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Abstract

In the free energy principle (FEP) proposed by Friston, it is supposed that

agents seek to minimize the “surprise”–the negative log (marginal) likelihood of

observations (i.e., sensory stimuli)–given the agents’ current belief. This is achieved

by minimizing the free energy, which provides an upper bound on the surprise. The

FEP has been applied to action selection in a framework called “active inference,”

where agents are supposed to select an action so that they minimize the “expected

free energy” (EFE). While EFE can be decomposed to interpretable components

such as epistemic value and extrinsic value, it is difficult to understand intuitively

how EFE itself is directly related to “surprise” and what psychological construct

is related to EFE itself (as a single quantity). To facilitate the discussion and in-

terpretation of psychological processes underlying active inference, we introduce

a computational component termed the “retrospective surprise,” which is the sur-

prise of an observation after updating the belief given the observation itself. The

predicted retrospective surprise (PRS) is mathematically derived from a special

case of EFE and provides a lower bound on EFE. We illustrate the properties of
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EFE and PRS using examples of inference for a binary hidden cause given a bi-

nary observation. We discuss how information-seeking behavior is accounted for

by EFE and PRS. Our results highlight the role of prior distribution of future ob-

servation in EFE. By setting this prior distribution to be fixed irrespective of which

action is selected, the epistemic value can exert an influence on EFE, leading to

information-seeking behavior.

Keywords: Active inference; Surprise; Expected free energy; Retrospective surprise;

Action selection

1 Introduction

The free energy principle (FEP) was proposed as a unifying theory for the computa-

tional principle of the brain function (Friston, Kilner, & Harrison, 2006; Friston, 2010;

Bogacz, 2017; Buckley, Kim, McGregor, & Seth, 2017). FEP posits that agents seek

to minimize surprise. The term surprise (or surprisal) is defined as the negative log

(marginal) likelihood of an observation, given the agents’ belief. This can be achieved

by minimizing the variational free energy, which provides an upper bound on surprise.

In the perceptual domain, the minimization can be performed by updating the current

belief. FEP has also been applied to action selection within a framework called active

inference (Friston, Daunizeau, & Kiebel, 2009; Friston, Mattout, & Kilner, 2011; Fris-

ton et al., 2015). In this framework, especially for selecting action in discrete time,

the agents are supposed to select action such that they can minimize the expected free

energy (EFE) (Friston et al., 2015).

While EFE has been related to some computational components (Friston et al.,

2015), its interpretation as a psychological construct remains elusive. EFE can be de-

composed into two components: the epistemic value, which is the value for obtaining

information about the hidden state of the world, and the extrinsic value (Friston et al.,

2015). These quantities are related to other computational constructs such as Bayesian

surprise and KL (Kullback-Leibler; risk-sensitive) control (Friston et al., 2015). Nev-

ertheless, how EFE as a single quantity corresponds to psychological or computational

constructs is unclear. For example, it is not straightforward how “surprise,” which is a

key quantity in FEP, is related to EFE. Given the notion that the FEP posits that agents

2



try to minimize surprise, how surprise is defined with regard to future observation is

important for conceptual understanding of active inference within the framework of

FEP. In addition, defining the free energy for future observation is not straightforward,

as there may be different variants of free energy for future observation, predicted free

energy (Schwöbel, Kiebel, & Marković, 2018) and generalized free energy (Parr & Fris-

ton, 2018), have been proposed and applied to active inference. These facts have made

a comprehensive understanding of active inference based on EFE difficult, especially

for those who are not familiar with related mathematical concepts.

The aim of the present study is to propose a natural quantity, for which EFE is

related to (upper bound on) and which gives better intuition into what minimizing EFE

is actually doing. Specifically, we introduce a novel computational component for active

inference, called retrospective (or residual) surprise (RS). RS is the surprise from an

observation after updating the belief given the observation itself. The predicted value of

RS prior to the observation is termed the predicted retrospective surprise (PRS). PRS

can be mathematically derived from a special case of EFE in a similar way to which

(ordinally) surprise appeared from variational free energy (Friston et al., 2006). We

show that EFE has a close relationship with PRS. Specifically, EFE provides an upper

bound on PRS (i.e., EFE cannot be smaller than PRS). Using a simple example of

selecting an action to inspect the binary hidden cause (e.g., disease or not) given binary

observation (e.g., positive or negative), we illustrate the properties of EFE and PRS. As

we mentioned above, FEP has been interpreted in terms of surprise. Though this is in

an information theoretic sense, it helps conceptual understanding. Likewise, PRS will

help conceptual understanding of active inference based on EFE.

In the remainder of this paper, we first formalize the problem setting considered in

this paper (Section 2). Next, we introduce the key concept of FEP including surprise

and variational free energy (Section 3). We then introduce active inference based on

EFE in Section 4. In Section 5, we introduce RS and PRS. In Section 6, we provide

specific examples for four cases to illustrate the properties of active inference based

on EFE and PRS. Finally, in Section 7, we summarize our findings and discuss their

implications and limitations.
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Figure 1: Schematic of problem setting (Case 1a) for active inference and related quan-

tities discussed in this paper. EFE, expected free energy with no preference; EFE-NP,

expected free energy with no preference.

