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ABSTRACT

hape optimization methods are well-established tools for solving free boundary problems.

A prototype problem of free boundary problems is the so-called Bernoulli problem. In the

literature, several shape optimization reformulation of the problem have been offered and
intensively studied. Although these existing formulations already provide excellent numerical results,
much improvement can be done as we will showcase in this thesis. Therefore, one of the main
objectives of this study is to introduced new shape optimization formulations of the Bernoulli
problems. In comparison with the classical settings, it will be shown that the new formulations are
more attractive, not only in the theoretical point of view, but also in terms of numerical aspects. In this
respect, we design a state-of-the-art gradient-based iterative scheme for the numerical realization
of the proposed shape optimization problems. Several numerical experiments are carried out to
demonstrate the performance and efficacy as well as the stability of the proposed methods. The
results are compared with those obtained from classical formulations.
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PREFACE

he research described in this work has been carried out under the supervision of Hideyuki

Azegami at Azegami Laboratory under the Department of Complex Systems Science. The in-

vestigation primarily focuses on the analysis and numerical studies of new shape optimization
methods for solving free boundary problems, including shape identification problems, which was
made possible through a Japanese Government (Monbukagakusho) scholarship.

Overview of the thesis

This thesis pays particular attention to state-of-the-art numerical techniques for solving free bound-
ary problems in the framework of shape optimization. Therefore, this work considers the prototype
problem of free boundary problems known as the Bernoulli problem (also called as Alt-Caffarelli
problem in some literature). In this respect, new shape optimization reformulations of the Bernoulli

problem are proposed as improvements to existing classical and standard formulations.

The objectives of this thesis

The main contribution of this research work is two-fold:

* First, we present three reformulations of the Bernoulli problem into shape optimization settings
that have not been examined yet in the literature. The main point of departure for the first two
formulations is the introduction of a new state problem associated with a classical boundary-
data-tracking cost functional minimization approach and a standard energy-like error objective
functional minimization problem. The third proposed formulation, on the other hand, consists
of a new objective functional which basically tracks the L? mismatch at the free boundary
between the computed Dirichlet boundary data of two auxiliary state problems. As a customary
problem, the existence of optimal shape solutions to these shape problems is established
through a C!-diffeomorphism of a uniform tubular neighborhood of the free boundary under

a C!-regularity assumption on the unknown free boundary.

* Second, we offer a Lagrangian-like approach based on finite element methods to numerically
solve various concrete numerical examples of the proposed shape optimization formulations
of the Bernoulli problem. This is in contrast to the fixed-point approach, the level-set method,

or the boundary element method which are commonly used numerical techniques in the

XV
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literature for solving the Bernoulli problem in the context of shape optimization. Towards this
end, we design a novel gradient-based optimization procedure exploiting both the gradient and
Hessian informations to numerically solve the new shape optimization problems. The novelty
of our proposed iterative scheme lies in the practical application of the so-called Sobolev
Newton method and in the use of appropriate formula for the step size of the algorithm.
We point out that in the standard H' Newton method, the exact expression for the (shape)
Hessian is used to regularized the descent vector. Here, however, we will only use the Hessian
information at the solution of the free boundary problem in preconditioning the said vector.
Because the selection of the step size is critical for the efficiency of the algorithm, we will couple
our proposed first- and second-order gradient-based methods with a natural choice for the
step size formula. We emphasize that the choice for the step size, especially in the case of the

second-order method, is new to this work.

The structure of this thesis

The plan of the thesis is as follows:

Chapter 1 The first chapter gives a brief introduction to shape optimization and reviews the notion
of free boundary problems. Essential notations, abbreviations, and necessary function spaces
used throughout the thesis are gathered and introduced here. The class of Bernoulli problems,
considered as prototype of free boundary problems, is then discussed. Its various shape opti-
mization formulations in the classical setting are recalled and new formulations are presented.
In this respect, different methods available to derive the so-called shape derivative of cost
functions are reviewed. A short exposition of the theory about optimal shape problems in an
abstract setting is also provided. The chapter ends by addressing the existence of optimal shape

solutions for the new shape optimization formulations of the (exterior) Bernoulli problem.

Chapter 2 The second chapter provides the essentials and tools for shape optimization problems.
An overview of the development of shape calculus through the notion of the velocity (or speed)
method and of the perturbation of the identity operator method are discussed. Some properties
of the operator of the latter method are also presented. Moreover, several useful identities
from tangential calculus are given. Formal definitions of material and shape derivatives of the
states, as well as the definition of Eulerian shape derivatives, are also provided, including a
fundamental result in shape optimization known as Hadamard-Zolésio structure theorem. The
chapter then examines the sensitivity of the cost functionals with respect to domain variations.
In this regard, the concept of shape derivatives via minimax differentiability of a Lagrangian
due to Delfour and Zolésio is revisited and then applied to derive the first-order Eulerian
shape derivative (or shape gradient) of the L? tracking functional. On the other hand, the
chain-rule approach, also known as the material derivative method, is used to calculate the

Eulerian shape derivatives (up to the second-order) of an energy-gap-type functional and a

Xvi
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new boundary objective functional. The computed shape derivatives of the shape functionals

are characterized in accordance with the structure theorem.

Chapter 3 The third chapter deals with the numerical treatment of the proposed shape optimization
formulations of the Bernoulli problem. It is demonstrated here how the computed first- and
second-order shape derivatives of the cost functions can be used to devise an efficient boundary
variation algorithm to solve concrete numerical examples of the shape optimization problems.
The novel part of the optimization procedure put forward in the chapter is the utilization
of the shape Hessian (i.e., the second-order Eulerian shape derivative) information at the
solution of the Bernoulli free boundary problem, instead of using the exact boundary integral
form of the expression, coupled with an original Newton step-size formula. Various numerical
experiments are conducted to evaluate the efficiency of the proposed methods. Numerical

results are compared with those obtained from classical formulations.

The final chapter, Chapter 4, gives the conclusion of this thesis. Some recommendations for future

works related to the present investigation are also given.

The main contents of each chapter of the thesis can also be visualized in the diagram below.

Bernoulli Problem ———= Shape Optimization -{- » Solution
Chapter 1
L 4
Existence Result Shape Gradient - ¥ H' Gradient Method
Ill-posedness — Shape Hessian —+— H' Newton Method
Chapter 2 Chapter 3

Publications related to the thesis
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n this chapter, an overview of the ideas and principles of shape optimization are discussed as

one can find in introductory texts about the subject (see, e.g., [43, 73, 106]). A separate chapter

is provided for the essentials and tools in shape optimization.



CHAPTER 1. INTRODUCTION

1.1 An Overview of Shape Optimization

One of the main purpose of shape optimization is to provide a common and systematic framework
for optimizing structures described by various possible physical or mechanical models. A typical
problem is to modify an object’s shape in such a way that the result is optimal with respect to a
certain specification. This specification is usually some sort of an objective functional which then has
to be minimized or maximized. Usually, the functional being solved depends on the solution of a
given partial differential equation (PDE) defined on an unknown domain. One of the classical shape
optimization problem is the so-called isoperimetric problem or more popularly known as Dido’s
problem in modern calculus of variations. The problem seeks to find, among all admissible domains
with a given perimeter (this explains the term “isoperimetric”), the one whose Lebesgue measure is
as large as possible. Equivalently, one could minimize the perimeter of a set among all admissible
domains whose Lebesgue measure is specified [23]. A variant of this problem wherein a part of the
boundary is fixed is often associated with Queen Dido as she dealt with, possibly, one of the first kind
of an isoperimetric problem.

In recent years, the study of shape optimization has become increasingly popular in the aca-
demics and in industry, partly because many problems from real world applications can be recasted
into shape optimization problems. In fact, the topic is quite indispensable in the design and con-
struction of industrial structures such as drag reduction of cars, boats, aircrafts and spacecrafts
[106].

In general, a shape optimization problem consists of two main ingredients: an objective function
(and sometimes called a shape function or a cost function) J(Q, u) with arguments Q c R4 and u,
where the state variable u := u(Q) satisfies an equality constraint e(Q, u) = 0. The goal then is to
minimize the cost function J: O,q — R over some admissible subset O,q of the larger collection of

sets or shapes {Q: QO c R%. In an abstract formulation, a typical problem can be stated as follows

minimize J(Q, u) over (Q, u) € O,q x X(Q)
4D subject to u = u(Q) solves e(Q, u) =0,
where X is usually a function space. The constraint e(Q, u) = 0 could be a PDE or systems of PDEs
such as the Poisson equation with a Dirichlet condition. A specific 0,4 could be the set of all open
subsets of a set U c RY.

Apart from its numerous applications in engineering and applied sciences, an interesting charac-
teristic of shape optimization is that it involves different areas of mathematics, such as differential
geometry, partial differential equations, real and complex analysis, and topology. However, the ma-
jor difficulty with the study of the subject is the lack of a vector space structure for the set of sets
{Q: Q cR%. Therefore, one cannot actually apply the standard tools from real analysis such as the
Fréchet or the Gateaux derivative to examine (1.1). A workaround for this problem is to identify
sets with functions; thereby giving the space of these functions a Lie group or manifold structure as
detailed below; cf. [43].
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In order to investigate the behavior of shape functions with respect to variations of domains, the
concept of shape calculus was developed. The study of shape optimization then began in the 1970s
where the first results involved shape derivatives, the shape gradient, and the associated shape differ-
ential equation that provides existence results for asymptotic evolution of a shape gradient flow [61].
In his 1973 seminal work [113] on shape optimization, Zolésio adopted the idea of velocity method,
and in the 1980s, the subject of shape sensitivity analysis, which was first applied by Hadamard in
[63] in his study of elastic plates, was then intensively studied by Sokotowski and Zolésio. A formal
discussion of the mathematical methods used in shape sensitivity analysis, especially the notion of
material derivative, is issued in [106].

Basically, in general, two types of domain perturbations are considered: the first strategy is known
as the method of perturbation of the identity operator, and the second one is called the velocity or
speed method. The latter method, which is based on the deformation generated by the flow of a
velocity field, is more general than the former approach. However, it may be shown that the two
methods of deforming a domain are actually equivalent [43, 106], and that using one or the other is
rather a matter of preference. Therefore, in this thesis, the results with respect to shape sensitivity
analyses will be given using the method of perturbation of the identity operator, but, of course, the
speed method can also be applied.

Consider a shape function J : O,q — R defined on some admissible set O,4 and a set Q contained
in alarger set U. Then, the reference domain () is perturbed by an appropriate family of diffeomor-
phisms Ty : U — U, t > 0, with Ty = I where I denotes the identity operator. The diffeomorphisms
generates a family of perturbed domains Q; := T+(Q), for £ > 0, and one may define T; as the flow of
avector field V : U — R, Here, of course, Q = Qg by convention. The Eulerian semi-derivative (if it
exists) is then defined as the limit

QY] = lim LT
AN t
The map V — dJ(Q)[V] is said to be shape differentiable if it is linear and continuous. In this case, the
expression dJ(Q)[V] is called the shape derivative of J at Q in the direction of the vector field V. The
well-known “structure theorem” of shape optimization states that under certain assumptions on the
domain Q and on the state variable u, the shape derivative is a distribution acting on the normal part
V - n of the perturbation field V on the boundary Q2. In most cases, when the boundary possesses

enough regularity, the shape derivative d/ may be written in boundary integral form
(1.2) dJj(Q)[V] =f g(Q)n-Vdo,
10}

where g(Q) : 6Q — R is usually the restriction of a function defined in a neighborhood of 6Q2. The
boundary integral (1.2) is viewed as the canonical form of shape derivative of shape functionals in
shape optimization literature (see Theorem 2.1.7).

