n € Z. The Lie algebra of Diff(S?) is
X(S1), the space of vector fields over S'. An element in X(S') is denoted by ud,, where
u € C*(S") can be regarded as a smooth function of z € R with period 27. The Lie
bracket [—, —] over X(S?) is given by

[u0y, v0,] = (u'v — uv")0y, (1.10)

where u' denotes the derivative with respect to z. The dual space of X(S?) is identified
with the space of quadratic forms {udz ® dz | u € C*(S")}, denoted by X(S')*. For any
udr ® dr € X(S')* and vd, € X(S'), we have

(udx ® dx)(v0,) = / uvdz.

Sl
Define (—, —) to be the inner product over X(S*) by
(U0, v0,) = / wvdz, (1.11)
Sl

and call it the L?-inner product. Its induced inertia operator A : X(S') — X(S1)* is
given by

A(ud,) = udzr @ dz.
The following lemma and its proof essentially appear in Michor and Ratio [17].

Lemma 1.12 ([17, p.9]). For the orientation-preserving diffeomorphism group Diff(S'),
the coadjoint action of X(S) is given by

ady, (vdr ® dz) = (—2u'v — w')dz ® da.
for any 10, € X(S') and vdr @ dx € X(S")*.
Proof. Let u0,,wd, € X(S') and vdx @ dx € X(S1)*. By (1.10), we see that
(adyy, vdr ® dx)(w0d,) = —(vdr ® dr)(adyus, w0,)
= —(vdzx @ dz)((v'w — uw")d,)
=— /sl v(v'w — vw')dx

- / (—2u'v — w")wdx
S1
= ((—2u'v — w')dz ® dz)(wd,),

which implies the claim. |
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Now, by the Euler equation, Lemma 1.12 and a direct calculation, we can show that:

Theorem 1.13 ([17, p.10]). Given ¢ : R — Diff(S') and u : S* x R — R a function of
(z,t) € S' x R, suppose that m := udr ® dr : R — X(S')* is the curve corresponding
to c in (1.4). Then, c is a geodesic in Diff(S) with respect to the right-invariant metric
induced from the L*-inner product if and only if

udr @ de = —3u'udr @ dx, (1.12)
where 1 denotes the derivative with respect to t and u' with respect to x. |
By rewriting (1.12), we finally obtain

= —3u'u, (1.13)

which is called Burgers’ Equation. As a corollary, we will apply Burgers’ equation to
obtain the geodesic equation for Diff(S1) in the following. The proof essentially appears
in Michor and Ratio [17].

Corollary 1.14 ([17, p.3]). The geodesic equation for Diff(S?) is given by

2/¢+ i =0, (1.14)
where ¢ : [a, b] — Diff(S') is a smooth curve in Diff(S').
Proof. The velocity field u : [a,b] — C*°(S') of ¢ is computed as

u(—,t) = rep-1,(c(—, 1) = d% ) o(—,8)oc(—t) " =¢é(—,t)oc(— 1),

where 7, denotes the right group multiplication by ¢ € Diff(S'). It follows that
W= t) = (¢(= ) oc(— 1)) (e(—t) ) +E(— t)oe(—, )"
Since
(= t) o c(—, 1) = idg,

we see that




Similarly, we have

d(—,t)oe(—, )t

u'(—,t) = T = (1.16)
Substituting (1.15) and (1.16) into Burgers’ equation, we obtain
2¢ + éc = 0,
which implies the claim. |

Definition 1.15 (][22, Definition 15.8]). The exponential map for a Lie group G with
Lie algebra g is the map exp : g — G given by

exp(X) = px (1),

where ¢ ; represents the integral curve of the vector field X with initial vector X, called
the exponential curve. Since

exp(tX) = (1) = px(t),
we see that exp((—)X) can also be used to denote the exponential curve.

As a corollary, we will apply the geodesic equation (1.14) to provide a condition to deter-
mine whether an exponential curve in Diff(S') is a geodesic or not in the following.

Corollary 1.16. For any ud, € X¥(S'), the exponential curve exp(tud,) in Diff(S') is a
geodesic if and only if u = const # 0.

Proof. Denote by ¢ 5- the exponential curve. It’s easy to see that

d
Pua( )= uawm = l%@(t)*(uﬁx) = (t) o cup, (8) = ;a;(t)/u, (1.17)
s=0

where c,p, is a curve in Diff(S1) with initial vector ud, € X(S'). It follows that
G (1) = P (1)'u = (@ (1)) 'u = o (1)"u® + - (1) ' w. (1.18)
Moreover, we have
P (1) = (0 (0)0) = o (1)'u + @ ()0 (1.19)
Substituting (1.17), (1.18) and (1.19) into (1.14), we have
(v + g u'u) ol + 2l u 4+l ) (9 u) = 0.

If <p~ = 0, then p_5- (0) = const # idg1, which contradicts to the definition of the integral
curve gp g 1t follows that

/

(901:5;u), = 07
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which implies that

P ()u = f(t), (1.20)

where f is a smooth function with the parameter t. Substituting ¢ = 0 into (1.20) , we
have

u=f(0)

which implies the claim. |

1.2 (eneralized Bott-Virasoro Groups

In this section, we will use the connection cochain which is introduced by Moriyoshi [19]
to obtain a smooth Euler cocycle (see Ghys [9] for instance) on Diff(S'). In Section 1.2.1,
we will discuss the Bott-Virasoro group and its relationship to Hill’s operator (see [14] for
instance for the details of Hill’s operator). In Section 1.2.3, with the help of the smooth
Euler cocycle, we will construct the generalized Bott-Virasoro group. The content in this
section is mainly adapted from Khesin and Wendt [14] and Moriyoshi [19].

1.2.1 Connection Cochain

Definition 1.17 ([19, Definition 1]). A central extension of a group G is an exact
sequence of groups

1 A G—-=G 1 (1.21)
such that the image of A lies in the center of G. A map 7 : G — A such that
7(ga) = 7(9) + a,
for all g € G and a € A, is called a connenction cochain.

Remark 1.18. If all the groups in (1.21) are Lie groups and all maps are smooth, then
(1.21) is called a smooth central extension. In our thesis, when focusing on a smooth
central extension, it is enough to consider A as a vector space.

The following lemma essentially appears in Moriyoshi [19] and we refer the readers to it
for the proof.

Lemma 1.19 ([19, Proposition 1]). Let 7 : G — A be a connection cochain of the central
extension (1.21). Then, there exists a well-defined 2-cocycle o : G x G — A given by

o(g1,92) 1= (1) — 7(9192) + 7(92),
where g1, §» € G lift g1, g2 € G, respectively, called the curvature of 7. [

17



Definition 1.20. For the central extension (1.21), let s : G — G be a section of 7. Then,
the Euler cocycle x : G x G — A of (1.21) induced from s is defined by

X(g1592) = 5(g1)5(92)5(g192) ",
for any ¢1,90 € G.

We will discuss the relationship between the connection cochain and the Euler cocycle in
the following remark.

Remark 1.21 ([19, Proposition 2]). Let 7 : G — A be a connection cochain of the central
extension (1.21) and o its curvature. Choose a section s : G — G given by

s(g) == gr(g)~",

where § € G is a lift of ¢ € G. By the definition of connection cochain, the section s is
well-defined. Let x be the Euler cocycle induced from s. Then, for any g¢1,9, € G, we
have

X(91,92) = s(g1)s(g2)s(g1g2) ™"

T ~_1~—1

)" G27(92) " 7(9192)75 9
)+ 7(91G2) — 7(g2)
g1, 92),

I
N}

G
= —7(G

= —0'(
where §1, g, € G lift g, g2 € G, respectively.

Definition 1.22 ([14, Definition 2.11]). Two central extensions are said to be equivalent
if there exists a commutative diagram:

1 A G G 1
J s
1 A Q' G 1

where ® : G — G’ is an isomorphism.

Example 1.23 ([14, p.25]). Let x be the Euler cocycle for (1.21) induced from s, and
G x, A a group with multiplication

(9:a)(h,b) = (gh,a+ b+ x(g,h)). (1.22)
It’s easy to see that the Euler cocycle satisfies the cocycle condition

X (9192, 93)x (91, 92) = x (91, 9293)X(92, 93),

which ensures that G' x, A becomes a group. By (1.22) and the definition of the Euler
cocycle, the unit element of this group is (1¢, —$(1g)). Now, consider the following central
extension

l—A—>Gx, A2 G——1. (1.23)

18



We can see that it is equivalent to the central extension (1.21) with the isomorphism
¢ : G — G x, A given by

®(9) = (9:95(9) ")
where § € G lifts g € G.

Remark 1.24. When the central extension (1.21) is smooth, it is still possible to construct
the Euler cocycle x and the group G x, A, with the procedures used in Definition 1.20
and Example 1.23. However, only when the section s is smooth, can the group G x, A
be a Lie group and (1.23) be equivalent to (1.21) as smooth central extensions.

By Lemma 1.3, and a direct calculation, we can prove that:

Lemma 1.25 ([14, Proposition 3.14]). Suppose that (1.21) is a smooth central extension
with A being a vector space. Let x be the Euler cocycle induced from a smooth section
sand e: g x g— A amap given by

d? d?

e(X,)Y) = x(ex (), ey (s)) — dsdt

- Zadi|__ x(ey (s), ex (1)),

t=s=0
where cx and cy are curves in GG with initial vectors X and Y, respectively. Then, the
Lie algebra of G x, A assumes the form g x. A with Lie bracket [—, —| given by

(X, a), (Y,0)] = ([X, Y], e(X,Y)),
where [—, —] on the right-hand side is the Lie bracket over g. [

Remark 1.26 ([19, Remark 1]). Suppose that we have the central extension (1.21) and
a homomorphism ¢ : A — B, where B is an abelian group. Then, a map 7 : G — B such
that

7(ga) = 7(9) + u(a)

for all g € G and a € A, is called a_connection cochain with values in B. Setting
the quotient space G x4, B := (G x B)/ ~ where (§1,b1) ~ (g2,b2) if and only if
(G1a,b1 — t(a)) = (ge, b2) for some a € A, and defining its multiplication by

(91, b1][G2, bo] = [9192, b1 + ba],
we construct the following central extension
l1—B——=G x4, B—G—1. (1.24)
Let 75 : G X, B — B be a map given by
75([9,0]) := 7(9) + b, (1.25)
which is obviously well-defined. Since
75((9, b1]b2) = 78([g, b1 + ba]) = 7(g) 4 by 4 b2 = 75([g, b1]) + b2,

by Definition 1.17, we see that the map 75 is a connection cochain of (1.24).
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1.2.2 The Bott-Virasoro Group

The Bott-Virasoro group, denoted by Diff(S') x5 R, is defined to be a set {(¢,a) |
¢ € Diff(S'), a € R} with multiplication

(0, a)(®h,b) = (pob,a+b+ Ble,v)),
where B : Diff(S') x Diff(S') — R is the Bott cocycle given by

1
B(p, ) = 5 /sl log (' o 9))dlog ).

The Lie algebra of the Bott-Virasoro group has the form X(S') x, R, where w : X(S') x
X(S') — R is the Gelfand-Fuchs cocycle given by

w(u@m,vﬁr)—/ u'v"dz,
S1

called the Virasoro algebra. The dual space of the Virasoro algebra is identified with
{(udx @ dz,a)lu € C*(S'),a € R}, denoted by (X(S?) x,, R)*. For any (udr ® dz,a) €
(X(S1) x, R)* and (vd,,b) € X(S') x, R, we have

(udr ® dx,a)(v0y, b) = / uvdx + ab.
Sl
Given ¢ € Diff(S'), the Schwarzian derivative is defined to be
90/90”/ _ %(90”)2
(¢')?
In the following, we will present an expression of the coadjoint action of the Bott-Virasoro
group, and provide an alternative proof.