2 Problem setting

Here we formalize the general problem setting considered in this paper (Figure 1). In

this study, we are only concerned with a very simple case where there is only one hidden

discrete variable, denoted by x (e.g., the presence or absence of a specific disease in a

patient), which can influence the binary observation (e.g., positive or negative result of

the test). An agent selects only one discrete action a (e.g., test or treatment). After the

action occurs, the agent observes a single outcome y. After that, the agent may update

the belief about x. In the original formulation of active inference based on Markov

decision processes (Friston et al., 2015; Friston, FitzGerald, Rigoli, Schwartenbeck,

& Pezzulo, 2017), an action is assumed to influence only the subsequent hidden state.

Here we take a more general formulation, in which an action may directly affect both

(or either of) the state and the observation 1. That is, we assume that an action can

1The case where an action directly changes observations has been also considered in previous ideas of

active inference where actions are implemented as a reflex (Friston, Daunizeau, Kilner, & Kiebel, 2010).
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directly change the observation (without changing the hidden state). In the specific

examples, Case 1 assumes that an action directly affects only the observation, while

Case 2 assumes that an action directly affects only the hidden state.

The agent has a generative model (in his brain), which is defined as the joint proba-

bility of x and y given action a:

p(y, x|a) = p(y|x, a)p(x|a), (1)

where p(x|a) represents prior belief about x before observing y, which may depend on

action a.

The current belief about x is denoted by a distribution q(x|a). In our problem set-

ting, this corresponds to the prior distribution of x before observing y (i.e., q(x|a) =

p(x|a)). The belief about x and y is denoted by2

q(y, x|a) = p(y|x, a)q(x|a). (2)

The posterior belief about x after observing y is denoted by q(x|y, a).

3 Surprise and free energy

For our setting, surprise is defined as the negative log-marginal likelihood, in which the

hidden variable x is marginalized out:

surprise = − log p(y|a) = − log
∑
x

p(y|x, a)p(x|a).

Because we assume that x is a discrete variable, marginalization is performed by taking

the summation over x. Our formulation applies to continuous variable cases if the sum-

mation is replaced with integration. When x is binary, the marginalization (summation)

over x is not difficult. However, when x is a multidimensional variable or takes multiple

values, the marginalization becomes difficult. FEP proposes that the brain minimizes

2Because p(y|x, a) is defined as part of the generative model, we use “p” instead of “q” for p(y|x, a).
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the (variational) free energy, which provides an upper bound on the surprise, rather than

directly minimizing the surprise.

Before introducing the (variational) free energy for future observation, we introduce

the free energy given an observation y after taking action a, which depends on the belief

q(x|a) (denoted by FE):

FE =
∑
x

q(x|a) log q(x|a)
p(y, x|a)

. (3)

Using the identity p(y, x|a) = p(x|y, a)p(y|a), Eq. (3) is rewritten as

FE =
∑
x

q(x|a) log q(x|a)
p(x|y, a)︸ ︷︷ ︸

=DKL(q(x|a)||p(x|y,a))

− log p(y|a), (4)

where DKL(q(x|a)||p(x|y, a)) denotes the Kullback–Leibler (KL) divergence between

q(x|a) and p(x|y, a). The KL divergence is non-negative, and zero only when q(x|a) =

p(x|y, a). From this fact, the free energy provides an upper bound on surprise:

FE ≥ − log p(y|a). (5)

4 Active inference

Within the framework of active inference, prior to taking the action a, and before ob-

serving y, the agent is supposed to seek an action that minimizes free energy regarding

the future observation. Here we introduce EFE (Friston et al., 2015) as a method for

evaluating free energy for the upcoming future observation. In a more general formula-

tion of FEP, we consider a policy π, which specifies the set of rules for taking an action

and is considered as a random variable (Friston et al., 2009, 2015; Schwöbel et al.,

2018). In Friston’s formulation of active inference, the negative EFE for each policy is

proportional to the prior probability of the policy (Friston et al., 2015): the policy with

lower EFE has a higher probability of being chosen. Because in our problem setting, a

policy is deemed as selecting a discrete action from a possible candidate action set, we

are mainly concerned with the value of EFE for each action.
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4.1 Expected free energy

In the free energy for a given observation (Eq. (3)), the unknown hidden variable is only

x. In active inference, the future observation y is also dealt with as an unknown hidden

variable. EFE is given by incorporating the likelihood of observation y given x and

action a, q(y|x, a), into Eq. (3):

EFE =
∑
x

q(x|a)
∑
y

q(y|x, a) log q(x|a)
p(y, x|a)

(6)

=
∑
y

∑
x

q(y, x|a) log q(x|a)
p(y, x|a)

. (7)

We further assume that p(y, x|a) is decomposed as p(y, x|a) = q(x|y, a)p̄(y), where

q(x|y, a) denotes the belief about x, given the observation y. p̄(y) encodes prior pref-

erence (the utility) on the outcome (Friston et al., 2009, 2015; Schwöbel et al., 2018)3.

The reason for associating preference (utility) with probability is that a belief that a

given outcome is highly likely adds plausibility to any hypothesized course of action

that leads to that outcome being realized. In this sense, preferred outcomes are sim-

ply those that appear to be sought through action (i.e., are highly probable under the

selected action plans).