For state constrained shape optimization problems, where the state is a solution to a system
of PDEs, the shape differentiability may be difficult to prove depending on the state system. Nev-
ertheless, several methods are available in the literature to derive the shape derivative of a given

3
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cost functional and one procedure is as follows One may express the cost function g(z) (z being
an element of a topological vector space) of PDE constrained shape optimization problems as a

minimax of a Lagrangian function £ taken over vector spaces X and Y, i.e.,
g(z) =min max £L(z, x, ).
xeX yeY

The shape differentiability problem of the cost function is then transported to the differentiability
of the minimax. In this regard, a theorem due to Correa and Seeger [33] provides a direct result on
the differentiability of g(z), where z € Z, Z alocally convex space, and (x, y) € X x Y, where X and Y
are two Hausdorff topological spaces. Because spaces of shapes or domains are not locally convex
spaces, Delfour and Zolésio [38] reformulated the hypotheses of the said theorem to make them
readily applicable to the computation of the shape derivative.

Another approach which may be used to derive the shape differentiability is the so-called chain
rule approach. In this method, the material derivative which can be interpreted as the derivative of
the state with respect to the domain is introduced to derive the shape differentiability. This derivative
only appears in an intermediate step and is not actually present in the final expression for the shape
derivative of the cost functional. The term material derivative originates from continuum mechanics
where it describes the time rate of change of some physical quantity, such as the mass, for a material
element subjected to a time dependent velocity field. From the optimal control point of view this is
nothing but the derivative of the control-solution operator, where the control is the domain and the
solution is some function solving a PDE. Here, it is worth to mention that the minimax formulation
mentioned previously actually has an advantage over the chain rule approach because the former
provides the shape derivative of cost functionals bypasses the computation of the expressions for the
shape and material derivative of the states though the introduction of appropriate adjoint variables.

Other methods which may be used to prove the existence of the shape derivative of a given cost

functional are the following:

* Another formal approach which is often used to derive the boundary expression is due to Céa
[29]. This method, now popularly known as Céa’s Lagrange method, uses the same Lagrangian
as in the minimax formulation. However, it requires that the shape derivatives of the state
and the adjoint equation exist and belong to the solution space of the PDE. In addition, the
method has to be used with caution because it may yield the wrong formula, and there are

some instances where the method actually fails [94].

* In a quite recent paper [79], Ito, Kunisch and Peichl proposed a rigorous approach, now known
as the rearrangement method, to derive the shape derive of a cost functional. This method
allows to prove the shape differentiability under the assumption that the domain-solution
operator is Holder continuous with an exponent bigger than 1/2 and admits a second-order
expansion with respect to the unknown. Moreover, the method does not need the state or the
cost to be convex but requires a first-order expansion of the PDE and cost function with respect

to the unknown such that the remainder vanishes with order two.
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* In [108], Sturm proposed an improvement of the minimax formulation. This new method
does not require a saddle point assumption when the function £ is a Lagrangian (i.e., a sum
of a utility function and a linear penalization of the state equation), and the novelty of the
approach is to replace the usual adjoint state equation by an averaged adjoint state equation.
For problems where the function is a Lagrangian, this result allows one to carry out shape
sensitivity analyses for a very broad class of shape optimization problems involving linear, semi-
linear and even quasi-linear PDEs. Finally, we mention that there is an interesting penalization

method introduced in [39].

In this thesis, we will use the minimax formulation as well as the chain rule approach to prove
the shape differentiability of the cost functions that will be introduced in subsection 1.3.2. The
cost functions that will be examined here actually serve as criterions for the shape optimization
reformulations of the Bernoulli free boundary problem which is the main topic of this thesis. Before
we concentrate on the Bernoulli problem itself (see Section 1.3), we first introduce the necessary

function spaces that will be used in our discussion.

1.2 Notations, Abbreviations and Functions Spaces

In this section, we will introduce and give a rough discussion of the function spaces necessary for the
weak formulation of elliptic boundary value problems and for the boundary transformations used in
the investigation of the shape optimization problems issued in this thesis. The notations, definitions,
and results stated in this section can be found mostly in Chapter 2 of [43]. For further discussions of
the topics, see, for instance, [4, Chapter 2-4], [95, Chapters 3 and 4] and [102, Chapter 2].

We first list below all symbols, abbreviations and notations that are frequently used in the thesis.
These are, of course, standard and will also be recalled occasionally in the subsequent parts of the

thesis for the readers convenience.

1.2.1 Notations and Abbreviations

R, N, Ng real numbers, natural numbers, non-negative integers
d dimension of a space

R4 d - times product of R

BVP(s) boundary value problem(s)

PDE(s) partial differential equation(s)

Q abounded, open connected subset of R? of class C*!
0Q boundary of Q

Q closure of Q, i.e. Q = QUAQ

U a C*! domain in R%, hold-all or universal domain

det A determinant of a matrix A
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A7l AT, A" inverse, transpose and inverse traspose of a matrix A

Ty perturbation of the identity operator

DT, Jacobian of the transformation T}

I identity operator

H, H Hilbert space, dual of the Hilbert space H

I 1l e norm in space H

n the outward unit normal vector, n := (11, np) in R?

T the unit tangent vector

Vo gradient of a scalar function ¢

Vo-n the normal derivative a scalar function ¢; also expressed here as 0,¢
A\ tangential gradient of a scalar function ¢

Vv, 174 autonomous (time-independent), non-autonomous (time-dependent) velocity field
DV Jacobian of a vector field V

divsV tangential divergence of a vector field V

Also, for our convenience, we will use the notation “<” throughout the thesis. This means that if
P < Q, then there exists some constant ¢ > 0 such that P < ¢Q. Obviously, Q 2 P is defined as P < Q.
Meanwhile, the notation “P ~ Q” means that “P S Qand P 2 Q.”

1.2.2 Continuous Functions

Let U c R% be an (open) bounded domain. We denote by C(U) := C°(U) the set of functions ¢ : U — R
continuous in U. By ckn, with k e Np, we denote the space of k-times continuously differentiable

functions in U; that is,
CkU):={peC): D e CU) forall a, |a| < k},

where a is multi-index: @ := [a, a2, -+ ,a4] € [N()]d, oflength || := a; + ay +---+ a4, and the partial

derivative operator D? is defined as

a|0!| 60
axflaxgz---dxgd 4 0P =9

0x)

D%p:=

For k € Ny, the set of k-times continuously differentiable functions with compact support in U is

denoted as

Céc(U) = {(p € Ck(U) isupp@ ={xeU:@px)#0icUis compact}.

Accordingly, we define C*°(U) :=Nken ckw, Co° (W) := Ngen CéC(U), and denote D*(U) as the space
of C* functions from U to R? with compact support contained in R%.
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Definition 1.2.1. We say that a function ¢ is called uniformly continuous on a set U c R%, and denote
@ € C(U), if for every € > 0 there exists § > 0 such that for all points x, y € U satisfying |x — y| < § it
holds that [p(x) —p(y)| < €.

By C(U) := C°(U) we understand functions bounded and uniformly continuous in U, and are
continuously extensible to its boundary 6Q. For k € Ny, we also introduce the complete (i.e. Banach)
spaces

ck @) := {(p €C(U): D% e C(U) forall a, || < k},

equipped with the norm

lpll e, = 2., max|D%p(x)|.
la|<k x€U

Here, we identify D% with its extension to U. In accordance with this definition, we denote C*®°(U) :=
Nken C*(U) and C(U) := Niery CX (0).

Definition 1.2.2. We have the following definitions.

Equicontinuous A set K c C(U) is called equicontinuous if the parameter 6 := §(¢) in Definition

1.2.1 can be chosen independently of ¢ € K.

Relative Compactness Let X denote a metric space. The set Y < X is relatively compact in X if for
every sequence {y,} c Y there exists a subsequence {y,,} and an element y € X such that

Y — yin X

We have the following classical compactness theorem (see, e.g., [43, Theorem 2.4, p. 65]).

Theorem 1.2.1 (Arzela-Ascoli). A set K c C(U) is relatively compact if and only if it is bounded and

equicontinuous.

For the proof of this standard result, we refer the readers, for example, to [95].

Using an inductive argument, it can also be shown that a set K c C¥(U) is relatively compact if
and only if it is bounded in C¥(U) and the sets K* := {D%¢p: ¢ € K, || = s} are equicontinuous for all
s< k.

Lastly, we define the Banach space of Holder continuous functions for k € Ny, ¢ € (0,1],
CEH (@) = {g e CX @)+ [p],, <coforall a, lal < k},

7
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with norm

D%p(x) - D%p(y)
lplcen@ = Ielcg+ 2 [@lar  [@lar= Sull| 1 |
alal=k x,yeU |x_y|
XAy

The set C%!(U) is the space of Lipschitz continuous functions.

1.2.3 Lebesgue and Sobolev Spaces
For 1 < p < co we define the Lebesgue spaces
LP(U) := {¢ is measurable on Q : [l¢|lr ) < oo}
with
1/p
lollLrw) := (fU Itp(X)I”dX) ) @l Loy := esssup|g|.
U

Equipped with the respective norms, the spaces L” (U) and L*°(U) are Banach spaces. In the special
case, p = 2, the L?(U) space with the inner product

@V w = fUQO(x)w(X) dx

inducing the || - [|;2(;) norm, is a Hilbert space. Additionally, we define the space Llloc(K ) of functions
Qe LY(K) for any compact subset K c U.
Now, to define weak solutions to boundary value problems (BVPs), it is necessary to introduce

the Sobolev spaces. On C* ), Cgo (U) we define for p € [1,00) and m € N the Sobolev norms

1/p
lellwmew) = . |az|<m”Da(p”€p(U)) ’ lpllwme ) = a,%?ém”Da(p”L“(U)'

The spaces W™P(U) and Wom'p(U) with p € [1,00) U {oo} are the completions of C*(U) and Cgo 0)
with respect to the norms || - [|wmr @) and || - [lwme(r), Tespectively (see also Appendix A).

For p € [1,00) and m = k + s with k € Ny, s € (0, 1), the definition of WP (U) can be extended by
considering the Sobolev-Slobodeckij norms

1/
llwmewy = (l@lwerw) +1@lmpu) ",

with the semi-norm
1/p

D% — D% 14
5 f| @(x) - D%(y)| dydz
uJu

|(P|m, U =
P lx— yld+sp

a, la|l=k
For convenience, we denote the L2(U) based Hilbert spaces, for example, H"(U) := W™2(1)), with

the inner product (@, ) pmw):= Y, (D%, D*¥) ., for meN, and

a, |la|l=k
@yumwy:= ), (D%, DY),
a, la|<k
Da _Da Dlx _Da
. ff( @(x) (P(J/))(2+1//(x) w(y))dydx,
a la=kJUJU L
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for m = k+ s with k € Ny and s € (0,1). The above inner products induce the norm || - [lyymzy) for
m = k+ swith keNp and s € (0,1) for p = 2. For further discussion of Lebesgue and Sobolev spaces,

we refer the readers, for instance, to [4, Chapter 2 and 3] and [95, Chapter 2].

1.2.4 Continuous Functions on Manifolds

Here we are primarily interested in C*!-domains, particularly in the case when k € {1,2}. These
domains of interest are bounded and connected subsets of a bigger set U. This set U is also a
bounded connected C*! domain and is sometimes called the universal or the hold-all domain in
the literature. The smoothness of these domains can be defined in the following sense. For a point
x=(x1,%2,..., %) €RY let x = (X1, X2,...,Xn—1) € R4 50 as to write x = (x, x,,). Consider the unit ball
By :=B(0,1) and its subsets

Bl :={xeB:x,>0} BY:={xeB;:x, =0} Bl :={xeB;:x, <0

With these constructed set, a C*#-domain is formally defined as follows (see, e.g., [43, Definition 3.1,
p. 68]).