S(p) =

Lemma 1.27 ([14, Proposition 2.7]). For (¢,a) € Diff(S?) xp R and (udr ® dz,b) €
(X(S1) x,, R)*, the coadjoint action of the Bott-Virasoro group is given by

Adf, o) (udz ® dz,b) = ((uo ™" ) (™)) + bS(p™"))dz @ da, b). (1.26)

Proof. First, we compute the adjoint action of the Bott-Virasoro group. Given (p,a) €
Diff(S') xg R and (vd,, c) € X(S') X, R, let .5, be the flow of vd, € X(S'). It is known
that ¢, can be regarded as a curve in Diff(S!) with initial vector vd,. By the definition
of the adjoint action, we have

d
Cdt
d
Cdt

Ad (1 —a)(v0s, ) (7" —a)(¢ua, (1), ct) (i, a)

t=0

(07" 0 pua, (t) 0 @, ct + B, (t),9) + Ble™", pua, (t) 0 9))
t=0

= (U e RMect | (Blero,8): ) + B pun(t)09).
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Note that

d 1d
— B N t, —
il . (poa, (t), ) = 5

1
=§/ (v o p)dlog ¢’

1 / /!
/ (v 0 p)p i
T2 st o4

1 1(, N -1
:_/ v'(¢" o )(wl),dx
2 Sl

@' opt
1 Sy
=5 [ o e

=3 L oo V(P 2 0 (6 o

/ log(@ua, (1) o @)dlog ¢’
s1

ol =— S . (1.27)

It follows that

Sy ()" ((e™1))? = 3™ )" (™)) ()"
((=1))°
—(@ )" (™) +3((¢™1)")?
(Caobh '

Substituting (1.27) and (1.28), we have

G B I o B 4 RN ()
P00 = (7 i

_!
2 Js ((=1))?

(1.28)
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Similarly, we can obtain

d

—| B(y! t =
dt o (gp 7%01183;( )ng))

/ (™) o) (vop)+ ((p") op)(v o P
St ¢!

L@ 0@ wo @l + (7Y 0 )" 0 o) )a
/Sl ((e™)"(" 0o N o+ (¢ 1)) (¢ 0™ )da

L YR ey = (e
-5 LGyt ) Jvdz.

It follows that

(™))" (™) = 3((¢™)")?

Mo (0020) = (7Y 0 9)(wo P)hre+ | i)
= (Y oo Ronet [ S

Now, for (udx @ dz,b) € (X(S?) x, R)*, since
(Ad{, ) (udr @ dz, b)) (v0,, ¢) = (udx @ dz,b)(Ad (-1, —a) (v, C))

= (udz ® dz, b)(((¢™") 0 ) (v 0 )0z, c + / S(p™"vdz)

51

= [ (o) + bS(e ode + be

= ((iu 0 ) (™)) +0S(¢7"))dw ® da, b)(v0s, ),
we finally get the claim. [ |
By a direct computation, we can show that:
Lemma 1.28 ([14, p.73]). The Schwarzian derivative satisfies

S(pot) = (S(p) 0 ) (W) + S(¥), (1.29)

for any p, 1 € Diff(S!). [

Now, we will show the significance of the expression (1.26) of the coadjoint action of the
Bott-Virasoro group in the following remark.
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Remark 1.29. Given a,b € R, define II, : Diff(S') — (X(S') x, R)* to be a map on
Diff(S') by
Map(p) = ((aS(p) + b(¢')?*)dr @ dz, a).
The Bott-Virasoro group acts on Diff(S?) naturally such that for any (¢, d) € Diff(S') x
R, we have
p- (¥, d):=poy (1.30)
By the expression of the coadjoint action, since
Ha,b<90 : <w7d>) = ab(gpow)
= ((aS(pov) +b((pov)))dr ® dv,a)
= (((@S(p) +b(¢)?) 0 ) ()" + aS(¢))dx @ dir, a) (1.31)
= Ad{y-1_g((aS(@) + b(¢')?)dx @ dz, a)

= Ad(w 1_ )Ha,b(¢)u

we see that II,; is equivariant with respect to the natural action (1.30) and the coadjoint
action of the Bott-Virasoro group. In this computation, the expression of the coadjoint
action (1.26) is essential. Moreover, it is the R-part of the map II,; that ensures it to be
equivariant. This shows the significance of the R-part.

Remark 1.30 ([14, Corollary 2.10]). For a, b, ¢,d € R such that ad — bc = 1, the diffeo-
morphism ¢ : RU {oo} — RU {oo} given by

) =
is called a Mobius transformation. It’s easy to verify that

S(p) =0.

Since R U {oc} is diffeomorphic to S, such Mobius transformation ¢ can be regarded as
an element in Diff(S').

axr +b
cr +d’

By the similar method we have used in the proof of Lemma 1.12, we can show that:

Lemma 1.31 ([14, p.73]). The coadjoint action of the Virasoro algebra is given by
ad{,, o) (vdr @ dz,b) = ((=bu" — 2u'v — w)dx ® d,0), (1.32)

where (u0,,a) € X(S?) x, R and (vdx ® dx,b) € (X(S) x, R)*. |

Remark 1.32 ([14, p.74]). It is convenient to consider the dual Virasoro algebra as the
space of Hill’s operator {ad> +u | u € C*(S'),a € R}. Let a = 1 and f, g be two
independent solutions of the corresponding Hill’s differential equation

(02 +u)y =0, (1.33)

for an unknown function y. In this case, although the equation (1.33) has periodic coef-
ficients, the solutions need not be periodic, but instead are functions over R.
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The following proposition and its proof essentially appear in Khesin and Wendt [14].

Proposition 1.33 ([14, Proposition 2.9]). Define n : R — RU{oo} to be the ratio map
on R by

Then, for the differential equation (1.33), we have u = S(n)/2.

Proof. First, we note tht the Wronskian given by
!/
W(f,g) == det B ch/] =f9—1rfg

is constant, since W’ = 0. It follows that

. fla—fg
n = — =

and

Moreover, we have

g
Therefore, we see that
2W(a" g—3(a")2 Wa'
gy M= 50" — W I S B(BL2 _9grg 4+ 6(g')? — 6(g))? )
(77) - ( /)2 - _ W2 - 2 = U,
U (—47) g
which implies the claim. |

The following lemma and its proof essentially appear in Khesin and Wendt [14].

Lemma 1.34 ([14, Corollary 2.10]). For a, b, ¢,d € R such that ad — be = 1, let n be the
ratio map of two independent solutions of (1.33). Then, we have

an—+b
S(n) =S )
) =S(E0)
This means that S is invariant under the Mobius transformation. [ |
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1.2.3 Generalized Bott-Virasoro Groups

Consider the central extension of the diffeomorphism group Diff(S1):

P

1— 27— Diff(S) — Diff($") — 1,

P

where Diff(S1) is defined in Section 1.1.3. An integer k € Z is regarded as a element in
Diff(S!) such that

k(x) =z + 2km.
For any a € R, we regard it as a function over Z such that for any k£ € Z we have

a(k) = —a2kr?.

—~—

Let 7 : Diff(S') — R be a map given by

21
(fok) = 2 f(x + 2km)dx + an’
2
a/O'QN _
= _5/ f(z)dx — a2kn® + an?
0
= 7(f) + a(k),

we see that 7 is a connection cochain with values in R, where the homomorphism ¢
mentioned in Remark 1.26 is replaced by the function a. As (1.23), we can construct the
following central extension

—_——

1— =R —— Diff(S) xz,4 R — Diff(§1) —> 1 , (1.34)

—_——

By the discussion in Remark 1.26, the map 7% : Diff(S') xz, R — R defined by

w2([f,a) = () +a

—_——

is a connection cochain of (1.34). Let s% : Diff(S') — Diff(S!) xz, R be a section defined
by

sg(f) = [, =2 (If. 0]))-

Since for any k € Z,

[f ok, =m&([f o k,0D] = [f, == (If, OD)]; (1.35)
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we see that the section sp is well-defined. Note that sg is smooth since we can always
choose local smooth sections s : Diff(S*) — Diff(S!) such that

sa(f) = [s(f), =m ([s(f), 0D

and by (1.35), s§ is independent of the choices of s. By Definition 1.20, the Euler cocycle
X% : Diff(S') x Diff(S') — R of the central extension (1.34) induced from sg is given by

X&(f1, f2) = sg(f1)sg (f2)sq (frfa) ™"
= [f1r, =8 (1. DI fo, =78 ([f2, ODI I o frt 72 ([fa 0 o, 0))

:_5/0 (Fio fo(z) = fi(2) = fola))da — ax®.

Then, we can define the generalized Bott-Virasoro group in the following.

Definition 1.35. Given «, [ € R, the generalized Bott-Virasoro group is defined
to be lef(Sl) XXD%"FBB R.

Denote by e : X(S!) x X(S') — R the cocycle on X(S') given by
e(udy, v0;) = / w'de.
Sl
By Lemma 1.25, since for any ud,, v0, € X(S') we have

d2 Qa d2 2w
R ud, (T y Cu = — 3 ~u (T ~v Tz d
R GRS e [ NCYN ORI

o4 /
= — uv dx,
2 /51

where c,s, and c,s, are two curves in Diff(S!) with initial vectors u0, and vd, respectively,
we see that the Lie algebra of the generalized Bott-Virasoro group assumes the form
x(Ssh) X aet+fw R, which is called the generalized Virasoro algebra. With the similar
method we have used in the proof of Lemma 1.12, we can prove that:

Lemma 1.36. The coadjoint action of the generalized Virasoro algebra on (X(S") X get g
R)* is computed as

ad{,g, o (vdr ®@ dz,b) = ((—2u'v — w' — Bou” + abu')dr ® dx,0).
where (u0;,a) € X(S?) Xgespw R and (vdxr @ dx,b) € (X(S?) Xaetpo R)*. |

1.3 The Generalized Korteweg—de Vries Equation

In this section, we will employ the generalized Bott-Virasoro group and the Euler equation
to obtain a generalized version of the KdV equation. This will be our first main result.
Moreover, we will provide some basic knowledge on symplectic forms and Poisson brackets.
The content in Section 1.3.1 and Section 1.3.2 is mainly adapted from Khesin and Wendt
[14] and Kolev [15].
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1.3.1 Symplectic Forms and Poisson Brackets

Definition 1.37 ([15, Definition 2.1]). For a manifold M, a symplectic form is a closed
nondegenerate 2-form w over M. Since w is nondegenerate, for any smooth function
[ € C®(M), there exists a vector field X; € X(M) such that

inw = —df,
called the symplectic gradient.

Definition 1.38 ([15, Definition 2.2]). Let M be a manifold. Then, a Potsson bracket
over M is a skew-symmetric bilinear map {—, —} : C*°(M)xC>(M) — C°°(M) satisfying

1. (Jacobi identity) for any f,g,h € C>°(M) we have

> {{f.9h.0y =0;

cycl
2. (Leibniz rule) for any f,g,h € C>°(M) we have

{f.gh} ={f,g}h +{f, h}g.

Note that by the Leibniz rule, for any smooth function H € C'°°(M), there exists a vector
field Xy such that

Xng =A{H,g}
for any g € C*°(M), called the Hamiltonian vector field.

The following lemma and its proof essentially appear in Kolev [15].

Lemma 1.39 ([15, pp.3-5]). Let w be a symplectic form over M. Then, there exists a
Poisson bracket such that the Hamiltonian vector field of a function f € C°°(M) coincides
with its symplectic gradient.

Proof. For any f,g € C®(M), let X, X, € X(M) be the symplectic gradients of f,g,
respectively. Then, define the Poisson bracket {—, —}, over C*°(M) by

{f 9} = w(Xy, X).

It’s easy to see that {—, —}, is indeed a Poisson bracket. For any f € C*°(M), denote
by Xy its Hamiltonian vector field. Since

Xpg = {9} = w(Xy, X,) = —ix,w(Xy) = dg(Xy),

where g € C°(M), we see that the symplectic gradient of f coincides with its the Hamil-
tonian vector field. [ |

27



Definition 1.40 ([14, Definition 4.8]). Let G be a Lie group with Lie algebra g. The
Lie-Poisson bracket {—, =} p: C®(g*) x C*(g*) — C*(g*) is defined by
{fv g}LP(:E) = IL’([df(l’), dg(l')]),
where df (z) is regarded as an element in g such that
d
midf(a) = 0 Gt im),
t=0
for any m € g*.
The following proposition and its proof essentially appear in Khesin and Wendt [14].