In general, the prior preference p̄(y) is not necessarily equal to the marginal likeli-

hood function of y given the current belief and specific action a (i.e., q(y|a) =
∑

x p(y|x, a)q(x)).

However, in the case without the desired outcome, the marginal likelihood q(y|a) may

substitute to p̄(y). This can be regarded as a special case of EFE. We call this quantity

“EFE-no preference” (abbreviated as “EFE-NP”). As we see later, for a given belief

about hidden sates and any action, EFE takes the minimum value when p̄(y) = q(y|a)

among other possible prior distributions. Thus, under FEP, this substitution may by nat-

ural when there is no prior preference4. It should be noted that using EFE-NP differs

from using EFE with a uniform, non-informative prior. Using a uniform prior may be

a natural choice when no prior preference exists. Setting uniform prior means that the

prior does not depend on the action that agent chooses. In contrast, the prior prefer-

3We use the notation “p̄” following Schwöbel et al. (2018).
4Comparing EFE-NP among different action sets deviates from the active inference framework by

Friston because Friston’s framework compares the candidate actions with a single fixed prior preference.
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ence in EFE-NP does depend on the selected action. This distinction makes a critical

difference in the action selection as discussed later (see Section 7, Discussion).

EFE can be arranged as follows (see Appendix A):

EFE = −
∑
y

q(y|a)
∑
x

q(x|y, a) log q(x|y, a)
q(x)︸ ︷︷ ︸

=DKL(q(x|y,a)||q(x))︸ ︷︷ ︸
= Epistemic value

−
∑
y

q(y|a) log p̄(y)︸ ︷︷ ︸
= Extrinsic value

. (8)

The KL divergence DKL(q(x|y, a)||q(x)) evaluates the degree to which the belief about

x is updated by observing y. The expected value of this about y is termed the “epistemic

value” (the informativeness of an action). The higher the epistemic value, the lower is

the free energy. Thus, the action having a higher epistemic value is likely to be selected.

The second term is called “extrinsic value.” This corresponds to the predicted value of

surprise. When no prior preference is assigned and the marginal likelihood of y is used

for an extrinsic value (p̄(y) = q(y|a)) , we call the negative of the second term the

“predicted surprise.” A smaller predicted surprise or a larger extrinsic value leads to a

smaller EFE and the corresponding action is likely to be selected.

EFE can also be arranged in the following form (Friston et al., 2015; see Appendix

B for the derivation):

EFE =
∑
x

q(x|a)

{
−
∑
y

q(y|x, a) log q(y|x, a)

}
︸ ︷︷ ︸

Predicted uncertainty

+
∑
y

q(y|a) log q(y|a)
p̄(y)︸ ︷︷ ︸

Predicted divergence

(9)

The first term, the predicted value of the conditional entropy of y given x and a, repre-

sents uncertainty and is called “predicted uncertainty” or “ambiguity.” The second term

is KL divergence from q(y|a) to p̄(y). Because KL divergence is a non-negative quan-

tity and takes zero only when two distributions are identical, EFE takes the minimum

value when p̄(y) = q(y|a). Thus, we have the inequity

EFE ≥ EFE-NP. (10)

Eq. (9) indicates that the agent can likely select an action that brings the marginal distri-

bution q(y|a) closer to the prior preference p̄(y). EFE-NP is always equal to ambiguity
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or predicted uncertainty, that is, the first term in Eq. (9), because the second term in

Eq. (9) vanishes when p̄(y) = q(y|a). However, to emphasize that this quantity is a

special case of EFE that may be used for action selection, we use the term EFE-NP,

highlighting its equivalence to ambiguity when pertinent to the matter.

5 Retrospective surprise (RS)

We define RS as a re-evaluated surprise to the observation y after updating the belief

given the observation y itself:

RS = − log
∑
x

p(y|x, a)q(x|y, a).

PRS is defined as the expected value of RS with respect to y:

PRS = −
∑
y

q(y|a) log
∑
x

p(y|x, a)q(x|y, a).

Note that because RS and PRS are calculated after obtaining an observation y, these

quantities do not depend on the prior preference p̄(y).

When the prior belief about x equals the prior of x (i.e., q(x|a) = p(x|a)), which

corresponds to the assumption in our problem setting, PRS provides a lower bound on

EFE-NP (ambiguity) (see Appendix C for proof):

EFE-NP ≥ PRS. (11)

In another view, PRS can be derived from EFE-NP by using Jensen’s inequality (see

Appendix C). From Eq. (10) and (11), we have the relation

EFE ≥ EFE-NP ≥ PRS. (12)

Thus, PRS is a lower bound also on (original) EFE.

One condition of the equality in Eq (11) is that x and y are independent given a, i.e.,

q(y, x|a) = q(y|a)q(x|a). In this case, the epistemic value is zero and we have
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Table 1: List of the binary tests and related quantities for Case 1a. The prior belief

about x is set as pD = 0.6. EFE-NP, expected free energy with no preference; PRS,

predicted retrospective surprise.