Definition 1.2.3. A domain Q c R with a non-empty boundary 0Q is called a C*#-domain, where
0 < k,0<pu<1,iffor every y € 0Q there exists a neighborhood N, of y and a ck# diffeomorphic
map ¢ : N, — By := B(0, 1) such that

vyN,NnQ) =B},  y,N,no) =39,  w,N,nQ°)=B7.

We illustrate the definition for a C1"!-domain Q in two-dimensional space and the configuration
of the diffeomorphic mapping v, is shown in Figure 1.1. A C%" domain is called an p-Lipschitz

Figure 1.1: A C"''-domain Q with vy a diffeomorphic map from N, to B(0,1)

domain, and, in this case, the map v, is Lipschitz-continuous with Lipschitz constant g [31].

9
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Remark 1.2.1. It can be shown that a domain Q < R? is u-Lipschitz if and only it satisfies the so-called
g-cone property [30, Definition 1].

The £-cone property of Lispchitz domains will be essential to our analysis regarding the existence
of optimal shape solution to the shape optimization formulations of the Bernoulli problem that will

be introduced in Section 1.3.2.

1.2.5 Lebesgue and Sobolev Spaces on Manifolds

The Lebesgue spaces on boundaries of domains L” (0U) can also be defined following the definition
for continuous functions. However, we skip the details and simply provide some facts because we are
only interested in the case p = 2. The space L?(dU) is a Hilbert space with the inner product

W= [ pevndo

1/2
inducing the norm || - ll 290 := (S5 | - P do) .

For s € (0, 1), the Sobolev-Slobodeckij norm is defined as

1/2
ol zsoo == (l@ll 2o +1@ls200)

with the semi-norm
1/2

lp() -
lo] —(f f do, do ,
Plo20u =\ o0 Jou Tx— llx— ylld-tezs XY

where d is, of course, the dimension of U.
For s < 0, we introduce the dual space H*(0U) := [H *(0U)]".

Theorem 1.2.2. For keN, pe (0,1],0 < s< k, and Ck=Lt domain it holds

H*(0U) — L?0U) = [L?(0U)] — H S(0U).

In above theorem, both embeddings are continuous and dense. Moreover, the equality of L2(0U)
and its dual is understood in Riesz’ sense. In addition, the previous result actually refers to the
so-called Gelfand triples. For details, see, for example, [102, Section 2.1.2.4, pp. 29-30].

Theorem 1.2.2 ensures that the inner product (-, - )25y, can be continuously extended to the
duality pairing on H=*(0U) x H*(6U); that is,

(O, V) 1200 = (@, W) H-50U) x HS(OU) = ,}Erolof(auwn(X)W(x) do

10
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for a sequence {¢,,} ¢ L?(0U), ¢, — ¢ in the standard dual norm of H™:
ol g-s@euy = su NALZEN
wers @\ 1Vl Hs00)
For further details about Sobolev spaces on boundaries (or surfaces) and their embedding properties,
we refer the readers, for example, to [102, Section 2.4 and 2.5].
Finally, we end this section with the definition of the trace operator (see, e.g., [87, p. 100] or [102,

Section 2.6]) and a remark.

Proposition1.2.1. Let QO c R denote a Lipschitz domain. Then, there exists a unique linear continu-
ous mapping
y: H™(Q) — H™12(50)

satistying
@) y(@) = ¢|,q, forany ¢ € C(Q)n H™(Q), and

i) ly@lan@ SNl gm-zgq,.

The function Y°(¢) = ¢|,q, ¥° := v : H(Q) — HY?(0Q) is called the (Dirichlet) trace of the
function ¢ € H' (Q). For the proof of the previous proposition, see, for example, [87, Theorem 3.37, p.
102].

Remark 1.2.2. Due to a result of Rademacher (see, e.g., [102, Theorem 2.7.1] or [112, Theorem 11A,
p. 272)), for Lipschitz domain Q < RY, the unit outward normal vector n can be defined almost
everywhere on 0Q2 and n € L (0Q)) := [L®°(0)]4. For Qe H?(Q), we can define the normal derivative
as

Y (@) =’ (Vo), n) € L*(0Q) = [L*(0Q)]* — H"*(00),

where the trace operator y° is, of course, understood as a component-wise application of y°.

Throughout the thesis, instead of y(¢), we simply write <p| 00"
For further discussion about integer order Sobolev spaces on Lipschitz domains, we refer to the
classical textbook by Calderén [25] or by Stein [107]. For the case of factional order Sobolev spaces

on Lipschitz domains, we refer to the book by McLean [87].

1.3 The Bernoulli Free Boundary Problem

Free boundary problems (FBPs) are usually PDEs which are to be solved for both unknown state

function(s) and an unknown domain. The phrase “free boundary” is used because the boundary

11
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of the domain or a part of it is not known in advance, and hence, a priori. Usually this terminology
is used to indicate that the boundary is stationary and a steady state problem exists but it is also
sometimes used to refer to the so-called moving boundaries. However, moving boundary problems
typically refer to problems that vary with time. For various biological and physical phenomena
modeled by FBP, one is referred to [26, 34, 57, 58, 110].

Now, in particular, if one is looking for a domain Q on which a harmonic function u satisfies
a linear homogenous Dirichlet condition and a nonhomogenous Neumann boundary condition,
then one is solving the so-called Bernoulli free boundary problem. The problem is considered as the
prototype of a stationary FBP and is called in some literature as the Alt-Caffarelli problem (see [5]).
The name Bernoulli, as mentioned by Shargorodsky and Toland in [103, p. 1], was originally associated
to problems in hydrodynamics. In fact, Bernoulli problems find their origin in the description of
free surfaces for ideal fluids [59]. There are, however, numerous other applications leading to similar
formulations. More precisely, the problem arises in the context of optimal design related to insulation
minimizing the current or heat leakage [2, 55], or in galvanization, where the goal is to design an
electrode layered with metal coating of constant thickness across a given object [34, 85]. The problem
also appears in the context of electro chemistry and electro statics (see, e.g., [57]). For more industrial
applications, see [54].

The Bernoulli problem is classified as exterior and interior [56]. In the exterior problem, a bounded
and connected domain w < R? with a fixed boundaryT := dw and a constant A < 0 are known or given.
The task is to find a bounded connected domain D c R? with a free boundary X := 0D, D contains
the closure of w, and an associated state function u := u(Q), where Q = D \ w, such that the following

overdetermined system of partial differential equations (PDEs) is satisfied:

—Au=0 inQ,
u=1 onT,
(1.3) 4
u=0 onzx,
ou
— =1 on2X.
on

In this formulation, n denotes the outward unit normal vector to the free boundary X. For an
illustration of the domain Q and its boundaries, refer to Figure 1.2.
Instead of the Neumann condition on the free boundary, the authors in [17, 53] consider a

condition of the gradient of the state function u which results to the exterior Bernoulli FBP:
(1.4) —Au=0inQ, u=1onrl, u=0 and |Vu|=-constant (<0)onZX.

The positivity of the Dirichlet data implies that u > 0 in Q. Also, since u = 0 on Z, all tangential
derivatives of u along X are actually zero. Hence, the gradient has only component in the normal
direction which eventually leads to the identity [Vu| = =Vu - n on X (cf. [53]). This means that (1.4)
can be simplified into (1.3). On the other hand, in the interior Bernoulli problem, the boundaries I'

12
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and X are reversed with u=0onT, and u =1 and 0,,u = A, where 1 > 0, on X. More exactly, we have
. ou
(1.5) —Au=0inQ, u=0onr', u=1anda—=/10n2,
n

where n is the interior unit normal to X (see right drawing in Figure 1.2). These aforementioned
problems can be posed for the p-Laplacian [3] but here we mainly focus on problems (1.3) and

(1.5). The existence of solutions to the Bernoulli problem can be established by means of sub and

z T
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. \/‘
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y r N
! \
I O \
I |
I
|
I
\
\ /I
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A Q ’

Figure 1.2: The domain Q for the exterior (left) and interior (right) Bernoulli FBP

supersolutions [17] or through variational methods in the context of shape optimization [5]. The
former approach uses the idea of conformal mapping and extremal length while the latter technique
considers the problem of minimizing a certain cost functional over all elements of the solution space.
There is also another more recent approach that was offered in [57] wherein the notion of capacity
of a subdomain is introduced. The existence of solution is then proved via Poincaré’s variational
formulawhich was eventually utilized in minimizing the capacity among sets of equal volume.
Generally, the Bernoulli problem has no unique solution. In the case of exterior problem, it is
known that the problem admits elliptic solution for any A < 0 [57] and uniqueness can be guaranteed
in the context of convex domains (see [57, Section 6.3] and [74]). In addition, the optimal free
boundary in this case is actually C2H regular (see [76, Theorem 1.1]). On the contrary, the interior
case need not have a solution for every domain w and for every positive constant A > 0. Even so, at
least one solution exists for the more general case of p-Laplacian when w is a convex domain with
smooth (at least C') boundary and A is not less than the Bernoulli constant A* () > 0 [75]. Moreover,

uniqueness of solution holds for the interior case when A = A*(Q) [27].

1.3.1 Classical Shape Optimization Formulations of the Bernoulli Problem

Shape optimization is basically an area of study in the field of optimal control theory wherein the main
objective, as we have mentioned already, is to determine an optimal shape that minimizes a particular
cost functional subject to some given constraints. It is an infinite dimensional optimization where the
variable is no longer a scalar, a vector or a function, but rather a geometric domain which makes the
sensitivity analysis nontrivial. Methods of shape optimization can be applied to solve the Bernoulli
FBP. We emphasize that, because the conditions imposed on the free boundary X is overdetermined,

the problem is actually ill-posed. To circumvent this issue and solve the problem, one can actually
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rewrite the FBP into a shape optimization setting which involves now a well-posed state equation
(or set of well-posed state equations). This can be done in several ways. A common approach is to
choose one of the boundary conditions on the free boundary to obtain a well-posed state equation,
and then track the remaining boundary data in a least-squares sense. Such formulation has been
carried-out in several previous investigations; see, for instance, [49, 50, 67, 78, 100, 101]. Alternatively,
one can consider an energy-gap type cost function which consists of two auxiliary states; one that
is a solution of pure Dirichlet problem and one that satisfies a mixed Dirichlet-Neumann problem
(see, e.g., [1, 13-15, 51]). The objective function used in such a formulation is sometimes called the
Kohn-Vogelius cost functional since Kohn and Vogelius [82] were among the first who used such
a criterion in the context of inverse problems. Mathematically, in the case of the exterior problem,

these aforementioned formulations are given as follows:
Dirichlet-data-tracking functional minimization approach [50, 78, 100]
1 i 5) = min - fux 2. = min— [ 12d
(1.6) Hlén]D( )=ngn§|uN|L2(z)=rr5n5 zuN o
where the state function uy := un(Q) is the solution to the mixed Dirichlet-Neumann problem

1.7 —Aunx=0in Q, uy=1onT, Opun=AonZ;

Neumann-data-tracking functional minimization approach [49, 67, 101]

2 2
A Eminlf(%—l) do
I2(2) Q 2 > on

. _o. 1
(1.8) Iann]N(z) = ngn 7

Oup _
on

where the state function up := up(Q) is the solution to the pure Dirichlet problem

(1.9 —Aup=0inQ, up=1lonT, up=0onZz;

Energy-gap type cost functional minimization approach [1, 13-15, 51]
1 1
1.10 min Q) = min - |uyx — up > Emin—f V (un — up)l* dx
( ) Q ]KV( ) é 2| N D|H1(Q) Q 2 Ql ( N D)l
where the state functions uy and up satisfy systems (1.7) and (1.9), respectively.