Proposition 1.41 ([14, Proposition 4.9]). The Hamiltonian equation of a function H
with respect to the Lie-Poisson bracket over C*°(g*) is given by

m(t) = —adgg(mym(t),
where m is the integral curve of the Hamiltonian vector field Xp.

Proof. For any x € g*, the tangent vector Xpy(z) is identified with an element in g*. It
follows that

(Xulo)dfe) = G| S+ 1X(o)

= (Xu[f)(z)
= {H, f}(z)
= a([dH (x), df (x)])
= (—adZH(x)I')(df(x)),
where f € C*°(M), which implies the claim. [

Definition 1.42 ([14, Definition 4.20]). The constant Poisson bracket associated to
a point xy € g* is defined to be a bracket {—, —},, : C*®(g*) x C*°(g*) such that

{fa g}xo (ZE) = Ifo([df(l’), dg(l’)]),
for any f,g € C>(g*).
We refers the readers to Khesin and Wendt [14] for the proof of the following lemma.

Lemma 1.43 ([14, Lemma 4.21]). The Hamiltonian equation corresponding to a function
H and the constant Lie-Poisson bracket over C*°(g*) with freezing point myq is given by

m(t) = —ad gy mo(l),
where m is the integral curve of the Hamiltonian vector field Xp. |

Remark 1.44. Let M be a manifold and C*>°(M), a subset of C°°(M). Then, a Poisson
bracket {—, —}ce(ar), over C*°(M)o can also be defined similarly as Definition 1.38, as
long as for any f,g € C*°(M), we have

{f. g9}e=nn, € C(M)o,

and {—, —}ceo(ar), satisfies the conditions for the Poisson brackets.
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1.3.2 The Korteweg-de Vries Equation

Consider the Bott-Virasoro group and the Virasoro algebra. Define the L?-inner product
(—, —) over the Virasoro algebra by

(uds, ), (v0,, b)) = / wvdz + ab, (1.36)
Sl

where (ud,,a), (vd,,b) € X(S1) x,, R. By Definition 1.7, the induced inertia operator A

on the Virasoro algebra is given by

A(udy, a) = (udx ® dx, a).

Then, by Remark 1.11 and (1.32), the Euler equation applied to the Bott-Virasoro group
corresponding to the right-invariant metric induced from the L?-inner product is expressed
as
(udz @ dz,a) = ady-1 (yaygdr,qa) (Wdr @ dx, a)
= ad{,g, o) (udz @ dv, a) (1.37)
= ((=3u'u — au"")dz ® dz,0),

where (udx ® dz,a) is a curve in the dual Virasoro algebra. We rewrite (1.37) as
= —3u'u— au” (1.38)
which is called the Korteweg—de Vries equation.

Remark 1.45 ([14, Theorem 2.20]). The KdV equation can also obtained from the Hamil-
tonian equation over the dual Virasoro algebra. Let {—, =} _14p04s,0) be the constant Lie-
Poisson bracket on C*°((X(S") x,R)*) with freezing point (—3dz®dz, 0) € (X(S*) x,R)*.
Define H : (X(S') x, R)* — R by

(zu?® — —(u')?)dw.

H(udxr ® dx,a ::/
( ) g1 2 2

Then, it’s easy to see that for any (udr ® dz,a), (vdx ® dz,b) € (X(S') x, R)*, we have

(vdx @ dx,b)(dH (udzr ® dz,a)) = % H((udx ® dx,a) + t(vdx & dx,b))
t=0
d 1 a+tb
= /51(§(u + tv)? — 5 ((u+tv))?)dz
=0

b
= /Sl(guzv — Q(u')2 — au'v)dz

1
vdzr ® dz, b)((;u2 + au™)0,, ) / (u')*dx),
S1

—
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which implies that

1
Al (udz ® dz, a) — ((gu2 ), / (u/)2dx).
Sl

Then, by Lemma 1.43, we see that the Hamiltonian equation of H is expressed as

. . . 1
(ide ® dz, a) = —ad((g 2 quryo, ~§ [y (w)2an) (~58% © 02, 0)

3
= (—(Eu2 + au")'dz ® dx,0)
= ((—3vu'u — au”")dr ® dx,0),

where (udz ® dz, a) is a curve in the dual Virasoro algebra, which is nothing but the KdV
equation.

1.3.3 The Generalized Korteweg-de Vries Equation

In this section, we would like to apply the Euler equation to the generalized Bott-Virasoro
group G := Diff(S') X a5 R. Let (—, —) be the L*inner product over the generalized
Virasoro algebra Lie(G) = X(S') Xaetp0 R. Then, as one of our main results, we will
prove that:

Theorem 1.46. Let ¢ : R — Diff(S') and d,a : R — R be smooth curves and let
u:S*x R — R be a smooth function of (x,t) € ST x R. Set ¢ := (o,d) : R — G and
m = (udr ® dz,a) : R — X(S')* x R, where X(S*)* x R is naturally identified with
Lie(G)*. Suppose that m and c satisfy the condition (1.4). Then, ¢ is a geodesic with
respect to the right-invariant metric induced from the L?-inner product if and only if

(udx ® dz,a) = ((=3uu’ — fau” + aau')dz @ dz,0), (1.39)
where 1 and a denotes the derivatives with respect to t, and u' with respect to x.
Proof. It’s easy to see that the induced inertia operator A : Lie(G) — Lie(G)* is given by
(v0g, b) — (vdx @ dx,b).

Then, with the help of the computation of the coadjoint action of the generalized Virasoro
algeara in Lemma 1.36, and applying the Euler equation, we see that

(udr @ dx,a) = ady-1 (yareds,q) (Wdr @ dz, )

= ad{,g, ) (udz @ dz, a)

= ((=3uu' — Bau” + aau’)dr ® dx,0),
which implies the claim. |
We rewrite (1.39) as

= —3uu' — fau” + aau’. (1.40)
By setting u = v + gacq, and 3 = 1, the equation (1.40) amounts to
0= -3 — av”,

which is nothing but the KdV equation.
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Chapter 2

Hamiltonian Equations for the Space
of Equicentroaffine Curves

In this chapter, we will focus on the space of equicentroaffine curves M, which is intro-
duced by Ulrich Pinkall in [20]. In Section 2.2, we will provide two presymplectic forms
on M, one of which, denoted by &y, is constructed in [7], by Fujioka and Kurose. We will
see that a presymplectic gradient with respect to w; also leads to the KdV equation as
the Euler equation does in (1.38). However, in this case, there is no metric involved. We
will compare these two cases in Chapter 3.

2.1 The Space of Equicentroaffine Curves

In this section, we will introduce the space of equicentroaffine curves M. In Section 2.1.1,
we will provide some basic knowledge of M, making use of Hill’'s operator. In Remark
2.6, we will see that the KdV equation appears, which involves a presymplectic form on
M. In Section 2.1.2, we will present a right action introduced by Pinkall, and derive a
formula for the Lie bracket of the fundamental vector fields corresponding to this action.
The content in this section is mainly adapted from Fujioka-Kurose [7], Pinkall [20] and
Tu [22].

2.1.1 Basic Concepts

Definition 2.1 ([20, p.328]). An equicentroaffine curve is a smooth curve v : ST — R?
satisfying

det(~,') = 1. (2.1)

We will denote by M the space of equicentroaffine curves and M the connected component
of M contaning the unit circle c.
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Remark 2.2 ([20, p.328]). Given a equicentroaffine curve v = Dl}, there is a unique
2
function x : S' — R determined by
V' + Ry =0,

4!

} is nothing but a
V2

called the equicentroaffine curvature of v. By Remark 1.32, [

pair of independent solutions of Hill’s equation

(02 + K)y = 0.

72
1.33, setting = 1 /72 to be the ratio map, we have k = S(n)/2.

Here, both the potential £ and and the solutions [%} have period 27. By Proposision

a COS T

Example 2.3. Let v = {bsinw

} be an ellipse, where a,b € R not equal to zero. Since

det(%'y') — det |:G,COS.CL’ —CLSIH.CC:| . b,

bsinz bcosx
we see that when ab = 1, the ellipse v will be an equicentroaffine curve.
The following lemma and its proof essentially appear in Pinkall [20].

Lemma 2.4 ([20, p.330]). Let X € T, M be a tangent vector over M. Then X has the
form

1
X = —5)\’7 + M,
where A € C>(S1).
Proof. Note that a tangent vector X € T, M over M could be expressed as
X =py+ XM,

where pu, A € C*(S'). Suppose that 7 is a variation of v with initial vector X. By (2.1),
we have

det(¥,7') + det(3,7") = 0,

where 4’ stands for the derivative with respect to the parameter z along the curve and 4
to the parameter ¢ along the variation. Setting ¢ = 0, we have

det(py + Ay, 7") + det(y, (uy + X)) = 0.

It follows that
1
Y
M 5™
which implies the claim. |
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Remark 2.5 ([7, p.2]). By (2.1), we have
K = det(ky,7") = det(v,7"). (2.2)

Given v € M, let 7 be a variation of v with respect to (z,t) € St x [—e, €], whose initial
vector is =g = —3 X'y + Ay for some A € C(S*). Let #(—,t) be the equicentroaffine
curvature of (—,t) and call & the equicentroaffine curvature flow of 7. By (2.2),
we see that

k= det(y,7") + det(3',7").

Setting ¢t = 0, we have
. 1 1 1
Rli—o = det((—i/\’y + M), ") + det (v, (—5)\’7 + M) = 5)\’” + 26N + KA. (2.3)

If we make use the operator Q := £82 4 2k + £/, " introduced by Fujioka and Kurose [7],
the equation (2.3) can be rewritten as

Rilimo = QN (2.4)

By the expression of the coadjoint action of the Virasoro algebra mentioned in Lemma
1.31, for (kdzx ® dx,3) € (X(S') X, R)* and (A,,0) € X(S') X, R, we have

1
((QXN)dz ® dz,0) = —ad{yp, o) (kdr @ du, 5) (2.5)

This implies that 2 may not be considered as a new operator.

Remark 2.6 ([20, p.331]). Let X}; € X(M) be a vector filed over M defined by

1
Xp(y) = 5r'v = w7,

where & is the equicentroaffine curvature of . Suppose that 7 is an integral curve of X}
in M and & its equicentroaffine curvature flow. By the discussion in Remark 2.5, we have
. 1
f=Q(—R) = —5R" = 3F'R, (2.6)

which means that the equicentroaffine curvature flow & also leads to the KdV equation
as the Euler equation applied to the Bott-Virasoro group does. In order to find an
explanation for (2.6), we will study the vector field X}, in Section 2.3.2

2.1.2 Fundamental Vector Fields over M

Definition 2.7 (20, p.332]). There is a well-defined right action of Diff(S') on M such
that for any ¢ € Diff(S') and any v € M, we have

e (ST o 108
Y= (V)Y ow N

which is called Pinkall’s right action of Diff(S') on M.
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Remark 2.8. It is known that there is a bijection I : Diff(S') — M given by
W c- ).

b
d

a
For any A = [c 5

} € SL(2,R), let fa:[—%,2n] — [—%, 37] be a function defined by

ccos z+dsinz

Falw) = {arctanm +7 acosz+bsinx <0

ccos z+dsinx

arctan acosz+bsinx

acosx + bsinx >0

We can consider f4 as an element in Diff(S'). Thus, there is a left action of SL(2,R) on
Diff(S!) given by
A= faoi.
On the other hand, there is a left action of SL(2,R) on M given by
Ay = Any.
We claim that the bijection [ is an equivariant map with respect to these two actions.

Indeed, it’s easy to see that

ccosztdsinz ))

acosx+bsinx
ccos z+dsinx ))

a cos x+bsinx — Ac
- )

. 1
fA \/(a cos z+bsinx)2+(ccos z+dsin x)?

(cos(arctan
cofsa |(sin(arctan

I(faoida) =c- fa=

which implies the claim. As you can see, the action of SL(2,R) is very complicated on
Diff(S'). However, by using the bijection I and identifying an element in Diff(S') with a
geometric element in M, such an action becomes very simple. This is one of the geometric
natures of the space of equicentroaffine curves M.

Definition 2.9 ([22, p.247]). Let G be a Lie group acting on a manifold M. Then, for
any element V' € g, the corresponding fundamental vector field over M is given by

d
V

= — t)- 2.7
Vo= gl er)n 2.7

where ¢y (t) is a curve in G with initial vector V.

