
On certain central extensions associated to
covering spaces

(被覆空間に付随するある中心拡大につ
いて)

Takuya FUJITANI

April 15, 2020



Abstract

For a short exact sequence for groups, we have the five-term exact sequence
for group cohomology. Applying this five-term exact sequence to the homeo-
morphism and diffeomorphism group, we can understand characteristic classes
from central extensions. The author first introduces a new central extension,
called the central extension associated to a given regular Z-covering space
over X. Second, the author give the geometrical meaning to the central
extension associated to the regular Z-covering space. The author also in-
troduces the Euler class for an (X,α)-bundle and proves that the extension
class corresponding to the central extension associated to the Z-covering
space agree with the Euler class for the universal flat (X,α)-bundle. Finally,
the author construct some formula of 2-cocycles representing that extension
class. Especially ifX bounds on some suitable manifold, the author shows the
relation between the volume flux homomorphism and that extension class.
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1 Introduction

The group cohomology theory is closely related to the theory of characteristic
classes on flat bundles. In the thesis, we consider group cohomology classes
in low dimensions (1 and 2 in most cases) and investigate the relation to
group homomorphisms and central extensions. In particular, we clarify the
relations among the five-term exact sequences of group cohomology and the
transgression formulas in central extensions from the viewpoint of Geometry
and Topology. We will be concerned with homeomorphism and diffeomor-
phism groups as pivotal examples.

In the present thesis, there contain three main results. Given a regular
Z-covering space overX, there exists a cohomology class α ∈ H1(X;Z) corre-
sponding to the covering space. Let Homeoα(X) denote the group consisting
of homeomorphisms on X that preserve α. We first construct a new central
extension Ĝ of Homeoα(X). It is called the central extension associated to
the regular Z-covering space. For instance, the central extension associated
to the universal covering space R → S1 is the universal covering group of
the orientation-preserving circle homeomorphism group. In this case, it is
well known that the resulting extension class of Ĝ is the Euler class for the
universal oriented flat circle bundle (see Ghys [7] for instance).

Second, we shall associate a new characteristic class to the central ex-
tension constructed above. Given a regular Z-covering space over X with
α ∈ H1(X;Z) the corresponding class, we take an (X,α)-bundle E → B.
It is, by definition, a fiber bundle with X the fiber and Homeoα(X) the
structure group. We then define the Euler class eα(E) ∈ H2(B;Z) in a sim-
ilar manner to that of the Euler class for (not necessarily flat) circle bundle.
Observe that the new class eα(E) is a generalization of the Euler class for cir-
cle bundles since Homeoα(S

1) is exactly the group of orientation-preserving
homeomorphisms on the circle S1 with α the orientation class. Then we
prove that the Euler class eα(E) coincides with the pullback of the extension

class e(Ĝ) given by the central extension Ĝ of Homeoα(X) when the (X,α)-
bundle E → B is flat. This part is based on the joint work with Moriyoshi
[6].

Finally, we describe representative 2-cocycles for the extension class e(Ĝ)
(Proposition 5.25). The most known one is the Euler 2-cocycle as is ex-
plained in Ghys [7]. In the case of diffeomorphisms groups, we exhibit an-
other representative 2-cocycle for the smooth central extension associated to
a regular Z-covering space by using the double complex consisting of group
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cochains with values in differential forms (Proposition 5.27). Furthermore,
we consider a flux homomorphisms on the volume-preserving relative diffeo-
morphism group and prove a transgression formula for the universal Euler
class (Theorem 5.34, Corollary 5.35).

Now we describe the three results in more detail. As is mentioned, we
shall construct a central extension and a characteristic class, called the cen-
tral extension associated to α and the Euler class for (X,α)-bundles, and
investigate the relation between them.

Definition 1.1 (see Definition 5.9). Let π : X̂ → X be a regular Z-covering
space and let α ∈ H1(X;Z) denote the cohomology class corresponding to π :

X̂ → X. Denote by Homeoα(X) the group consisting of homeomorphisms on

X that preserve α. Denote also by Homeo(X̂)Z the group of homeomorphisms

on X̂ that commute with the Z-action on X̂. The central extension associated
to the Z-covering space is defined to be:

0→ Z→ Homeo(X̂)Z → Homeoα(X)→ 1.

We also refer to it as the central extension associated to α.

Next, we explain a significance of the central extension above from a
viewpoint of Geometry. Let E be an (X,α)-bundle on B, that is a fiber
bundle E → B with X the typical fiber and Homeoα(X) the structure group.
By using the five-term exact sequence of the Leray-Serre spectral sequence for
E → B, we can define a characteristic class, called the Euler class, which is
denoted by eα(E) ∈ H2(B;Z) for a given E → B (Definition 5.20). Observe
that the Euler class is well defined even for non-flat (X,α)-bundle since there
exists the five-term exact sequence for any fiber bundle. We then prove a
relation between the Euler class and the central extension associated to α
when the (X,α)-bundle is flat.

Theorem 1.2 (see Theorem 5.23 1 ). Let e(Ĝ) denote the extension class of
the central extension associated to α which belongs to H2

grp(Homeoα(X);Z).

1Theorem 5.23 grew out of a discussion with my supervisor, Professor Moriyoshi, trying
to construct a geometric central extension for the identity component of the homeomor-
phism group. Finally it culminated in the central extension associated to α.
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Let Eα be the universal flat (X,α)-bundle over BHomeoα(X)δ and eα(Eα) de-

note the Euler class for Eα. One has e(Ĝ) = eα(Eα) under the natural iden-
tification H2

grp(Homeoα(X);Z) = H2(BHomeoα(X)δ;Z). Here Homeoα(X)δ

is the group Homeoα(X) with the discrete topology.

We also exhibit a formula of representative group 2-cocycles correspond-
ing to the smooth central extension associated to α in Proposition 5.27. Fur-
thermore, we give another formula of representative cocycles for the restricted
smooth central extension associated to α concerning the flux homomorphism.
Let π : M̂ → M be a smooth regular Z-covering space with the classifying
class α ∈ H1(M ;Z). We have the central extension, called the restricted
smooth central extension associated to α:

0→ Z→ p−1(G∂)→ G∂ = Diff+(M)0 → 1,

where p : Diff(M̂)Z → Diffα(M) is the projection. Let W be an (n + 1)-
dimensional compact, connected and oriented manifold such thatM is diffeo-
morphic to the boundary ofW . Assume that there exists a regular Z-covering
space Ŵ → W overW such that the covering on the boundary coincides with
M̂ → M . We take an n-form η ∈ Ωn(W ) such that Ω = −dη is the volume
form onW whose volume is 1. By the assumption, we have the corresponding
class ᾱ ∈ H1(W ;R) to Ŵ → W that satisfies ᾱ|∂W = α ∈ H1(M ;Z). Denote
by G = DiffΩ(W )0 the identity component of the group volume-preserving
diffeomorphisms on W . Also denote by Grel the kernel of the restriction map
G→ G∂. We then have a short exact sequence:

1→ Grel → G→ G∂ → 1.

Let Flux : Grel → Hn(W,∂W ;R) the flux homomorphism defined in Defini-
tion 5.32.

Theorem 1.3 (see Theorem 5.34, Corollary 5.35). There exists a transgres-
sion formula (see Theorem 5.34 and Corollary 5.35 for the precise state-
ment) that connects the pairing homomorphism 〈Flux, i∗ᾱ〉 : Grel → R,
φ 7→ 〈Flux(φ) ∪ i∗ᾱ, [W,∂W ]〉 with the extension class in H2

grp(G∂;R) of the
restricted smooth central extension associated to α. Here i : Z ↪→ R is the
natural inclusion map.

This thesis is organized as follows. Sections 2, 3 and 4 are preliminary
parts. The main part of the thesis is Section 5. In Section 2, we begin with
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motivating the readers to consider the group cohomology theory for discrete
groups and overview its geometric background. In fact, the theory plays
a significant role even in Geometry and Topology since it is closely related
to the classification of flat bundles and foliation structures. In Section 3,
we recall the group cohomology theory and prepare mandatory notations.
In particular, we explain the relation among the lower degree cohomology
groups, central extensions and so on. We also provide certain examples that
will be relevant in the main part, Section 5. In Section 4, we introduce the
Lyndon–Hochschild–Serre spectral sequence, Lerya–Serre spectral sequence
and the five-term exact sequence for these spectral sequences. Those will
play crucial roles in Section 5 in order to establish the main theorems in the
thesis. In Section 5, we construct the central extension associated to α and
a characteristic class for (X,α)-bundle. We also clarify the relation between
them from a viewpoint of Geometry. In Subsection 5.1, we define the central
extension associated to α or a given Z-covering space (see Definition 5.9). In
Subsection 5.2, we recall the definition of the Euler class for the oriented S1-
bundle. For the universal oriented flat S1-bundle, it is known that the Euler
class corresponds to the central extension given by the universal covering
group of the circle homeomorphism group. In Subsection 5.3, we introduce
the Euler class for the (X,α)-bundle (see Definition 5.19 and 5.20) and prove
that the extension class of the central extension associated to α coincides
with the Euler class for the universal flat (X,α)-bundle (see Theorem 5.23).
In Subsection 5.4, we exhibit explicit formulas of group 2-cocycles that cor-
respond to the (smooth) central extension associated to α. In Subsection
5.5, we prove a relation between the restricted central extension associated
to α and the flux homomorphism for the volume-preserving diffeomorphism
group on certain compact manifolds (see Theorem 5.34). In Subsection 5.6,
we discuss some problems for the further study and developments.

Acknowledgments

I am indebted to my supervisor, Professor Hitoshi Moriyoshi for an enlighten-
ing discussion and invaluable suggestion. I would also thank the professors,
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2 Flat Bundles and Discrete Groups

In this section, we motivate us to consider group cohomology theory in dif-
ferential topology.

Geometrical (or topological) objects have been studied by using some
cohomology classes called characteristic classes, such as the Euler class, the
Chern class, the Pontrjagin class and so on. For characteristic classes of
smooth principal bundles, the Chern-Weil theory is well known.

Proposition 2.1 (the Chern–Weil theory). Let P →M be a smooth princi-
pal G-bundle with connection 1-form θ ∈ Ω1(P ; g), where g is a Lie algebra
associated with the Lie group G. Set Ω = dθ+ 1

2
[θ, θ] ∈ Ω2(P ; g) the curvature

2-form.
Denote by Ik(G) the symmetric k-linear functions from the k-tuple g ×

· · · × g to R which are invariant by G-adjoint action, that is,

f(Adg(A1), . . . ,Adg(Ak)) = f(A1, . . . , Ak)

for g ∈ G and A1, . . . , Ak ∈ g.
Then a homomorphism Ik(G)→ H2k(M ;R) is induced by the correspon-

dence from f ∈ Ik(G) to f(Ωk) ∈ Ω2k(P ). Here, the 2k-form f(Ω2k) is
defined as

f(Ω2k)(X1, . . . , X2k) =
∑
σ∈S2k

sgn(σ)f(Ω(Xσ(1), Xσ(2)), . . . ,Ω(Xσ(2k−1), Xσ(2k)))

for 2k tangent vector fields X1, . . . , X2k ∈ X(P ).

This homomorphism is called the Chern–Weil homomorphism. Remark
that the Chern–Weil homomorphism is independent on the choice of connec-
tion 1-forms on P .

For a flat principal bundle which has some connection forms with the
zero curvature, however, any characteristic classes from the Chern–Weil the-
ory vanish since Ω = 0, so that, 0 = f(Ωk) ∈ Ω2k(P ). We need non-zero
characteristic classes for flat principal bundles. For flat principal bundles,
the following is well known:

Proposition 2.2. Isomorphism classes of flat principal G-bundles over M
are one-to-one corresponding to conjugate classes of homomorphisms from
π1(M) to G.{

flat principal G-bundle
over M

}
/isom.

1:1←→ Hom(π1(M), G)/conj.
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A flat principal G-bundle over M corresponds to its holonomy represen-
tation Hol : π1(M)→ G, and a homomorphism ψ : π1(M)→ G corresponds
to a flat principal G-bundle E →M defined by

E = (M̃ ×G)/π1(M).

Here, M̃ → M is the universal covering space of M and the equivalence
relation is defined by a diagonal action of π1(M) along the homomorphism
ψ. This proposition implies that the structure group G of a flat principal
G-bundle can reduce the group G with the discrete topology. We write Gδ

as a topological group G with the discrete topology. Hence flat principal
G-bundles are classified by the universal bundle EGδ → BGδ.

On the other hand, the following is well-known about the singular coho-
mology group of the Eilenberg–MacLane space BGδ = K(Gδ, 1) for a discrete
group Gδ.

Proposition 2.3 (see e.g. Brown [3, Chapter II, (4.1) Proposition]). Let G
be a discrete group and assume that A is a G-module. Then the singular co-
homology H∗(BG;A) and the group cohomology H∗

grp(G
δ;A) are isomorphic,

where A is the local system of coefficients on BGδ of A.

Therefore we can regard group cohomology classes in H∗
grp(G

δ;R) as char-
acteristic classes for flat principal G-bundle.

3 The Group Cohomology Theory

In this section we recall the group cohomology theory based on Brown’s book
[3].

3.1 Definition of the group cohomology theory

Let G be a group and A be an Abelian group. Assume that A has a left
G-action by g · a for a ∈ A and g ∈ G.

Definition 3.1 (Brown [3, Chapter III, 1]). The group cochain complex
(C∗(G;A), δ) with coefficients in A is given by the pair

Cp(G;A) = {c : Gp → A}, δ : Cp(G;A)→ Cp+1(G;A).
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Here a group p-cochain c : Gp → A is an arbitrary function on the p-tuple
product of G and where the coboundary δ is defined to be

δc(g1, . . . , gp+1) = g1 · c(g2, . . . , gp+1) +

p∑
i=1

(−1)ic(g1, . . . , gigi+1, . . . , gp+1)

+ (−1)p+1c(g1, . . . , gp).

We denote by H∗
grp(G;A) the cohomology group of C∗(G;A), called the group

cohomology of G with coefficients in A.

Remark 3.2. In the definition, A is a “left” G-module. On the other hand,
we can define group cohomology with coefficients in a “right” G-module A.
In that case the coboundary δ is defined to be

δc(g1, . . . , gp+1) = c(g2, . . . , gp+1) +

p∑
i=1

(−1)ic(g1, . . . , gigi+1, . . . , gp+1)

+ (−1)p+1c(g1, . . . , gp) · gp+1.

Example 3.3. Let M be a smooth manifold and G be a subgroup of dif-
feomorphisms on M . Since G acts on M from the left, it acts on the de
Rham complex Ω∗(M) from the right by pull-back. Then a cochain complex
Cp(G; Ωq(M)) has two coboundary maps: the coboundary map δ for group
cochains and the differential d for differential forms. This complex is called
the group-de Rham double-complex.

In general, cohomology theory can be equipped with a product called
cup product whose cohomology group called cohomology ring. In the case of
group cohomology theory, the cohomology group has the cup product when
the coefficient group has suitable product.