Note that by Green’s first identity % Jo IV (un — up)|? dx = — [5 un (@pup — A) do. Hence, minimizing
the cost functional Jxy is equivalent to maximizing fz un (0 up — A)do over all admissible domains
Q.

In addition to the above formulations, one may also consider minimizing the Dirichlet energy

functional Jpg subject to the pure Dirichlet boundary value problem (1.9):
Dirichlet-energy cost functional minimization approach [48, 52, 109]
1
(1.11) min]DE(Q)Emin—f (IIVuD||2+/12)dx
Q Q 2Jo
where the state function up is the solution to the BVP (1.9).
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Finally, one may also opt to track, instead of the L?(X)-norm, the H~'/?(Z)-norm of the Neumann
data of the pure Dirichlet problem (1.9), and consider the shape optimization reformulation of (1.3)

given as follows:

Minimization of the Neumann-data in H~'/2(Z)-norm [68-70]

2

(1.12) min /(%) = min » || 242
. Q H—l/2 = Q 2 an

H-1/2 )

where the state function up satisfy the BVP (1.7).

Obviously, the minimization problems (1.8) and (1.12) only differ in terms of the tracking norm.
From the theoretical point of view, it seems that the latter formulation is more natural because for
Lipschitz domain Q, the solution up lives in the functional space H 1(Q) and therefore the trace of u
on 0Q is in H~1/2(6Q). However, this choice of the tracking norm leads to difficulties in the sensitivity
analysis of the cost functional that is essential in the study of optimality conditions for the shape
optimization problem [80]. Nevertheless, in [70], the authors were able to bypass this difficulty by
applying a genetic algorithm in the optimization procedure which does not require shape sensitivity
analysis. On the other, in the subject of finite element discretization of (1.3) the numerical realization
of the standard dual H~'/2(Z)-norm poses a non-trivial task primarily because the Neumann data
is not easy to obtain. In [69], the same authors propose a fictitious domain method to solve the
minimization problem (1.12). As a consequence of their proposed approach, the Neumann data is
approximated via Lagrange multiplier method while enforcing the Dirichlet boundary conditions
in (1.9). The norm computed with respect to H~'/?(Z) is then realized as a volume H' (Q)-norm of
a function that is a solution of a certain transmission problem. Meanwhile, it should be noted that
higher regularity of the domain Q (say Q is a C>!-domain) lifts the regularity of the state function
up (cf. [14, Theorem 29]) as well as its Cauchy data which will then allow the consideration of the
L?(X)-norm tracking of the Neumann data.

On the other hand, of course, similar formulations can be stated for the case of the interior

problem. For example, one can consider the minimization problem

2

int
(1.13) min /i (Z) = min = | -
Q Q 2| on 2@
where the state variable ugt satisfies the following PDE system
(1.14) —Augt=OinQ, ugt=00nF, ug‘tzlonz.

1.3.2 New Shape Optimization Formulations of the Bernoulli Problem

The shape optimization reformulations of the Bernoulli problem presented in the previous section
already provide excellent results when combined with a numerical scheme to solve concrete numeri-

cal examples of the problem. However, further improvements of these existing shape optimization
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formulations is still possible as we will show in this thesis. Therefore, one of our main objectives in
this study is to introduce three novel reformulations of (1.3) into shape optimization settings which,
to the best of our knowledge, have not been studied yet in any previous investigation.

The main point of departure for the new formulations is the modification of the state equation or
one of the state constraint equations appearing in the shape optimization problems presented previ-
ously. More precisely, given a strictly positive real number 3, we consider the following equivalent

form of (1.3) with a Robin boundary condition:
. ou
(1.15) —Aug=0in Q, ug=1onT, a+ﬁuR:/lonZ.

We will see in Chapter 2, especially in Section 2.2, and Section 3.2 that by utilizing the above problem
we will be able to improve not only the theoretical feature, but also the numerical aspect of the shape
optimization formulation presented in the previous sections. At this point, it is also noteworthy
to mention that Tiihonen [109] already consider such a state constraint in a shape optimization
reformulation of the exterior Bernoulli problem (1.3). In fact, instead of the mixed Dirichlet-Neumann
problem (1.7), Tiihonen used the mixed Dirichlet-Robin problem (1.15) as the state constraint for
the cost function Jp(Z) in his work in [109]. However, in this thesis, we will see that the use of such a
state problem is more advantageous when utilized in the case of tracking the Neumann-data in L?
sense (see Section 2.2).

Focusing on the exterior case, let us now introduce the new shape optimization reformulations
of the Bernoulli problem which we will investigate in this thesis. After stating each of the proposed
formulations, we will give a short motivation on why we proposed to examine the given shape
optimization problems. The first reformulation is a simple modification of the classical Neumann-
data-tracking approach. Instead of taking the pure Dirichlet problem (1.9) as the state system, we
consider the mixed Dirichlet-Robin problem (1.15) as the new state equation. That is, we have the

following minimization problem
Improved Neumann-data-tracking functional minimization approach
2 2
1 ou
zmin—f (—R—/l) do
I12(3) Q 2 > on

where the state function ug := ug(Q) solves the Robin problem (1.15). Note that when (Q, ug) is the
solution to (1.3), J1(X) = 0 since 8, ug = A on X. On the other hand, when J;(X) = 0, we get from (1.15)

(1.16) in/,(%) = mi I‘O”R p)
. min =min-—|———
Q 1 Q 2| on

the equation —fug = 8, ugr — A = 0. Since > 0, we obtain ug = 0 on Z, and hence the overdetermined

system (1.3).

Motivation. The classical formulation of (1.3) in terms of tracking the Neumann-data in L?-sense
was studied in [67]. In this aforementioned study, the authors computed the shape derivative of

Jn through rearrangement method; thereby avoiding the computation of the material derivative of
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the states but in turn requires the introduction of an appropriate adjoint state systems. The adjoint
state of the classical formulation (1.8)-(1.9) of (1.3), however, only enjoys one regularity less than its
corresponding state variable up. In fact, when the domain Q is of class C!, the state variable up is
H2(Q) regular while its corresponding adjoint state is only in H 1(Q). This motivates us to consider
the minimization problem (1.16) subject to (1.15) since the Robin problem actually yields a more
regular adjoint state than the Dirichlet problem. Later on in this thesis, we will see that this higher
regularity of the adjoint state, coupled with a specific choice of the parameter f, provides more
stability when used in an iterative scheme than in the case of using the classical Neumann-data-
tracking formulation. We point out here that the proposed formulation (1.16) was also inspired by yet
another shape optimization formulation of (1.3) due to [109]. In the said paper, Tiihonen studied the
Dirichlet-data-tracking formulation of (1.3) but with state constraint given by (1.15). The main result
issued in the paper is that the choice of  appearing in the Robin boundary condition can possibly
influence the conditioning of the shape cost functional which is also the case in our new formulation.

Now, the second formulation is a modification of the Kohn-Vogelius cost functional minimization
problem (1.10) subject to (1.7) and (1.9). To be precise, we simply replace the state constraint up with

ug which leads to the following formulation:

Modified Kohn-Vogelius cost functional minimization approach

. 1 9 1 2
(1.17) Hgnjz(ﬂ)zn}zlnéhtR_HNlHl(Q) =Irgn§fQ|V(uR—uN)| dx

where, of course, uy and ug are the respective solutions to the PDE systems (1.7) and (1.15).

Motivation. The main reason we consider such modification of the classical Kohn-Vogelius cost
functional minimization approach roots from the fact that in most, if not all, shape optimization
reformulation of the Bernoulli problem, one is required to solve at least two systems of PDEs in order
to evaluate the gradient of the associated cost function (see, e.g., [14, Theorem 33] or [1, Theorem 2]
for the case of Jxy, and also [51, Theorem 1] for the n-dimensional case of the problem). Contrary
to the classical energy-gap type minimization formulation, we shall see in a subsequent chapter
that, with the right choice of f and an additional assumption on ug, the shape gradient of the cost
function obtained from this new formulation depends only on the solution of the state system (1.7).
As a consequence, the shape problem (1.17) stated previously is more attractive compared to that of
the classical setting (1.8), especially in terms of numerical aspects of the formulation. We announce
in advance that, in the numerical examples presented here, the above proposed formulation provides
less computing time per iteration than the classical Kohn-Vogelius cost functional minimization
approach. The two formulations, however, are comparable in terms of mean over-all computing
time. In addition, it appears that the proposed formulation provides a somewhat more accurate
approximation of the optimal solution than the classical Kohn-Vogelius approach. We support these

claims with various numerical examples that are reported in the numerical part of the thesis.
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Lastly, we state our third proposed shape optimization reformulation of (1.3). The minimization
problem we give below is, to the best of our knowledge, has not been studied in any previous
investigation. Therefore it is a new shape optimization reformulation of (1.3). Its cost functional is a

boundary integral and involves two auxiliary states. More precisely, we have the following problem.

Dirichlet-data-gap cost functional minimization approach

1 1
1.18 min J3(Z) = min - || ug — ux || =min — ug — un|> do
(1.18) in Ja(2) = min 2 = x5, = min > [ =]

where, again, uy and ug satisfies the PDE systems (1.7) and (1.15).

Notice that the cost function basically measures the [%(2) distance between the Dirichlet-data of
the solutions uy and ug of the PDE systems (1.7) and (1.15), respectively. For this reason, we call J3
as the Dirichlet-data-gap cost functional.

It should be apparent that the above formulation is equivalent to the exterior Bernoulli problem
(1.3) in the case of matching Dirichlet-data. Note that if (Q, u) is a solution of (1.3), then uy =
ur = u, and therefore, J3(X) = 0. Conversely, if J3(X) = 0, then uyn = ur on Z. Hence, the equation
On(un — ur) = Bug =0 on X and the assumption § > 0 implies that ug = ux = 0 on . Consequently,
U = uyn = ug is a solution of problem (1.3).

It is worth remarking that, in the limiting case that § goes to infinity, the PDE system (1.15)
transforms into the pure Dirichlet problem (1.9) (this means that ug = 0 on X), leading us to recover
from (1.18) the classical Dirichlet-data-tracking formulation of the FBP (1.3).

We complete our introduction of the above novel shape optimization reformulation of (1.3) by
stating below our motivation behind the above problem.