Hit rate False alarm Predicted Epistemic EFE-NP PRS

(pH) rate (pF ) surprise value

Test 1 0.8 0.2 0.686 0.186 0.5 0.387

Test 2 0.8 0.8 0.5 0 0.5 0.5

EFE-NP = PRS = −
∑
y

q(y|a) log q(y|a).

This coincides with the predicted surprise. Another condition for the equality is that the

relation between x and y is one-to-one, i.e., in the binary case, possible combinations

of x and y are (i) (x, y) ∈ {(0, 0), (1, 1)} (i.e., y always equals x) or (ii) (x, y) ∈

{(0, 1), (1, 0)} (i.e., y always differs from x). In these cases, PRS and EFE-NP are

zero.

6 Illustrative examples

By using simple examples of diagnostic inference from a single patient (Kunisato,

Katahira, Okimura, & Yamashita, 2019), we illustrate the properties of the quanti-

ties discussed above. Let us consider the situation in which an agent infers the pres-

ence (x = 1) or absence (x = 0) of a disease in a patient from a test result, which

can be positive (y = 1) or negative (y = 0). The agent has prior belief about x,

which is denoted by q(x|a). For brevity, we represent this as q(x = 1|a) = pD and

q(x = 0|a) = 1− pD (“D” indicates “disease”). The agent knows the properties of the

candidate tests, which are specified by the hit rate, pH = p(y = 1|x = 1), and the false

alarm rate, pF = p(y = 1|x = 0). This knowledge corresponds to a generative model

the agent has and is not necessarily true.

The first examples (Case 1a and Case 1b) consider the situation where the agent

chooses a test that produces a binary outcome. In this case, the action (selecting a test)

affects the outcome (positive or negative) but not the hidden state (disease or not). In
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the second example (Case 2), the agent chooses a treatment that can affect the hidden

state, but the outcome of the test is independent of the action given the state.

6.1 Test selection with no prior preference (Case 1a)

Case 1a considers the problem of selecting a test among tests that differ in the hit rate

pH and false alarm rate pF . Here we assume that there is no prior preference and set

the extrinsic value to the marginal likelihood of y (p̄(y) = q(y|a)) for each test (i.e., we

assume the agent choose a test with smallest EFE-NP).

First, we discuss how active inference works in this case, along with specific sce-

narios based on the schematic in Figure 1. An agent is about to choose an action (test).

He is now considering Test 1 as a candidate (Table 1). He has prior probability about

x, for example, q(x = 1) = pD = 0.6 and q(x = 0) = 1 − pD = 0.4 (Here, because

we assume that x does not depend on a, the condition “|a” is omitted). He knows that

the hit rate of Test 1 is pH = 0.8 and the false alarm rate is pF = 0.2. Thus, under his

prior belief and this generative model, he expects that the test results will be positive

with the probability of q(y = 1|a) = p(y = 1|x = 1) × q(x = 1) + p(y = 1|x =

0)× q(x = 0) = pHpD + pF (1− pD) = 0.8× 0.6+ 0.2× 0.4 = 0.56 (See Appendix D

for the details of calculation). Thus, he predicts that he will experience a surprise after

observing a positive result with the degree − log(0.56) = 0.58. A negative result is

predicted to occur with the probability q(y = 0|a) = 1− q(y = 1|a) = 0.44. When the

result is negative, he will be more surprised with the degree − log(0.44) = 0.82. Thus,

the extrinsic value (negative predicted surprise) is 0.56× 0.58 + 0.44× 0.82 = 0.686.

After observing the result, he will update his belief about the hidden variable x. If

the update is according to the Bayesian inference, when the result is positive (y = 1),

the belief will be q(x = 1|y = 1) = pHpD/q(y = 1|a) = 0.8 × 0.6/0.56 = 0.857,

while q(x = 0|y = 1) = 0.143 (see Appendix D). With this (updated) belief, the RS

to the positive result is − log(pH × 0.857 + pF × 0.143) = 0.336. When the result is

negative (y = 0), the belief will be updated as q(x = 1|y = 0) = (1 − pH)pD/q(y =

0|a) = 0.2 × 0.6/0.44 = 0.273 and q(x = 0|y = 0) = 0.727. The RS to the negative

result is − log((1 − pH) × 0.273 + (1 − pF ) × 0.727) = 0.452. Thus, the PRS is

0.56 × 0.336 + 0.44 × 0.452 = 0.387. This is greatly reduced from the predicted
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surprise (= 0.664).

Next, consider Test 2, which is not informative at all (Table 1) and whose hit rate and

false alarm rate are both 0.8, i.e., it produces a result irrespective of the hidden variable

x. In this case, the belief about x does not change even after seeing the result of the test,

because the observation provides no information. Thus, PRS has the same value as that

of the predicted surprise (= 0.50, see Appendix D). This is lower than the predicted

surprise of Test 1 (= 0.664) but higher than the PRS of Test 1. Thus, if the agent just

wants to minimize the predicted surprise, he should select the non-informative test, Test

2. If he wants to minimize PRS, he should choose the informative test, Test 1.

In contrast, EFE-NP (ambiguity) is insensitive to the informativeness of the tests:

Test 1 and Test 2 provide the same EFE-NP, 0.5 (Table 1). This means that the active

inference based on EFE-NP may fail to select a more informative action. Let us consider

the reason for this. From Eq. (9), when there is no prior preference and p̄(y) = q(y|a),

only the first term, the predicted uncertainty (conditional entropy) matters for EFE-

NP. When q(x|a) does not depend on a (i.e., q(x|a) = q(x)) and the entropy given x,

−
∑

y q(y|x, a) log q(y|x, a), is identical (= −0.2 log 0.2 − 0.8 log 0.8) for both x = 0

and x = 1, the conditional entropy is identical for both tests. Thus, EFE-NP takes the

same value for both Test 1 and Test 2.