Definition 3.4 (Brown [3, Chapter V, 3]). Let G be a group and A be a
left G-module. Assume that A has a Z-bilinear map [ , ] : A × A → A
satisfying [g · a, g · b] = g · [a, b] for any a, b ∈ A and g ∈ G. For a group
p-cochain c ∈ Cp(G;A) and a group q-cochain c′ ∈ Cq(G;A), the cup product
c ∪ c′ ∈ Cp+q(G;A) is defined as follows:

c ∪ c′(g1, . . . , gp+q) = [c(g1, . . . , gp), (g1 · · · gp).c′(gp+1, . . . , gp+q)]

for g1, . . . , gp+q ∈ G.
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Remark 3.5. The cup product ∪ : Cp(G;A) × Cq(G;A) → Cp+q(G;A) and
the coboundary map δ : Ck(G;A)→ Ck+1(G;A) satisfy the Leibniz’s rule:

δ(c ∪ c′) = (δc) ∪ c′ + (−1)pc ∪ (δc′)

for c ∈ Cp(G;A) and c′ ∈ Cq(G;A). Thus, this cup product for group
cocycles induces the cup product for cohomology classes by [c]∪ [c′] = [c∪c′].
Example 3.6. LetM be a smooth manifold and let G be a subgroup of diffeo-
morphisms on M . Since the differential forms Ω∗(M) on M has the exterior
product,it induces a cup product on the double complex C∗(G; Ω∗(M)):

(c∪c′)(g1, . . . , gp) = (gp+1 · · · gp+q)∗c(g1, . . . , gp)∧c′(gp+1, . . . , gp+q) ∈ Ωk+l(M)

for c ∈ Cp(G; Ωk(M)) and c′ ∈ Cq(G; Ωl(M)).

The following remark is easy to check.

Remark 3.7. Let G be an arbitrary group and A be a left G-module. The
first cohomology group H1

grp(G;A) of G with coefficients in A is the group of
crossed-homomorphisms from G to A as G-modules. Especially when G acts
on A trivially, H1(G;A) is just the homomorphism group Hom(G,A).

The group cohomology theory for discrete groups is related to the singular
cohomology theory for certain topological spaces:

Proposition 3.8 (Brown [3, Chapter II, (4.1) Proposition]). Let G be a dis-
crete group and assume that A is a G-module. Then the singular cohomology
H∗(BG;A) and the group cohomology H∗

grp(G
δ;A) are isomorphic to each

other, where A is the local system of coefficients on BGδ of A.

3.2 Central extensions

It is well-known that there is an alternative definition for the second coho-
mology group. First we recall the notions of group extensions and central
extensions.

Definition 3.9 (Brown [3, Chapter IV, 1]). Let A, Ĝ and G be arbitrary

groups. A group extension Ĝ of G by A is a short exact sequence of groups:

1→ A→ Ĝ→ G→ 1.

Furthermore, Ĝ is called a central extension if the inclusion A → Ĝ factors
through the center of Ĝ.
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Remark 3.10. When Ĝ is a central extension of G by A, A is in the center
of Ĝ, so that A is Abelian.

Consider a group extension Ĝ of G by an Abelian group A:

0→ A ↪→ Ĝ
p−→ G→ 1

Set s : G → Ĝ an arbitrary set-theorical section of p. There is a left group
action of G on A defined by

g · a := s(g)as(g)−1 ∈ A

for g ∈ G and a ∈ A since p(g · a) = gp(a)g−1 = 1. This group ac-
tion is independent of the choice of sections s. For a left G-module A, we
call a group extension Ĝ of G by the left G-module A if the above left G-
action on A coincides with the one on A originally. For g, h ∈ G, we have
s(g)s(h)s(gh)−1 ∈ A by p(s(g)s(h)s(gh)−1) = 1. Then we can define a group
2-cochain χ ∈ C2(G;A) in the following way:

χ(g, h) = s(g)s(h)s(gh)−1 ∈ A. (3.1)

It is easy to check that χ ∈ C2(G;A) is a group 2-cocycle and the cohomology

class [χ] ∈ H2
grp(G;A) is independent of the choice of sections s : G→ Ĝ, so

that the class [χ] depends only on the group extension.

Definition 3.11 (Brown [3, Chapter IV, 3]). The cohomology class [χ] ∈
H2

grp(G;A) defined by Equation (3.1) is called the extension class or the Euler

class of the group extension Ĝ, denote by e(Ĝ).

If a section s : G → Ĝ is a homomorphism then the corresponding 2-
cocycle χ ∈ C2(G;A) is obviously trivial. This implies that the splitting
extension has a trivial extension class. The following is well known.

Proposition 3.12 (Brown [3, Chapter IV, (3.12) Theorem]). Let G be a
group and A be a left G-module. The second cohomology group H2

grp(G;A) is
isomorphic to the equivalence classes of extensions of G by the left G-module
A:

H2
grp(G;A)

∼= {extensions of G by the G-module A}/{splitting extensions}.
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Remark 3.13. Let G be a group, N be a normal subgroup of G. We have a
group extension 1 → N → G → G/N → 1. Let A be a left G-module and
f : N → A be a G-equivariant homomorphism, that is, f(gng−1) = g.f(n)
for g ∈ G and n ∈ N .

Then we obtain a central extension of G/N by A:

0→ A→ GA → G/N → 1,

where GA = (A⋊G)/ ∼ with the equivalence relation (a, ng) ∼ (f(n)+a, g)
for (g, a) ∈ G ⋊ A and n ∈ N . Given a ∈ A and g ∈ G, we denote the
corresponding element in GA by [a, g] ∈ GA.

3.3 Connection cochain

We introduce the notion of connection cochain. It is a useful tool to construct
representative 2-cocycle of the extension class of a given central extension.

Definition 3.14 (Moriyoshi [15, Definition 1]). Assume that 1→ N → G→
G/N → 1 is a short exact sequence for groups. Let A be a left G-module
on which N acts trivially. A map τ : G → A is a connection cochain if it
satisfies the following conditions:

τ(gn) = τ(g) + g · τ(n), τ(gng−1) = g · τ(n)

for n ∈ N and g ∈ G.

Remark 3.15. The restriction f = τ |N : N → A is a G-equivariant homo-
morphism:

f(nn′) = f(n) + f(n′), f(gng−1) = f(n)

for n ∈ N and g ∈ G. Hence we call τ : G→ A a connection cochain over f .

Proposition 3.16 (Moriyoshi [15, Proposition 1]). Let 1 → N → G
p−→

G/N → 1 be a short exact sequence for groups and let A be a left G-module
on which N acts trivially. Take a G-equivariant homomorphism f : N → A.
We have a central extension

0→ A→ GA
pA−→ G/N → 1

defined in Remark 3.13.
Then the following holds:
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1. For a connection cochain τ : G → A over f , there exists a group 2-
cocycle στ ∈ C2(G/N ;A) such that

στ ([g], [h]) = δτ(g, h) ∈ A

for each g, h ∈ G and their equivalence class [g], [h] ∈ G/N .

2. Assume that τ, τ ′ : G → A are different connection cochains over f .
Then στ ′ ∈ C2(G/N ;A) is cohomologous to στ ∈ C2(G/N ;A).

3. For a connection cochain τ : G → A over f , the cohomology class
[−στ ] ∈ H2

grp(G/N ;A) coincides with the extension class e(GA) ∈
H2

grp(G/N ;A).

Proof. 1. For n ∈ N and g, h ∈ G, we have

δτ(g, hn) =g · τ(hn)− τ(ghn) + τ(g)

=g · (τ(h) + h · τ(n))− (τ(gh) + (gh) · τ(n)) + τ(g) = δτ(g, h).

since τ(gn) = τ(g) + g · τ(n). Similarly, we obtain

δτ(gn, h) =(gn) · τ(h)− τ(gnh) + τ(gn)

=g · τ(h)− τ(ghh−1nh) + τ(gn)

=g · τ(h)− (τ(gh) + (gh) · τ(h−1nh)) + (τ(g) + g · τ(n)) = δτ(g, h).

since τ(gn) = τ(g) + g · τ(n) and τ(h−1nh) = h−1 · τ(n). These imply
that δτ(g, h) depends only on the equivalence class [g], [h] ∈ G/N , so
that there exists a group 2-cocycle σ ∈ C2(G;A) such as

σ([g], [h]) = δτ(g, h)

for g, h ∈ G and their equivalence class [g], [h] ∈ G/N .

2. Assume that τ and τ ′ are different connection cochains over f . Then
for g ∈ G and n ∈ N , we have

(τ ′ − τ)(gn) = (τ ′(g) + g · τ ′(n))− (τ(g) + g · τ(n)) = (τ ′ − τ)(g).

Therefore there exists a group 1-cochain λ ∈ C1(G/N ;A) such that

λ([g]) = τ ′(g)− τ(g)

for g ∈ G and its equivalence class [g] ∈ G/N . Thus we obtain στ ′ =
στ + δλ ∈ C2(G/N ;A).
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3. Let s : G/N → G be a set-theorical section of the quotient map p :
G→ G/N . We define a group 1-cochain τs : G→ A as

τs(g) = f(g{s ◦ p(g)}−1) ∈ A

for g ∈ G since p(g{s◦p(g)}−1) = 1 ∈ G/N , so that g{s◦p(g)}−1 ∈ N .
By definition, the 1-cochain τs is a connection cochain over f :

τs(gn) = f(gn{s◦p(gn)}−1) = f((gng−1)·g{s◦p(g)}−1) = g·f(n)+τs(g)

for g ∈ G and n ∈ N . Then we obtain

δτs(g, h) =g · τs(h)− τs(gh) + τs(g)

=g.f(h{s ◦ p(h)}−1)− f(gh{s ◦ p(gh)}−1) + f(g{s ◦ p(g)}−1)

=f(g{s ◦ p(g)}−1) + f(gh{s ◦ p(h)}−1g−1)− f(gh{s ◦ p(gh)}−1)

=− f({s ◦ p(g)}g−1g{s ◦ p(h)}h−1g−1gh{s ◦ p(gh)}−1)

=− f(s ◦ p(g)s ◦ p(h){s ◦ p(gh)}−1)

for g, h ∈ G. Thus στs(x, y) = −f(s(x)s(y)s(xy)−1) ∈ A for x, y ∈
G/N .

Recall GA = (A ⋊ G)/ ∼ discussed in Remark 3.13, where the equiv-
alence relation is defined by (a, ng) ∼ (f(n) + a, g) for (a, g) ∈ A ⋊ G
and n ∈ N . For the section s : G/N → G, we have a set-theorical
section sA : G/N → GA of pA : GA → G/N defined as sA(x) = [0, s(x)]
for x ∈ G/N . Then we obtain

sA(x)sA(y)sA(xy)
−1 =[0, s(x)][0, s(y)][0, s(xy)]−1

=[0, s(x)s(y)s(xy)−1]

=[f(s(x)s(y)s(xy)−1), 1] = [−στs(x, y), 1]

for x, y ∈ G/N . The left hand side is a group 2-cocycle representing
the extension class e(GA) by Definition 3.11. Thus, στs also repre-
sents the extension class e(GA) ∈ H2

grp(G/N ;A). Since στ is coho-
mologous to στs for each connection cochain τ over f , the cohomol-
ogy class [−στs ] ∈ H2

grp(G/N ;A) coincides with the extension class
e(GA) ∈ H2

grp(G/N ;A).
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Remark 3.17. A connection cochain τ : G→ A for the short exact sequence
1→ N → G→ G/N → 1 is an analogy to a connection 1-form of a principal
bundle.

Let P →M be a principal U(1)-bundle over M with a connection 1-form
θ ∈ Ω1(P ). The the exact 2-form dθ ∈ Ω2(P ), called the curvature 2-
form, induces a closed 2-form on the base spaceM and represents 2πc1(P ) ∈
H2(M ;R), where c1(P ) is the first Chern class of the principal bundle P →
M .

One the other hand, for a connection cochain τ ∈ C1(G;A), the cobound-
ary δτ ∈ C2(G;A) induces a group 2-cocycle σ ∈ C2(G/N ;A) and represents
the extension class e(GA) ∈ H2

grp(G/N ;A) corresponding to the central ex-
tension

0→ A→ GA → G/N → 1.

3.4 Examples

Example 3.18 (see e.g. Ghys [7, 6.2], Moriyoshi [15, Example 1]). Denote
by G∂ = Homeo+(S

1) the group of orientation-preserving homeomorphisms
on a unit circle S1. We consider the group G∂ as a topological group by
Whitney topology. It is well-known that the universal covering group G̃∂ of
G∂ coincides with the group of homeomorphisms on the real line R which
commutes with a homeomorphism T : R→ R, T (x) = x+ 1.

Then we obtain a central extension

0→ Z→ G̃∂ → G∂ → 1

and the extension class e(G̃∂) ∈ H2
grp(G∂;Z) corresponding to this central

extension.
This central extension has a connection cochain τ over the identity id :

Z→ Z defined as
τ(φ̃) = bφ̃(0)c

for φ̃ ∈ G̃∂ ⊂ Diff(R). Here, b·c : R→ Z is the floor function.

Example 3.19. Denote by G∂ = Diff+(S
1) the group of orientation-preserving

diffeomorphisms on a unit circle S1 as the case of the homeomorphism group.
We consider the groupG∂ = Diff+(S

1) as a topological group by C∞-Whitney

topology. It is well-known that the universal covering group G̃∂ of G∂ =
Diff+(S

1) coincides with the group of diffeomorphisms on the real line R
which commutes with a diffeomorphism T : R→ R, T (x) = x+ 1.

14



Then we obtain a central extension

0→ Z→ G̃∂ → G∂ → 1

and the extension class e(G̃∂) ∈ H2
grp(G∂;Z) corresponding to this central

extension. This class e(G̃∂) ∈ H2
grp(G∂;Z) corresponds to the Euler class for

the universal oriented flat S1-bundle in H2(BGδ
∂;Z), where the group Gδ

∂ is
a group G∂ with discrete topology.

Put ω = dθ
2π
∈ Ω1(S1), where θ is an angular coordinate on S1. We know

that the de Rham cohomology class in H1(S1;R) containing ω is the gener-
ator of the cohomology ring H∗(S1;R). We identify the 1-form ω ∈ Ω1(S1)
as a group 0-cochain in C0(G∂; Ω

1(S1)). Since φ ∈ G∂ is an orientation-
preserving diffeomorphism, the group coboundary δω(φ) = ω − φ∗ω is exact
1-form, so that there exists a group 1-cochain σ ∈ C1(G∂; Ω

0(S1)) such that

δω(φ) = ω − φ∗ω = d(σ(φ))

for any φ ∈ G∂. Furthermore, the coboundary δσ ∈ C2(G∂; Ω
0(S1)) defines

a group 2-cocycle in C2(G∂;R) since d(δσ(φ1, φ2)) = δ(δω)(φ1, φ2) = 0. It is
easy to check that the group cohomology class −δσ ∈ C2(G∂;R) equals to

the above Euler class e(G̃∂)R ∈ H2
grp(G∂;R).

4 Spectral Sequence

In this section, we recall the notion of a spectral sequence. Especially, we
introduce the Leray-Serre spectral sequence for a fibration and the Lyndon-
Hochschild-Serre spectral sequence for a short exact sequence for groups.
Their notations rely on McCleary [12] and Hochschild-Serre [9].

4.1 Spectral sequence of a filtered complex

In this subsection, we recall the theory of spectral sequence. The spectral
sequence is known as the most important tool in algebraic topology. First,
we will define a spectral sequence formally.