The following lemma provides an expression for the Lie bracket of the fundamental vector
fields corresponding to Pinkall’s right action of Diff(S') on M, which essentially appears
in Pinkall [20]. We will give an alternative proof here.

Lemma 2.10 ([20, p.332]). Consider Pinkall’s right action of Diff(S') on M. For any
A0y, 0, € X(S") in the Lie algebra of Diff(S"), let Ady, ud, € X(M) be the corresponding

fundamental vector fields respectively. Then, we have
(MO, p0s] = (N'pp — \) Oy,
for the Lie bracket of vector fields.
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Proof. For any \d, € X(S'), let ,p, be the flow of A\J, and regard it as a curve in Diff(S!)
with initial vector AJ,. By (2.7), the fundamental vector field is computed as

d d

A, = 2| . H=
Ay, = — 7 Pra.(t) = -

It follows that for any v € M, we have

(o) 0w () =~ Ny X (29

d d d
as| Paa, () = - v Pro.(s +1) = - 820(7 020, () - 20, (8) = A0y
Therefore, we see that
Pr0,(— 1) = (=) - ra. (1), (2.9)

where s, (—, t) stands for the flow of the fundamental vector field \d, € X(M) over M.
It follows that for any A0, nd, € X(S') and f € C~(M) we have

d
()\axﬂgxf> (7) = E t:O(/JL_a’E'ywp/\ax(t)f)
d d
= a1, PG| 7o) 2ua ()
d2
1 / 1 / / 1 / AY
= Ful=t (=X +29) + (=5 + X)),

which implies that

1 / 1 / / ]‘ / N/
(ADupt00)(7) = =5 (=AY + M) + u(=g Ay + )

Similarly, we can compute (ud,\3;)(7). It follows that
(MO, 110:]y = (AOp O — 110: 20, ) ()
= —%(Xu — M)y + (N = M)y
= (Np— )0

T
Y

which implies the claim. |

2.2 Symplectic Forms for the Space of Equicentroaffine
Curves

In this section, we will present two presymplectic forms w;(i = 0,1) on M, introduced
by Pinkall, Fujioka and Kurose. In Theorem 2.14 and Theorem 2.20, we will show that
w; descends to a symplectic form on quotient spaces M;. The content in this section is
mainly adapted from Fujioka and Kurose [7] and Pinkall [20].
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2.2.1 The Pinkall 2-Form

Definition 2.11 ([20, p.330]). Given tangent vectors X = —tXNy+\y,Y = —p/v+puy €
T, M, define @y to be a 2-form on M by

wo(X,Y) ::/ A\ dx,
S1

called the Pinkall 2-form.
The following lemma essentially appears in Pinkall [20]. We will provide a proof here.
Lemma 2.12 ([20, p.330]). The Pinkall 2-form @y is closed.

Proof. For any tangent vectors X = —IXNy+ Ay, Y = —Ly/y + o/, Z = —3v/'y + 17 €
T, M, by the discussion in Lemma 2.10, the fundamental vector fields A0, u0,,v0, €
X (M) of A0y, p0,, v0, € X(S?) extend X,Y, Z, respectively. Tt follows that

dwo <X7 Y, Z) = dwg ()‘_al" 'u_ax’ V_ax) (’Y)
= Z)\axvd)(](ﬂazayam) - Zdjﬂ([)\_awu :u_amL Vam)(’Y)

cycl cycl

By Definition 2.11, the value of wo(u0,, v9,) is independent of v € M. Thus, we have

> Ay oy, vdy) = 0

cycl

On the other hand, by Lemma 2.10, we have

da)o(X YZ ZWO )\axmua] Va )( )

cycl

== 2 Go((Vp = Mi)de, v,)(7)

cycl

:_Z/ 'w— A\ )W dx

cycl

= ()7
which implies the claim. |

Remark 2.13 ([20, p.330]). Let € S act on M such that for any z € S and v € M we
have

Q-Z:=Qoz,

where we regard z € S' as an element in Diff(S"). Set M, := M/S'. For any tangent
vector V' € Tj,) My over My, there exists a lift Ve T, M over M such that T,V =V,
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where my : M — M, represents the projection. If X € T, M satisfies 7, X = 0, then we
have

d /
(1) = L o) =M, (2.10)
t=0

for some A € R.
The following theorem and its proof essentially appear in Pinkall [20].

Theorem 2.14 ([20, p.330]). The Pinkall 2-form &y descends to a symplectic form wy on
My, called the Pinkall symplectic form.

Proof. Given tangent vectors X,Y € T}, M, define wy to be a 2-form on M, by
wo(X,Y) := (X, Y), (2.11)

where X = —%Xfy + MY = —%,u"y + py" € T, M lift XY, respectively. First, we show
that (2.11) is well-defined. Suppose that X’ € T, M is another lift of X. Since
To(X —X) =X - X =0,

by (2.10), we see that there exists A € R such that

A~

X - X' =M.
It follows that

(X, Y) — (X', Y) = / Mi'dz = 0. (2.12)
Sl

Suppose that Y’ € T, M is another lift of Y. By (2.12), we have
(X, Y") = @o(X,Y) = @o(X,Y),

which implies that (2.11) is independent of the choices of the lifts of tangent vectors at
a fixed representative v of [y]. For another representative v o z of [y], where z € S!, let
X"y e T.,..M lift XY, respectively. Suppose that ¥ is a smooth curve in M with
initial vector X. Then, we have

- d
ToaX = —

3 1
7 Y(t) oz = (—§X’y + M) oz,

t=0

where 7, : M — M denote the action of z. Similarly, we can compute r..Y. Tt follows
that

C‘DO(TZ*X7 Tz*Y) - /

(Ao z2)(poz)de = / Aidr = (X, Y).
S1

Sl
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Since 7,,X,7,,Y and X”,Y" are both lifts over M at v o z of X,Y respectively, by the
first part of the proof, we have

(X, Y) = Qo(r., X, .Y ) = Qo (X", Y").
This implies that wy is well-defined, and
ToWo = Wo.

By Lemma 2.12, w; is closed. Therefore, it leaves us to prove that wy is nondegenerate.
Suppose that X € T}, M, belongs to the kernel of wy. Then, a lift X = —%)\”y + X\ €
T, M of X belongs to the kernel of wy. By the definition of @, we have A" = 0. Hence,

. d d
X =mp, X =— tA)) = — =
0 dt tZOWO(’y © ( )) dt t:O[,Y] 07
which implies that @y is nondegenerate. |

2.2.2 The Fujioka-Kurose 2-Form

Definition 2.15 ([7, p.3]). Given tangent vectors X = —sXNvy+ M, Y = —Lp/y + v €
T, M, with k the equicentroaffine curvature of v, define w; to be a 2-form on M by

1
w1 (X,Y) ::/ )‘(5“/” + 2kp + K p)dx :/ AQu'dx,
st st

which is called the Fujioka-Kurose 2-form.

Remark 2.16. Since for any X = —sXNv+ A\, Y = —2u/y + puy' € T, M we have

(,Zzl(Y,X):/ puQN dx
S1

1
_ / PN + 26X + K/ \)d
Sl

1
= —/ AN =p" + 2k + K'p)dx
g1 2
= - (X,Y),
we see that @; does be a 2-form.

The following lemma essentially appears in Fujioka and Kurose [7]. We will provide an
alternative proof here.

Lemma 2.17 ([7, Theorem 2]). The Fujioka-Kurose 2-form @, is closed.
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Proof. By the discussion in the proof of Lemma 2.10, for any tangent vectors X = —%X v+
MY ==y 4w, Z = =3y + vy € T, M, we have

din(X,Y, 2) =Y Ay on(v0u,v0s) = Y &1([(ADu, 1], v0:) (7). (2.13)
cycl cycl
Let @y, be the flow of A\J, € X(S'). By (2.9), we have
d

~

pYo wl(,uax, v0,) = 1(,u3m

dt Aoz (1)’ V—axW'sDAaz (t))

Let % be the equicentroaffine curvature flow of v - ¢yg,. By (2.3), we have

Ay, @1 (p0s, V) = jt / ,u(%u"’ + 25tV + R(t) v)dx
d

-al /S W(2R() + Rt V)

:/ p(2(QNYW + (QN)v)dx
Sl
:/ (/' — p'v)QNdx.

S1

It follows that

Z)@ W1 (0, vOy) Z/ (' — p'v)QNdx

cycl cycl

—Z/ uv — p'v)( )\"'+2/<a)\'+/-€)\)d

cycl

=0.
For the second term in (2.13), we have

Zwl )\aw,,ua] Va Zwl )\N /\,u)(‘?m,yﬁ )( )

cycl cycl

—Z/ "= A\ Q' d

cycl

= =) A &1(pa, v0s)

cycl

=0.

It follows that the Fujioka-Kurose 2-form w; is closed. |

Remark 2.18 ([7, p.4]). We have already defined a left action of SL(2,R) on M, such
that for any A € SL(2,R) and v € M we have

Ay = Any.
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Let M; := SL(2,R) \ M. For any X € T, M such that m,X = 0, where m : M — M,
represents the projection, there exists V' € s[(2, R) such that

x=4

o exp(tV) - 7.

t=0

By Lemma 1.34, the equicentroaffine curvature flow of the curve exp((—)X) -~ in M
is independent of t. On the other hand, if 7 is a variation of 7 with equicentroaffine
curvature flow & such that k|;—op = 0, then there exists a curve A in SL(2,R) such that

d

Yi=0 = p

for the initial vector of 7.

Remark 2.19 ([7, p.3]). Given tangent vectors X = —iAy + A\, Y = —Lp/v + v €
T, M, it’s easy to verify that

0 (X,Y) = /S 1 det(X, (02 + k)Y )dx, (2.14)

where £ is the equicentroaffine curvature of 4. On the other hand, by (2.4), setting 4 to
be a variation of v with initial vector Y, we have

d
(X, Y) = / Myl = & / () da (2.15)
! =0 J St

where K(t) is the equicentroaffine curvature of 4(t).
The following theorem and its proof essentially appear in Fujioka and Kurose [7].

Theorem 2.20 ([7, p.4]). The Fujioka-Kurose 2-form @&, descends to a symplectic form
wi on My, which is called the Fujioka-Kurose symplectic form.

Proof. Given tangent vectors X,Y € T}, M, define w; to be a 2-form on M; by
wi(X,Y) == (X,Y), (2.16)

where X,Y € T, M lift XY, respectively. First, we prove that (2.16) is well-deifned. Let
X' € T, M be another lift of X over M at v . By the discussion in Remark 2.18, there
exists V' € s[(2,R) such that

exp(tV) - 7.

fox -4
dt|,_,

Let & be the equicentroaffine curvature flow of exp((—)V')-v. By Remark 2.18 and Remark
2.19, we have
. d

SR, V)~ w(X¥) = iV, X - X) = - / pi(#)dz = 0, (2.17)
t=0J St
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Suppose that Y’ € T, M is another lift at v of Y. By (2.17), we have

d}l(X,af//) = djl(X7Y/> = wl(Xa}A/)
It follows that (2.16) is independent of the choices of the lifts of tangent vectors at a
fixed representative v of [y]. For another representative Ay of [y], where A € SL(2,R),

let X", Y" € T4, M be tangent vectors over M at A~ lifting X, Y respectively. Since the
equicentroaffine curvature of Ay is same to the one of «y, by (2.14), we have

w(la, X, 14.Y) = @1 (AX, AY)
= / det(AX, (0% + k) AY )da
Sl

/ det(A) det(X, (02 + k)Y )da
g1
=i (X,Y),
where [4 : M — M denotes the left action of A € SL(2,R). Since both ZA*X,ZA*Y €
TayM and X", Y" are lifts of X,Y over M at A~y respectively, by the first part of the
proof, we see that
51(X,Y) = 014X, 1Y) = o (X7, Y7).
It follows that w; is well-defined, and
Tiw) = W.
By Lemma 2.17, wy is closed. Therefore, it leaves us to prove that w; is nondegenerate.