Next, let us check the epistemic and extrinsic values (predicted surprise; Eq. (8)).

The epistemic value of Test 1 is 0.186, while that of Test 2 is zero. Because EFE-NP

is a negative predicted surprise minus the negative epistemic value (Eq. (8)), the effect

of the epistemic value of Test 1 is canceled by the larger predicted surprise of Test 1

(0.686, which is larger than Test 2 by 0.186).

In Figure 2, we systematically vary the hit rate and false alarm rate. We can confirm

that the epistemic value increases as the information in the test increases (Figure 2C):

In the region where the hit rate pH is larger than the false alarm rate pF , the epistemic

value increases with pH . In another region where pH < pF , the smaller pH is, the larger

is the epistemic value. The negative predicted surprise shows an opposite tendency

(Figure 2B). These two effects completely cancel out each other: the advantage of the

large epistemic value in an informative test is abolished by its large surprise. As a

result, EFE-NP is insensitive to the informativeness of the test. For example, the tests

with pF = 0.2 and 0.8 yield exactly the same EFE-NP, irrespective of the value of pH
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Figure 2: How the hit (pH) rate and false alarm rate (pF ) influence the quantities for

selecting the binary test in active inference (Case 1a). (A): EFE-NP. (B): The negative

predicted surprise (extrinsic value). (C): The epistemic value. (D): PRS and EFE-NP.

(Figure 2A).

In accordance with the inequality Eq. (11), PRS is upper-bounded by (is equal to or

smaller than) EFE-NP (Figure 2D). In addition, these quantities coincide only when (i)

pH = pF or (ii) pH is zero or one and pF is zero or one. Importantly, PRS has a lower

value for a more informative test except for the case in which pH and pF are exactly

zero or one. In the region where pH is larger than 0.5, the smaller pF is, the smaller is

the PRS. In contrast, when pH is smaller than 0.5, the opposite occurs. These results

indicate that agents can choose a more informative test based on PRS.

Interestingly, even with defined preferences, EFE of Eq. (6) would perform simi-

larly to EFE-NP in this task5. The reason for this is that this task is designed in such

5We thank an anonymous reviewer for this suggestion.
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Table 2: List of binary tests and related quantities for Case 1b. The prior belief about x

is set as pD = 0.6 and prior preference about y is set as p̄(y = 1) = 0.6.

Hit rate False alarm Extrinsic value Epistemic EFE PRS

(pH) rate (pF ) value

Test 1 0.8 0.2 -0.689 0.186 0.50 0.387

Test 2 0.8 0.8 -0.591 0 0.59 0.5

a way as to preclude actions influencing x. When Eq. (6) is rearranged into its ‘risk’

and ‘ambiguity’ form, it has the same appearance as Eq. (9), but with the predicted di-

vergence expressed in terms of the divergence between states given actions and a prior

over states. If actions do not influence states, this divergence is invariant to the choice

of action, leaving only the ambiguity term (as in EFE-NP) to disambiguate between

alternative choices. The importance of this observation is that Eq. (6) could be approxi-

mated by Eq. (9) in applications of active inference. This has the advantage of allowing

for preferences in terms of outcomes without having to assume a form for the rest of

the generative model. The results here highlight an additional advantage, as they show

that Eq. (9) (and the PRS) enable epistemic behavior even when states are invariant to

action.

6.2 Effect of prior preference (Case 1b)

In the next case (Case 1b), we consider the effects of prior preference for the observa-

tion y. That is, we suppose that the agent assumes that a certain observation (positive or

negative) is more probable. Although such situation seems to be strange in this (infer-

ence on disease) example, this setting should be taken for an illustration purpose. We

set pD = 0.6, as in Case 1a. We also set prior preference as p̄(y = 1) = 0.6. Again,

let us compare Test 1 and Test 2 (Table 2). Here, we set a prior preference about y as

p̄(y = 1) = 0.6: the agent expects that the positive outcome is slightly more probable.

The extrinsic value is now larger for Test 2, which more likely produces positive results

(when x = 0). Because the epistemic value does not depend on the prior preference

about y (also see Figure 3C), these are the same as Case 1a (Table 1) and Test 1 has

higher epistemic value compared to Test 2. As a result, Test 1 has a lower EFE value
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Figure 3: Effect of prior preference (Case 1b). (A): EFE. (B): The extrinsic value. (C):

The epistemic value. (D): PRS and EFE. The triangles indicate the marginal likelihood

q(y = 1|a).

compared to Test 2 and is favored.

