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This study investigates the complex symmetric linear equations that appear in high-frequency electromagnetic field analysis. As an
efficient linear solver, we propose a mixed-precision iterative method with double- and double-double (DD)-precision floating-point
numbers and an efficient implementation of DD-precision arithmetic with fused multiply-add instructions. Using the proposed method,
we successfully reduce both the iteration count and calculation time compared with the conventional method. Moreover, we demonstrate
the relation between multiple-precision arithmetic and the acceleration factor of the incomplete Cholesky factorization.
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I. INTRODUCTION

I

n solving the complex symmetric linear equations derived
from the edge finite element analysis of high-frequency
electromagnetic fields [1], iterative methods suffer from
oscillating residual norm histories and slow convergence rates.
Various iterative methods and preconditioners have been
developed [2], [3], but these issues remain unsolved.
Furthermore, as the coefficient matrix of the system to be
solved becomes ill-conditioned, even if an iterative method is
stopped at a sufficiently small error of the residual, the obtained
approximate solution may differ significantly from the true
solution. To reduce the number of iterations require to obtain a
solution with the desired precision, we focus on multipleprecision calculations, which have higher precision than
double-precision floating-point numbers. However, arithmetic
operations on complex numbers using multiple-precision
floating-point numbers require several times the calculation
costs of double-precision numbers [4]. Therefore, we propose
an efficient implementation of multiple-precision arithmetic
and develop a mixed precision iterative method for double- and
higher-precision numbers.

numbers require two double-precision numbers for both the real
part and the imaginary part, and the ability to perform
complicated operations with them. The C language’s
double_Complex type can perform complex arithmetic with
single- or double-precision floating-point numbers, similar to
operator overloading in C++, but this is not compatible with
DD-precision numbers. Secondly, the complex class template
in C++ can be combined with the QD library and DD-precision
complex number arithmetic can be used with operator
overloading. However, this results in poor calculation
performance in our experience, and it is difficult to improve the
performance. Therefore, we propose an effective
implementation of DD-precision complex numbers.

II. HIGH-PRECISION CALCULATIONS
A. DD-precision complex numbers
In this study, we adopt double-double (DD)-precision numbers
in our multiple-precision arithmetic. First proposed by Bailey
[5] and Briggs [6], DD is a software-based multiple-precision
floating-point arithmetic that uses approximately quadrupleprecision floating-point numbers of 106 bits in the form of two
double-precision floating-point numbers. DD regards the two
doubles as higher and lower bits, respectively. For instance, the
QD library [7] provides DD precision.
Let us consider how to implement arithmetic operations on
complex numbers with DD precision. DD-precision complex
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Fig. 1. Effective implementation of DD-precision complex number
multiplication.
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upper bits of these values are used as 𝛼𝐷 and 𝛽𝐷 in double
precision.

III. CONDITION NUMBER AND SOLUTION ERROR
Consider the following equation:
𝐴𝐱 = 𝐛,

Fig. 2. Mixed precision COCG method for solving

𝐴𝐱 = 𝐛.

Firstly, for comparison, we defined a double-precision
complex data type using C structures, named double_comp,
which realizes double-precision complex numbers and contains
two double-precision variables, re and im, for the real and
imaginary parts, respectively.
Next, we defined a DD-precision complex data type using C
structures, named dd_comp, to realize DD complex numbers.
This data type contains two structures, re and im, for the real
and imaginary parts, respectively. Moreover, each part has two
double-precision variables, hi and low, for higher and lower bits
in DD, respectively. For code optimization, we used fused
multiply-add (FMA) instructions to reduce the cost of
multiplying and dividing of complex numbers.
Fig. 1 shows the pseudocode of the proposed multiplication
process for DD-precision complex numbers using dd_comp
type. In this figure, fma refers to FMA instructions, twosum [8]
and fasttwosum [9] denote the error-free transformation of the
sum of two floating-point numbers. When we use traditional
DD-precision complex numbers, there are 58 arithmetic
instructions, including FMA instructions, required to multiply
DD-precision complex numbers. Our proposed efficient
implementation requires 38 arithmetic instructions, including
FMA instructions.
B. Mixed-Precision Iterative Methods
As DD numbers have several times the calculation costs of
double-precision numbers, we consider the partial use of DD.
In solving a complex symmetric linear equation 𝐴𝐱 = 𝐛 using
the conjugate orthogonal conjugate gradient (COCG) method,
our numerical experiments indicate that the accuracy with
which 𝛼 and 𝛽 are calculated is crucial to satisfying the
𝑇
𝑇
̅𝑖 𝐴𝐩 𝑗 = 0 for 𝑖 ≠ 𝑗, where 𝐫 𝑖
conditions 𝐫̅ 𝑖 𝐫 𝑗 = 0 and 𝐩
is the 𝑖 -th residual and 𝐩𝑖 is the 𝑖 -th search direction.
Therefore, as a partial usage technique of multiple-precision
arithmetic, we propose a mixed-precision COCG method. An
algorithm to solve 𝐴𝐱 = 𝐛 is shown in Fig. 2. The subscripts
D and DD represent double-precision numbers and DD
numbers, respectively, 𝜀 is the convergence criterion, and
(𝐱, 𝐲) denotes ∑𝑥̅𝑖 𝑦𝑖 . Note that we only apply DD-precision
arithmetic for the summation in the dot product. (𝐱, 𝐲)𝐷𝐷
denotes that the products of corresponding components are
calculated in double precision and the sum of the result is in DD
precision. After calculating 𝛼𝐷𝐷 and 𝛽𝐷𝐷 in DD precision, the