Suppose that X € T},)M; belongs to the kernel of w;. Then, a lift X = —%X’y + M\ €
T, M of X over M belongs to the kernel of w;, which means that QA" = 0. Let ¥ be a

variation of v with inital vector X and 7 its equicentroaffine curvature flow. Then,

d

—| k() =QXN =0.

dt|,_,
By the discussion in Remark 2.18, the variation 4 can be expressed as Av, where A is a
curve in SL(2,R). It follows that

~d d
X=mX=— Alt)y) = — =0,
™ o tzom( 1)) =~ t_o['y]
which implies that w; is nondegenerate. |

2.3 Poisson Brackets for the Space of Equicentroaffine
Curves

In this section, we will present two Poisson brackets {—, —};(i = 0, 1) for M (see Fujioka
and Kurose [7]). We will show the relationship between {—, —}; and {—, —},,. In Example
2.25, we will see that the vector field X}; mentioned in Remark 2.6 is nothing but the
presymplectic gradient of a Hamiltonian function on M. The content in this section is
mainly adapted from Fujioka and Kurose [7].
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2.3.1 A Poisson Bracket for M,

Let C*(M), be the space consisting of the functions over M in the following form

F(y) = f(r, K- ,/i("))d:c,
Sl

where k is the equicentroaffine curvature of v and f is a polynomial of , &/, - - -

k™ for

some n € N,. The following lemma shows that such F'is a Hamiltonian function with
respect to wy, which essentially appears in Fujioka and Kurose [7]. We will provide a proof

here.

Lemma 2.21 ([7, Proposition 1]). For any F' € C*°(M),,, there is a well-defined vector

field X% € X(M) given by
XD(3) = SOUSFY Yy — (SOF) + 2(s0F)) — f(r. - K

where

_of

_ : o)y of
oK

OF : RK,K, " ,KR — /@7/{/’...’5(”)’_{_,_.
( L )
such that
Z.X%C:)O = —dF.
This means that X% is the presymplectic gradient of F with respect to &y.

Proof. Since

)
fr k- ’K(n))' - (/ f .. ,/f("))’ds)’

0

)

("’ia "{'/7 '
of .,

0
— =L R (O A P T B () A W/
(/0 (aﬁ(/s,/s, KR +8/~@’<H’H’ KR+

(=)
—( /0 W (6F)ds)
=K'(0F),

we see that

(2.18)

(%(m" +2k(SF)) — flro - &™) = %(m'" + 26(8FY + & (6F) = Q(SFY,

which implies that X%(v) does be a well-defined tangent vector over M by Lemma 2.4.
For any X = —iNv + Ay € T, M, let 5 be a variation of v with initial vector X and &
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its equicentroaffine curvature flow. Since

d .
aF()(X) = 4 PEE)
t=0
=2 @, a@y, R
dt|,_o Jst
Of o = —oni: o O o o
_/51(3/<L( SRR >I€+3R'<FL7 v RTR )dxt_o
— a_f / (n) / a_f / (n) N/
= [ Gt eenon 4 N
g / (n)y _ a_f / (n)y/ /
/Sl(aﬁ(/i, , ) B (k, &', kYD) - ) (QN)dx
:/ (0F)(QN)dx
Sl
we see that
~ixgn(X) = (X, X0)) = - [ NQEFY)z = [ (F)(OX)do = dF(2)(X),
51 51
which implies the claim. |

Theorem 2.22. Given F € C®(M), and [y] € M, define 1y : C°(M),, — C*(M,) to
be a map by
w(F) () == F(v)
where v € M is a representative of [y]. Let {—,—}o : C®°(M), x C°(M), — C®(M),
be a bracket over C*(M), given by
{F,G}o(7) = @o(Xp(), Xe(7))-
Then, for any F,G € C*(M), and v € My we have

{F’ G}O('Y) = {LO(F)a LO(F)}wo(h])a
where {—, =}, is the Poisson bracket induced by the Pinkall symplectic form wy.

Proof. First, we prove that ¢o is well-defined. For any [y] € M, let v and ~ o z be two
representatives for [y], where z € S'. Suppose that 7 is the ratio of 7. Then, o z is the
ratio of v o z. By Remark 1.28 and Lemma 1.33, we have

1 1 1
fres = 55(n0.2) = 3((S(n) 0 2)()? + 5(2)) = 5S(m) oz = o7,
where & is the equicentroaffine curvature of v and x,.. the one of v o z. It follows that

F(yoz)= [ f(koz,k oz - kMWo2)de= [ f(k,«, - ,c™)dx = F(),
St g1
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which implies ¢y is well-defined. Since for any v € M, we have
o (Lo (£))(7) = wo(F)([V]) = F(7),
we see that
mo(deo(F)) = d(m5(0o(F))) = dF.
It follows that for any tangent vector X & Ti,, M, over M, we have

wo(mo.(X3(7)), X) = wo(mo.(XP(7)), 70.X)

where X € T, M is a lift of X over M and X,o(r) is the symplectic gradient of ¢o(F') with
respect to wy. Since the Pinkall symplectic form wy is nondegenerate, we see that

WO*(X?T(’Y)) = XLo(F)([ﬁY])'
Therefore, by the definition of wy, we have
{F> G}O(’Y) = QO(X%(’V)ng(/V)) = WO(XLO(F)([IY])?XLO(G) [’Y]) = {LO(F)7 LO(G)}wo(h])v
which implies the claim. |

The following theorem essentially appears in Fujioka and Kurose [7]. We will provide a
proof here.

Theorem 2.23 ([7, p.6]). The bracket {—, —}o on C°(M), is a Poisson bracket.
Proof. For any F,G € C*°(M),, since
{Fv G}O = wO(ngXg) = _QO(XgWX%) = {G= F}07

we see that {—, —}¢ is anti-symmetric. For any F,G € C*°(M)q and [y] € My, by the
discussion in Theorem 2.22, we have

L({F, Glo)([7]) = {F, Glo(v) = {to(F), t0(G) by ([7])-
It follows that for any F, G, H € C*°(M), and v € M, we have

Z{{R Glo, H}o(v) = Z{Lo({Fa G}o), to(H) buo ([7])

cycl cycl

= {{e0(F), 10(G)}unys t0(H) Yy

cycl

=0.
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Therefore, {—, —}q satisfies the Jacobi identity. Moreover, since

{F,GH}o(v) = {to(F), t0(G)to(H) }uo ([7])
= 10(G)([YD{to(F), to(H) oo ([7]) + to(H) ([YDA 0 (F), 10(G) }uro ([7])
= G(Y{F, H}o(y) + H{F, G}o(v),

we see that {—, —}¢ satisfies the Leibniz rule. It follows that {—, —}¢ is a Poisson bracket
on C*®(M),. [
2.3.2 A Poisson Bracket for M;

Definition 2.24 ([7, Theorem 2|). For any F' € C*(M),, define X} € X(M) to be a
vector field over M such that for any v € M we have

Xb() = S (0F )y — (GF)y. (2.19)

Note that by the computation in Lemma 2.21, for any X = —%)\'7 + Ay € T,M we have
AFG)X) = [ OF)ON ) =~ (XE(),X) = —ixyin ()
s
This means that X1 is the presymplectic gradient of F' with respect to @;.

Example 2.25 ([7], Theorem 1). Take H : M — R as the function F' in Definition 2.3.2
defined by

1
H(y) = 5/31 wide,

where « is the equicentroaffine curvature of v. By (2.19) its presymplectic gradient X}
with respect to w; assumes the form

1
Xp(y) = 5r'v = ry. (2:20)

Observing the expression (2.20), we see that X} is precisely the vector field mentioned in
Remark 2.6 which yields the KdV equation.

By the similar method we have used in the proofs of Theorem 2.22 and Theorem 2.23, we
can show the following theorem, which essentially appears in Fujioka and Kurose [7].

Theorem 2.26 ([7, p.6]). The bracket {—, —}1 : C°(M),xC®(M), — C®°(M), defined
by

{F,Gh(v) = (XE(7), X&)

is a Poisson bracket over C*°(M),. |
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By the similar method we have used in the proof of Theorem 2.22, we can show the
following theorem.

Theorem 2.27. Let 11 : C®°(M),, — C®(My) be the inclusion given by

Then, we have

{F.Gh(y) = {u(F), u(G)} (7))
for all v € M. |

2.4 Momentum Maps for the Space of Equicentroaffine
Curves

In this section, we will present a left action of the Bott-Virasoro group on M, called the
spatial left action, and two momentum maps p; (i = 0,1) on M,, which are introduced by
Fujioka, Kurose and Moriyoshi, such that the spatial left action and Pinkall’s right action
are Hamiltonian. The content in this section is mainly adapted from Fujioka, Kurose and
Moriyoshi [8] and Heckman [10].

2.4.1 A Momentum Map on M,

Definition 2.28 ([10, Definition 1.2]). Let G be a Lie group and g its Lie algebra.
Suppose that G acts on a manifold M with a symplectic form w. Then, a equivariant
map p: M — g* such that

d(p(=)V) = —iyw

for all V' € g is called a momentum map of the action, where the momentum map p is
equivariant in the sense that

wlg - z) = Adg(pu(z)),

for all g € G and x € M. The action is called Hamzltonian if there exists a momentum
map and the action leaves w invariant.

Definition 2.29. The Bott-Virasoro group acts on M from the left such that for any
(p,a) € Diff(S?) x5 R and v € M, we have

(p,a) v :=c-(po) (2.21)

where v = ¢ - 9, for some 1 € Diff(S'), with the help of Pinkall’s right action discussed
in Definition 2.7, called the spatial left action of the Bott-Virasoro group on M.
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Definition 2.30. The spatial left action of the Bott-Virasoro group can also be defined
on M. For any (¢, a) € Diff(S?) x5 R and [y] € My, we have

(p,a) - [v] =[c- (por)], (2.22)

where v is a representative of [y] such that v = ¢ -4 for some ¢ € Diff(S), called the
spatial left action of the Bott-Virasoro group on M,. Note that for any other
representative v o z of [y], where z € S, since

yoz=( = (V@) opoz=(V((¢oz)1))o(poz)=c-(doz),

and

c-(poyoz)=(c-(poy)) oz
we see that the spatial left action (2.22) is well-defined.
Definition 2.31. Given [y] € M, define pg : My — (X(S') X, R)* to be a map by

ol1]) = (567 @ di 0), (223)

where 1) € Diff(S') such that v = ¢ -1 for some representative v of [y]. Let o z be
another representative of [y], where z € S*. Since

(o2)™) = ((z7") o™ )(y™) = ("),
we see that pg is well-defined.

Lemma 2.32. The map pyg is equivariant.

Proof. For any [y] € My, let v = c- 9 be a representative of [y], where ¢ € Diff(S*). By
(1.26), for any (¢, a) € Diff(S') x g R we have

po((w; a) - [7]) = po([e - (p o )])

= (@™ o Y)dr ® d,0)

= (U)o ) (6))dr © dr,0)
- Ad’{w)(%((wl)’)Qdm ® dz, 0)

= Adao,a) (MO([V])):

which implies the claim. |

Lemma 2.33. For any (v0,,a) € X(S') x,, R, the fundamental vector field (vd,,a) €
X(M) with respect to the spatial left action of the Bott-Virasoro group on M has the
form

1 vo o
(Vama),y = _§<V,¢/w>/’y + Vz/}/wfy/

where v = ¢ - ¢ with some v € Diff(S').
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Proof. Let @.s, be the flow of vd, € X(S'). Then, we have

wia) = G| (e lt)an)
=4l e
= 5| an)-v
= (VI oG] e panlt)ov)
= ((~gVe+wd)ou TT o0
1

= =5 op)(c ¥) + (o) o) (V(¥) o)

——lz/'o c- vo coy
Lo )+ o)

where we have used the computation in Lemma 2.10 for the fundamental vector fields of
Pinkall’s right action of Diff(S') on M and

—1y\/ 1
(dj ) w/ 'l/) -1
Since
o (Cloiﬂ)w,\/w_ (co) e o 1 "
(e = (%) = T Sy - e
we see that
d 1, (c- o) +3(c )%
W ® =50 Ve ¥) + wow) 5
1 o " o
— 50700 = L0 e )+ o e v
- —%(”;f”)'w oy
which implies the claim. |

Lemma 2.34. The map pg is the momentum map with respect to the spatial left action
of the Bott-Virasoro group on M.