Definition 4.1 (see e.g. McCleary [12, 2.1, Definition 2.1]). Fix a non-
negative integer r ∈ Z. For each integers p, q ∈ Z, let Ep,q be an Abelian
group and put

E∗,∗ =
⊕
p,q∈Z

Ep,q.

15



Let d : E∗,∗ → E∗,∗ be a homomorphism such that

d(Ep,q) ⊂ Ep+r,q−r+1, d ◦ d = 0

for each integers p, q ∈ Z.
Then the pair (E∗,∗, d) is called a bigraded cochain complex and d is called

the differential of bidigree (r, 1− r).

For a bigraded cochain complex (E∗,∗, d) with the differential d of bidigree
(r, 1− r), we define a cohomology group H∗,∗(E∗,∗) as

Hp,q(E∗,∗, d) := (Kerd ∩ Ep,q)/(Imd ∩ Ep,q).

Definition 4.2 (see e.g. McCleary [12, 2.1, Definition 2.2]). A spectral se-
quence is a collection {(E∗,∗

r , dr)} satisfying the following:

• For each r ∈ Z, (E∗,∗
r , dr) is a bigraded cochain complex with the

differential dr of bidigree (r, 1− r).

• For each r ∈ Z, the cohomology group Hp,q(E∗,∗
r , dr) is isomorphic to

Ep,q
r+1.

Furthermore, the spectral sequence {(E∗,∗
r , dr)} is first quadrant if Ep,q

2 =
0 for p < 0 or q < 0.

Let {(E∗,∗
r , dr)} be a spectral sequence. We will start the (E∗,∗

1 , d1). Put
Zp,q

1 = Im(d1) ∩ Ep,q
1 and Bp,q

1 = Ker(d1) ∩ Ep,q
1 . By definition, we have

Ep,q
2
∼= Zp,q

1 /Bp,q
1 . We also have Ep,q

3
∼= Z̄p,q

2 /B̄p,q
2 , where Z̄p,q

2 = Im(d2) ∩Ep,q
2

and B̄p,q
2 = Ker(d2)∩Ep,q

2 . Since both of Zp,q
2 and Bp,q

2 are subgroups of Ep,q
2 ,

there exists subgroups Zp,q
2 and Bp,q

2 of Ep,q
1 such that Z̄p,q

2
∼= Zp,q

2 /Bp,q
1 and

B̄p,q
2
∼= Bp,q

2 /Bp,q
1 , respectively. Thus we obtain a sequence of inclusions:

0 ⊂ Bp,q
1 ⊂ Bp,q

2 ⊂ Zp,q
2 ⊂ Zp,q

1 ⊂ Ep,q
1 .

Iterating this process, we obtain

0 ⊂ Bp,q
1 ⊂ · · · ⊂ Bp,q

r ⊂ · · · ⊂ Zp,q
r ⊂ · · · ⊂ Zp,q

1 ⊂ Ep,q
1 .

Put
Zp,q

∞ =
⋂
r≥1

Zp,q
r , Bp,q

∞ =
⋃
r≥1

Bp,q
r
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and define
Ep,q

∞ = Zp,q
∞ /Bp,q

∞ .

Some construction methods for spectral sequences are known. Here, we
introduce a construction method for a spectral sequence by using the filtra-
tion of a cochain complex.

Definition 4.3 (see e.g. McCleary [12, 2.2, Definition 2.4]). A spectral
sequence {(E∗,∗

r , dr)} converges to a graded module H∗ if there is a filtration
F ∗H∗ of H∗ such that

Ep,q
∞
∼= F pHp+q/F p+1Hp+q.

Definition 4.4 (see e.g. McCleary [12, 2.2, Definition 2.5]). Let (C∗, δ) be
a cochain complex. The complex (C∗, δ) is a filtered cochain complex if the
cochain complex C∗ has an increasing sequence of Abelian groups, which
called a filtration of the cochain complex:

· · · ⊂ F p+1C∗ ⊂ F pC∗ ⊂ · · · ⊂ C∗,

where δ(F pC∗) ⊂ F pC∗ for each p.
Furthermore, the filtration is bounded if for each n ∈ Z, there exists some

integer s, t ∈ Z satisfying

0 ⊂ F sCn ⊂ F s−1Cn ⊂ · · · ⊂ F t+1Cn ⊂ F tCn = Cn.

Let (C∗, δ) be a filtered cochain complex with a filtration F pC∗. We set

Zp,q
r = {c ∈ F pCp+q | δc ∈ F p+rCp+q+1}

Then we define a collection of cochain complexes {(E∗,∗
r , dr)}r∈Z

Ep,q
r = Zp,q

r /(Zp−1,q+1
r−1 + δZp+1−r,q+r−2

r−1 )

and differential operators dr : E
p,q
r → Ep+r,q−r+1

r are induced by δ.

Proposition 4.5 (see e.g. McCleary [12, 2.2, Theorem 2.6]). For the given
filtered cochain complex (C∗, δ), the collection of cochain complex {(E∗,∗

r , dr)}r∈Z
is a spectral sequence with

Ep,q
1
∼= Hp+q(F pC∗/F p+1C∗).
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Especially if the filtration is bounded, then the spectral sequence converges
to H∗(C∗), that is, there is a filtration

F pHp+q = Im(Hp+q(F pC∗)→ Hp+q(C∗))

of H∗(C∗) such that Ep,q
∞
∼= F pHp+q/F p+1Hp+q.

For a filtered cochain complex (C∗, δ) with a filtration F ∗C∗, we call this
spectral sequence Ep,q

1
∼= Hp+q(F pC∗/F p+1C∗) is called the spectral sequence

of the filtered cochain complex.
We obtain a useful tool from a spectral sequence to compute cohomology

groups.

Proposition 4.6 (see e.g. McCleary [12, 1.2, Example 1.A]). Assume that
{(E∗,∗

r , dr)} is a first quadrant spectral sequence converging to a graded module
H∗.

Then we have an exact sequence

0→ E1,0
2 → H1 → E0,1

2
d2−→ E2,0

2 → H2,

which is called the five-term exact sequence.

4.2 Th Lyndon-Hochschild-Serre spectral sequence

Hereinafter, we consider group cochain complexes as normalized ones.
Let G be a group and N be a normal subgroup of G. Then there is a

group extension
1→ N → G→ G/N → 1.

For a left G-moddule A, we define a filtration (F pC∗)p∈Z of C∗(G;A) as
follows: {

F pCq = Cq(G;A), if p ≤ 0,

F pCq = 0, if q < p

and for 0 < p ≤ q, we set F pCq the group of q-cochains c ∈ Cq(G;A)
such that c(g1, . . . , gp) = 0 whenever (q − p+ 1) of the arguments belong to
N . We can check δ(F pC∗) ⊂ F pC∗ easily. This filtration defines a spectral
sequence Ep,q

r , called the Lyndon-Hochschild-Serre spectral sequence for the
group extension

1→ N → G→ G/N → 1.
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Definition 4.7 (Hochschild-Serre [9, Chapter II, 1]). Let G be a group, N
be a normal subgroup of G and A be a left G-module. We set Zp,q

r = {c ∈
F pCp+q | δc ∈ F p+rCp+q+1}. The Lyndon-Hochschild-Serre (LHS) spectral
sequence is a spectral sequence defined as

Ep,q
r = Zp,q

r /(Zp−1,q+1
r−1 + δZp+1−r,q+r−2

r−1 )

and differential operators dr : E
p,q
r → Ep+r,q−r+1

r are induced by δ.

Proposition 4.8 (Hochschild-Serre [9, Chapter II, 4, Theorem 2]). Assume
that 1 → N → G → G/N → 1 is a short exact sequence. The LHS spectral
sequence Ep,q

r for this exact sequence satisfies the follows.

1. There exists an isomorphism

Ep,q
1
∼= Cp(G/N ;Hq

grp(N ;A)).

and the differential d1 corresponds to the group coboundary map δG/N :
Cp(G/N ;Hq

grp(N ;A))→ Cp+1(G/N ;Hq
grp(N ;A)).

2. There exists an isomorphism

Ep,q
2
∼= Hp

grp(G/N ;Hq
grp(N ;A)).

Sketch of proof. Let σ be a (p, q)-shuffle, that is, σ is a permutation of
(1, . . . , p+ q) such that σ(1) < · · · < σ(p) and σ(p+1) < · · · < σ(p+ q). For
a group 1-cochain c ∈ Cp+q(G;A), we define cσ ∈ Cp+q(G;A) as

cσ(h1, . . . , hq, g1, . . . , gp) = c(γ1, . . . , γp+q),

where

γσ(i) =

{
gi if 1 ≤ i ≤ p,

g−1
σ(i)+p−i . . . g

−1
1 hi−pg1 . . . gσ(i)+p−i, if p+ 1 ≤ i ≤ p+ q.

Then we define ϕ(c) ∈ Cp(G/N ;Cq(N ;A)) as

ϕ(c)(g1, . . . , gp)(n1, . . . , nq) =
∑
σ

cσ(n1, . . . , nq, g1, . . . , gp),

where σ run over all (p, q)-shuffles.
This gives a homomorphism ϕ : Cp+q(G;A) → Cp(G/N ;Cq(N ;A)) and

this homomorphism ϕ induces isomorphisms Ep,q
1 → Cp(G/N ;Hq

grp(N ;A))
and Ep,q

2 → Hp
grp(G/N ;Hq

grp(N ;A)).
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Proposition 4.9 (Hochschild–Serre [9, Chapter III, 1]). The LHS spectral
sequence Ep,q

r for a short exact sequence 1→ N → G→ G/N → 1 converges
to Hp+q

grp (G;A), that is, there is an isomorphism

Ep,q
∞
∼= Im(Hp+q

grp (F pC∗)→ Hp+q
grp (G;A))/Im(Hp+q

grp (F p+1C∗)→ Hp+q
grp (G;A)).

Remark 4.10. Assume that 1 → N → G → G/N → 1 is a short exact
sequence and let A be a left G-module on which N acts trivially. Recall
H1

grp(N ;A) = Hom(N,A) in Remark 3.7.
Let f : N → A be a G-equivariant homomorphism and let τ : G→ A be a

connection cochain over f . According to Proposition 4.8, the homomorphism
f ∈ H1

grp(N ;A)G can be regarded as an element in E0,1
2 in the LHS spectral

sequence and τ ∈ Z0,1
2 ⊂ C1(G;A) is a representative group 1-cocycle of f

as an element in E0,1
2 .

By Definition 4.7, the differential d2f ∈ H2
grp(G/N ;A) ∼= E2,0

2 is given by

d2f = [δτ ] ∈ H2
grp(G/N ;A).

Lemma 4.11. Let 0 → A → Ĝ
p−→ G → 1 be a central extension with its

extension class e(Ĝ) ∈ H2
grp(G;A). In the five-term exact sequence

0→ H1
grp(G;A)→ H1

grp(Ĝ;A)→ H1
grp(A;A)

d2−→ H2
grp(G;A)→ H2

grp(Ĝ;A),

The negative identity −idA ∈ Hom(A,A) = H1
grp(A;A) transgresses to the

extension class d2(−idA) = e(Ĝ) ∈ H2
grp(G;A).

Proof. Let s : G→ Ĝ be a set-theorical section of the surjection p : Ĝ→ G.
We define τs : Ĝ→ A as

τs(ĝ) = ĝ{s ◦ p(ĝ)}−1 ∈ A

since p(ĝ{s ◦ p(ĝ)}−1) = 1 ∈ G.
Then τs is a connection cochain over idA:

τs(a) = a, τs(ĝa) = τs(ĝ) + a.

By Remark 4.10, we obtain d2idA = [δτs] ∈ H2
grp(G;A). On the other hand,

by applying Proposition 3.16, we have e(Ĝ) = [−δτs] ∈ H2
grp(G;A). Thus we

conclude d2(−idA) = [−δτs] = e(Ĝ) ∈ H2
grp(G;A).

20



4.3 The Leray-Serre spectral sequence

Let B be a connected CW-complex and denote its p-skeleton by Bp:

B0 ⊂ B1 ⊂ B2 ⊂ · · · ⊂ B.

For a fibration F ↪→ E
π−→ B with CW-complexes F and E, put Ep :=

π−1(Bp):
E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ E.

Then we have a sequence of the singular cochain complexes:

C∗(E0;Z)← C∗(E1;Z)← C∗(E2;Z)← . . .← C∗(E;Z).

We define a filtraion (F pC∗)p∈Z of the singular complex C∗(E;Z) as follows:{
F pCq = Cq(E;Z), if p ≤ 0

F pCq = 0, if q < p

and for 0 < p ≤ q, we set

F pCq = Ker(Cq(E;Z)→ Cq(Ep;Z))

the kernel of the restriction map.

Proposition 4.12 (see e.g. McCleary [12, 5, Theorem 5.2]). A spectral se-
quence {(E∗,∗

r , dr)} of the filtered cochain complex F ∗C∗ converges to H∗(E;Z)
with

Ep,q
2
∼= Hp(B;Hq(F ;Z)),

where Hp(F ;Z) is a local system of coefficients on B of the cohomology group
Hp(F ;Z).

This spectral sequence Ep,q
2
∼= Hp(B;Hq(F ;Z)) is called the Leray-Serre

spectral sequence for the fibration F ↪→ E → B.
Assume that F ↪→ E → B is a fiber bundle with connected CW-complexes

B and F and with the structure group G. In general theory of spectral se-
quence, we have the five-term exact sequence of the Leray-Serre spectral
sequence:

0→ H1(B;Z)→ H1(E;Z)→ H0(B;H1(F ;Z))→ H2(B;Z)→ H2(E;Z).

We will explain what H0(B;H1(F ;Z)) is.
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Proposition 4.13 (see e.g. Davis-Kirk [5, 5.3, Proposition 5.14]). Let B be
a connected CW-complex and let A be a left π1(B)-module. We consider the
cohomology group Hp(B;A), where A is a local system of coefficients on B
of A.

Then

H0(B;A) ∼= Aπ1(B) = {a ∈ A | a = γ · a,∀γ ∈ π1(B)}.

Let B and F be connected CW-complexes. Assume that π : E → B is a
fiber bundle with F the typical fiber and with G the structure group. Then
the fundamental group π1(B) acts on F as elements of the structure group
G, called the monodromy action. Therefore, we obtain the following lemma:

Lemma 4.14. Let B and F be connected CW-complexes. Assume that π :
E → B is a fiber bundle with F the typical fiber and with G the structure
group.

Then we have the five-term exact sequence

0→ H1(B;Z)→ H1(E;Z)→ H1(F ;Z)π1(B) d2−→ H2(B;Z)→ H2(E;Z)

and there is a natural inclusion

H1(F ;Z)π1(B) ⊂ H1(F ;Z)G.

Remark 4.15. We recall the relation between the Leray-Serre spectral se-
quence for a fibration and the Lyndon-Hochschild-Serre spectral sequence
for a short exact sequence for groups.

Assume that 1 → N → G → G/N → 1 is a short exact sequence for
groups. We obtain a fibration BN ↪→ BG→ B(G/N) as

EG/N ↪→ (EG× E(G/N))/G→ B(G/N),

where EN → BN , EG → BG, and E(G/N) → B(G/N) are classifying
spaces of N , G, and G/N , respectively.

Then the Leray-Serre spectral sequence Hp(B(G/N);Hq(BN ;Z)) is nat-
urally isomorphic to the LHS spectral sequence Hp

grp(G/N ;Hq
grp(N ;Z)).