Motivation. Our reason for considering the new cost functional J3(X) stems from the fact that
minimizing J,(Q) subject to (1.7) and (1.15) over some set of admissible domains of Q is, in some
sense, equivalent to finding the optimal shape solution to the optimization problem (1.18) subject
to the same state constraints. We explain this statement in more detail. Consider an open bounded
domain Q c R? with Lipschitz boundary 8Q, and let T be a closed subset of Q. Then, the inequality
lwll 260 Slwlg () obviously holds, for all w e H 1(Q). This inequality clearly exhibits the compact
embedding of H'(Q) in L?(8Q) (see, e.g., [86, p. 159]) which is primarily a consequence of the well-
known trace theorem (see, e.g., [87, Theorem 3.3.7, p. 102], [90, Theorem 5.5, p. 95]) coupled with the
compact embedding of H/?(6Q) in L?(0Q)) (cf. [102, Theorem, 2.5.5, p. 61]). Moreover, because of
the relation || wll 2y S llwll g1 (), we know that the set H%,O(Q) ={we HY(Q): w =0 onT} is strongly
closed in H!(Q) and, in addition, a convex set. From [32, p. 54], for instance, we know that strongly
closed convex sets are also weakly closed (see also [24, Lemma 3.1.15, p. 119]). Hence, the weak
convergence wy,, — w implies that w is in fact in the same set H%,o (). Furthermore, it may be shown
(following, for example, the proof of [71, Lemma 2.19, p. 62]) that |w| ) = IVwl 12 2wl g Q>
forall we Hll,O(Q)‘ This bound shows that the H' (Q)-seminorm |- | ;1 ) is actually equivalent to the
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H'(Q)-norm on H% 0(Q). Lastly, one can also verify, possibly by way of contradiction, that the norm

2 2 1/2
(1.19) 1Nzt o= (1 By + 1 Wy

on the other hand, is equivalent to the usual Sobolev H! (Q)-norm. From these results, taking w =

UN — UR € H% 0(Q), we can easily deduce the following sequence of inequalities
2 2 2 2
” UN — uR”LZ(Z) ,-S |uN - uRlHl(Q) + ” UN — uR”LZ(Q) ,S |uN - uR|H1(Q)-
It should also be recognized that the above relation is a mere consequence of the inequality

2 2
” UN — uR”LZ(z) ,S ” UN — uR||H1/2+E(Q)

which holds true for any € > 0 due to the trace theorem. This observation further gives us the
motivation to consider the minimization (1.18) subject to (1.7) and (1.15) over some set of admissible
domains (which we will specify later) for QO to numerically solve the free boundary problem (1.3).
Before we end this section, we mention that the three formulations presented previously can also
be applied in the case of the interior problem. For example, the corresponding formulation to (1.16)

in the context of the interior problem can be stated as follows:
int 2

on

(1.20) min Ji*(2) = min -
Q Q 2

)

2(2)

where the state variable ug“ satisfies the following PDE system

int
_ int _ s int _ augl R,,int _ !
(1.21) Aup =0inQ, ug =0on', 3 +pPug =A+pfonZ,
n

and f is, of course, a given non-negative positive number.

1.4 Existence of an Optimal Solution to Shape Problems

Our ultimate goal in this thesis is to solve concrete examples of the Bernoulli problem by performing
novel iterative gradient-based optimization procedures. Because our formulations are new, it is
customary to first show the existence of optimal solutions to our proposed shape problems. In this
section, we will resolve the issue of existence of a solution to the optimization problems presented in
the previous section by proving the continuity of solutions of the state problems with respect to the
domain. In order to do this, we will use a result concerning uniform continuity of the trace operator
with respect to a domain and a recent result regarding a uniform Poincaré inequality for variable
domains. To begin with, let us first give a general idea in proving existence of an optimal solution to

shape optimization problems. The discussion is borrowed from [71, Section 2.4, pp. 45-47].
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1.4.1 Abstract Setting of Optimal Shape Problem subject to PDE Constraints

Since the object of optimization in shape optimization problems are the domain in which state
problems are solved, then one needs to define convergence of sets through convergence of functions
that describe the boundary of the domains. In the literature, the convergences of sets and of functions
defined in variable domains can be described in many different ways and usually it depends on the
type of state problems that are in consideration. Here, however, we shall not particularize any specific
choice of these convergences in the abstract setting.

Let Oq be the set of admissible domains and 6ad be alarger set containing O,4. Consider a se-
quence {Q,} c Gad. The notation Q,, Oua, Q as n — oo means {Q,} tends to Q where the convergence
is defined as Q;, Daa, Q, as k — oo for any subsequence {Q,} of {Q;}.

Foreach Q e (5ad, we associate a function space X(Q) of real functions defined in Q. Then, we
introduce convergence of functions form X(Q) for different Q € O,q. So, if {y,,} is a subsequence in
X(Q), Qp € O, ye€X(Q),and Q€ Oad, the convergence of y, to y is denoted by y;, ~» y and again
we suppose that for any subsequence {y,} of {y,} we have that y,,, ~ y as k — oco.

Now, for a domain Q in O,q, we solve a state problem, say e(-) = 0, whose solution is denoted by
u:Q— u(Q) € X(Q). In this respect, assume that e(u(Q)) = 0 admits a unique solution in X(Q) for
Qe@m.

Lastly, we consider a shape functional J: (Q, u(Q)) — J(Q,u(Q)) e R, Q€ @ad, u(Q) € X(Q) and
define the graph

& :={(Q u(Q) : Q€ Oad}-

The abstract optimal shape problem is then given by

(1.22)

Find (Q*, u(Q*)) € & such that
JQ*, u(Q*) < J(Q, u(Q), V(Q, uQ)) € &.

To guarantee the existence of solutions to the abstract problem above, one needs an appropriate

compactness property for & and lower semicontinuity of J.

Definition 1.4.1. We suppose the following property of & and of J holds.

Compactness Property of &: For any sequence {(Q,,u(Q,))} € &, there is a subsequence

{(Qn,, u(Qp,))} and an element (Q, u(Q))in® such that Q,, 944, 3 and u(Qp,) ~ u(Q), as

k — oo.

Lower semicontinuity of J: If Q, Daa, Q,Q, Q€ @ad» and u(Qy,,) ~ u(Q), where u(Q,,) € X(Q,)
and u(Q) € X(Q), then liminf,_.o J(Q,, u(Q,)) = J(Q, u(Q)).

Finally, the existence of optimal shape solution to the shape optimization problem (1.22) is given

as follows.
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Theorem 1.4.1. If the compactness property of & and the lower semicontinuity of J are satisfied, then

the abstract shape optimization problem (1.22) has at least one solution.

1.4.2 Existence of Optimal Solution to the Proposed Shape Problems

The main purpose of this subsection is to prove the existence of optimal solution to the proposed
shape optimization reformulations of (1.3) formally stated in Theorem 1.4.2. This will be accom-
plished based on the theory developed in [71] that was reviewed previously.

To start off, let us first state the respective weak forms of the state problems (1.7) and (1.15) as
well as their equivalent variational formulations that we will utilize in this section.
Find uy € H'(Q), with uy = 1 on T, such that

(1.23) fVuN-V(pdx:f/l(pda, Vo € H} o (Q);
Q z '
Find ug € H'(Q), with ug = 1 on T, such that
(1.24) fVuR-V<pdx+f,6uR(pd0=f)L(pda, V(pEH%O(Q),
o) b b2 ’

where H%,o (Q) is the space of test functions in the introduction.

It is well-known that the variational equation (1.23) has a unique solution in H 1(Q). Meanwhile,
it can be shown (for instance, by means of Lax-Milgram theorem) that the variational problem (1.24)
also has a unique weak solution in HY(Q) (see, e.g., [62, 88]).

To address the issue of existence of optimal solutions to the shape problems introduced in

subsection 1.3.2, we consider the following equivalent formulations of (1.23) and (1.24).

Definition 1.4.2. The weak equations (1.23) and (1.24) are respectively equivalent to the following

variational equations.

¢ Find zy = un — uUng € H%,O(Q) such that
(1.25) vaZN-Vq;dHfQVuNO-vwdx—fzwda =0, Vge Hy Q).
e Find zg = ugp — upg € H},O(Q) such that
(1.26) fQVzR'V(pdeerVuRO-V(pdx+fzﬁzR(de—fz/1(pda:O, V(p(—:H%YO(Q).

In above equations, unp and ugg are two fixed functions in H 1(U) such that uno = ugo=1onT.
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We have three different shape optimization problems that we need to deal with in this thesis.
The existence analysis that we will present here actually applies to any of the shape optimization
formulations that were introduced in the previous section. Therefore, we will only demonstrate a
detailed examination of the existence question to one of the shape problems. In particular, we will
focus on the existence of optimal shape solution to the third minimization problem (1.18) subject
to the state problems (1.7) and (1.15). We sill state, however, an existence result for the other two
formulations but without proof.

Now, given the unique solvability of the variational problems (1.25) and (1.26) in H!(Q), we
introduce the map Q — (zy, zr) := (2n(Q), zr(Q2)) and denote its graph by

B3 ={(Q, 2n(Q), zr(Q)) : Q € O4q, 2y and zp satisfies (1.25) and (1.26) on Q, respectively},

where O,q is the set of all admissible domains which we will specify further below. Hence, the
minimization problem “mingcp,, /3(Z) subject to (1.23) and (1.24)” is equivalent to the problem of
finding a solution (Q, z2n(Q), zg(Q2)) that minimizes J3(Q) = J3(Q, z2n(Q), zr(2)) on B3. As was seen
in subsection 1.4.1, such minimization problem is usually solved by endowing the set 3 with a
topology for which &3 is compact and the cost functional J3 is lower semicontinuous. To this end,
several propositions furnished in [21, 68] will be utilized.

Let us now characterize the set of admissible domains 0,4 and then describe the appropriate
topology that we will use in our analysis. We assume that Q has a C''! smooth free boundary X. Our

main problem is given as follows:

1.27) Find (Q*, zn(Q%), zr(Q%)) € &3 such that
. J3(Q%, zn(Q%), zr(Q%) < J3(Q, 2N (Q), zr (), V(Q, 28 (), 2r(Q)) € 3.

Given the assumed regularity of Q, we let £ be parametrized by a vector valued function ¢ €
CYH(R,R?), 0 < < 1; thatis, Z:=Z(¢p) = {¢p = (p1(£),p2(1)) : € (0,1], ¢ € CVH(R,R?)}. We consider a
collection $1,4 of ¢ which is define as follows."

Definition 1.4.3. The parametric function ¢ parameterizing X is in (,q if ¢ satisfies the following
properties:

(P1) ¢ isinjective on (0,1] and is 1-periodic;

(P2) there exist positive real numbers cy, i, ¢z, and c3 such that

() <co, a<lpDI<c, IPp@)]<cs,

for all ¢ € (0,1].

Ut is actually sufficient to assume that ¢ : R — R? to be only C! regular and drop the uniform boundedness of (.5(t) for
all € (0,1].
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(P3) Q:= 5(([)) c U, U is a fixed, connected, bounded open subset of R2;

(P4) lastly, there is a real number y > 0 such that dist(I', 2(¢p)) = .

In (P2), the notations (:) and (.-. ) denote the usual first- and second-order time derivatives with
respect to the (pseudo) time variable #, respectively.

Finally, we define the set of admissible domains O,q as
Oaq:={Q=Q(Pp) cU: p eVpq},
where 20,4 is a compact subset of il,4. Examples of 2,4 are the sets
{(peilad AP -p) Slt-s,0< u<v<]l, 1,s€ (0,1]}

and
{p(D) €tlag: p() e C*'R,R?):0< p<v <1},

which are compact in C'"¥(R,R?).? We shall also consider the larger set
Oad :={Q=Q(P) U : ¢ € Lyg}.

We emphasize that in property (P3) of ¢, we are assuming that all admissible domains Q(¢)
are contained in the so-called hold-all domain U.3 Also, we assume that U is sufficiently large that
it contains the optimal domain Q* that solves the exterior Bernoulli FBP (1.3). Consequently, we
require that dist(X(¢p), 0U) > 0, for all ¢ € 4,4, and, of course, we want dist(X*,0U) > 0. By this means,
we can say that the minimization problem “mingcp,, J3(Z) subject to (1.23) and (1.24)” is indeed
equivalent to the free boundary problem (1.3).

Meanwhile, in view of (1.4.2), recalling Remark 1.2.1, we see that every admissible domain Q(¢)
is a uniformly open set in R? and therefore satisfy the well-known uniform cone property (see [30,
Definition 1] or [73, Definition 2.4.1, p. 54]). As a consequence, these admissible domains satisfy a
very important extension property. More precisely, for every m > 1, p > 1, and domain Q € O,q, there

exists an extension operator
(1.28) Eq: W™P(Q) - W"™P(U)

such that | Eq@llw=rw) < cllollwmrq), where c is a positive constant independent of the domain Q
(see [30]). By these properties, we can ensure a uniform extension ¢ € H' (U) from Q to U of every
functionp e H LQ).