Proof. By Definition 2.28 and Lemma 2.32, it leaves us to to prove that

d(po(=) (v, @) = =i, a)wo-
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For any tangent vector X € T},; M, over My, suppose that X = —%)\’7 + N e T,M is
a lift of X over M. Let )9, be the flow of A\d, € X(S1). It’s easy to see that

po([v - @ra, (1)) (vO,, a)

t=0

Apio( )0 )(X) = &

d

== t_ouo([c (¥ 0, (1)) (v, a),

where 1) € Diff(S!) such that v = ¢+ for some representative v of [y]. By the definition
of 1p in (2.23), we have

d(po(—=)(v0z,a))(X) = % o

= i 1 =1 5~ 1))2
Cdt -0 /Sl 2((90)\%(15) Y )) vde

= [ ou (@

:_/ AL
g1 U

= _&)O((Vaxa a),ya X)v

(5 (220, (0) 097 Vi © d, 0)(v. )

where (v0,, oz)7 denotes the fundamental vector field of (v0,,a) valued at v with respect
to the spatial left action of the Bott-Virasoro group on M, computed in Lemma 2.33. By
(2.22), we have

7TO*(Vam a),y - E _O[(QOVax (t)7 at) ’ ’Y]

_d
dt]

d
= Gi|_(ean(0),at) -

= (v0,,a)

—= R

e+ (va, (1) 0 ¢)]

where (v0,, a) . denotes the fundamental vector field of (v0,, a) valued at [y] with respect
to the spatial left action of the Bott-Virasoro group on Mg . By the definition of wy, we
have

d(M()(_)(VaI’a’))(X) = _(DO((V&B’G’) 7X> = —wo((z/(“)x,a) 7X) = _i(Vaz,a)wo(X)v

vy ——=hl =
which implies the claim. |
Lemma 2.35. The spatial left action of the Bott-Virasoro group on M, leaves wy invari-

ant.
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Proof. Suppose that X = —%)\’7—1—)\7’ € T, M is a tangent vector over M, where v = c-1
for some v € Diff(S'). Let g, be the flow of \J, € X(S'). Then, it’s easy to see that
for any (¢, a) € Diff(S?) x5 R, we have

e X = 5| (0.0) (- on(0)
t=0
_d
i
o d
dt]

— —%/\’((gp,a) )+ A(p,a) 7)),

where [(, ) denotes the spatial left action of the Bott-Virasoro group on M. Let [, q)
also denote the spatial left action of the Bott-Virasoro group on M. Since

c -, (t)
=0 (2.24)

((pra) - 7) - @ra, (1)

ligay © (V) = lipa)(DV]) = [e- (P o D) = ) (V)] = T © L.y (), (2.25)

we see that for any X,Y € T},;M,, with lifts X = —s Ny + N, Y = — Wy +py € LM
respectively,

lzk%a)wg(X, Y) =mnil; W0 X,Y)

Thus, by the computation in (2.24), we have

1y @o(X,Y) = &0 (lp0), X L), Y ) = /S ldy = Go(X,Y) = wy(X,Y),
which implies the claim. |
By showing Lemma 2.32, Lemma 2.34 and Lemma 2.35, we have indeed proved the
following theorem, which is one of the main results in Fujioka, Kurose and Moriyoshi [8].

Theorem 2.36 ([8]). The spatial left action of the Bott-Virasoro group on My is Hamil-
tonian with momentum map . |

2.4.2 A Momentum Map on M,

Definition 2.37. Recalling Definition 2.7, given (¢, a) € Diff(S1) xg R and v € M, we
define a similar action on M by

Ve (pa) =70 = e ) )y)op= , 2.26
(¢, a) (V™)) NG (2.26)
and call it Pinkall’s right action of the Bott-Virasoro group on M.
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Remark 2.38. The action (2.26) can also be defined on M;. Given (¢, a) € Diff(S*)x gR
and [y] € My, we set

- (p.a) =[], (2.27)

and call it Pinkall’s right action of the Bott-Virasoro group on M. Let A €
SL(2,R) and A7y be another representative of . Since

(Ay)op  A(yoyp)
Ve Ve

(Avy) - = = A(y- o),

we see that (2.27) is well-defined.

Lemma 2.39. Pinkall’s right action leaves w; invariant.

Proof. For any tangent vector X = %/\’7 + M\ € T, M over M, let ¢y, be the flow of

AD,. By the computation in the proof of Lemma 2.33, given (p,a) € Diff(S') x5 R, we
have

)

a X =—

T(‘P: ) dt

d

T dt

(7 - 0. (1)) - (p, )

t=0

Tea(t) e (2.28)
__1/\030, ' " Ao ‘ Y
=5 % ) (v (p,a)) + % (v (g, a)),

where r(, ) denotes Pinkall’s right action of the Bott-Virasoro group on M. Let r(,q)
also denote Pinkall’s right action of the Bott-Virasoro group on M. It’s easy to see that

T(p,a) ©T1 = T1 O T(p,a)-

Given tangent vectors X,Y € T},) My, suppose that X = — N7+ MY, Y = — W+ €
T, M lift XY, respectively. Then, we have

TZ‘%a)wl (X.Y) = ﬂfrz‘%a)wl(X, Y)= rz‘%a)ﬁwl(X, Y) = 01(rpa), X, T(pa),Y )

Let ¢,5, be the flow of 10, and & the equicentroaffine curvature flow of the variation
Y- Pua, - whose initial vector is 7, q),Y". By the computation in (2.28) and the discussion

in Remark 2.19, we have
A
/ “ LGt da
t=0JSt ¥

Let n be the ratio of v, which is mentioned in Proposition 1.33. By the definition of
Pinkall’s right action of Diff(S') on M, the ratio of vy - ¢, - ¢ is 0 pua, © ©. Then, by

« . A - Aop jop d
Moy 1 (X Y) = 01 (M), X, T(00),Y) = /S o M )dr = —
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the discussion in Remark 2.2, we have

i /Z:(t) _ i 5(77 © Pud, (t) o 90)
dt|,_, dt|,_, 2
_ Al (S(mo v, () o))’ + S(p)
dt],_, 2
— i (CP o000 @ 00+ LoD o oy
- G (50w (g 0 o)+ LoD o gy
= (5 0 9)(no9) + 20 P 0 0) + 3" 0 D))’

where k is the equicentroaffine curvature of v and we have used the property of the
Schwarzian derivative mentioned in Lemma 1.28. It follows that

. Ao 1
TpawW1(X,Y) = /S SO,(’D((H' o@)(pop)+2(kop)(u op)+ 5( "0 @) (¢)?du.
= / Q' dw
Sl

- djl (Xa Y)

= w1 (Xa Y)a
which implies the claim. |
Definition 2.40 ([8]). Given [y] € My, define u; : My — (X(S') x, R)* to be a map on
Ml by

1
() = (~rde © dr, —),

where & is the equicentroaffine curvature of a representative «y of [y]. By Lemma 1.34, the
map p is well-defined.

Lemma 2.41. The map p; is equivariant. |

In the following remark, we will discuss the role of the R-part in the definition of the map
11, which will also contain the proof of Lemma 2.41.

Remark 2.42. Given v € M, define IT : M — (X(S') x, R)* to be a map by
1 1
11(3) = (-} S(o)der & e, 1),

where 1 = 71 /72 is the ratio map and S the Schwarzian derivative. It’s easy to see that
we have the following commutative diagram

M
I
Diff(S) (X(SY) x,, R)



where I is the bijection mentioned in Remark 2.8, and II_;/; _; in Remark 1.29. Indeed,
for any 1 € Diff(S!), we have

o I() = H(c- )

= (—%S(cot op)dr ® d, —%)

= ((—5(S(eot) 0 ¥)(W')? — £ 5())dr ® dz, )

= (~55() ~ ())dr © dz, —3)
= H—%,—1(¢>7

since S(cot) = 2. Now, by the discussion in Remark 1.29, we see that II is equivariant
with respect to Pinkall’s right action on M and the coadjoint action on the Virasoro
algebra. Given [y] € M, choose a representative v € M and denote it by s([y]). By the
discussion above, we see that puy = Il o s is equivariant. Note that without the occurrence
of —% in the expression of p;, the map II_;/5 _; will not be involved, and p; can not be
equivariant. This shows the role of the R-part in the definition of ;.

N~ N =

Lemma 2.43. The map p; is a momentum map of Pinkall’s right action of the Bott-
Virasoro group on Mj.

Proof. By Definition 2.28 and Lemma 2.39, it is sufficient for us to prove that for any
(v0,,a) € X(S") x, R, we have

d(p (=) (V0 a)) = —ia, a)wi-

Let X € Tj,) M, be a tangent vector over M, and X = —sNy+X\y € T,M alift of X over

M. Suppose that 7 is a variation in M with initial vector X, and & its equicentroaffine
curvature flow. It’s easy to see that

d(pn (=) (v0s, a))(X) = % _O,LLl([:Y(t)])(Vaz’a)
. 1
=-= tzo(/i(t)dx ® dz, 5)(V81, a)
= —% . /51 vi(t)dx

= —/ vQNdx
Sl

= _Cbl((yaxu a)77 X)a

where (v0,, a)W is the fundamental vector field of (v0,,a) with respect to Pinkall’s right

action of the Bott-Virasoro group on M valued at v, given by
1
(VOy,a) = —§V/7 + vy
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Let ¢,5, be the flow of vd, € X(S'). By (2.27), we have

d d

ﬂ-l*(Vax? CL) - h/ * Pro, (t)] = %
t=0

LT, M- (¢, (1), at) = (v0z, a)

M’

where (v0,,a)  is the fundamental vector field of (v0,,a) with respect to Pinkall’s right

]
action of the Bott-Virasoro group on M; valued at [y]. By the definition of w;, we see

that

d(ﬂl(_)(ya$7a))(X> = _@1((Va$7a) ’X) = _Wl((yaﬂlva>

v ——h

X) = —ig 2 gwi(X),

u%,a)
which implies the claim. |

By showing Lemma 2.41 and Lemma 2.43, we have indeed proved the following theorem,
which is one of the main results in Fujioka, Kurose and Moriyoshi [8].

Theorem 2.44 ([8]). Pinkall’s right action of the Bott-Virasoro group on My is Hamil-
tonian with momentum map jiy. |
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Chapter 3

Relations between the Bott-Virasoro
Group and the Space of
Equicentroaffine Curves

In this chapter, we will discover the relationship between the Kirillov-Kostant-Souriau
form, the Pinkall 2-form, the Fujioka-Kurose form, and the canonical symplectic form.
In particular, by clarifying the connection between the Fujioka-Kurose 2-form and the
canonical symplectic form for the Bott-Virasoro group, we can show why the equicen-
troaffine curvature flow of the vector field X}; mentioned in Example 2.25 must satisfy
the KdV equation.

3.1 The Kirillov-Kostant-Souriau Form and Canoni-
cal Symplectic Form

In this section, we will show the relationship between the canonical symplectic form on
G x g* and the Kirillov-Kostant-Souriau form on g*. We will derive an explicit formula
for the canonical symplectic form and show how it yields the Euler equation. In Theorem
3.11, we will construct an action on G x g*, and show that the pullback of the KKS form
by a projection map is precisely the canonical symplectic form restricted to the oribts.
This will be one of our main results. The content in Section 3.1.1 and Section 3.1.2 is
mainly adapted from Baues and Cortes [2], Dwivedi, Herman, Jeffrey and Hurk [11] and
Kumar [16].

3.1.1 The Kirillov-Kostant Souriau Form

The following theorem essentially appears in Dwivedi, Herman, Jeffrey, and Hurk T. [11].
We refer the readers to it for the proof.

Theorem 3.1 ([11], Theorem 5.1). Suppose that G is a Lie group and g its Lie algebra.
For any A € g*, let Oy be the coajoint orbit of G at A. Then, O, carries a symplectic

95



form wo, such that for any tangent vectors X,Y € T¢Oy along Oy with § € Oy, we have
wo, (X, Y) = ¢([U, V]),
where U,V € g such that ad;;(§) = X,adj,(§) =Y. |

Remark 3.2. In Theorem 3.1, we have used the fact that any tangent vector X € T:O,
along the coadjoint orbit of G has the form

X = adp(6),

for some U € g.