Figure 3 shows how EFE and PRS depend on the prior preference p̄(y = 1). We

compare Test 1 (pH = 0.8, pF = 0.2), Test 2 (pH = 0.8, pF = 0.8), and a test with

intermediate false positive rate (pH = 0.8, pF = 0.5). When y = 1 is preferred over

y = 0 (i.e., p̄(y = 1) > 0.5), the extrinsic value is larger for the tests that have a higher

false alarm rate. In the opposite case (p̄(y = 1) < 0.5), the test that has a smaller

false alarm rate has a higher extrinsic value (Figure 3B). As the informative test, Test

1, has the highest epistemic value that decreases EFE the most, when the preference is

around neutral (p̄(y = 1) ≈ 0.5), Test 1 yields the smallest EFE, and thus, is favored.

Test 2 is favored (given a smaller EFE) when p̄(y = 1) is more than around 0.7, where

the effect of the extrinsic value overcomes that of the epistemic value (Figure 3A). This

confirms the notion that action selection based on EFE is driven by the trade-off between
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no preference (Case 2a). (A): EFE-NP, (B): The negative predicted surprise (extrinsic

value). (C): The epistemic value, (D): PRS and EFE.

exploration (maximizing epistemic value) and exploitation (maximizing extrinsic value)

(Friston et al., 2015).

Meanwhile, PRS does not depend on prior preference by construction. From Fig-

ure 3D), we can confirm that EFE is lower-bounded by PRS and minimum when p̄(y) =

q(y|a) (marked by triangles in the figure).

6.3 Cases where an action influences the hidden state (Case 2a and

Case 2b)

In Case 2a and Case 2b, we assume that an action a influences the hidden state x rather

than the observation y. This assumption corresponds to that adopted in the original

active inference framework based on EFE (Friston et al., 2015).
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To clarify the problem setting, let t be the index of discrete time steps. The action at

the current time t, at, influences the state at the next time step xt+1. The agent assumes

that x changes depending on action at with the probability p(xt+1|xt, at). Based on

this generative model and the current belief about xt, the prior belief about the next

state is given by q(xt+1|at) =
∑

xt
p(xt+1|xt, at)q(xt). EFE and PRS at time t are

conditionally independent of xt given xt+1. Thus, checking how EFE and PRS depend

on q(xt+1 = 1|at) would suffice. Hereafter, we omit the index of time step, t (i.e.,

q(x|a) = q(xt+1|at)).

Figure 4 shows how EFE-NP and PRS vary depending on the prior belief q(x = 1|a)

when no prior preference is set (Case 2a). Because in this case, the predicted divergence

in Eq. (9) is zero and the entropy terms are fixed, EFE-NP is a linear function of q(x =

1|a). Based on EFE-NP, an agent favors assigning a larger probability to x, which

produces a smaller entropy. For example, when the false alarm rate pF is 0 while the

hit rate pH = 0.8, x = 0 minimizes the entropy 6, and thus, q(x = 1|a) = 0 produces

the smallest EFE-NP. When pF is 0.5 while the hit rate pH = 0.8, the entropy with

x = 1 is smaller than that with x = 0; thus, q(x = 1|a) = 1 produces the smallest

EFE-NP. When both values of x produce the same entropy (pF = 0.2 or pF = 0.8, and

pH = 0.8), EFE-NP is independent of q(x|a).

In contrast, PRS is a nonlinear function of q(x = 1|a), except for the case with a

non-informative test (pH = pF = 0.8; Figure 4D). Especially, when pF = 0.2, PRS

and EFE-NP yield quantitatively different predictions: PRS is smaller for an action that

makes q(x|a) more ambiguous (q(x = 1|a) is close to the intermediate value), while

EFE-NP is neutral regarding action selection.

Finally, we consider how the prior preference works for this setting. We assume

that the agent has a prior belief (preference) that the negative result is more likely than

the positive result: p̄(y = 1) = 0.2. Figure 5 shows the behaviors of EFE and PRS.

Because PRS does not depend on prior preference, the results are identical to Case 2a

(Figure 4D). Basically, EFE has a smaller value for q(x = 1|a), which provides a larger

extrinsic value (Figure 5B). Because the epistemic value is larger for the intermediate

value of q(x = 1|a), the minimum of EFE shifts toward the intermediate value of

6−
∑

y q(y|x = 0, a) log q(y|x = 0, a) = −q(y = 1|x = 0, a) log q(y = 1|x = 0, a)− q(y = 0|x =

0, a) log q(y = 0|x = 0, a) = −0 log 0− 1 log 1 = 0.
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.

q(x = 1|a) when the false alarm rate is small (pF = 0).

7 Discussion

In this paper, we proposed a novel computational construct, the predicted retrospective

surprise (PRS), and discussed its relation to expected free energy (EFE), which is a

core component for active inference in free energy principle (FEP). We clarified one

computational aspect of EFE: it provides an upper bound on PRS. Below, we discuss

the contributions and implications of this study.