’If we only assume that ¢ is C'(R,R?, then an example of U.q is the set
{(p €tlyg: 1P —p)| Sle—s, 0<p<1, t,5€ (0, 1]} which is compact in CVH(R, R?).

3In subsection 2.1.2, we will use the same notation U to denote the universal set that holds all the possible deformations
of the reference domain Q.
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We are now in the position to define the topology we shall use in this thesis, and this we give in

the following definition.

Definition 1.4.4. Let ¢ € Lyq, {¢p,} € Uyq, Q :=Q(¢P) € éad» {Qn} = {Q,)} < éad, and zy and zg
be the respective solutions to (1.25) and (1.26) on Q. Also, consider the sequences {zn;} and {zr;}
of solutions to (1.25) and (1.26) on Q,, respectively. Denote the extensions of these functions by
Zi := Eqz; and Z;;, := Eqzip, for i = N, R, where Eq, is the extension operator (1.28). Then, the topology

we introduce on &3 is the one induced by the convergence defined by

Cl

¢, — ¢
(1.29) (Qn, 2Nn» Zrn) — (Q, 2N, 2zr)  if and only if ZNp ~ 2N 0

ZRn ™7 ZR
where the latter convergences are defined as follows:

1 . D

(1.30) b, & ¢ < ¢,— ¢and¢, — ¢uniformlyon [0,1],
(1.31) ZNp~ ZN <= Znp — Zn weakly in H(U),
(1.32) ZRn~ ZR <= Zpn — Zg weakly in H(U).

Moreover, using the convergence (1.30) in the C!-topology, we define the convergence of a sequence
of domains {Q,} := {Q(¢,)} Oad by

6ad

(1.33) Q, 2% 0 ifandonlyif ¢, < .

Before we give the main result of this section, let us also state the corresponding graphs and
shape problems of the first and second proposed shape optimization reformulations of the Bernoulli
problem introduced in subsection 1.3.2. The first proposed minimization problem “ming¢o,, /1(Z)
subject to (1.24)” is equivalent to the problem of finding a solution (€2, zr (Q2)) that minimizes J; (Q) =
J1(Q, zg(Q2)) on the graph &, of the map Q — zg := zg(Q) given by

&1 ={(Q, zr(Q) : Q € O,q and zr(Q) satisfies (1.26) on Q}.
The customary problem corresponding to the first proposed shape problem is as follows.

Find (Q%, zr(Q*)) € &7 such that
(1.34)

J1(Q%, zr(Q%)) < J1(Q, zr(Q)), V(Q, zr(() € ;.

Similarly, for the second proposed shape problem, we have

{ Find (Q*, zx (Q*), zr(Q*)) € &, such that
(1.35)

J2(Q%, 2n(Q%), 2r(Q7)) < J2(Q, 2n(Q7), 2r (), V(Q, 2n(Q27), 2r(Q) € By,
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where &, is the same graph defined by 3.

Finally, we can now state the main result of this section.

Theorem 1.4.2. The minimization problem (1.27) (respectively, (1.34) and (1.35)) admits a solution in

B3 (respectively, &; and &,).

As we have already mentioned earlier, we will focus on the proof of the case of the third proposed
shape problem because the corresponding results for the first two shape problems can be proven in a
similar fashion. Now, we reiterate here that the existence proofis reduced to proving the compactness
of &3 (see Proposition 1.4.1) and the lower semi- contlnulty of J3 (see Proposition 1.4.2). Regarding
the former, we point out that the convergence ¢,, SN ¢ is simply a consequence of the compactness
of ¥,q4 together with the application of the Arzela-Ascoli theorem. Hence, the compactness of &3
with respect to the convergence (1.29) is easily verified. Consequently, we only need to prove the
continuity of the state problems (1.7) and (1.15) with respect to the domain in order to finish the

proof of compactness of &3, and we give this desired result in the proposition below.

Continuity of the State Problems

Proposition 1.4.1 ([98, 99]). With the convergence of a sequence of domains {Q,} @ad to Qe @ad
given in (1.33), we let {(¢p,,, 2nn, Zri)} be a sequence in &3 where zn, := zn(¢,,) and zr, := zr(P,,) are
the weak solutions of (1.25) and (1.26) on Q,, := Q(¢,,), respectively. Then, there exists a subsequence
{(¢, 2k 2rk)} and elements ¢ € L,q and zn, zr € H'(U) such that

il
¢, <. ¢, Znk—anin HY(U),  Zpp — zg in H (U),

where zy = zn (@) = Znlq(p) and zr = zr(P) = Zrla(g) are the unique solutions of equations (1.25) and
(1.26) on Q := Q(¢p), respectively.

To prove the above proposition, we shall utilize three essential auxiliary results listed in the lemma
below. The first result is the uniform Poincaré inequality established in [19, Corollary 3(ii)]. The
second one pertains to the uniform continuity of the trace operator with respect to the domain
exhibited in [21, Theorem 4], and the last one is about uniform extensions of the state variables from
Q, to U such that their respective H!(U)-norms are bounded above by a positive number. More
precisely, we have the following lemma.
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Lemma1.4.3. Let,, ¢ € Uyq and Q(¢,), Q(P) € Oad. Then, the following results hold.
(i) Foreverygpe Hll,o (Q), we have the estimate [|¢ll;2q) S @l (q) [19, Corollary 3(ii)].

(ii) For all real number g such that % < g <1 and functions ¢ € H'(U), we have

lollz @y S el aawn,
where || - | ya(y) denotes the H9(U)-norm [21, Theorem 4].

(iii) There exists a uniform extension zg, (respectively Zn,) of zg, (respectively zn,) from Q,
to U and a real number cg > 0 independent of n such that ||Zr,ll ;1) < cr (respectively

| Znnll g2 0y < oN, where ¢y > 0 is a real number).

Note that we only need to prove the third result stated above because the first two results were
already proven in [19, 21]. Before we do that, we first make the following comments. Regarding
Lemma 1.4.3(ii), we mention that due to assumption (P3) and the uniform cone property of the
domain Q(¢p) € 6ad» the norm ofthe trace map y(-) = -|x: Hé (U) — L2 (2(¢p)) can actually be bounded
uniformly with respect to Q(¢) € Oad, see [90]. On the other hand, we note that Lemma 1.4.3(jii)
assures the existence of a subsequence of {Zr,} (respectively {Zn,}) which weakly converges in H Lan
to a limit denoted by zr (respectively zy). Hence, the proof of Proposition 1.4.1 is completed by
showing that the restriction of Zg (respectively zy) in Q(¢p) coincides with the unique solution of

(1.26) (respectively (1.25)). We provide the proof of the third result from the previous lemma below.

Proof of Lemma 1.4.3(iii) For simplicity, we use the notation (-), := (-)(¢,,). From [30], we know

that the solution zg,, of (1.26) on Q,, admits an extension Zg, in H!(U) such that

1ZRnll 112 0y S 1zRnll 1, )

Therefore, to obtain our desired result, we need to show that || zr, |l i1, is bounded with respect to
n. In view of (1.24), taking ¢ = zg, € H% 0(Qn), we have

f IV zrnl? dx+f ,6|an|2 do = —f Vugo - Vzry dx+f Azgrn do.
Qn ZV! Qn Zn

This leads to

(1.36) |2Rnl 3 @,y < [4Rol ) ZRnl 1 @, + AU 2 2Rl 25, -

Next, we show that || zr,ll;2(z,) can be bounded by |zrnlf1(q,)- To do this, we utilize the first two

results stated in Lemma 1.4.3 to obtain

lzrnl 2,y S 1Zrnll iy S lzrnllma,) S l2rnlm@,)-
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Going back to (1.36), we get

|Zrnl @, S luroll mr ) + AU,
Applying Lemma 1.4.3(i) once more, we obtain

2Rl i@, S lttroll i uy + MU,

This establishes the boundedness of {|| Zr, |l 1 (17)}. Using a similar line of arguments, we can also show
that there exists a uniform extension zy of zn; from Q,, to U and a constant cy > 0 independent of
n such that || Zn, |l () < on. (In fact, taking § = 0 in the proof easily verifies the statement.) [ |

The following result, which is a consequence of Lemma 1.4.3(ii) (see [21, Corollary 2] and also
(20, Corollary 1]), is also central to the proof of Proposition 1.4.1 (as well as in showing the lower

semi-continuity of the cost functionals) that we will provide shortly.

Lemma 1.4.4 ([20, 21]). Let ¢ € U, and {¢p,} < V,q such that ¢, Q» ¢ on [0,1]. Then, for any
@ € H' (U), we have lim,—.oo o ¢p,, = o in L?([0,1]).

Proof of Proposition 1.4.1 The first convergence easily follows from the compactness of U,q and
the Arzela-Ascoli theorem 1.2.1. Hence, we only need to show the validity of the last two convergences.
We only prove the convergence Zri — zg in H' (U) since the proof for the other one is similar.

Firstly, from Lemma 1.4.3(iii), we know {Zg,} is a bounded sequence in H L(U). Therefore, we
can extract a subsequence {Zgx} of {Zr,,} which weakly converges in H' (U) to a limit denoted by Zg;
that is, Zrx — Zg in H' (U). Now, the boundedness of the trace operator implies that zr = Zgrlo(g)
is in H{. ,(Q(¢)). Indeed, for Lipschitz (fixed) boundary T, the trace operator -|r : H' (U) — L*(I')
is compact, hence, it takes weakly convergent sequences into strongly convergent sequences. In
particular, we have the limit limy_ ., Zrilr = Zrlr in L?(T'). Note that Zr| Q) = Zrk- Hence, zg|r =
limy o0 ZrRiIT = limg_oo ZriIr = 0 which implies that zg € H%,o (Q()).

Then, we will show that zgr(¢p) = Zrlq(g) is the solution of (1.24) on Q(¢). In fact, we will show that

the variational equation

(1.37) f Vzg-Vo dx+f Vugo- Vo dx+f Bzry do - Apdo=0, Vpe H%O(Q(¢)),
Q(p) Q(p) Z(¢p) Z(Pp) ’

also holds for all test functions ¢ € H%,O(U )={pe H L. @ = 0 on I'}. Clearly, the restriction on
Q1= Q(¢py) of any element ¢ of H. ((U) is in H. ,(Q), for all k, which is exactly the test space of
(1.24) on Q. Therefore, we have

(1.38) f VZRk-V(pdx+f VuRO-V(pdx+f ﬁsz(pda—f Apdo=0, YeeH,U).
Qp Qp Zk Zk '
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Next, we prove that, by passing to the limit, we will obtain (1.37) from (1.38). To see this, we simply
take the difference of equations (1.37) and (1.38) and then let k — oo. As for the difference of the last
two integrals, we have

|]4(’C) =

f A do - A(pda’
Z(gpy) ()
1
S‘fo {((pod’k)(t)l‘pk(t)'_((P°¢)(t)|([)(t)|}d[’

+

1 1
SUO (podp—pod)lp(n]dr fo((potb)(ltl)k(t)l—l(b(l‘)l)dl‘

Slleodr—@od|2qom + ?5111? i~ I ||‘P||L2(Z(¢)) :

where we applied assumption (P2) in the last inequality. Because ¢ € Hll,O(U) c HY(U), then by [20,

Corollary 1] we have the limit lim .o, |9 0 ¢ =@ o d|| 2o 1)) = 0, for any sequence {¢} < Vyq and
1

element ¢ € Y,q4 such that ¢, <. ¢ (cf. Lemma 1.4.4). Furthermore, in view of Lemma 1.4.3(ii) we get

the estimate ||‘/’||L2(z(¢)) S|l g1y - Thus, by the uniform convergence ¢ — ¢ in[0,1] (cf. (1.30)),
we deduce that lim_ o, l4(k) = 0, as desired.