Definition 3.3. The family of 2-forms {wo, € Q2(0,) | A € g} is called the Kirillov-
Kostant-Souriau form, denoted by wgks.

Remark 3.4. For any U € g, let F': g* — R be a function on g* defined by
F(m) :=m(U). (3.1)

In Definition 1.40, we have shown that dF'(§) can be regarded as an element in g. For
any n € g*, since

WAF©) =5 Fle+m) =S| (€ +m©) =),

we see that
dF (&) =U.
Similarly, for any V' € g, let H : g* — R be the function over g* defined by
H(m) :=m(V).

It follows that given tangent vectors ady; (), ady (§) € T¢O, along the coadjoint orbit O,
of G, we have

wrers(ady (§), ady(§)) = wires(adgpe) (), adgp e (§))
= {([dF(€), dH (£)])
= {F7 H}LP(&)

This shows the relationship between the KKS Form and the Lie-Poisson bracket.
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3.1.2 Canonical Symplectic Form

Definition 3.5 ([2, pp.49]). Let G be a Lie group and g its Lie algebra. Set G x g* to
be the semidirect product with multiplication

(gao‘)(hvﬁ) = (gthd;krla + ﬁ)

Given « € g*, a tangent vector in T, g* is expressed as (3., where § € g*. Then, the 1-form
O:7T(Gxg*)—Ron G x g* defined by

O(Xy, Ba) == O‘(lg‘l*Xg>7

where (X, 8,) € Ty,G x Tog* = Tiya)(G X g*), is called the tautological 1-form, the
exterior differential d© of which is called the canonical symplectic form.

Remark 3.6 ([2, pp.48-49]). Usually, the tautological 1-form refers to the 1-form © :
T(T*G) — R defined by

G(Xag) = ag(W*Xag)a

where X,,, € T,,(T*G) is a tangent vector over T*(, and the canonical symplectic form
refers to the exterior differential d©. However, there is a group isomorphism & : T*G —
G x g* given by

(I)(ag) = (gv ag © lg*)a
where the cotangent bundle 7*G holds the multiplication

O‘gﬁh =g O Ty, T+ B o lg—l*a

such that
PO = O,
since for any X,, € T,,(T*G), we have
. d
PO(X,,) = O] Blex,, (1))
t=0
d d
= 0O(— t)), — t)ol
@(dt t:(]ﬂ—( Xag( ))7 dt tZOCXaq( ) © W(CXag (t))*)
d

where CX., is a curve in T*G with initial vector X,, and 7 : T*G — G the projection on
T*G. This is the reason why we use © as the tautological 1-form and it turns out that it
is enough for our later discussion.
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The following theorem essentially appear in Baues O., Cortes V. [2]. We provide a proof
here.

Theorem 3.7 ([2, Proposition 4.3]). The canonical symplectic form d© can be computed
as

dO((Xy, as), (Yy, Bs)) = a(ly-1,Yy) — B(ly-1,Xy) — o([ly-1, Xy, l-1,Yy]),
where (X, o), (Yy, Bs) € Tig,0)(G X g*) are tangent vectors.
Proof. For any element (V) 3) € g X g* in the Lie algebra of G x g*, we have

(g,0)(ev (1), Bt))

t=0

— d

o((V, 5)(970)) = @(a

d .
@(dt (QCV(t)> Ady, (10 + Bt))
— 6T,y + )
=a(V),
where ¢y is a curve in G with initial vector V. It follows that for any (U, ), (V, 3) € gx g*
we have

P S

(U, ) 4.0 OV, 5))) <@<<v,ﬁ>>*<U,a>ga)

I
@
<
=
5
q
Q{
L

/B)(gCU(t),AdZ t)ila'+at))

t=0 ul

(Ad7, (y-10 +at)(V)
t=0

= o([U,V]) + a(V).

[
&I& S
2
=

where (g,0) € G X g* and ¢y is a curve in G with initial vector U. Since

[(U7 Oé), (V7 ﬁ)] = ad—(U,a)(‘/v ﬁ)
d
=—| Ade,m.a0(V.0)
at|,_ Adeutan
d2
~ dsdt
d2
~ dsdt|,__,
d2
=l (cU(t)cv(s)cU(t)_l,Ad* y(Adg, (510t + Bs) — Ay at)
t=s=0
= ([U,V],ad}; — adj ).

(cu(t), at)(ev(s), Bs)(co(t) ™, —AdZ, ot

t=s=0

(cu(t)ev(s), Adg, s)-1at + Bs)(cy(t )_1,—AdZU(t)ozt)
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we see that

—~— ——~— —_—

O([(U, ), (V. B)lg.)) = O, @), (V; Bl 5 )
= O(([U,V],ad;8 — ad;o‘)(g,a))
= o([U, V]).

It follows that

—_ N P e N i N

d@<(U7O‘)(g,g)7(V’ﬁ)(ga) ( ) ) ( ((V B))) ( 75)(ga)(®((U7a)))_@([(U’a)7(v7ﬁ)](970))
AAUV]) + (V) - o(IV.U]) - A(U) - o([U.V])
=a(V) = BU) +a([U. V]).

Note that for any tangent vector (X, a,) € T(y,0) (G X g*), we have

d - .
l(gfl,—AdZU) (ng aa) = E (g 17 _Adgg) (CXg (t)a o+ at)
t=0
d -1 *
== (9 ex, (1), —AdL, ()10 0+ at)
t=0

= (l;-1, Xy, ad;"g_l*Xga + a),

where cy, is a curve in G' with initial vector X,. It follows that

—_—— P

dO((Xy, ), (Yy, Bs)) = dO((ly-1, X, ad?;_l*Xga + oz)(g »’ (lg—1,Yy, ad;‘g_l*yga + 5)(9 U))
= (adz;_l*XgU + O‘)(h]—l*ng) - (a‘dzkg_1*ygo- + 5)(l9_1*Xg) + U([lg_l*Xg7 lg_l*YvQD
= a(lga*Yg) — 5(1971*)(9) — 0([1971*Xg, lgﬂ*qu]),

which gives the claim. [ |

The following lemma essentially appears in Baues O., Cortes V. [2]. We will provide a
proof here.

Lemma 3.8 (]2, p.49]). The canonical symplectic form d© does be symplectic over G x g*.

Proof. It’s sufficient to show that dO is nondegenerate. Suppose that (X, a,) € Tiy ) (G
g") belongs to the kernel of dO©. Choose an inner product (—, —) over g and let A be the
induced inertia operator. By Theorem 3.7, we have

d@((Xga O‘U)a (Oga (A(lg‘l*Xg))a)) = _A(lg‘l*Xg)(lg‘l*Xg> =0.
It follows that X, = 0. Since
d@«Oga o), (lg*(A_l(a))> 0,)) = a(A_l(a)) =0,

we see that a = 0, which implies the claim. [ |
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The following theorem essentially appears in Kumar [16]. We will provide a proof here.

Theorem 3.9 ([16, Proposition 13]). Let (—, —) be an inner product and let A : g — g*
be the induced inertia operator. Define ' : G x g* — R by

E(g,a) := %a(A_l(a)).

Suppose that X € X(G x g*) is the symplectic gradient of E and (p, &) its integral curve.
Then, ¢ is a geodesic in G.

Proof. For any tangent vector (Xg, a,) € T(45)(G X g*), let cx, be a curve in G with
initial vector X,. Then, we have

dE(X,, op) = % 70E(0Xg(t),0' + at) = % O%(a +at)(A o+ at)) = a(A7H0)).

By Theorem 3.7, since
dO((ly, (A™H(0)), —ad)i-1(5)0), (Xy, @) = —a(A7(0)) = —dE(X, a,), (3.2)
we see that
Xp(9,0) = (ly, A1 (0), —ad’y-110)0). (3.3)

Suppose that m is the curve in g* corresponding to the curve ¢ in G satisfying (1.4), i.e.,

Then, by (3.3), we have

m(t) = Alp-1,2(1) = Allpw-1, Lo, A7 (E(1))) = £(1).

It follows that

m(t) = £(t) = —ad’y 1 (g E(t) = —ady 1 (aym(t),

which means that m satisfies the Euler equation in Theorem 1.10. This implies that ¢ is

a geodesic in G with respect to the left-invariant metric induced from the inner product
(—,—). [ |

Y

Remark 3.10. From the proof of Theorem 3.9, in terms of the integral curve (p,&) of
Xg, we see that ¢ and ¢ satisfies the condition (1.4) in Theorem 1.10, i.e.,

From (3.3), we see that ¢ satisfies the Euler equation.
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3.1.3 The Kirillov-Kostant-Sauriau Form and Canonical Sym-
plectic Form

Let G act on G x g* such that for any h € G and (g, ) € G X g* we have
(ga Cl{) ~h = (gha Adzfla% (34)

Given U € g, let U € X(G x g*) denote the fundamental vector field with respect to the
action (3.4). Moreover, denoting by pr, : G X g* — g* the projection onto g*, we can
prove that:

Theorem 3.11. For the Kirillov-Kostant-Souriau form wiks on g* and the canonical
symplectic form d© on G X g*, we have

Prowk kS (Ugo)s Vigo) = dOW g0 Vigo))s
where U,V € g and (g,0) € G x g*.

Proof. 1t’s easy to see that

pr;wKKS(Q(g,U)7K(g,a)> = wKKS(I)rZ*(Ug? _ad*UU)7 pr2*<‘7;7’ _ad*Vo-))
= wiks(—adjo, —ady o)

=o([U,V]).

On the other hand, by the computation in Theorem 3.7, we have

Vi) =dO(U,,—adyo), (V,, —adyo)) = o([U, V])

g,U) ) —(g,o’) )

a6 (U,

which implies the claim. |

3.2 Canonical Symplectic Form, the Pinkall 2-Form
and the Fujioka-Kurose 2-Form

In Theorem 3.12 and Theorem 3.14 of this section, we will construct two maps oy and
o1 on M and show the relationships between the canonical symplectic form, the Pinkall
2-form and the Fujioka-Kurose 2-form. In Corollary 3.13 and Corollary 3.15, with the
help of these results and Theorem 3.11, we will show the relationship between the KKS
form, the Pinkall symplectic form and the Fujioka-Kurose symplectic form. In Section
3.2.3, we will reveal the reason why the presymplectic gradient Xy also leads to the KdV
equation as the Euler equation applied to the Bott-Virasoro group does, by using the map
o1 and the vector field Xz mentioned in Theorem 3.9. Even if it seems to be difficult to
obtain a strong relationship between Xz and Xp, but Theorem 3.17 we will prove will
clear the obstruction.
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3.2.1 Canonical Symplectic Form and the Pinkall 2-Form

Let ¢ be the unit circle. Denoting by G the Bott-Virasoro group and g* its Lie algebra,
we can prove that:

Theorem 3.12. Given v € M, we take 1 € Diff(S') such that v = c -, where - denotes
Pinkall’s right action. Let og : M — G X g* be a map on M given by

70() = ((7,0), (=5 (67" ?de @ i, 0),
Then, we have
0,dO = wy,
where dO is the canonical symplectic form on G X g* and &gy the Pinkall 2-form on M.

Proof. Let X = —Xv+ Ay € T, M be a tangent vector over M with v = ¢+ 1 for some
¢ € Diff(S1). Suppose that ¢y, is the flow of A\, € X(S'). Then, by the discussion in
the proof of Lemma 2.10, c- 1 - g, is a curve in M with initial vector X. It follows that

d 1
WX =G (07 0™ 0), (om0 v o)
= (Ao y™0), (N o™ ")(¥™)?dz @ du, 0)).
Therefore, we have

03dO(X,Y) = dO((=A o™, 0), (N o™ (™), 0)). (mpov™",0), (1 o™ ) (¥™1)%,0))),
where the symbol dr ® dz is omitted. Note that

(10,0)(pra, () 007", 0)

_ d
[y (A o9™,0) = —

dt|,_,
—i o Lot Lot
7 t:ow ©ro, () o 0T B(1h, e, (1) o)) (3.6)
= (=W oy (Ao y™")d;, By)
Aot
= _—a:wB
Sy

where B) denotes the value of the derivative of the corresponding Bott cocycle. Moreover,
it’s easy to see that
poy!