This study provides new insights on the principle of action selection, i.e., action

selection that minimizes EFE, which leads to the minimization of surprise that remains

after the belief is updated from the consequence of the action. As mentioned in the In-
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troduction, FEP posits that living systems seek to minimize surprise (in the information

theory sense); that is, minimizing free energy leads to minimizing surprise. A naı̈ve

application of a notion that action selection in consideration of future observation leads

to the prediction that agents seek action that produces less informative but more stable

outcomes because such action leads to smaller surprise (i.e., in the diagnostic example,

this corresponds to the prediction that an agent prefers a noninformative test to an in-

formative test). However, sometimes reality might be different; that is, animals often

favor actions from which they can gain information (Hampton, Zivin, & Murray, 2004;

Castro & Wasserman, 2013). If one assumes that living systems seek an action that

minimize PRS (such an action often minimizes EFE) rather than predicted surprise, one

can naturally explain such information-seeking (exploration) behavior. The explana-

tion of such behavior is also possible based on EFE itself, as Friston et al. (2015) did.

However, because interpreting EFE as a single psychological quantity is difficult, the

intuitive understanding of how the information seeking behavior arises from EFE is less

straightforward: specifically, although its mathematical derivation is clear, the intuitive

understanding of how epistemic value arises from EFE is not easy. PRS provides an

intuitive account of how curiosity arises: informative action makes the hidden state less

ambiguous, thus reduces PRS.

This study also contributes to the understanding of how active inference based on

EFE works. First, our results highlight the role of prior preference (utility) in EFE.

By setting this preference as the prior distribution, which is independent of action, the

epistemic value can exert an influence on EFE value and thus action selection. We

demonstrate that if the negative predicted surprise, which depends on action, is used

as the extrinsic value, the effect of the epistemic value is diminished by the negative

predicted surprise. Indeed, in certain situations it is completely canceled. If the prior

preference is fixed across candidate actions, this reduction or cancelation does not occur.

It should be emphasized that this is the case even with a uniform, non-informative

prior, which may be a natural choice when no prior preference exists. Thus, the use of

prior preference irrespective of the action is a key premise of active inference based on

EFE. Second, we show how the prior preference influences EFE. Given a specific value

of belief about the hidden state x, EFE is minimum when the prior preference p̄(y)

coincides with the predicted marginal likelihood of observation, q(y|a) (cf. Figure 3D;
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for this case, EFE is called EFE-NP and is equivalent to ambiguity ). This means

that as the prior preference departs from q(y|a), EFE increases. Thus, when there is

no preference regarding the outcome, one natural choice under FEP is to assume that

p̄(y) = q(y|a) for each candidate action. Active inference based on EFE can be regarded

as an interplay between desire for the future outcome, which increases EFE and any

effort to reducing EFE (including compromise about future outcome; too unrealistic

desire may be avoided). EFE-NP provides the most compromised value of EFE.

Although PRS and EFE-NP show similar behavior, in some cases, the actions that

minimize them are different. This indicates that although EFE-NP provides an upper

bound on PRS, the bound is not tight in some situations. One such case is the selection

of tests that have same ambiguity (conditional entropy) but different information (Test

1 vs. Test 2 in Case 1a). In other cases where the action directly influences the hidden

state, PRS tends to favor the action that makes the belief about the hidden state more

ambiguous.

Nevertheless, we do not intend to claim that the principle of action selection of hu-

mans or other animals is better described by PRS rather than EFE or EFE-NP. Although

their predictions are different in certain situations, the prediction of any Bayesian model

including active inference models depends on a generative model that is difficult to infer

from the experiment. Therefore, a rigorous test of the frameworks of active inference

based on the experimental data is a difficult task. We consider that the contribution of

the present study is to propose a psychological interpretation of EFE as a single quan-

tity. It should be noted that PRS is just one quantity for which EFE is upper bound on:

there may be different quantities, which may provide a tighter bound than PRS. While

we focused on PRS because its analytical expression is psychologically interpretable,

we cannot exclude the existence of another quantity that provides a different interpre-

tation of EFE (as a single quantity). Future research may be required to explore this

quantity.

The findings of this study should be evaluated considering some limitations. We

have only considered a very simple situation of action selection–only single discrete

action is chosen and there is a single hidden cause. In a future study, we should consider

whether these results can be applied to more general problems such as Markov decision

processes, where future multiple actions should be considered, and to action selection
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in continuous time (e.g., Buckley et al., 2017). Implementation of active inference

for a realistic problem is still under debate. Computing EFE or predicted free energy

on large-scale Markov decision problems needs some approximation, e.g., mean-field

approximation (Friston et al., 2015) or Bethe approximation (Schwöbel et al., 2018).

While action selection based on PRS may have potential for improving in a certain

situation, implementing this in a manner that is adjustable to a realistic problem also

remains an issue for future work.

While PRS is interpretable as a psychological construct, its function from the nor-

mative perspective is not clear: Does action selection based on PRS increase the sur-

vival rate of living systems? If this is the case, under what circumstance? To address

these questions, realistic model settings are needed because this question depends on

the environment of the agents. Elucidating the functional role of PRS may lead to an

understanding of the evolutionary origin of curiosity or intrinsic motivation.