(1)

where 𝐴 is a complex symmetric 𝑛 × 𝑛 matrix, 𝐛 is a
known vector, and 𝐱 is an unknown vector. The condition
number 𝜅(𝐴) of the coefficient matrix is given by
𝜅(𝐴) = ‖𝐴‖ ∙ ‖𝐴−1 ‖.

(2)

Moreover, using the true solution 𝐱 and an approximate
solution 𝐱̃ obtained by the iterative method, the following
equation holds:
‖𝐱−𝐱̃‖
‖𝐱‖

≤ 𝜅(𝐴)

‖𝐛−𝐴𝐱̃‖
.
‖𝐛‖

(3)

From (3), if the condition number 𝜅(𝐴) is large, even if the
relative residual ‖𝐛 − 𝐴𝐱̃‖/‖𝐛‖ is sufficiently small, the
relative error of the solution will not necessarily be small. In
other words, it is necessary to consider the accuracy of the
approximate solution obtained by numerical calculations in illcondition problems. Although the convergence criterion is
often determined based on experience, the accuracy of the
approximate solution is not guaranteed. To obtain an
approximate solution with sufficient accuracy, for example, we
have to set the convergence criterion smaller. However, if we
use a smaller convergence criterion in consideration of this
issue, the calculation costs will be unnecessarily increased.
Therefore, it is important to understand the relation between the
solution error and the relative norm. We aim to evaluate these
effects through numerical experiments.
IV. PRECONDITIONING AND ITERATIVE METHOD
The incomplete Cholesky (IC) factorization [10], symmetric
successive over-relaxation (SSOR) [11], and diagonal scaling
are widely used as preconditioners for (1). While diagonal
scaling and SSOR have the advantage of requiring less memory,
the use of an acceleration factor (AF) with IC factorization often
results in better convergence in the edge finite element analysis
of electromagnetic fields. Therefore, we use the IC
preconditioner with AF in this study. As the AF, a value slightly
larger than 1.0 is typically used. Moreover, an automatic
determination method [12], [13] has been reported. The optimal
AF for a mixed-precision iterative method is not clear. Thus, in
this study, we investigate the optimal AF value through
numerical experiments.
V. NUMERICAL EXPERIMENTS
As a high frequency electromagnetic field problem, let us
consider a wave equation having an electric field 𝐄 derived
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from Maxwell’s equation as an unknown [1]:

∫ rot𝐄ℎ ⋅ 𝜇−1 rot𝐄ℎ∗ 𝑑Ω − ∫ (𝜔2 𝜀 ′ − 𝑖𝜔𝜎) 𝐄ℎ ⋅ 𝐄ℎ∗ 𝑑Ω
Ω

Ω

smaller convergence criterion for the required accuracy. To
calculate such small values, a high-precision calculation is
needed.
(4)

= 𝑖𝜔 ∫Ω 𝐉ℎ ⋅ 𝐄ℎ∗ 𝑑Ω,

where 𝜇 (H/m) is the permeability, 𝜖0 (F/m) is the permittivity
of a vacuum, 𝜖 ′ is the relative permittivity, 𝜔 (rad/s) is a single
angular frequency, 𝑖 is the imaginary unit, 𝐉ℎ (A/m2) is the
current density, and 𝜎 (S/m) is the conductivity. To solve (4),
we used the edge finite element method and obtained a complex
symmetric linear system.
To evaluate the computational performance, numerical
experiments were performed. The coefficient matrix 𝐴 was
obtained from TEAM Workshop Problem 29 with a phantom
model [14], as shown in Fig. 3. The electrical constants of the
phantom were set to be 𝜖′ = 80.0 and 𝜎 = 0.52. We
constructed a medium-scale problem with 134,573 degrees of
freedom. The number of nonzero elements in the coefficient
matrix was 2,123,849.