22



5 The Central Extension associated to the Z-
covering space

In this section, we introduce and investigate the central extension associated
to a regular Z-covering space mentioned in Introduction.

First, we shall introduce a new central extension, called the central ex-
tension associated to a given regular Z-covering space. In the case of the
universal covering R→ S1, the central extension associated to the universal
covering space is just a central extension made up of the universal covering
group of the orientation-preserving homeomorphism group Homeo+(S

1) on
S1.

Second, we shall give the geometrical meaning to the central extension as-
sociated to a regular Z-covering space. We define the notion of (X,α)-bundle,
which is an analogy to that of oriented S1-bundles. The (X,α)-bundle is a
fiber bundle with X the typical fiber and with Homeoα(X) the structure
group. Here Homeoα(X) is the group consisting of homeomorphisms on X
that preserve the cohomology class α ∈ H1(X;Z) (see Definition 5.7), which
is regarded as the isomorphism class of the regular Z-covering space over
X. We show that such an (X,α)-bundle which is not necessarily flat has
a characteristic class, so called the Euler class. Then we clarify the rela-
tion between the central extension associated to α and the Euler class for
the universal flat (X,α)-bundle. It is known that the central extension of
Homeo+(S

1) given by the universal covering group corresponds to the Euler
class for the universal oriented flat S1-bundle. As in the case of oriented
flat S1-bundle, when the (X,α)-bundle is flat, we prove that the Euler class
for the universal flat (X,α)-bundle corresponds to the extension class of the
central extension associated to α.

Third, we shall give formulas of the representative cocycles for the exten-
sion class of the central extension associated to a given Z-covering space. For
the given covering space M̂ →M over a smooth manifoldM , if there exists a
certain manifoldW withM the boundary ofW , then we prove a transgression
formula connecting the flux homomorphism on the volume-preserving rela-
tive diffeomorphism group with the extension class of the restricted smooth
central extension associated to α.

In this section, we assume that all topological spaces are CW-complexes
and that the base space of a covering space is connected unless otherwise
stated.
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5.1 Central extension associated to Z-covering space

In this subsection, we introduce the notion of the central extension associated
to a regular Z-covering space. In the following, we observe that the total
space of covering spaces is not necessarily connected. For instance, a disjoint
union X tX of a connected CW-complex X with itself can be considered as
a double covering space over X, which is not connected clearly.

Definition 5.1 (see e.g. Hatcher [8, Chapter I, section 1.3]). Let X be a

connected CW-complex and let π : X̂ → X be a covering space with Γ the
deck transformation group. The covering space X̂ → X is regular or normal
if there exists a deck transformation g ∈ Γ with g · x̂ = x̂′ for any x̂, x̂′ ∈ X̂
with π(x̂) = π(x̂′). We call a covering space X̂ → X a regular Γ-covering

space if X̂ → X is a regular covering space with Γ the deck transformation
group.

Let π : X̂ → X be a regular covering space with the deck transformation
group Γ. Assume that X̂ is connected. Take and fix a base point x̂0 ∈ X̂
and put x0 = π(x̂0) ∈ X. Since the covering space is regular, for each

x̂ ∈ π−1(x0) ⊂ X̂, there is a unique element g ∈ Γ such that x̂ = g · x̂0. Thus
we obtain a surjective homomorphism αx0 : π1(X, x0)→ π0(π

−1(x̂0), x̂0) ∼= Γ,
called themonodromy transformation. Then we obtain a short exact sequence
from the homotopy exact sequence for fiber bundles:

1→ π1(X̂, x̂0)→ π1(X, x0)
αx0−−→ π0(π

−1(x0), x̂0)→ 1.

Lemma 5.2. Let π : X̂ → X be a regular covering space with the deck
transformation group Γ. Suppose that X̂ is connected. Assume that a homo-
morphism φ : X → X satisfies the following diagram:

π1(X, x)
αx //

ϕ∗
��

⟳
Γ

=

π1(X,φ(x)) αϕ(x)

// Γ

for any x ∈ X. Then there exists a homeomorphism φ̂ : X̂ → X̂ such that

φ̂(g · x̂) = g · φ̂(x̂)

for x̂ ∈ X̂ and g ∈ Γ.
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Proof. Take and fix points x ∈ X and x̂, x̂′ ∈ X̂ such that π(x̂) = x and
π(x̂′) = φ(x). By the assumption, we have

1 // π1(X̂, x̂) // π1(X, x)
αx //

ϕ∗

��

Γ

=

// 1

1 // π1(X̂, x̂
′) // π1(X,φ(x)) αϕ(x)

// Γ // 1,

and obtain

(π ◦ φ)∗π1(X̂, x̂) = φ∗Ker(αx) = Ker(αϕ(x)) = π∗π1(X̂, x̂
′) ⊂ π1(X,φ(x)).

By using the Covering Lifting Property, there exist continuous maps φ̂ and

φ̂−1 which make the following diagrams commutative:

X̂

π

��

ϕ̂ //______

⟳
X̂

π

��

X̂

π

��
⟳

X̂
ϕ̂−1

oo_ _ _ _ _ _

π

��
X

ϕ
// X, X X.

ϕ−1
oo

Here, we may choose φ̂ and φ̂−1 such as φ̂(x̂) = x̂′ and φ̂−1(x̂′) = x̂, respec-
tively. By the uniqueness of lifts that agree at one point, the composition

φ̂ ◦ φ̂−1 coincides with the identity on X̂ since φ̂ ◦ φ̂−1(x̂′) = x̂′. Similarly,

φ̂−1 ◦ φ̂ also coincides with the identity on X̂. Therefore φ̂ : X̂ → X̂ is a

homeomorphism which satisfies π ◦ φ̂ = φ̂ and φ̂−1 = φ̂−1.
The pair (φ̂, φ) induces the commutative diagram:

1 // π1(X̂, x̂)

ϕ̂∗
��

// π1(X, x)
αx //

ϕ∗

��

Γ

=

// 1

1 // π1(X̂, φ̂(x̂)) // π1(X,φ(x)) αϕ(x)

// Γ // 1,

for each x ∈ X and x̂ ∈ X̂ such that π(x̂) = x. This implies that φ̂ commutes
with the Γ-action.

Definition 5.3. Let π : X̂ → X and π′ : X̂ → X be two different covering
spaces over the same connected CW-complex X.
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1. The covering spaces π : X̂ → X and π′ : X̂ ′ → X are isomorphic if
there exists a homeomorphism φ̂ : X̂ → X̂ ′ which satisfies the following
diagram:

X̂
ϕ̂ //

π   A
AA

AA
AA

A

⟳
X̂ ′

π′
~~||
||
||
||

X.

2. In addition, suppose that both of the covering spaces π : X̂ → X and
π′ : X̂ ′ → X are regular Γ-covering spaces. The regular Γ-covering
spaces π : X̂ → X and π′ : X̂ ′ → X are isomorphic if there exists a
homeomorphism φ̂ : X̂ → X̂ ′ that is an isomorphism between covering
spaces and that satisfies

φ̂(g · x̂) = g · φ̂(x̂)

for each g ∈ Γ and x̂ ∈ X̂.

Remark 5.4. Let π : X̂ → X and π′ : X̂ → X be two different regular
Γ-covering spaces over the same connected CW-complex X. If they are
isomorphic as regular Γ-covering spaces, then they are also isomorphic as
covering spaces. However, the reverse is not always true.

Consider the universal covering space R→ S1 with the deck transforma-
tion group Z. The integers Z acts on R as the deck transformations by two
different ways: On the one hand, Z acts on R by

Z× R 3 (n, x) 7→ n+ x ∈ R.

On the other hand, Z acts on R by

Z× R 3 (n, x) 7→ −n+ x ∈ R.

The universal covering space R → S1 with the former deck transformations
is not isomorphic to the one with the latter deck transformations. In the
following, we always assume that the universal covering space R→ S1 admits
the former action of Z on R by fixing an orientation u ∈ H1(S1;Z).

Lemma 5.5. Let X be a connected CW-complex. The following notions are
equivalent to each other.
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1. An isomorphism class of regular Z-covering spaces over X.

2. A cohomology class in H1(X;Z).

3. A homotopy class of continuous map from X to S1.

A sketch of proof. 1. =⇒ 2. Choose and fix a point x̂ ∈ X̂ and put x =
π(x̂) ∈ X. For a regular Z-covering space π : X̂ → X, we have the
homotopy exact sequence:

1→ π1(X̂, x̂)→ π1(X, x)
αx−→ Z→ π0(X̂, x̂)→ 1.

Assume that π′ : X̂ ′ → X is a regular Z-covering space which is isomor-
phic to π : X̂ → X and take a point x̂′ ∈ π′−1(x) ⊂ X̂ that corresponds

to x̂ ∈ X̂. Then we obtain the homotopy exact sequence with the same
homomorphism αx:

1→ π1(X̂
′, x̂′)→ π1(X, x)

αx−→ Z→ π0(X̂
′, x̂′)→ 1.

Since the first homology group H1(X;Z) is known as the abelianization
of π1(X, x), the homomorphism group αx : π1(X, x) → Z gives a ho-
momorphism H1(X;Z) → Z. By the universal coefficient theorem for
cohomology theory, the first cohomology group H1(X;Z) is isomorphic
to Hom(H1(X;Z),Z). Hence we obtain the correspondence from an
isomorphism class of regular Z-covering space over X to a cohomology
class in H1(X;Z).

2. =⇒ 3. Since Brown’s representability theorem, the first cohomology group
H1(X;Z) is isomorphic to the homotopy set [X,BZ], where BZ is the
classifying space of Z, which is homotopy equivalent to S1.

3. =⇒ 2. As is explained above, we have the orientation class u ∈ H1(S1;Z)
that corresponds to the universal bundle R → S1. Thus, given a con-
tinuous map f : X → S1, we obtain a cohomology class α = f ∗u ∈
H1(X;Z).

3. =⇒ 1. Given a continuous map f : X → S1, we set

X̂f = {(a, x) ∈ R×X | f(x) ≡ a mod Z}.

Then the natural projection X̂f → X is a regular Z-covering space.
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Remark 5.6. Fix a regular Z-covering space X̂ → X. Then the cohomology
class α ∈ H1(X;Z) corresponding to the isomorphism class of X̂ → X is
called the classifying class. A continuous map X → S1 in the homotopy
class corresponding to the isomorphism class of X̂ → X is also a classifying
map.

Recall the central extension of the orientation-preserving homeomorphism
group on the unit circle S1 in Example 3.18:

0→ Z→ Homeo(R)Z → Homeo+(S
1)→ 1.

Here Homeo(R)Z consists of homeomorphisms on R that commute with the Z-
action on R. It is at the same time isomorphic to the universal covering group
of Homeo+(S

1). Moreover, it is known that the extension class of this central
extension above coincides with the Euler class for the universal oriented flat
S1-bundle (see Ghys [7, 6.2] for instance). This is the motivating example
for our new central extensions of homeomorphism groups. Considering the
above as a central extension of Homeo+(S

1) by deck transformation group
Z, we shall extend the construction to arbitrary regular Z-covering spaces.
The existence of such a central extension of a homeomorphism group (to be
precise, it is a certain subgroup of the homeomorphism group as is explained
in the following) is one of the novelties of the present thesis.

Let π : X̂ → X be a regular Z-covering space over a connected CW-
complex X. There is a cohomology class α ∈ H1(X;Z) corresponding to the

isomorphism class containing π : X̂ → X. We denote the Z-action on X̂ by

n+ x̂

for n ∈ Z and x̂ ∈ X̂. Denote by Ĝ = Homeo(X̂)Z the group of home-

omorphisms on X̂ that commute with the deck transformations on X̂ by
Z:

Homeo(X̂)Z = {φ̂ ∈ Homeo(X̂) | φ̂(1 + x̂) = 1 + φ̂(x̂) for each x̂ ∈ X̂}.

Then we have the following exact sequence for groups:

0→ Z→ Homeo(X̂)Z
p−→ Homeo(X),

where the last homomorphism p : Homeo(X̂)Z → Homeo(X) is not necessar-
ily surjective.
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Definition 5.7 (The homeomorphism group Gα
2). We define a subgroup

Homeoα(X) ⊂ Homeo(X) to be

Homeoα(X) = {φ ∈ Homeo(X) | φ∗α = α},

which is called the α-preserving homeomorphism group on X. In the sequel
we often denote Homeoα(X) by Gα.

Lemma 5.8. The homomorphism p : Ĝ→ Homeo(X) factors through Gα =

Homeoα(X). Furthermore, p : Ĝ→ Gα is surjective.

Proof. Take a homeomorphism φ̂ ∈ Ĝ. Then the pair (φ̂, φ = p(φ̂)) makes
the following diagram commutative:

X̂
ϕ̂ //

π

��
⟳

X̂

π

��
X

ϕ=p(ϕ̂)

// X.

For each x̂ ∈ X̂ and x = π(x̂) ∈ X, the pair (φ̂, φ) induces homomorphisms
between two homotopy exact sequences:

1 // π1(X̂, x̂) //

ϕ̂∗
��

π1(X, x)
α //

ϕ∗

��

Z+ x̂ //

��

π0(X̂, x̂) //

ϕ̂∗
��

0,

1 // π1(X̂, φ̂(x̂)) // π1(X,φ(x))
α // Z+ φ̂(x̂) // π0(X̂, φ̂(x̂)) // 0.

Since φ̂ commutes with the Z-action on X̂, we obtain the identity φ∗α = α,
so that the image of p : Ĝ→ Homeo(X) is contained in Gα.

Next, we prove that the homomorphism p : Ĝ → Gα is surjective. We
first assume that X̂ is connected. Let φ ∈ Gα. By the definition of Gα, the
homeomorphism φ ∈ Gα satisfies φ∗α = α. This implies that the diagram

π1(X, x)
αx //

ϕ∗
��

⟳
Z

=

π1(X,φ(x)) αϕ(x)

// Z

2This definition of Gα was suggested by my superviser, Professor Moriyoshi.
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is commutative for each x ∈ X. Applying Lemma 5.2, there exists a homeo-
morphism φ̂ ∈ Ĝ = Homeo(X̂)Z such that p(φ̂) = φ.

Second, we assume that X̂ is not connected. Denote by X̂0 ⊂ X̂ a
connected component of X̂. Then X̂0 → X is a connected regular covering
space over X. Take and fix a point x̂0 ∈ X̂0 and put x = π(x̂0) ∈ X. We

also fix a point x̂′0 ∈ X̂0 such that π(x̂′0) = φ(x). Then we have two exact
sequences from homotopy exact sequences:

1→ π1(X̂, x̂)→ π1(X, x)
α0−→ Z→ π0(X̂, x̂0)→ 0,

1→ π1(X̂, x̂
′)→ π1(X,φ(x))

α1−→ Z→ π0(X̂, x̂
′
0)→ 0.

Now, we obtain the following commutative diagram with exact lows:

1 // π1(X̂, x̂0) // π1(X, x)
α0 // Z // π0(X̂, x̂0) // 0

1 // π1(X̂, x̂0)

=

// π1(X, x)

=

α0 // Im(α0)
?�

OO

// 0.

Since α0 ◦ φ∗ = α1, we obtain

1 // π1(X̂0, x̂0) // π1(X, x)
α0 //

ϕ∗

��

Im(α0) //

=

0

1 // π1(X̂0, x̂
′
0) // π1(X,φ(x)) α1

// Im(α1) // 0.