In conclusion, this paper proposed a novel computational component, PRS, for ac-

tion selection. We indicated that Friston’s expected free energy is closely related to

(provides an upper bound on) PRS. This study may contribute to understanding and

refining the computational theory of active inference, and its related processes such as

learning, attention, behavioral control, and homeostatic regulation (Pezzulo, Rigoli, &

Friston, 2015).
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A Derivation of Eq (8)

The transformation of EFE given in Eq (8) is conducted as follows (Friston et al., 2015):

EFE =
∑
y

∑
x

q(y, x|a) log q(x|a)
p(y, x|a)

=
∑
y

∑
x

q(y, x|a) log q(x|a)
q(x|y, a)p̄(y)

=
∑
y

q(y|a)
∑
x

q(x|y, a) log q(x|a)
q(x|y, a)

−
∑
y

∑
x

q(y, x|a) log p̄(y)

= −
∑
y

q(y|a)
∑
x

q(x|y, a) log q(x|y, a)
q(x|a)

−
∑
y

q(y|a) log p̄(y).

B Derivation of Eq. (9)

The EFE rearrangement given in Eq. (9) is conducted as follows (Appendix A in Friston

et al., 2015):

EFE =
∑
y

∑
x

q(y, x|a) log q(x|a)
p(y, x|a)

(13)

=
∑
y

∑
x

q(y, x|a) [log q(x|a)− log p̄(y)− log q(x|y, a)] (14)

=
∑
y

∑
x

q(y, x|a)
[
log q(x|a)− log p̄(y)− log

q(y|x, a)q(x|a)
q(y|a)

]
(15)

=
∑
y

∑
x

q(y, x|a)
[
− log q(y|x, a) + log

q(y|a)
p̄(y)

]
(16)

=
∑
x

q(x|a)

{
−
∑
y

q(y|x, a) log q(y|x, a)

}
+
∑
y

q(y|a) log q(y|a)
p̄(y)

. (17)

To obtain Eq. (15), we use the Bayes’ theorem.

C Proof of the inequality in Eq. (11)

By Jensen’s inequality, we can find that EFE-NP (ambiguity) provides an upper bound

on PRS as follows:
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EFE-NP = −
∑
y

q(y|a)
∑
x

q(x|y, a) log p(y|x, a)q(x|a)
q(x|a)

= −
∑
y

q(y|a)
∑
x

q(x|y, a) log p(y|x, a)

≥ −
∑
y

q(y|a) log
∑
x

p(y|x, a)q(x|y, a) = PRS.

D Calculation for the binary test

Here we detail the specific calculation for the diagnostic inference example. Although

this might be redundant, we think it is useful to grasp the calculation procedure of active

inference for readers who are not familiar with such calculations.

By setting specific values for pH (hit rate), pF (false alarm rate), and pD (prior

probability of disease), and by substituting these into the following equations, one can

obtain specific values of the quantities discussed in this paper.

Here we assume that the belief is updated according to Bayes’s theorem. Then, the

posterior of x given observation y, q(x|y, a), is computed as follows:

q(x = 1|y = 1, a) =
p(y = 1|x = 1, a)q(x = 1)

p(y = 1)

=
pHpD

pHpD + pF (1− pD)
,

q(x = 1|y = 0, a) =
p(y = 0|x = 1, a)q(x = 1)

p(y = 0)

=
(1− pH)pD

(1− pH)pD + (1− pF )(1− pD)
.

Using these quantities, we have q(x = 0|y = 1, a) = 1 − q(x = 1|y = 1, a) and

q(x = 0|y = 0, a) = 1−q(x = 1|y = 0, a). If the test is noninformative (pH = pF ), we

can confirm that the posterior probabilities do not change from the prior probabilities

(e.g., q(x = 1|y = 1, a) = pD and q(x = 0|y = 1, a) = 1− pD).

The marginal likelihood of y is computed as
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q(y = 1|a) =
∑
x

p(y = 1|x, a)q(x|a)

= p(y = 1|x = 0, a)q(x = 0) + p(y = 1|x = 1, a)q(x = 1)

= pF (1− pD) + pHpD,

and q(y = 0|a) = 1− q(y = 1|a). Using these values, the epistemic value is calculated

as

epistemic value =
∑
y

p(y|a)
∑
x

q(x|y, a) log q(x|y, a)
q(x|a)

=q(y = 0|a)q(x = 0|y = 0, a) log
q(x = 0|y = 0, a)

q(x = 0)

+ q(y = 0|a)q(x = 1|y = 0, a) log
q(x = 1|y = 0, a)

q(x = 1)

+ q(y = 1|a)q(x = 0|y = 1, a) log
q(x = 0|y = 1, a)

q(x = 0)

+ q(y = 1|a)q(x = 1|y = 1, a) log
q(x = 1|y = 1, a)

q(x = 1)
.

The extrinsic value is computed as

extrinsic value =
∑
y

q(y|a) log p̄(y)

= q(y = 0|a) log p̄(y = 0) + q(y = 1|a) log p̄(y = 1).

One can obtain EFE by

EFE = −epistemic value − extrinsic value.

Using the above quantities, the explicit form of PRS is given as

PRS =−
∑
y

q(y|a) log
∑
x

p(y|x, a)q(x|y, a)

=− (pHpD + pF (1− pD)) log

(
p2HpD + p2FpD

pHpD + pF (1− pD)

)
− ((1− pH)pD + (1− pF )(1− pD)) log

(
(1− pH)

2pD + (1− pF )
2(1− pD)

(1− pH)pD + (1− pF )(1− pD)

)
.
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