Similarly, we have

I3(k) := ‘f Bzri@ da—f Bzrp da“
Z(y) ()
1
§‘f0 {(ZRk0¢k)((p0¢k)(f)|(ﬁk(t)|—(ZRO(p)((pO([))(t”(p(t”}dt‘

+

1
5‘[0 (2o b — zrk 0 B) (@0 PPyl dr

1
fo (ZRk°¢_ZR°¢)(¢°¢k)|¢k|dt‘

+

1
fo(zRocp)«pom—wocp)lmldt

+

1
fo(zRo<p)(<po¢)(|¢k|—|¢|)dt

SJ ||(P||L2(Z(¢k))  ZRk © Py — 2Rk © ¢||L2([0,1]) + ||(P||L2(>:(¢k)) | zZri — 2R ||L2(z(¢))

+lzrll2s @y 9o @i —@o Pz + sup 16— Pllzrl gy |0 2z -

Now, using the fact that zrx = Zrilag,) € H L(U), together with Lemma 1.4.3(ii), we deduce, via the
application of [20, Corollary 1], that the first and the third summands in the last inequality above
eventually vanished. Again, from Lemma 1.4.3(ii), and the compactness of the injection of H' (U)
into H9(U) for g € (%, 1), we get

k—o0

ol 2z 2Rk — 2RI 2500 S NPl 1 (0 | ZRK — ZR 1 9 ) 0.

Likewise, we have

k—o0

sup |(.pk —(b| ”ZR”LZ(Z((p)) ”(p”LZ(Z((P)) 5 ?SJB |(.pk - (b| ”ZR”HI(U) H(p”Hl(U) 0

[0,1]

because of (1.30). Therefore, we also have limj._.,,[3(k) = 0.
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Last but not least, we have the differences
0, (k) ::f Vsz-Vgodx—f Vzg-Vedx
Q) Q(¢)

ZfUXQ(VZRk —Vzp)- Vo dx+fU ()(Q((pk) - xa2)VZgg- Vedx;

I, (k) ::f VuRo-qudx—f
Q)

VuR(yV(pdx:/ (X, — x)Vugo - Vedx.
Q) U

The desired limits limy_. [ (k) = 0 and lim_., [2 (k) = 0 are obtained by applying the weak conver-
gence Zgy — Zg in H' (U) combined with the convergence of characteristic functions (see, e.g., [73,
Prop. 2.2.28, p. 45]):

(1.39) X, — xao in L*(U)-weak™,

and the fact that the sequence {||Zgi |l ;1 (1)} is bounded.

In conclusion, zr(¢) = Zrlq(g) is the solution of (1.24) on Q(¢).

Adopting a similar line of arguments, we can also show that there exists a sequence of uniform
extensions {Zxx} of {zxx} which is uniformly bounded in H L(U); that is, {1 Znkl ')} is bounded. By
this result, we can also prove that the limit of that sequence is zn(¢p) = Znla(g) which is in fact the
solution of (1.23) on Q(¢). This completes the proof of Proposition 1.4.1. [ ]

Lower Semi-Continuity of the Cost Functions

To complete the proof of Proposition 1.4.2, let us now establish the lower semi-continuity of the
cost functions J;, i = 1,2, 3, in the next proposition. Here, we will use the equivalence between the
variational equations (1.23) (respectively (1.24)) and (1.25) (respectively (1.26)).

Proposition 1.4.2. The cost functionals

2

1 0
J1(2) := J1(Q,2n(2), 2r(Q)) = —f ’—ZR(Q)—A do,
2Js|0n

1

J2(Q) := J2(Q, 2n(Q), Zr(Q)) = EfQW(ZR(Q) —ZN(Q))l2 dx,
1

J3(2):=J5(Q 28 (D), 2r(D) = 5 fz |Zr(Q) — zn (Q)* do,

are lower semicontinuous on &, &,, and &3 in the topology induced by (1.29), respectively.

To prove the proposition, we will exploit the parametrization of the free boundary defined in
Definition 1.4.3. Its properties stated in assumption (P3) will be used implicitly many times in the

proof.
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Proof. Let {(Q, znn, 2rn)} be a sequence in &3, Q; 1= Q(¢p,,), and assume that (Q, z2n,, ZRn) —
(Q, 2z, 2r) as n — oo, where Q := Q(¢) and the triple (Q, 2y, zr) is in &,. We point out here that the
graph &, is basically the same with &3, so, we may view {(Q,, Znn, Zrn)} @s a sequence in &3 and that
the triple (Q, z, zg) is also in &3. For convenience, we let w = zy — zg and w;, = 2n, — 2R, and their
extensions in H' (U) by w,, and 1, respectively. Here, we emphasize that w = i|q is in Hll,O(Q) which
is of course due to the boundedness of the trace operator. Also, we recall that for any ¢ € H%'O(U), the
restriction ¢|gq, is in H%'O(Qn).

We only prove the case for J, and J3 since the proof for the lower semi-continuity of J; is essen-
tially the same with that of /3. Also, we emphasize we can use the lower semicontinuity of J, to prove
the lower semicontinuity of /3. However, we shall prove the lower semicontinuity of the latter using a

slightly different approach from the former one.

Lower semi-continuity of the cost function /.
We start with the proof of the lower semi-continuity of J,. In doing so, we apply the identity
a® - b%® = (a-b)? +2b(a- b). First, we note that

1 1
fz(sz(¢n))—fz(ﬂ(¢))=—f |vwn|2dx——f vl dx
2Ja, 2 Ja

1 1

=—f (m,,—xg)|vwn|2dx+—f 1o (V@2 ~ V%) dx
2Ju 2Ju

=:0;(n) +0(n).

Using (1.39) and the fact that {i0,,} is a bounded sequence in H' (U) (see Lemma 1.4.3(iii)), we obtain
lim,, [ (7) = 0. Meanwhile, by the (weak) lower semicontinuity of the H L(Q)-norm (see, e.g., [28,
Remark 1.3.1]) and the equivalence of the H'(Q)-seminorm and the H'(Q)-norm on Hy. ((Q), we
know that

1153101.?{]9 (IVw,l? - IVl?) dx} >0.
Therefore, ligr_{%)rgf {2(Q(¢,)) — J2(Q(¢))} = 0, or equivalently,

J2(Q, 2n, zr) < iminf J2 (Qy, 2N, 2R),

which is desired.

Lower semi-continuity of the cost function Js.

For the third cost function /3, we have

f Iwnlzda—f lezda‘
S, ()

n

1
S Uo {l(wnolﬁn)(t)lzltl’n(t)l - I(wo¢)(t)|2|¢(t)|}dt‘

1
|J3(Z(,) - J3(Z(P))] = 2

+

1
[O (wo¢)2(|¢,,|—|¢|)dr‘

1
§‘f0 {(wno¢,)* — (wod)?}p,ldt

=:J1(n) + Ja2(n),
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where X, := Z(¢,,). We first look for an estimate for the second integral J,. Towards this end, we
apply the estimates in Lemma 1.4.3 and the compactness of the injection of H L) into HY(U) for
g€ (3,1), to obtain
J2(n) Ssupl, = Pl w54 SsUPIP, = U DI ) Ssupl, — Pl
[0,1] [0,1] [0,1]
1
Using the assumption that ¢, L, ¢ on [0,1] (see (1.30)), we get the limit lim .o J2(n) = 0.

On the other hand, to get an estimate for the first integral J;, we again make use of the identity
a’? —b? = (a— b)?> + 2b(a— b) to obtain

I S

~

+

1 )
[ wnod, = woai, it

=:J11 + 2.

1 .
fo (wodp)(wpodp, - wO(P)I(andt‘

For Jy2, we have the estimate

1
Ji2 < Uo (wod)(wpop,—wodp,)l¢p,|dr|+

1
fo (wod)(wod, - w°¢)|¢n|dt‘

Slwlrzg (lw, - wllzg,) +llwod, —wodlr2qo1p)

SN — Wl oy + lwod, —wodl 2o

Meanwhile, for J;;, we have

+

1
Jlus‘fo (Wno by — wop, Il dt

1
L (Wn°¢n_ LUO(pn)(wO([)n— wc(,b)|(/)n|dt‘

+

1
f (WO(pn—w0¢)2|(pn|d[‘
0
2 2
S ” Wn — w”LZ(Zn) + ” Wnp — w||L2(Z,,)(” LU”LZ(Z") + ” w”LZ(Z)) + ” wo(pn - w°¢||L2([0,1])
Sy — Wl gaan + lwod, —wodlzqo-

The previous two estimates were obtained using the inequalities in Lemma 1.4.3. Putting them

together yields
D SNWn = Wlaawy + lwo = wodllz(o,1y)-

Again, applying Lemma 1.4.4, the compactness of the injection of HY(U) into H(U) for qe (%, 1),
the convergences i, — win H 1(U)-weak, and the uniform convergence ¢, — ¢ inthe C 1([0,1], R?)-
norm (see (1.30)), we finally obtain lim,_., J; = 0. This, together with the first result established
earlier, proves the limit lim, . [J3(Z(¢p,,) — J3(Z(¢h))| = 0. Consequently, we find that

im J5(Qn, 2N, 2rn) = J3(€, 2N, 2R);
that is, J3 is continuous, and in particular, lower semicontinuous. |

To end this section, let us finally provide the proof of Proposition 1.4.2 using propositions 1.4.1 and
1.4.2.
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Proof of Theorem 1.4.2 We only prove the case for the third proposed formulation since the proofs
for the first two are similar. So, we let (Q,;, 2n7, ZrR1), Qn = Q(¢y), be a minimizing sequence for the

cost function J3; thatis, (Q;, 2nn, Zr,) is such that
r}i_l};ofg(Qn,ZNn,ZRn) =inf{J3(Q, zn, 2r) : (©, 2N, 2r) € G3}.

We apply Proposition 1.4.1to obtain a subsequence (Qy, znk, 2ri) and an element Q = Q(¢) € Oyq
such that Q; — Q (i.e., ¢; — ¢ uniformly in the C! topology), Zxr — 2N, Zrk — Zr in H' (U), and
the functions zZy|q and Zgr|q are the solutions to the variational equations (1.23) and (1.24) in Q,
respectively. Using these, together with the continuity of /3 proved in Proposition 1.4.2, we conclude,
by virtue of [71, Theorem 2.10])

J3(Q,2xnl, Zrlo) = klim J3(Qp, 28k 2rE) = Inf{J3(Q, 2N, zR) : (Q, 2N, 2R) € B3}.
—00
[ |

It is worth emphasizing that in [1, 13-15, 49-51, 100, 101], the authors did not tackle the question
of existence of optimal solution of the shape optimization problems examined in their papers.
Nevertheless, in [49-51], the authors tacitly supposed the existence of optimal domains and assumed
that the domains in consideration are sufficiently regular to accomplish their objectives. Moreover,
the regularities of the domains examined in the rest of the aforementioned papers also possess
enough regularity for the existence of optimal shapes. Here, as already mentioned, we followed the
ideasin [21, 68, 71] to address the existence issue for our proposed shape problems. Of course, similar

analyses can be done for the classical settings if one wishes to carry out the same issue.
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he main goal of this chapter is to characterize the shape derivatives of the cost functions
introduced in the last chapter. In this direction, we will derive the first-order Eulerian semi-

derivative of the cost function J; using the minimax formulation while we will derive the
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expressions for both the first- and second-order Eulerian semi-derivatives of the cost functions J»
and /3 using the chain rule approach. We intend to derive the first-order Eulerian semi-derivative of
J1 via the minimax formulation in order to showcase the advantage of using the Robin problem over
the Dirichlet problem as a state constraint in proving the shape differentiability of the Neumann-

data-tracking cost functional with respect to a local perturbation of the domain.