Fig. 3.

Test model of TEAM Workshop Problem 29.

To construct the complex symmetric linear equation, we used
ADVENTURE_Magnetic, provided by the ADVENTURE
project [15]. All calculations were performed using an Intel
CPU Core i7-7700 (3.60 GHz) processor with 64 GB memory,
the gcc 7.3.0 compiler, and the “-O3 -mfma” optimization flag.
Let 𝐴𝐱 = 𝐛 be the linear equation to be solved, where b is
given by computing 𝐛 = 𝐴𝐱 with 𝐱 = (1.0 + 1.0𝑖, … ,1.0 +
1,0𝑖)𝑇 and the initial guess 𝐱 0 is zero. To solve this problem,
we used the COCG method with IC preconditioning.
Firstly, we examined the convergence history of the relative
residual norm ‖𝐫 𝑛 ‖2 / ‖𝐫 0 ‖2 , relative preconditioned residual
norm ‖𝐳 𝑛 ‖2 / ‖𝐳 0 ‖2 , and maximum error with respect to the
true solution ‖𝐱 𝑛 − 𝐱‖∞ until the relative residual norm
became 10−12 or less. In this case, the AF was 1.1. From Fig.
4, the relative residual norm differs greatly from the error norm
because of the ill-conditioned coefficient matrix. The relative
preconditioned residual norm is closer to the error norm, but
there is still a gap. Therefore, we must set another 10−3 or

Fig. 4. Convergence history using DD precision.

Secondly, we examined the effect of AF on the iterative
method with different precision arithmetic. The convergence
criterion was set to ‖𝐫 𝑛 ‖2 /‖𝐫 0 ‖2 < 10−6 . Figs. 5 and 6 show
the iteration counts and calculation times as the AF of IC
preconditioning was varied from 1.0–1.2 in increments of 0.01.
DD indicates that all calculations were performed in DD
precision. DD further reduced the number of iterations
compared to double precision. In particular, in the case of AF =
1.0, DD reduced the number of iterations by 87% and reduced
the calculation time by 43%. When AF was greater than 1.0,
although it took several times longer than double-precision, DD
reduced the number of iterations by a factor of about two-thirds.
In all cases, we succeeded in reducing the iteration count and
calculation time compared with double precision by using
mixed-precision calculations. Therefore, our mixed-precision
system is effective for this problem. Thus, the iterative method
using high-precision calculations is a robust method, and our
proposed mixed-precision system can be faster than a doubleprecision system.

Fig. 5. Acceleration factor vs. iteration count.
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VI. CONCLUSION

Fig. 6. Acceleration factor vs. calculation time.

Table 1 presents the computational performance in the fastest
case with the optimized acceleration factor. In the table,
double(_Complex) denotes the use of the default complex type
in C. From Figs. 5 and 6, the optimum AF values varied slightly
depending on the precision. The convergence histories of
double(_Complex) and our double-precision complex type
using the (double_comp) structure are almost the same,
although our method reached the solution faster than
double(_Complex). DD reduced the number of iterations
compared with the double-precision case, but required more
time than double(_Complex). However, our proposed system
successfully reduced both the iteration count and calculation
time.
TABLE 1
COMPUTATIONAL PERFORMANCE IN FASTEST CASE
Precision
double (_Complex)
double (double_comp)
mixed (proposed)
DD

AF
1.07
1.07
1.1
1.18

Iteration
8,159
8,194
7,254
5,081

In this research, we derived an efficient implementation of
DD-precision complex-number arithmetic. This paper
described the implementation of a mixed-precision COCG
method and reported the results of numerical experiments to
solve the complex symmetric linear equations that appear in
high-frequency electromagnetic field analysis using the edge
finite element method.
The following findings were obtained by numerical
experiments using the developed system.

The relative residual norm may differ greatly from the
error norm in high-frequency electromagnetic field
analysis with the edge finite element method.

DD-precision calculations can reduce the number of
iterations of the iterative method, regardless of the AF, but
the calculation time may be several times longer.

Our proposed mixed-precision approach can reduce both
the number of iterations and the computation time
compared to double precision in many cases.
In future work, we will verify the effectiveness of the proposed
method by applying it to larger and more complex problems. In
addition, we aim to realize further acceleration by examining
high-performance computing technology using Intel AVX
instructions.
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