Applying Lemma 5.2, there exists a homeomorphism φ̂0 : X̂0 → X̂0 which
commutes with the Im(α0)-action on X̂0 and makes the following diagram
commutative:

X̂0

π

��

ϕ̂0 //

⟳
X̂0

π

��
X

ϕ
// X.

Put
X̂n = n+ X̂0 = {n+ x̂ ∈ X̂ | x̂ ∈ X̂0}.

We set x̂n = n + x̂0 ∈ X̂n and x̂′n = n + x̂′0 ∈ X̂. For each integer n ∈ Z,
we obtain a homeomorphism φ̂n : X̂n → X̂n satisfying φ̂n(x̂n) = x̂′n and the
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following commutative diagram:

X̂n

π

��

ϕ̂n //

⟳
X̂n

π

��
X

ϕ
// X.

If X̂n = X̂m, then we have

φ̂n(x̂m) = φ̂n((m− n) + x̂n) = (m− n) + φ̂n(x̂n) = (m− n) + x̂′n = x̂′m.

This implies that φ̂n = φ̂m according to the uniqueness of lifts that agree at
one point. Hence the homeomorphism φ̂ : X̂ → X̂ defined as

φ̂|X̂n
= φ̂n : X̂n → X̂n

is well-defined.
For each x̂ ∈ X and x = π(x̂) ∈ X̂, the pair (φ̂, φ) induces the following

diagram:

1 // π1(X̂, x̂)

ϕ̂∗
��

// π1(X, x)
αx //

ϕ∗

��

Z

=

// π0(X̂, x̂)

ϕ̂∗
��

// 1

1 // π1(X̂, φ̂(x̂)) // π1(X,φ(x)) αϕ(x)

// Z // π0(X̂, φ̂(x̂)) // 1.

This implies that φ̂ commutes with the Z-action on X̂.

Definition 5.9 (The central extension associated to a regular Z-covering
space). Let π : X̂ → X be a regular Z-covering space with the classifying

class α ∈ H1(X;Z). Take Gα = Homeoα(X) and Ĝ = Homeo(X̂)Z. A
central extension

0→ Z→ Ĝ→ Gα → 1

is called the central extension associated to π : X̂ → X or the central exten-
sion associated to α.

Remark 5.10. We can define the notion of smooth central extension asso-
ciated to a regular Z-covering space over a smooth manifold. For a given

31



regular Z-covering space π : M̂ → M over the smooth manifold M with the
classifying class α ∈ H1(M ;Z), we obtain a central extension

0→ Z→ Ĝ∞ → G∞
α → 1.

Here, G∞
α = Diffα(M) is the group consisting of diffeomorphisms on M that

preserve α ∈ H1(M ;Z) and Ĝ∞ = Diff(M̂)Z is the group of diffeomorphisms

on M̂ that commute with the Z-action on M̂ . We call the above the smooth
central extension associated to the regular Z-covering space π : M̂ →M .

Example 5.11. Take the universal covering space R → S1 as a regular Z-
covering space. We have chosen the orientation class u ∈ H1(S1;Z) as the
classifying class of R→ S1. Then Gu = Homeou(S

1) is just the orientation-
preserving homeomorphism group on S1. Hence the central extension asso-
ciated to the universal covering space R→ S1 is

0→ Z→ Homeo(R)Z → Homeo+(S
1)→ 1

and this extension turned out to be non-trivial (see Example 3.18).

Example 5.12. Let X be a topological space. The direct product X × S1

has a natural Z-covering space X × R → X × S1 and its classifying class
1 ⊗ u ∈ H1(X × S1;Z). Here, we consider H∗(X × S1;Z) as the graded
tensor product H∗(X;Z) ⊗ H∗(S1;Z) by the Künneth formula. Then we
have the central extension

0→ Z→ Homeo(X × R)Z → Homeo1⊗u(X × S1)→ 1.

Now, we have natural inclusions and the following commuting diagram:

0 // Z // Homeo(X × R)Z // Homeo1⊗u(X × S1) // 1

0 // Z

=

// Homeo(R)Z //
?�

OO

Homeo+(S
1) //

?�

OO

1.

Since the lower low is a non-trivial central extension, the upper central ex-
tension is also non-trivial.

Especially when X = S1, we obtain a non-trivial central extension asso-
ciated to the Z-covering space S1 × R→ T 2 over the torus.
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Remark 5.13. The group Homeoα(X) always contains Homeo(X)0 the iden-
tity component of the group of homeomorphism on X. Especially if X = S1,
then Homeo+(S

1) agrees with Homeo(S1)0. However, Homeoα(X) does not
always agree with Homeo(X)0. For instance, the map R2 → R2, (s, t) 7→
(s,−t) induces a orientation-reversing homeomorphism φ on the torus T 2.
This homeomorphism φ preserves the cohomology class u ⊗ 1 ∈ H1(T 2;Z).
Thus φ 6∈ Homeo(T 2)0 and φ ∈ Homeou⊗1(T

2).

Example 5.14. Let Σg be an oriented closed surface with genus g. We consider
Σ∞ which is a connected sum of a cylinder S1×R and countably many toruses
(see Figure 1). Then the Z-covering space S1×R→ T 2 induces a Z-covering
space Σ∞ → Σ2. Similarly, nZ ⊂ Z acts on Σ∞ and we obtain nZ-covering
space Σ∞ → Σn+1 since Σn+1 is an n-fold covering space over Σ2.

Fon n ≥ 2, we have natural inclusions which satisfies the following dia-
gram commutes:

0 // Z // Homeo(Σ∞)Z // Homeoα(Σn+1) // 1

0 // Z

=

×n // Z //
?�

OO

Z/nZ //
?�

OO

1

The lower central extension is non-trivial since Z is torsion-free and Z/nZ
has torsion. Therefore the upper central extension is non-trivial.

Figure 1: Imaginary drawing of Σ∞

Remark 5.15. In the above Example 5.14, we don’t know if the central ex-
tension

0→ Z→ Homeo(Σ∞)Z → Homeoα(Σ2)→ 1

is non-trivial.
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5.2 The Euler class for oriented S1-bundles

In this subsection, we recall a characteristic class for an oriented S1-bundle,
called the Euler class. The contents in this subsection are well known. We
refer to Milnor [14], Wood [17], and Ghys [7], for instance.

Let π : E → B be an oriented S1-bundle over a connected CW-complex
B. Assume that u ∈ H1(S1;Z) is the orientation class of S1. The oriented
S1-bundle is a special example of (X,α)-bundle with X = S1 and α = u ∈
H1(S1;Z) as is discussed in Definition 5.19. Recall the Leray-Serre spectral
sequence and the five-term exact sequence from Proposition 4.12 and Lemma
4.14. For the Leray-Serre spectral sequence

Ep,q
2
∼= Hp(B;Hq(S1;Z))

for a bundle E → B, the Euler class e(E) ∈ H2(B;Z) is defined by the
five-term exact sequence as follows:

0 // H1(B;Z) // H1(E;Z) // H1(S1;Z) d2 //

∈

H2(B;Z) //

∈
H2(E;Z).

−u � // e(E).

Here, Homeo+(S
1), the structure group of the oriented S1-bundle E → B,

acts on H∗(S1;Z) trivially so that one has

E0,1
2
∼= H1(S1;Z)π1(B) = H1(S1;Z).

This Euler class for an oriented S1-bundle is a special case of the Euler class
for a (S1, u)-bundle E → B in Definition 5.20.

It is known that the universal Euler class e ∈ H2(BHomeo+(S
1);Z) is a

generator of the polynomial ring H∗(BHomeo+(S
1);Z). Therefore the Euler

class for an oriented S1-bundle is the unique characteristic class up to a
constant multiple.

Proposition 5.16 (Thurston [16, Corollary (b)]). Let M be a closed mani-
fold. Denote by Homeo(M) the group of homeomorphisms on M with com-
pact open topology. We also denote by Homeo(M)δ the group Homeo(M)
with discrete topology. Then the map BHomeo(M)δ → BHomeo(M) induces
an isomorphism on cohomology group.
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According to this proposition in the case of M = S1, it follows that the
Euler class e(E) ∈ H2(B;Z) is not always trivial when an oriented S1-bundle
π : E → B is flat. The Euler class for the universal flat S1-bundle has a
well-known representation under the isomorphism H2(BHomeo+(S

1)δ;Z) ∼=
H2

grp(Homeo+(S
1);Z).

Put G∂ = Homeo+(S
1). Denote by G̃∂ the universal covering group of

G∂. The group G̃∂ is known as Homeo(R)Z the group of homeomorphisms
on R which commutes with the Z-action on R:

φ̂(n+ a) = n+ φ̂(a), φ̂ ∈ G̃∂, n ∈ Z, a ∈ R.

Then we have a central extension

0→ Z ↪→ G̃∂ → G∂ → 1

and put e(G̃∂) ∈ H2
grp(G∂;Z) its extension class.

Proposition 5.17 (see e.g. Ghys [7, 6.2]). The Euler class e ∈ H2(BGδ
∂;Z)

for the universal oriented flat S1-bundle coincides with the extension class
e(G̃∂) ∈ H2

grp(G∂;Z).

Proof. For the central extension 0 → Z → G̃∂ → G∂ → 1, we have an
induced fibration BZ ↪→ BG̃δ

∂ → BGδ
∂:

EG̃δ
∂/Z ↪→ (EG̃δ

∂ × EGδ
∂)/G̃

δ
∂ → BGδ

∂.

As we described in Remark 4.15, the Leray-Serre spectral sequence for this
induced fibration agrees with the Lyndon-Hochschild-Serre spectral sequence
for the central extension 0 → Z → G̃∂ → G∂ → 1 and the orientation class
u ∈ H1(S1;Z) ∼= H1(BZ;Z) corresponds to the identity id ∈ Hom(Z,Z) =
H1

grp(Z;Z).
Since Z acts on EG̃δ

∂/Z× EGδ
∂ trivially, we have a homeomorphism

(EG̃δ
∂ × EG∂)/G̃

δ
∂
∼= (EG̃δ

∂/Z× EGδ
∂)/G

δ
∂.

This implies that the induced fibration BG̃δ
∂ → BGδ

∂ is the BZ ' EG̃δ
∂/Z-

bundle associated with the universal flat G∂-bundle EG
δ
∂ → BGδ

∂. By the
homotopy equivalence BZ ' S1, the Leray-Serre spectral sequence for the
universal flat S1-bundle agrees with the one of this BZ-bundle.
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Therefore, we proved the following:

H1(S1;Z) ∼=

d2
��

H1(BZ;Z) ∼=

d2
��

H1
grp(Z;Z)

d2
��

H2(BGδ
∂;Z) =

∈
H2(BGδ

∂;Z) ∼= H2
grp(G∂;Z)

∈

e � // e(G̃∂).

Proposition 5.17 is a special case of Theorem 5.23 discussed later:

Proposition 5.17 Theorem 5.23

S1 with
the orientation u ∈ H1(S1;Z)

CW-complex X with
the classifying class α ∈ H1(X;Z)

an oriented S1-bundle
E → B

an (X,α)-bundle
E → B

the Euler class
e(E) ∈ H2(B;Z)

the Euler class
eα(E) ∈ H2(B;Z)

the universal covering group

0→ Z→ G̃∂ → G∂ → 1
the central extension associated to α

0→ Z→ Ĝ→ Gα → 1

Remark 5.18. We explain the correspondence between the cohomology group
H1(S1;Z) and the equivalence classes of regular Z-covering spaces over S1.

Let u ∈ H1(S1;Z) be the orientation class of S1, which is known as a
generator of H1(S1;Z). The universal covering space R → S1 has u as the
classifying class.

For 0 ∈ H1(S1;Z), the associated regular Z-covering space over S1 is just
the trivial covering space Z× S1 → S1.

For the −u ∈ H1(S1;Z), the associated regular Z-covering space is just
the same universal covering space R→ S1 as a covering space. However, the
deck transformation group Z acts on R as orientation-reversing homeomor-
phisms on R.
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For n ∈ Z≥0, the regular Z-covering space Ŝ1 → S1 with the classifying
class nu ∈ H1(S1;Z) is a disjoint union of n-copies of the universal covering
space R→ S1:

Ŝ1 = Z/nZ× R→ S1.

Then the deck transformations Z acts on Ŝ1 as

Z× (Z/nZ× R) 3 (m, ([n], a)) 7→ ([n+m], bm
n
c+ a) ∈ Z/nZ× R,

where b·c : R→ Z is the floor function.

5.3 The Euler class for (X,α)-bundles

In this subsection, we give a geometric meaning to the central extension
associated to a regular Z-covering space. We introduce the Euler class for
(X,α)-bundles. The class does not necessarily vanish for flat bundles and
it turned out that there exists a relation between the Euler class and the
central extension associated to a regular Z-covering space.

Definition 5.19 ((X,α)-bundle). Let X be a connected CW-complex and
α a cohomology class in H1(X;Z). Denote by Gα = Homeoα(X) the α-
preserving homeomorphism group on X. A fiber bundle over B is called an
(X,α)-bundle if the typical fiber is X and the structure group is Gα.

We shall recall the Leray-Serre spectral sequence Ep,q
2 for a fibration (we

described in more detail in subsection 4.3). For a fibration F ↪→ E →
B, we have the Leray-Serre spectral sequence Ep,q

2
∼= Hp(B;Hq(F ;Z)) ⇒

Hp+q(E;Z), where Hq(F ;Z) is the local system of coefficients on B by the
cohomology group Hq(F ;Z).

Now, we consider an (X,α)-bundle E → B, which is not necessarily flat.
Recall from Lemma 4.14 that there exists the five-term exact sequence for
the Leray-Serre spectral sequence

0→ H1(B;Z)→ H1(E;Z)→ H1(X;Z)π1(B) d2−→ H2(B;Z)→ H2(E;Z)

and that there is a natural inclusion

H1(X;Z)Gα ⊂ H1(X;Z)π1(B).
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By the definition of Gα, the cohomology class α ∈ H1(X;Z) is Gα-invariant,
so that

−α ∈ H1(X;Z)Gα ⊂ H1(X;Z)π1(B) ∼= H0(B;H1(X;Z)).

Thus, in the five-term exact sequence for the Leray-Serre spectral sequence,
we have a cohomology class eα(E) ∈ H2(B;Z) given by

0 // H1(B;Z) // H1(E;Z) // H1(X;Z)π1(B) d2 //

∈

H2(B;Z) //

∈

H2(E;Z)

−α � // eα(E).

(5.1)

Definition 5.20 (The Euler class for an (X,α)-bundle). Let X be a con-
nected CW-complex and α a cohomology class in H1(X;Z). Let E → B be
an (X,α)-bundle. The Euler class for E → X is defined to be the cohomology
class eα(E) ∈ H2(B;Z) in the above diagram (5.1).