Aot Notpy™H(poyp™) — Noyp™ 1) (i op~t
(Ao, By, (B4, ) = (X ev ) e v o)
(¥=1) (¥=1) (¥=1)

where w),, denotes value of the corresponding Gelfand-Fuchs cocycle. By the formula for
the canonical symplectic form mentioned in Theorem 3.7 and subsituting these results,
we have

8zawx\u)a

1
(=Np+ M+ 5()\’u —\))dx = / A\ dz,
Sl

o dO(X,Y) — /

Sl
which implies the claim. |
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The following corollary is one of the main results in Fujioka, Kurose and Moriyoshi [8].
By using Theorem 3.11 and Theorem 3.12, we can provide an alternative proof here.

Corollary 3.13 ([8]). Let wy be the Pinkall symplectic form and wggs the Kirillov-
Kostant-Souriau form on g*. Then, we have

HoWKKS = —Wo,
where pg : My — g* is the momentum map mentioned in Section 2.4.1.

Proof. For any tangent vector X = tXvy + Ay € T, M over M, where v = ¢ - ¢ with
¢ € Diff(S'), by the computation in (3.5) and (3.6), we have

00.X = (=X o7, 0), (N oy ) ((¥71))*dz ® d,0)

—~——

Aoyt 1
= (=0 B —ad’ o, —((W™))dr @ d
(( ¢—1 aﬂ” A)(¢_170)7 a (7/\2)1111 anBA)( 2((¢ )) I® I7 0))
Aot
= (—Wa@ B))
((=1,0),(= 5 ((v=1)")?)dz@da,0))

where B, is the value of the derivative of the corresponding Bott cocycle. This implies
that 09, X does be the value of a fundamental vector field with respect to the action (3.4).
Note that

pry ©0 09 = —Up © .
By Theorem 3.12 and Theorem 3.11, we have
Towo = Wy = 04dO = ToProWKKs = —ToloWKKS,

which implies the claim. |

3.2.2 Canonical Symplectic Form and the Fujioka-Kurose 2-Form

Let ¢ be the unit circle. Denoting by G the Bott-Virasoro group and g* its Lie algebra,
we can prove that:

Theorem 3.14. Given v € M, we take ¢ € Diff(S') such that v = c-v. Let oy : M —
G x g* be a map on M given by

1
01(7) = ((@/)7 0)7 (—/fdl' ® d(E, _5))a
where k is the equicentroaffine curvature of v. Then, we have
O'Id@ = (;Jl

where dO s the canonical symplectic form on G X g* and w, the Fujioka-Kurose 2-form

on M.
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Proof. Let X = —%/\’7 + A € T,M be a tangent vector with v = ¢ -1 for some
Y € Diff(S1). Suppose that p,g, is the flow of \d, € X(S'). Then, we have

01, X = al ai(c- - pra,(t))
) t=0 . (3.7)
= G| (@oen 0.0, (i dr,—3)

where £ is the equicentroaffine curvature flow of ¢ -1 - pys,. Now, by (2.4), we see that
o1, X = (W', 0), (—QNdz ® dx,0)). (3.8)
It follows that for tangent vectors X = —%X v+ MY = —%u’ v+ py € T,M, we have
o7dO(X,Y) = dO(((¢'),0), (—QNdz @ dz,0)), (¢ i, 0), (—Qu'dz ® dz,0))).

Note that

d
l(l/flao)*(w,lu’ O) = E (770_17 O) (¢ O Puo, (t)> 0) = (Maam BM))
t=0

where B, denotes the value of the derivatie of the corresponding Bott-cocycle. Moreover,
it’s easy to see that

[()\aan B/\)v (:uaxv Bu)] = (()\/ﬂ - /\:u)axa W(Aaxa ;uax))

Thus, by Theorem 3.7, we have
* 1
Uld@(Xa Y) :<_Q)\/7 O) (/Jﬁ B,u) o <_Q:u’/7 0)<)‘7 B)\) T <_K/7 _§>(/\/N - )‘:u7 Cd()\, :U’)>

1
:—/ ,uQXd:E%—/ )\Qu’d:)s+/ /{()\'u—)\u’)d:ﬂ+§/ Ny dx
St S1 S1

Sl
:/ Q' d,
Sl

where the symbols dr ® dx and 0, are omitted, which implies the claim. |

By the similar method we have used in the proof of Lemma 3.13, we can prove that
the following corollary, which is indeed one of the main results in Fujioka, Kurose and
Moriyoshi [8].

Corollary 3.15 ([8]). Let w; be the Fujioka-Kurose symplectic form and wggg the
Kirillov-Kostant-Souriau form on g*. Then, we have

*
HWKKS = W1,

where p; : M7 — g* is the momentum map mentioned in Section 2.4.2. |

64



3.2.3 Conclusions

In Section 2.3.2, we have introduced a function H : M — R, whose presymplectic gradient
with respect to w; is given by

1
Xu(y) = 5oy — w7,

where r is the equicentroaffine curvature of 7. Let 4 be the integral curve of X} in M
and & its equicentroaffine curvature flow. Then, by (2.4), we have

k=Q(-k) = —=F" — 3i'R, (3.9)

which is precisely the KdV equation.

Remark 3.16. We are going to give another explanation that why the equicentroaffine
curvature flow & also leads to the KdV equation in (3.9) as the Euler equation applied
to the Bott-Virasoro group does. Let G be a Lie group and g its Lie algebra. Let (—, —)
be an inner product on g and A its induced inertia operator. In Theorem 3.9, we have
introduced a symplectic gradient Xz € X(G x g*) of a function E with respect to the
canonical symplectic form dO. In particular, the g*-part of its integral curve (¢, £) satisfies
the Euler equation, i.e.,

E(t) = —adjyo g E(D). (3.10)
When G is setted to be the Bott-Virasoro group and (—, —) the L?-inner product, the
equation (3.10) becomes
. 1 " /
€= S€" 43¢

By observing this, the main method we would like to try is to find the relationship between
the vector fields Xp and X}, as well as the relationship between the forms dO© and @.
Since the relationship between the forms has already been showed in Theorem 3.14, i.e.,

. -
0,dO = Wy,

where 01 : M — G x g* is a map on M given by

71(3) = (6,0), (~nde @ dr, —3)),

what we need to to show now is the relationship between the vector fields. First, we
study the relationship between the Hamiltonian functions £ and H. Here, the function
E: G x g* — R becomes

2

1
E((¢,a), (udr @ dx,b)) = 3 /sl udr + %
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By compositing F with the map oy, we see that the map F ooy : M — R is given by

1 1 1 1
Eooi(v) = E((¢,0), (—krdr @ de,—=)) = —/ kidr + = = H(y) + =.
2 2 Ja 8 8
Since X}, is the presymplectic gradient of H with respect to &y, we have
1
d(Eooy)=d(H+ g) = _iX}le = —@1(X}1» —-)= _O-Id@<X11{7 -). (3.11)

On the other hand, since X is the symplectic gradient of E with respect to dO, we see
that

d(Eooy) =dE ooy, = —ix,(dO) ooy, = —dO(Xg,01,.(—)). (3.12)
It follows that as a 1-form on M, we have
d@(Ul*X}{, 0'1*(—)) = d@(XE, 0'1*(—>>.

Since dO is a symplectic form by Lemma 3.8, we see that for any v € M,

01.(Xp (7)) = Xp(o1(y)) + X, (3.13)
where X € T;, (,)(G x g*) is a tangent vector over GG X g* such that
dO(X,01,(2)) =0, (3.14)

for all tangent vectors Z € T, M.

In Remark 3.16, the existence of the tangent vector X in the equation (3.13) is an obstruc-
tion that keeps us from obtaining a strong relationship between Xg and X};. However,
by proving the following theorem, such obstruction will be cleared.

Theorem 3.17. Let v € M be an element in M. Suppose that X € T, (G x g*) is the
tangent vector in (3.138) which satisfies (3.14). Then X has the form

X = (K, (0dx ® dzx,0))
where K represents a tangent vector over G.

Proof. Let ((u0y,a), (vdx @ dx,b)) € g X g* be an element in the Lie algebra of G x g*
such that

loy(y—1, X = (w0, a), (vdx @ dx,b)).

Suppose that v = ¢+ for some v € Diff(S1). Let .9, be the flow of ud, € X(S*). Then,
we have

X = loy(v),((u0y, a), (vdx @ dx, b))

d 1
= E ((w7 0)7 (—l{dﬂf ® d.T, _5))((()01“91 (t)v at)v (Utdx @ d&?, bt))
t=0
d ) 1
~ |00 0.0t B (0 A 1, i =)+ (e )
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where £ is the equicentroaffine curvature of v. Denoting by B, the value of the derivative
of the corresponding Bott cocycle, we have

1
X = ((¢'u, By + a), adf_uam’_a)(—/ida: ® dx, —5) + (vdr ® dx,b)).
By the expression of the coadjoint action of g in (1.32), we see that
1
X = ((¢'u, By, + a), ((—iu’” —2ku’ — K'u +v)dr ® dz,b)). (3.15)

By using the operator 2 := 192 + 2k + £/, ' mentioned in (2.4), the equation (3.15) can
be rewritten as

X = ((¥'u, B, + a), (' + v)dz @ dz,b)). (3.16)
By (3.8), all the tangent vectors 01,2 € Ty, () (G x g*) has the following form
01,72 = ((W'\,0), (—QNdx ® dz,0)), (3.17)
for some A € C*°(S'). Thus, by condition (3.14), we have
dO(X, (WA, 0), (—QNdz @ dz, 0))) = 0, (3.18)

for all A € C*°(S1). Substituting (3.16) into (3.18) and using the formula for the canonical
symplectic form provided in Theorem 3.7, we have

d@(X7 ((W% 0)7 (_Q)\/7 O))) = <_Qu/ +v, b)<)\7 B/\) o (_Q)‘la O)(U, CL) o (_K/a _%)(U’I)\ - u)\’,w(u, A))
_ / (=AQU + M+ uQN — uQN)dz + bB,
S1
- / Av — Qu')dx + bBy.
g1

where B, is the value of the derivative of the corresponding Bott cocycle and the symbols
dr ® dr and 0, are omitted. It follows that

/ v — ')z + bBy = 0, (3.19)
S1
for all A\ € C*(S'). By the expression for the vector field Xz in (3.3), we have
1

Xp(o1(7)) = (Ko, —ad(_,, _1y(—rdz @ dz, —3))

L 2 (3.20)

= (K, ((5/4" + 3K'K)dz @ dz, 0)),

where K is a tangent vector over G. On the other hand, by (3.17) we have

01.(Xu (7)) = (K1, (adx ® dz,0)) (3.21)
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where K is a tangent vector over G and o € C*°(S!). Substituting (3.20) and (3.21) into
(3.13) and comparing the coefficients, we see that

b=0.
Thus, by (3.19), we have
v=Qu.
It follows that
X = ((¢'u, By, + a), (0dz @ dx,0))
which implies the claim. |

Now, with all these theorems in hands, we can give an alternative explanation that why
the equicentroaffine curvature flow £ must satisfy the KdV equation (3.9), i.e.,

Corollary 3.18. Let 4 be an integral curve of X};. Then, we have

1

[ —— Yl

where & is the equicentroaffine curvature of 7.

Proof. Let 1) be a curve in Diff(S') such that (¢) = c- @(t) By the definition of o, we
have

o1.(3) = ((($,0), (—idz ® dz,0)).

By the expression for Xg in (3.3), the condition (3.13) and Theorem 3.17, we have

(((@/NJ, 0), (—kdz ® dz,0))) = (K, —ad —kdr @ dz, —%) + (0dr ® dx,0)),

—Rd$®dz,—%) (

where K is a tangent vector over G. It follows that

- . . 1
—(Rdzx @ dzx,0) = —ad(%az’f%)(—mdx ® dz, —5)

which implies that

which is nothing but the KdV equation. |

Thus, by revealing the relationship between the forms o7 and d© in Theorem 3.14, as
well as the relationship between the vector fields Xg and X}, in this section, we finally
understand why the equicentraoffine curvature flow & must satisfy the KdV equation.
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