Example 5.21. Let u ∈ H1(S1;Z) be the orientation class of S1. Then the
(S1, u)-bundle E → B is just an oriented S1-bundle over B and the Euler
class eu(E) ∈ H2(B;Z) is the usual Euler class as an oriented S1-bundle. We
described in more detail in subsection 5.2

Remark 5.22. The Euler class for the (X,α)-bundle turned out to be the
first Chern class in the following situation. Let E → B be a principal U(n)-
bundle over a connected smooth manifold B. Let u ∈ H1(U(1);Z) ∼= Z be
the orientation class for U(1) = S1 ⊂ C. In the Leray-Serre spectral sequence
for E → B, it is known that the generator −u ∈ H1(U(1);Z) is mapped to
c1(E) ∈ H2(B;Z), the first Chern class of the principal U(n)-bundle:

0 // H1(B;Z) // H1(E;Z) // H1(U(1);Z) d2 //

∈

H2(B;Z) //

∈

H2(E;Z)

−u � // c1(E).

Thus the Euler class for (X,α)-bundle can be considered as a generalization
of the first Chern class also.

We recall the relation between the Leray-Serre spectral sequence for a fi-
bration and the Lyndon–Hochschild–Serre spectral sequence for a short exact
sequence for groups, described in Remark 4.15. For a short exact sequence
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1 → N → G → G/N → 1, we have a induced fibration BN ↪→ BG →
B(G/N). Then the Leray-Serre spectral sequence for this fibration coincides
with the LHS spectral sequence for the given short exact sequence. Espe-
cially, we have isomorphisms between the five-term exact sequences:

0 // H1
grp(G/N ;Z)

∼ =

// H1
grp(G;Z) //

∼ =

H1
grp(N ;Z)G d2 //

∼ =

H2
grp(G/N ;Z) //

∼ =

H2
grp(G;Z)

∼ =

0 // H1(B(G/N);Z) // H1(BG;Z) // H1(BN ;Z)G d2 // H2(B(G/N);Z) // H2(BG;Z).

Let H be an arbitrary topological group and Hδ denote the group equipped
with discrete topology. Given a central extension 0→ Z→ Ĥ → H → 1, it
is obviously an exact sequence of topological groups with discrete topology.
Thus, we obtain the induced fibration BZ ↪→ BĤδ → BHδ.

Theorem 5.23. 3 Let X be a connected CW-complex and α a cohomology
class in H1(X;Z). Take and fix a regular Z-covering space π : X̂ → X with

α the classifying class. Recall that Gα = Homeoα(X) and Ĝ = Homeo(X̂)Z,
the α-preserving homeomorphism group on X and the group of homeomor-
phisms on X̂ that commute with the Z-action on X̂. We then have the central
extension associated to α:

0→ Z→ Ĝ→ Gα → 1.

Let e(Ĝ) ∈ H2
grp(Gα;Z) denote the extension class of the extension above.

Denote also by Eα the universal flat (X,α)-bundle over BGδ
α and let eα(Eα) ∈

H2(BGδ
α;Z) be the Euler class for Eα. It then follows that eα(Eα) corresponds

to e(Ĝ) under the natural isomorphism H2(BGδ
α;Z) ∼= H2

grp(Gα;Z).

We shall prove Theorem 5.23 after providing the following:

Lemma 5.24. Let X ↪→ Eα → BGδ
α be the universal flat (X,α)-bundle.

Then there exists a continuous map ψ : BĜδ → Eα which makes the following
diagram commutative:

X � � //

��

Eα //

ψ
��

BGδ
α

=

BZ � � // BĜδ // BGδ
α,

3This theorem is based on the joint work with Moriyoshi [6].
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where the restriction f = ψ|X : X → BZ ' S1 is a classifying map of the

regular Z-covering space π : X̂ → X.

Proof. The universal flat (X,α)-bundle Eα → BGδ
α is an X-bundle associ-

ated the universal Gδ
α-bundle:

(X × EGδ
α)/G

δ
α → BGδ

α.

Now, we consider a projection (π, id) : X̂×EGδ
α → X×EGδ

α. Since Z acts on

X×EGδ
α trivially, we obtain an induced homeomorphism (X̂×EGδ

α)/Ĝ
δ →

(X × EGδ
α)/G

δ
α. Hence we obtain the universal flat (X,α)-bundle

(X̂ × EGδ
α)/Ĝ

δ → BGδ
α.

Since Ĝδ acts on X̂ freely, Ĝδ acts on X̂×EGδ
α freely, too. By assumption,

Gδ
α acts on EG

δ
α properly. We have the Ĝ-action on EGδ

α through p : Ĝ→ Gα

and for each point of EGδ
α, the stabilizer subgroup of Ĝδ which is isomorphic

to Z acts on X̂ properly. Thus the diagonal action Ĝ×X̂×EGδ
α → X̂×EGδ

α,

(φ̂, x̂, g) 7→ (φ̂(x̂), p(φ̂)g)

is also proper.
Hence we have a principal Ĝδ-bundle X̂×EGδ

α → (X̂×EGδ
α)/Ĝ

δ. There-

fore, there exists a classifying map ψ′ : (X̂ × EGδ
α)/Ĝ

δ → BĜδ and its lift

φ̃′ : X̂ × EGδ
α → EĜδ:

X̂ × EGδ
α

��

ψ̃′
//

⟳

EĜδ

��

(X̂ × EGδ
α)/Ĝ

δ

ψ′
// BĜδ.

We define a new continuous map ψ : (X̂ × EGδ
α)/Ĝ

δ → (EĜδ × EGδ
α)/Ĝ

δ,
ψ([x̂, g]) = [ψ̃′(x̂, g), g]:

X̂ × EGδ
α

(ψ̃′,id
EGδ

α
)
//

��

EĜδ × EGδ
α

��

// EĜδ

��

(X̂ × EGδ
α)/Ĝ

δ
ψ

// (EĜδ × EGδ
α)/Ĝ

δ // BĜδ.
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By construction, the classifying map ψ induces the identity map on BGδ
α:

(X̂ × EGδ
α)/Ĝ

δ //

ψ
��

BGδ
α

=

(EĜ× EGδ
α)/Ĝ

δ // BGδ
α.

Take and fix a point ∗ ∈ EGδ
α. Then (X̂×Gδ

α∗)/Ĝδ is the fiber over [∗] ∈ BGδ
α

of the universal flat (X,α)-bundle. On the other hand, (EĜδ × Gδ
α∗)/Ĝδ is

the fiber over [∗] ∈ BGδ
α of the fibration induced by the central extension.

We obtain the following commutative diagram:

X̂ × ∗

ψ̃|fiber

��

//

&&LL
LLL

LLL
LLL

X̂ × EGδα

(ψ̃′, idEGδ
α
)

��

//

''OO
OOO

OOO
OOO

EGδα

��=
==

==
==

=

(X̂ ×Gδα∗)/Ĝδ //

ψ|fiber

��

(X̂ × EGδα)/Ĝδ //

ψ

��

BGδα

=EĜδ × ∗ //

&&LL
LLL

LLL
LLL

EĜδ × EGδα //

''OO
OOO

OOO
OOO

EGδα

��=
==

==
==

(EĜδ ×Gδα∗)/Ĝδ // (EĜδ × EGδα)/Ĝδ // BGδα.

The restricted map f = ψ|fiber : X ∼= X̂/Z → EĜδ/Z has a lift f̂ = ψ̃′|fiber :
X̂ → EĜδ:

f̂(x̂) = ψ̃′(x̂, ∗) ∈ EĜδ.

Hence f is a classifying map of the regular Z-covering space X̂ → X.
From the above, we obtain the natural fibration map ψ : Eα → BĜδ

whose restriction to fiber is a classifying map of the Z-covering space π :
X̂ → X.

Now we prove Theorem 5.23.

Proof of Theorem 5.23. 4 We denote by X ↪→ Eα → BGδ
α the universal flat

4Theorem 5.23 was originally proved by employing homotopy commutativity of cer-
tain cohomology diagrams. Here, the author provides an improved proof, which avoids
homotopy commutativity in the first proof. It makes a clearer understanding of Theorem
5.23.
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(X,α)-bundle. We also denote by BZ ↪→ BĜδ → BGδ
α the induced fibration

by the short exact sequence 0→ Z→ Ĝ→ Gα → 1.
By Lemma 5.24, there exists a continuous map ψ : Eα → BĜδ which

satisfies the commutative diagram

X � � //

f

��

Eα //

ψ
��

BGδ
α

=

BZ � � // BG̃δ // BGδ
α

and the restriction f = ψ|X : X → BZ ' S1 is a classifying map of the

regular Z-covering space π : X̂ → X.
The fibration map ψ : Eα → BĜ induces a morphism between the two

Leray-Serre spectral sequences; ψ∗ : Hp(BGδ
α;Hq(BZ;Z))→ Hp(Eα;Hq(X;Z)).

Especially, we obtain the following commutative diagram:

0 // H1(BGδα;Z) //

=

H1(BĜδ;Z) //

ψ∗

��

H1(BZ;Z)Gδ
α

d2 //

f∗

��

H2(BGδα;Z)

=

// H2(BĜδ;Z)

ψ∗

��
0 // H1(BGδα;Z) // H1(Eα;Z) // H1(X;Z)Gδ

α
d2 // H2(BGδα;Z) // H2(Eα;Z).

By Remark 4.15, the Leray-Serre spectral sequence Hp(BGδ
α;Hq(BZ;Z))

is naturally isomorphic to the LHS spectral sequence Hp
grp(Gα;H

q
grp(Z;Z)).

We can regard the upper five-term exact sequence for BZ ↪→ BĜδ →
BGδ

α as the five-term exact sequence for group cohomology. The genera-
tor u ∈ H1(BZ;Z) corresponds to the identity id ∈ Hom(Z,Z) under the
isomorphism H1(BZ;Z) ∼= H1

grp(Z;Z) = Hom(Z,Z). Thus the transgres-
sion image of id by d2 of the LHS spectral sequence is the extension class
−e(Ĝ) ∈ H2

grp(Gα;Z) by Lemma 4.11. On the other hand, we recall that
α = f ∗u ∈ H1(X;Z) and d2α = −eα(Eα) ∈ H2(BGδ

α;Z). By the above

commutative diagram, we have proven eα(Eα) = e(Ĝ).

5.4 Construction of representative group 2-cocyles

In this subsection, we give two representative 2-cocycles corresponding to the
central extension for a regular Z-covering space.
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Proposition 5.25. Let X be a connected CW-complex and let π : X̂ → X
be a regular Z-covering space. Choose and fix a classifying map f : X → S1

and its lift f̂ : X̂ → R of the given regular Z-covering space π : X̂ → X. We
have α ∈ H1(X;Z) the classifying class of π : X̂ → X. We have the central
extension

0→ Z→ Ĝ→ Gα → 1

and denote its extension class by e(Ĝ) ∈ H2
grp(Gα;Z). Now, take and fix a

base point x̂0 ∈ X̂ such that f̂(x̂0) = 0 and put x0 = p(x̂0) ∈ X. Define a

group 1-cochain τ0 : Ĝ→ Z as

τ0(φ̂) = bf̂ ◦ φ̂(x̂0)c,

where b·c : R→ Z is the floor function. Then the followings follow:

1. The group 1-cochain τ0 ∈ C1(Ĝ;Z) is a connection cochain over the
identity on Z.

2. The negative coboundary −δτ0 ∈ C2(Ĝ;Z) represents the extension
class of the central extension associated to α.

Proof. Remark that both of f̂ : X̂ → R and φ̂ ∈ Ĝ commute with the
Z-actions:

X̂
f̂ //

n+
��

⟳
R

n+

��

X̂
ϕ̂ //

n+
��

⟳
X̂

n+
��

X̂
f̂

// R, X̂
ϕ̂

// X̂.

For each n ∈ Z, we have

τ0(n) = bf̂(n+ x̂0)c = bn+ f̂(x̂0)c = bnc = n.

We also have

τ0(n+ φ̂) = bf̂(n+ φ̂(x̂0))c = n+ bf̂(φ̂(x̂0))c = n+ τ0(φ̂).

Thus τ0 is a connection cochain over the identity on Z.
According to Proposition 3.16, we have the transgression formula [−δτ0] =

e(Ĝ) ∈ H2
grp(Gα;Z).
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Remark 5.26. In the case ofM = S1, the connection cochain τ0 ∈ C1(Homeo(R)Z;Z)
is already known; See Moriyoshi [15, Example 1].

We have constructed a group 2-cocycle −δτ0 representing the central ex-
tension associated to α. Next, we construct another group 2-cocycle repre-
senting the smooth central extension associated to α by using the de Rham
complex.

Recall the construction of a representative cocycle of the central exten-
sion associated to the universal covering space R → S1 in Example 3.19.
Put ω = dθ

2π
∈ Ω1(S1), where θ is an angular coordinate on S1. It is well-

known that the de Rham cohomology class in H1(S1;R) containing ω is the
generator of the cohomology ring H∗(S1;R) and that the induced homo-
morphism i∗ : H1(S1;Z) → H1(S1;R) sends the generator u ∈ H1(S1;Z)
to the cohomology class of ω. In Example 3.19, we construct a group
2-cocycle −δσ ∈ C2(Diff+(S

1);R) which represents the cohomology class
i∗e(Diff(R)Z) ∈ H2

grp(Diff+(S
1);R), where e(Diff(R)Z) is the extension class

corresponding to the central extension

0→ Z→ Diff(R)Z → Diff+(S
1)→ 1.

Here, σ ∈ C1(Diff+(S
1); Ω0(S1)) is a group 1-cochain satisfying dσ = δω.

Put Cp,q = Cp(Diff+(S
1); Ωq(S1)).

Ω1(S1) δ // C1,1

C1,0

d

OO

δ // C2,0

ω � // δω = dσ

σ � //_

OO

δσ.

Let M be a connected smooth manifold and let π : M̂ →M be a regular
Z-covering space. We also denote by α ∈ H1(M ;Z) the classifying class of

π : M̂ →M . Then we have the smooth central extension associated to α:

0→ Z→ Ĝ∞ → G∞
α → 1, (5.2)

where Ĝ∞ = Diff(M̂)Z and G∞
α = Diffα(M). Set i : Z→ R the inclusion.

Take a 1-form ω ∈ Ω1(M) such that

[ω] = i∗α ∈ H1(M ;R). (5.3)
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Since φ ∈ G∞
α = Diffα(M) preserves α ∈ H1(M ;Z) and the following dia-

gram is commutative,

H1(S1;Z) f∗ //

��

H1(M ;Z) ϕ∗ //

��

H1(M ;Z)

��
H1(S1;R) f∗ // H1(M ;R) ϕ∗ // H1(M ;R),

the pullback φ∗ω is cohomologous to ω on M . Thus there exists a Ω0(M)-
valued group 1-cochain σ ∈ C1(G∞

α ; Ω0(M)) such that

d(σ(φ)) = ω − φ∗ω = δω(φ) (5.4)

for each φ ∈ G∞
α .

Proposition 5.27. Let M̂ → M be a regular Z-covering over a connected
smooth manifold M . Suppose that α ∈ H1(M ;Z) is the classifying class of

the regular Z-covering space M̂ → M . Set i : Z ↪→ R the natural inclusion.
Let a 1-form ω ∈ Ω1(M) which satisfies (5.3). Take a group 1-cochain σ ∈
C1(G∞

α ; Ω0(M)) defined by (5.4).
Then the followings follow:

1. The coboundary δσ ∈ C2(G∞
α ; Ω0(M)) takes values in the constant

functions on M , that is

δσ ∈ Im(C2(G∞
α ;R)→ C2(G∞

α ; Ω0(M))).

2. The cohomology class [δσ] ∈ H2
grp(G

∞
α ;R) is independent of the choice

of ω ∈ Ω1(M) and σ ∈ C1(G∞
α ; Ω0(M))which satisfy (5.3) and (5.4).

3. The group 2-cocycle δσ ∈ C2(G∞
α ;R) represents the cohomology class

i∗e(Ĝ
∞) ∈ H2

grp(G
∞
α ;R), where e(Ĝ∞) is the extension class of the

central extension (5.2).

Proof. 1. Since the differential d commutes with the coboundary operator
δ, we obtain

d(δσ) = δ(dσ) = δ(δω) = 0.

Thus for each φ ∈ G∞
α , δσ(φ) is a constant function on M .
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2. Fix a 1-form ω ∈ Ω1(M) and a group 1-cochain σ ∈ C1(G∞
α ; Ω1(M))

which satisfy (5.3) and (5.4). We first suppose that we have another
group 1-cochain σ′ ∈ C1(G∞

α ; Ω0(M)) such that dσ′ = δω. We put
c = σ − σ′ ∈ C1(G∞

α ; Ω0(M)). Since

dc = dσ − dσ′ = ω − ω′ = 0,

for each φ ∈ G∞
α , c(φ) ∈ C∞(M ;R) = Ω0(M) is constant. This implies

that δσ′ ∈ C2(G∞
α ;R) is cohomologous to δσ ∈ C2(G∞

α ;R).
Next, Suppose that we have another 1-form ω′ ∈ Ω1(M) representing
i∗α ∈ H1(M ;R). Since ω′ is cohomologous to ω, there exists a smooth
function F ∈ C∞(M ;R) = Ω0(M) such that ω − ω′ = dF . Thus we
can take σ + F as the group 1-cochain σ′ ∈ C1(G∞

α ; Ω0(M)) such that
dσ′ = δω′. Then the group 2-cocycle δσ′ = δσ + δF in C2(G∞

α ;R) is
cohomologous to the group 2-cocycle δσ ∈ C2(G∞

α ;R).

3. Choose and fix a classifying map f :M → S1 with a lift f̂ : M̂ → R of
the given regular Z-covering space π : M̂ →M . Let π̃ : R→ S1 be the
universal covering space over S1 and let θ be the angular coordinate on
S1. Since the cohomology class [δσ] ∈ H2

grp(G
∞
α ;R) is independent of

the choice of ω ∈ Ω1(M) and σ ∈ C1(G∞
α ; Ω0(M)) satisfying (5.3) and

(5.4), we may take the pullback f ∗ dθ
2π

as ω ∈ Ω1(M).

Let s : G∞
α → Ĝ∞ be a set-theorical section. For each φ ∈ G∞

α , we

consider fs(φ) = f̂ − f̂ ◦ s(φ) ∈ C∞(M̂ ;R). Since both of f̂ and

s(φ) ∈ Ĝ∞ commute with the Z-actions, we obtain

fs(φ)(n+ x̂) =f̂(n+ x̂)− f̂ ◦ s(φ)(n+ x̂)

={n+ f̂(x̂)} − {n+ f̂ ◦ s(φ)(x̂)} = fs(φ)(x̂).

Thus we can consider fs(φ) as a smooth function M → R. We define
a group 1-cochain σs ∈ C1(G∞

α ; Ω0(M)) as

σs(φ) = fs(φ) = f̂ − f̂ ◦ s(φ) ∈ Ω0(M). (5.5)

Then we obtain

dσs(φ) =df̂ − df̂ ◦ s(φ)

=f̂ ∗π̃∗ dθ

2π
− s(φ)∗f̂ ∗π̃∗ dθ

2π

=f ∗ dθ

2π
− φ∗f ∗ dθ

2π
= δω(φ).
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Then we calculate δσs:

δσs(φ1, φ2) =σs(φ2)− σs(φ1φ2) + φ∗
2σs(φ1)

=(f̂ − f̂ ◦ s(φ2))− (f̂ − f̂ ◦ s(φ1φ2)) + (f̂ ◦ s(φ2)− f̂ ◦ s(φ1) ◦ s(φ2))

=(f̂ ◦ s(φ1φ2)− f̂ ◦ s(φ1) ◦ s(φ2))

=f̂ ◦ (φ1φ2)− f̂ ◦ (s(φ1)s(φ2)s(φ1φ2)
−1) ◦ (φ1φ2).

for φ1, φ2 ∈ G∞
α . Recall that the extension class i∗e(Ĝ

∞) ∈ H2
grp(G

∞
α ;R)

has a representative group 2-cocycle χ ∈ C2(G∞
α ;R) defined as

χ(φ1, φ2) = s(φ1)s(φ2)s(φ1φ2)
−1 ∈ Z ⊂ R.

Since f̂ commutes with the Z-action on M̂ , we obtain that

δσs(φ1, φ2) =f̂ ◦ (φ1φ2)− f̂ ◦ (s(φ1)s(φ2)s(φ1φ2)
−1) ◦ (φ1φ2)

=f̂ ◦ (φ1φ2)− {s(φ1)s(φ2)s(φ1φ2)
−1 + f̂ ◦ (φ1φ2)}

=− χ(φ1, φ2)

Therefore we have χ = −δσs ∈ C2(G∞
α ;R), so that [−δσs] = i∗e(Ĝ

∞) ∈
H2

grp(G
∞
α ;R).

Corollary 5.28. Let M̂ → M be a regular Z-covering over a connected
smooth manifold M . Suppose that α ∈ H1(M ;Z) is the classifying class of

the regular Z-covering space M̂ →M . We have the smooth central extension
associated to α:

0→ Z→ Ĝ∞ → G∞
α → 1

with its extension class e(Ĝ∞) ∈ H2
grp(G

∞
α ;Z). Set i : Z → R the inclusion.

Choose and fix a classifying map f : M → S1 with a lift f̂ : M̂ → R of
the given regular Z-covering space π : M̂ → M . Take a fixed point x̂0 ∈ M̂
satisfying f̂(x̂0) = 0. Let s : G∞

α → Ĝ∞ be a set-theorical section. We define
a group 1-cochain σ∞ ∈ C1(G∞

α ; Ω0(M)) as

σ∞(φ)(x) = f̂(x̂)− f̂ ◦ s(φ)(x̂) + f̂ ◦ s(φ)(x̂0),

where π(x̂) = x.
Then the followings follows:
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1. The group 1-cochain σ∞ ∈ C1(G∞
α ; Ω0(M)) is well-defined, that is

σ∞(φ)(x) = f̂(x̂)− f̂ ◦ s(φ)(x̂) + f̂ ◦ s(φ)(x̂0),

is independent of the choice of x̂ ∈ X̂ such that π(x̂) = x.

2. The group 1-cochain σ∞ is independent of the choice of section G∞
α →

Ĝ∞.

3. The negative coboundary −δσ∞ represents the extension class i∗e(Ĝ
∞) ∈

H2
grp(G

∞
α ;R).

Proof. 1. For a section s : G∞
α → Ĝ∞, we recall σs ∈ C1(G∞

α ; Ω0(M))
defined as

σs(x) = f̂(x̂)− f̂ ◦ s(φ)(x̂).

at equation (5.5) in the proof of Proposition 5.27. The group 1-cochain
σs is well-defined and for each φ ∈ G∞

α , f̂ ◦ s(φ)(x̂0) ∈ Ω0(M) is con-
stant. Thus σ∞ ∈ C1(G∞

α ; Ω0(M)) defined as

σ∞(φ) = σs(φ) + f̂ ◦ s(φ)(x̂0)

is well-defined.

2. Take different sections s, s′ : G∞
α → Ĝ∞ of the surjection p : Ĝ∞ → G∞

α .
For each φ ∈ G∞

α , there is an integer n ∈ Z such that s′(φ) = n+s(φ) ∈
Ĝ∞. Then we obtain

f̂(x̂)− f̂ ◦ s′(φ)(x̂) + f̂ ◦ s′(φ)(x̂0)
= f̂(x̂)− f̂ ◦ (n+ s(φ))(x̂) + f̂ ◦ (n+ s(φ))(x̂0)

= f̂(x̂)− (n+ f̂ ◦ s(φ)(x̂)) + (n+ f̂ ◦ s(φ)(x̂0))
= f̂(x̂)− f̂ ◦ s(φ)(x̂) + f̂ ◦ s(φ)(x̂0)

since f̂ : M̂ → R commutes with the Z-actions. Thus the group 1-
cochain σ∞ is independent of the choice of section G∞

α → Ĝ∞.

3. For a section s : G∞
α → Ĝ∞, we recall σs ∈ C1(G∞

α ; Ω0(M)). We have

σ∞(φ) = σs(φ) + f̂ ◦ s(φ)(x̂0) ∈ Ω0(M)
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and f̂ ◦ s(φ)(x̂0) is constant on M . Applying Proposition 5.27, the

negative coboundary −δσ∞ represents the extension class i∗e(Ĝ
∞) ∈

H2
grp(G

∞
α ;R).

Remark 5.29. We have the central extension associated to the universal cov-
ering space R→ S1:

0→ Z→ Homeo(R)Z p−→ Homeo+(S
1)→ 1.

It is known that −δσ ∈ C2(Homeo+(S
1);R) represents the extension class

i∗e(Homeo(R)Z) ∈ H2
grp(Homeo+(S

1);R), where σ ∈ C1(Homeo+(S
1);C(X;R))

is defined as
σ(φ)(x) = x− φ̂(x) + φ̂(0)

Here x ∈ R/2πZ ∼= S1 and p(φ̂) = φ (see Moriyoshi [15] for instance).
Corollary 5.28 is an analogy to this construction.

5.5 Central extension of diffeomorphism group and the
flux homomorphism

In this subsection, we will show a relation between the smooth central exten-
sion associated to a smooth Z-covering space and the flux homomorphism on
the relative diffeomorphism group on a compact manifold with boundary.

Let M be a closed, oriented, smooth manifold. We will consider the
identity component of the orientation-preserving diffeomorphism group on
M , denote Diff+(M)0. Since every diffeomorphism in Diff+(M)0 is isotopic
to the identity, G∞

α = Diffα(M) includes Diff+(M)0 for any α ∈ H1(M ;Z).
Then this inclusion induces a central extension, called the restricted smooth
central extension associated to α:

0 // Z // Diff(M̂)Z // Diffα(M) // 1

0 // Z //

=

p−1(Diff+(M)0) //
?�

OO

Diff+(M)0 //
?�

OO

1.

(5.6)

Put G∂ = Diff+(M)0 and Ĝ∂ = p−1(Diff+(M)0).
Let W be an (n + 1)-dimensional compact, oriented, connected, smooth

manifold with connected smooth boundary ∂W and Ω ∈ Ωn+1(W ) be a
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normalized volume form on W , that is
∫
W
Ω = 1. Since W is compact

oriented with boundary, there is an n-form η ∈ Ωn(W ) such that −dη = Ω.
Denote by DiffΩ(W ) the group of the volume-preserving diffeomorphisms

on W and by DiffΩ(W,∂W ) the subgroup of DiffΩ(W ) consisting of ones
which coincide with the identity on the boundary ∂W . Put G = DiffΩ(W )0
the identity component of the group DiffΩ(W ).

Lemma 5.30 (Krygin [10, Theorem 1]). Let W be a compact oriented man-
ifold with boundaty ∂W . The restriction map DiffΩ(W )0 → Diff+(∂W )0 is a
surjective homomorphism.

By this lemma, we have a short exact sequence

1→ Grel → DiffΩ(W )0 → Diff+(∂W )0 → 1, (5.7)

where Grel ⊂ DiffΩ(W,∂W ) is the kernel of the surjective DiffΩ(W )0 →
Diff+(M)0.

We set the subcomplex

Ωp(W,∂W ) = Ker(Ωp(W )→ Ωp(∂W )).

It is known that the cohomology Hp(W,∂W ;R) = Hp(Ωp(W,∂W ), d) is the
relative cohomology of the pair (W,∂W ).

Let pr : W×[0, 1]→ W be the first projection. Every p-form onW×[0, 1]
is a linear combination of the following two types of forms:{

pr∗µ µ ∈ Ωp(W ),

pr∗ν ∧ dt ν ∈ Ωp−1(W ).

Here, t is the coordinate system on [0, 1]. Define a linear map K : Ωp(W ×
[0, 1])→ Ωp−1(W ) as follows:{

K(pr∗µ) = 0 µ ∈ Ωp(W ),

K(pr∗ν ∧ dt) = ν ν ∈ Ωp−1(W ).

Lemma 5.31 (see e.g. Bott-Tu [1, I, §4]). Let λ ∈ Ωp(W ) be a p-form on
W and let h : W × [0, 1]→ W be a smooth map.

Then we obtain the identity

h∗1λ− h∗0λ = dK(h∗λ)−K(d(h∗λ)).
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Here, h0 and h1 are smooth maps from W to W defined by

h0(x̄) = h(x̄, 0), h1(x̄) = h(x̄, 1)

for x̄ ∈ W .

By the definition, for each φ̄ ∈ DiffΩ(W,∂W ), δη(φ̄) = η − φ̄∗η is closed
and vanishes on the boundary ∂W . Since any element inGrel is isotopic to the
identity, Grel acts on H

n(W,∂W ;R) trivially. The following is well-known:

Definition 5.32 (see e.g. McDuff–Salamon [13, III, 10.2]). The flux homo-
morphism Flux : Grel → Hn(W,∂W ;R) is defined by

Flux(φ̄) = −[δη(φ̄)] = [φ̄∗η − η] ∈ Hn(W,∂W ;R).

Remark that the flux homomorphism Flux : Grel → Hn(W,∂W ;R) is
independent of the choice of n-form η such that Ω = −dη ∈ Ωn+1(W ). We
extend the flux homomorphism on Grel to a map F : DiffΩ(W )0 → Ωn(W ) by
F (φ̄) = −δη(φ̄) = φ̄∗η − η: Flux(ψ̄) = [F (ψ̄)] ∈ Hn(W,∂W ;R) for ψ̄ ∈ Grel.
This extended map factors through closed n-forms onW . However, this map
is not a homomorphism and the restriction of an n-form F (φ̄) ∈ Ωn(W ) to
∂W does not vanish. Remark that this map F depends on the choice of
n-form η such that Ω = −dη ∈ Ωn+1(W ).

Lemma 5.33. 1. For each φ̄ ∈ G and ψ̄ ∈ Grel, we have the identity:

F (φ̄ψ̄φ̄−1) = (φ̄−1)∗F (ψ̄) + (φ̄−1)∗{ψ̄∗F (φ̄)− F (φ̄)}.

2. The flux homomorphism Flux : Grel → Hn(W,∂W ;R) is G-invariant.

Proof. 1. Recall a map F : G → Ωn(W ) defined as F (φ̄) = φ̄∗η − η =
−δη(φ̄). By the definition, 0 = δF ∈ C1(G; Ωn(W )) and 0 = F (idW ) ∈
Ωn(W ). Especially, we have

0 =δF (φ̄ψ̄, φ̄−1) = F (φ̄−1)− F (φ̄ψ̄φ̄−1) + (φ̄−1)∗F (φ̄ψ̄),

0 =δF (φ̄, ψ̄) = F (ψ̄)− F (φ̄ψ̄) + ψ̄∗F (φ̄),

0 =δF (φ̄, φ̄−1) = F (φ̄−1)− F (idW ) + (φ̄−1)∗F (φ̄) = F (φ̄−1) + (φ̄−1)∗F (φ̄)

for ψ̄ ∈ Grel and φ̄ ∈ G. Thus we obtain

F (φ̄ψ̄φ̄−1) = (φ̄−1)∗F (ψ̄) + (φ̄−1)∗{ψ̄∗F (φ̄)− F (φ̄)}.
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2. Since the diffeomorphism ψ̄ is isotopic to the identity onW in DiffΩ(W,∂W ),
there exists a smooth homotopy map Ψ̄ : W×[0, 1]→ W which satisfies
the following:

Ψ̄(x̄, 0) = x̄ for x̄ ∈ W .

Ψ̄(x̄, 1) = ψ̄(x̄) for x̄ ∈ W .

Ψ̄(x̄, t) = x̄ for x̄ ∈ ∂W and t ∈ [0, 1].

Applying Lemma 5.31, we obtain

ψ̄∗F (φ̄)− F (φ̄) = dK(Ψ̄∗F (φ̄))−K(d(Ψ̄∗F (φ̄))).

Since F (φ̄) ∈ Ωn(W ) is closed, we have

ψ̄∗F (φ̄)− F (φ̄) = dK(Ψ̄∗F (φ̄)).

Since Ψ̄|∂W×[0,1] = pr, we have

K(Ψ̄∗F (φ̄))|∂W = 0,

so that K(Ψ̄∗F (φ̄)) ∈ Ωn−1(W,∂W ). Thus ψ̄∗F (φ̄)− F (φ̄) is an exact
n-form in Ωn(W,∂W ).

Since the diffeomorphism φ̄ is homotopic to the identity, it preserves
closed forms onW up to exact forms. Thus (φ̄−1)∗F (ψ̄)−F (ψ̄) is exact
in Ωn(W,∂W ).

These implies that F (φ̄ψ̄φ̄−1) is cohomologous to F (ψ̄) in Ωn(W,∂W ).

Let Ŵ → W be a regular Z-covering space over a compact, oriented,
connected, smooth manifold W with the boundary ∂W = M . Then we
have a regular Z-covering space ∂Ŵ = M̂ → M as the boundary. There
are classifying classes ᾱ ∈ H1(W ;Z) and α ∈ H1(M ;Z) of Ŵ → W and

M̂ → M , respectively. They satisfy that ᾱ|∂W = α. Take a closed 1-form
ω̄ ∈ Ω1(W ) which represents i∗ᾱ ∈ H1(W ;R) with the natural inclusion
i : Z ↪→ R. Remark that G = DiffΩ(W )0 preserves ω̄ up to exact forms
since every diffeomorphisms in G are the identity homotopic. We regard ω̄ ∈
Ω1(W ) as a cochain in the group-de Rham double-complex C0(G; Ω1(W ))
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and take the group coboundary δω̄ ∈ C1(G; Ω1(W )). For φ̄1, φ̄2 ∈ G, define
a group 2-cochain L ∈ C2(G;R) as

L(φ̄1, φ̄2) :=

∫
W

F ∪ δω̄(φ̄1, φ̄2) =

∫
W

φ̄∗
2F (φ̄1) ∧ δω̄(φ̄2), (5.8)

where ∪ : C1(G; Ω1(W ))× C1(G; Ω1(W ))→ C2(G; Ω2(W )) is the cup prod-
uct of group cochains referred in Example 3.6.

Theorem 5.34. Let W be a (n + 1)-dimensional, compact, oriented, con-

nected, smooth manifoldW with the boundaryM and let Ŵ → W be a regular
Z-covering space with the classifying class ᾱ ∈ H1(W ;Z). The boundary of

Ŵ → W is a regular Z-covering space ∂Ŵ = M̂ → M with the classifying
class α = ᾱ|∂W ∈ H1(M ;Z). Choose and fix a closed 1-form ω̄ ∈ Ω1(W )
which represents i∗ᾱ ∈ H1(W ;R) induced by the inclusion i : Z ↪→ R.

Take and fix a 1-form η ∈ Ωn(W ) whose negative differential Ω = −dη ∈
Ωn+1(W ) is the normalized volume form onW . Let 1→ Grel → G

p̄−→ G∂ → 1
be a short exact sequence defined by (5.7).

Put F = −δη ∈ C1(G; Ωn(W )). Let L ∈ C2(G;R) be a group 2-cochain
defined by (5.8).

Then the following holds.

1. The group 2-cochain L ∈ C2(G;R) is contained in the image of p̄∗ :
C2(G∂;R)→ C2(G;R).

2. This group 2-cocycle (−1)n+1L ∈ C2(G∂;R) represents i∗e(Ĝ∂) ∈ H2
grp(G∂;R),

where e(Ĝ∂) is the extension class of the central extension (5.6).

Proof. 1. Since G preserves ω̄ up to exact forms, there is a group 1-cochain
σ̄ ∈ C1(G; Ω1(W )) such that dσ̄ = δω̄. Remark that for λ ∈ Ωp(W )
and φ̄ ∈ G,

(λ− φ̄∗λ)|∂W = λ|∂W − p̄(φ̄)∗(λ|∂W ). (5.9)

Put ω = ω̄|∂W ∈ Ω1(M), which represents i∗α ∈ H1(M ;R). Recall
that σ∞ ∈ C1(G∂; Ω

0(M)) defined in Corollary 5.28. Then we have

dσ̄|∂W = δω̄|∂W = δω = dp̄∗σ∞

by Equation (5.9). Thus σ̄ = p̄∗σ∞ + C, where C ∈ Im(C1(G;R) →
C1(G; Ω0(M))). Similarly, F |∂W = −δη|∂W ∈ C1(G∂; Ω

1(M)) by Equa-
tion (5.9).
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By Stokes’ theorem, we obtain

L =

∫
W

F ∪ δω̄ = (−1)n
∫
W

d(F ∪ σ̄)

=(−1)n
∫
∂W

F |∂W ∪ σ̄|∂W

=(−1)n
∫
∂W

F |∂W ∪ p̄∗σ∞|∂W + (−1)n
∫
∂W

F |∂W ∪ C

Here,∫
∂W

(F ∪C)(φ̄1, φ̄2) =

∫
∂W

φ̄∗
2F (φ̄1)∧C(φ̄2) = C(φ̄2)

∫
∂W

φ̄∗
2F (φ̄1) = 0.

Thus the group 2-cochain

L = (−1)n
∫
∂W

F |∂W ∪ σ∞|∂W

is contained in the image of p̄∗ : C2(G∂;R)→ C2(G;R).

2. According to Corollary 5.28, −δσ∞ represents the extension class i∗e(Ĝ∂) ∈
H2

grp(G∂;R). We can calculate:

L =(−1)n
∫
∂W

F |∂W ∪ σ∞|∂W

=(−1)n+1

∫
∂W

η ∪ δσ∞ + (−1)n
∫
∂W

δ(η ∪ σ∞)

=(−1)n+1

(∫
W

dη

)
δσ∞ + (−1)nδ

∫
∂W

η ∪ σ∞

=(−1)nδσ∞ + δc,

where c = (−1)n
∫
∂W

η ∪ σ∞ ∈ C1(G∂;R). Thus δσ∞ and (−1)nL
represents the same cohomology class i∗e(Ĝ∂) ∈ H2

grp(G∂;R).

Consider the pairing 〈Flux, i∗ᾱ〉 : Grel → R,

〈Flux, i∗ᾱ〉 (φ̄) =
〈
Flux(φ̄) ∪ i∗ᾱ, [W,∂W ]

〉
.

Here, ∪ : Hn(W,∂W ;R)⊗H1(W ;R)→ Hn+1(W,∂W ;R) is the cup product,
〈·, ·〉 : Hn+1(W,∂W ;R) × Hn+1(W,∂W ;R) → R is the evaluation map, and
[W,∂W ] ∈ Hn+1(W,∂W ;R) denotes the relative fundamental class of the
pair (W,∂W ). Therefore 〈Flux, i∗ᾱ〉 is a homomorphism.
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Corollary 5.35. Consider the five-term exact sequence of the LHS spectral
sequence

0→ H1
grp(G∂;R)→ H1

grp(G;R)→ H1
grp(Grel;R)G

d2−→ H2
grp(G∂;R)→ H2

grp(G;R)

for the short exact sequence 1 → Grel → G → G∂ → 1 defined in Definition
4.7.

Then the following holds:

1. The pairing 〈Flux, i∗ᾱ〉 is in the third term.

2. The transgression (−1)nd2 〈Flux, i∗ᾱ〉 is the extension class of the cen-
tral extension (5.6).

Proof. 1. The third term H1
grp(Grel;R)G is the group of G-invariant ho-

momorphisms from Grel to R.
We first prove that 〈Flux, i∗ᾱ〉 : Grel → R is a homomorphism. Since
Flux : G∂ → H1(W ; ∂W ;R) is a homomorphism, we have 0 = δFlux ∈
C2(Grel;H

1(W ; ∂W ;R)). Since all of the elements inGrel are homotopic
to the identity on W , we also have 0 = δ(i∗α) ∈ C1(Grel;H

1(W ;R)).
Therefore we obtain

δ 〈Flux, i∗α〉 =δ 〈Flux ∪ i∗ᾱ, [W,∂W ]〉
= 〈δFlux ∪ i∗ᾱ, [W,∂W ]〉 − 〈Flux ∪ δ(i∗ᾱ), [W,∂W ]〉 = 0.

This means that 〈Flux, i∗ᾱ〉 : Grel → R is a homomorphism.

Next, we prove that 〈Flux, i∗ᾱ〉 : Grel → R is G-invariant. Since Flux :
Grel → Hn(W,∂W ;R) is G-invariant by Lemma 5.33, 〈Flux, i∗ᾱ〉 is also
G-invariant.

2. We prove the transgression formula. Define τ : G→ R as

τ(φ̄) =

∫
W

F (φ̄) ∧ ω̄.

By the definition, we have

δτ = δ

∫
W

F ∪ ω̄ = (−1)n+1

∫
∂W

F ∪ σ.
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Since 0 = F (ψ̄)|∂W ∈ Ωn(M) for ψ̄ ∈ Grel, we obtain

δτ(ψ̄, φ̄) = (−1)n+1

∫
∂W

φ̄∗F (ψ̄) ∪ σ(φ̄) = 0

for φ̄ ∈ G and ψ̄ ∈ Grel, so that

τ(ψ̄φ̄) = 〈Flux, i∗ᾱ〉 (ψ̄) + τ(φ̄).

Thus τ is a connection cochain over 〈Flux, i∗ᾱ〉. Furthermore, the
identity

L =

∫
W

F ∪ δω̄ = −δ
∫
W

F ∪ ω̄ = −δτ

implies that d2 〈Flux, i∗ᾱ〉 is represented by −L ∈ C2(G;R), so that

(−1)ni∗e(Ĝ∂) ∈ H2
grp(G∂;R).

Example 5.36. We consider a solid torus W = D × S1. We have a smooth
regular Z-covering space Ŵ = D×R→ W . Define a 2-form η ∈ Ω2(D×S1)
as

η = − 1

8π2
r2dθ ∧ dϕ, ((r, θ), ϕ) ∈ D × S1.

Then Ω = −dη ∈ Ω3(W ) is a normalized volume form on W . Thus, we have
the flux homomorphism Flux : Grel → H2(W,∂W ;R):

Flux(φ̄) = [φ̄∗η − η] ∈ H2(W,∂W ;R).

On the other hand, the covering space over the solid torus has the bound-
ary T̂ 2 = S1 × R → T 2. The restricted smooth central extension associated
T̂ 2 → T 2 is non-trivial (see Example 5.12):

0 // Z // Diff(S1 × R)Z p // Diffα(T
2) // 0

0 // Z // p−1(G∂)
?�

OO

// G∂ = Diff+(T
2)0

?�

OO

// 0.

Define ω̄ ∈ Ω1(W ) as ω̄ = dφ
2π
. This form ω̄ represents the classifying class

i∗ᾱ ∈ H1(W ;R) of Ŵ → W with coefficients in R
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Thus the G-invariant homomorphism 〈Flux, i∗ᾱ〉 : Grel → R defined by
the evaluation

〈Flux, i∗ᾱ〉 (φ) = 〈Flux(φ) ∪ i∗ᾱ, [W,∂W ]〉

transgresses to the extension class of the restricted smooth central extension
associated to T̂ 2 → T 2 by the LHS spectral sequence for the short exact
sequence 1→ Grel → G→ G∂ → 1.

5.6 Future developments

We will introduce two future developments.
Let X be a connected CW-complex and let Γ be an arbitrary discrete

group. For each regular Γ-covering space X̂ → X, we have an exact sequence

0→ Z(Γ)→ Homeo(X̂)Γ
p−→ Homeo(X),

where Z(Γ) is the center of Γ. Thus we obtain a central extension

0→ Z(Γ)→ Homeo(X̂)Γ → Im(p)→ 1.

We also call this extension the central extension associated to the regular
covering space π : X̂ → X. Especially if Γ is Abelian, then we obtain a
central extension

0→ Γ→ Homeo(X̂)Γ → Im(p)→ 1.

By Theorem 5.23, the central extension associated to the regular Z-covering
space means the Euler class for the universal flat (X,α)-bundle.

Problem 5.37. What does the central extension associated to the regular
Γ-covering space mean geometrically?

Let H be an infinite-dimensional, separable, Hilbert space. Denote by
U(H) the group of unitary operators on H. It is known that U(H) is
weakly contractible due to Kuiper [11, Theorem (3)] and the center of U(H)
is the unitary group U(1). Thus the projective unitary group PU(H) =
U(H)/U(1) is homotopic to the classifying space BU(1). Take the generator
u ∈ H2(PU(H);Z) ∼= H1(U(1);Z).

For a principal PU(H)-bundle E → B, we consider the Leray-Serre spec-
tral sequence Ep,q

2
∼= Hp(B;Hq(PU(H);Z). Then, under the differential
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d3 : H2(PU(H);Z) → H3(B;Z), the cohomology class d3u ∈ H3(B;Z) is
known as the Dixmier-Douady class (see Bouwknegt-Mathai [2, 2], Brylinski
[4, Chapter 4], for instance).

Let X be a connected smooth manifold with a second cohomology class
α ∈ H2(X;Z). Assume that the first cohomology group H1(X;Z) is trivial.
We denote by Gα = Homeoα(X) the group of homeomorphisms on X which
preserves the class α ∈ H2(X;Z). We can define the (X,α)-bundle E → B
which is a fiber bundle E → B withX the typical fiber and withGα the struc-
ture group. In the Leray-Serre spectral sequence Ep,q

2
∼= Hp(B;Hq(X;Z)),

there is the third differential

H2(X;Z)π1(B) ∼= E0,2
2 → E0,2

3
d3−→ E3,0

3 → E3,0
2
∼= H3(B;Z).

We call d3u ∈ H3(B;Z) the Dixmier-Douady class for the (X,α)-bundle
E → B.

On the other hand, it is known that there is the one-to-one correspondence
between the second cohomology group H2(X;Z) and the equivalence class of
principal U(1)-bundles over X.

Problem 5.38. Can we define a central U(1)-extension for a principal U(1)-
bundle whose extension class agree with the Dixmier-Douady class for uni-
versal flat (X,α)-bundle?
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