2.1 Tools for Shape Optimization

In this section we lay out the tools and essentials for the shape sensitivity analysis of the cost
functionals J;, i = 1,2,3. Also, the formal definitions of the terminology discussed in the previous
section are given here. We reiterate that in the framework of shape optimization, the domain Q does
not belong to a vector space. This issue leads to the development of shape calculus to make sense
of a “derivative” or a “gradient”. To date, the three most commonly used techniques in computing
the Eulerian semi-derivative of a cost functional are the Hadamard’s normal variation method [63],
the perturbation of the identity (POI) operator method due to [104], and the velocity method which
involves the other two techniques (see, e.g., [29, 43, 114]).

In the next subsection, we will briefly discuss the latter two strategies for perturbing a domain
as well as their equivalence under appropriate conditions. Although the results can be given in

d-dimensional space, we will simply state them in R? case.

2.1.1 Two Methods for Domain Perturbation

In this subsection, for the sake of simplicity, we use the notations C° := C([0, tnay);R?) and C! :=

CL([0, tmax]; R?), where tmay is a (fixed) positive real number.

Velocity or Speed Method

We denote the vector V as a time-dependent velocity fields so as to make distinction with velocity
fields denoted by V which are not time dependent.
Let V : [0, tmax] x R? — R? be a given velocity field. The map V can be viewed as a family {V (¢)} of

non-autonomous velocity fields on R? defined by

x— V() x) = V(t,x): R* — R
Here we suppose that V is continuous in ¢ and Lipschitz-continuous in spatial variables; that is,
(V1) VxeR? V(,x)eC and

(V2) Vx,yeR%, V(1) -V, 0leo Sy —xl,
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where V (-, x) denotes the function ¢ — V (¢, x). Associate with V the solution x(¢; X) of the ordinary

differential equation

%x(t) =V(t,x(1),  tel0, tmaxl, x(0) = X € R?.

In the case of autonomous velocity fields, the condition is simply
(V2°) Vx,y €R%, [V(X) =V S lx=yll.

The above statement can be described equivalently as follows. Let V € X := C([0, tmay); D* (R%,R?)),
for some integer k > 2, where Dk (R2,R?)) denotes the space of all k-times continuous differentiable
functions with compact support contained in R?. Assume that Q c R? is a smooth bounded domain
with boundary that is at least twice differentiable. Then, V(t, x) € D (R?,R?) which may depend on
t > 0. It generates the transformations

T,(V)(X):= T,(X) = x(t;X), t>0, Xe€R?

through the differential equation

2.1) %x(r;X) =V(6x(5X),  x(0;X)=X,

with the initial value X given. By definition Ty(X) = X and Ty is essentially the identity operator 1.

Moreover, we remark that T} is an evolution operator that verifies the usual semigroup property [42].

Perturbation of the Identity Operator Method

Let us now describe the relation between the velocity method and the POI operator method. The
theorem below tells us that we can either start from a family of velocity fields {V(t)} onR?ora family
of transformations {T;} of R? provided that the map V, verifies (V1) and (V2) or the map T'(¢,-) = T}

verifies assumptions (T1)-(T3) given below.

Theorem 2.1.1 ([37,41]). (i) Under assumptions (V1) and (V2) on the map V, the maps T; defined
previously have the following properties:
(T1) VXeR? T(,X)eCland VX, Y eR?, |T(, V)= T X) e S|V - X,
(T2) Vi€ [0, tmaxl, X — Tx(X) = T(t,X) : R? — R? is bijective,
(T3) VxeR?, T71(,x)eC%and Vx,yeR2, [T (, 1) - T, x)lleo S|y —xl.

(ii) If there exists a real number #yax >0 and a map T : [0, fmax] x R? — R? verifying assumptions
(T1)—(T3), then the map

A _ 6 -1

verifies assumptions (V1) and (V2), where T, 1 is the inverse of X — T;(X).
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Clearly, the solution V to (2.1) is essentially the POI operator T;. Conversely, the POI operator
method can be recasted in the velocity framework by choosing the velocity field V(1) = Vo T; ! which
satisfies (2.1). This relationship can be further explained as follows. Consider the transformation
x(t) =1+ tV.Then, we have

%X(t;X)=V(X)=‘7(t,X(t;X)), x(0) = X,

from which we get the equation V(X) = V(t, (I +tV)(X)). Now, replacing X by (I + V) 1(X), we
get V(T (X)) = V(t, X), or simply, V(¢) = Vo T, . This is why many results obtained by the POI
operator method can be acquired as well through the velocity method. See [43, Section 4.5.1] for

further details.

2.1.2 Some Properties of the Perturbation of the Identity Operator

Let us now specify the set of deformation fields appropriate to our focused problem. Since we want
the boundary I' to remain invariant after a deformation (i.e., T;(V)(I') =T, for all ¢ > 0), then we
assume that every admissible velocity field V vanishes at I'. Moreover, we want every deformation to
preserve the regularity of the reference domain Q. For instance, if we assume that Q is of class C*1,
k > 0, we also want T;(Q) =: Q; to be (at least) of the same regularity class. To do this, we require V to
be at least C*! regular. Therefore, given an integer k > 2, we consider a family of deformation fields

given by
2.2) of={ve ct U,R?: Viryoy =0}

Here, the larger set U c R? denotes the universal or hold-all domain which contains all possible
deformations of Q (i.e., Q; € U, for all £ > 0). Accordingly, we apply the POI operator method [43,
Section 2.5.2, p. 147] to generate the desired class of perturbations of the domain Q; that is, we define

T, as follows
(2.3) T,=1+tV:U—R? T,(x)=x+tV(x), x€U,

where the deformation field V := V(x) is an element of ®F. For t > 0 sufficiently small, it can be
shown that (i) T;: U — Uisa homeomorphism, and (ii) T;: U - Uisa C k.1 diffeomorphism, and in
particular, T; : Q — Q,isa ckl diffeomorphism (cf. [14, Theorem 7]). Roughly speaking, these results
tell us that, for sufficiently small ¢, the reference domain Q and the perturbed domain Q; have the
same topological structure and regularity under the POI operator T;. An illustration of the action of
T; on a C''-domain is given in Figure 2.1.

In this thesis, we also want to derive the second-order Eulerian-semi derivative of the cost
functionals J;, i = 1,2, 3. For this purpose, we need to perturb the reference domain Q twice. Hence,
for positive real numbers f and s, we consider the two transformations T := T:(V) = I + tV and

Ts := Ts(W) = I + sSW where V, W € ©2. Note that, for sufficiently small positive real numbers ¢ and s,
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T/ e CVY(D)

X2

u/x € CLI (Nx; 31)

fB(l) X1
vy
T, e C\(U)
Ny Nx B1
Tt_l € Cl,l Y€ Cl,l
Ny Ny B,
Tt € Cl,l u/;l c Cl,l

Figure 2.1: The action of T; on a C"!-domain

both T, and T are C>! diffeomorphisms. Therefore, the map Tis:=TroTs: Q — Q; s defined by
T s(x) =T (Ts(x)) =x+sW(x)+tV(x+sW(x)), xe€Q,

may be shown to be a C>! diffeomorphism too. Accordingly, we define the deformed domain Q; ; as
Qs 1= T (Ts(Q) = {T5(x) : x € Q}. Consequently, for sufficiently small ¢ and s, Qs < U is of class
c>1.

Before we go further, it is worth to emphasize here that a direct of comparison between a function
¢ in Q and a function ¢; defined in Q; is, in general, not possible because the functions are defined
on different domains. To circumvent this issue, one maps ¢; back to the reference domain Q by
composing it with T; that is, one utilizes the composition map ¢; o T; : Q — R. Using this mapping,
one can then define the domain and boundary integral transformations, derivatives of integrals over
a perturbed domain, the material and the shape derivatives of a (scalar) function ¢ defined on Q;, as
well as the Eulerian semi-derivatives of a shape functional.

Now, in what follows, we state some properties of the transformation Ty = T;(V) associated with
the velocity field V € ®! which will serve useful in subsequent sections of this chapter. Throughout
the rest of this thesis, we will denote the transformed domain T;(V)(Q) at ¢ 2> 0 by Q;(V), or simply
Q; =: Tt(Q). We let tynax be a sufficiently small positive number and denote the Jacobian matrix
of T; by DTy. Then, for ¢ € (0, fmax), the transformation T; is invertible, Ty, T; ! € D1 (R?,R?), and
det DT; > 0. We identify (D T~ ' and (DT,) " as the inverse and inverse transpose of the Jacobian

matrix DTy, respectively, and, for convenience, we will use the notations

A =det DT,(DT;HY(DT)™" and  B(t)=det DT,(DT,) "nl.
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The latter expression is referred to as the cofactor matrix of the Jacobian matrix D T; with respect
to the boundary 69 (see, e.g., [106, Proposition 2.47]. Using these notations, we recall the following

integral transformations.

Lemma2.1.2. Letp, € L'(Q,) and y, € L'(6Q,), then ¢,0 T; € L' (Q) and ;0 T; € L (0Q), respectively.

Moreover, the following transformations hold:

Domain Transformation [106, Section 2.16, p. 77]

f (Ptdxt=fdetDTt((Pt°Tt)dX,
Q, Q

Boundary Transformation [106, Eq 2.116, p. 78]

Wtd0t=f B(t)(yoTy)do.
0Q; 0Q

Moreover, we make the following observations for sufficiently small ¢ > 0:

(i) det DT;e COY (1), (i) (DTY~L, (DT~ T € C(U;R>*?),

(iii) A(r) € C(U;R?*?), (iv) B(t) € C(Z;R).

The following lemmas, whose proofs can be found in [43, 106], will be essential to our analysis.

Lemma 2.1.3. For a function ¢ € Wll(;i(le) and V € ®1, the following identities hold

i) VipoT) = (DT (Vp)o Ty, (ii) %@o T) = (Vo V(1) o Ty,

... d 1 1 .. d .
(iii) a((po T, )==NVep-V()o T, ", (iv) EdetDTt:(leV(t))oTtdetDT,f.

We emphasize that formula (iv) given in the previous lemma is well-defined because of Lemma
2.1.4(i) below.

Lemma?2.1.4. Let V € ®! and J be the interval (- fyax, tmax) Where fmax > 0 is sufficiently small real

number. Then, the following regularity properties of the transformation T; hold
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(i) t—detDT,;e C'(J,C(Q), (i) t— A(t) € C1(J,C Q)
(iii) t— B(1)eC'(J,Cx)), (iv) limpoB(1) =1,
4% iA(t)| =A0)=:A (vi) iB(t)l =B'(0)=:B
dt t=0 — —. 4, Vi dt t=0 — —. D,
where

A0 =divI,-DV-DV)" and B'(0)=divsV = divV|zs—(DVn)-n,

and the limits defining the derivatives at ¢ = 0 exist uniformly in x € Q.

The notation I, appearing in A’(0) denotes the identity matrix in two-dimension. Meanwhile,
the operator divs given above is referred to as the tangential divergence operator (see [43, p. 495]).

Other tangential differential operators are given in the next subsection.

2.1.3 Some Identities from Tangential Calculus

We give below a formal definitions of some operators from tangential calculus that we will use in this
work. For further details about these results, we refer the readers to [43, Chapter 9.5] or [106, Chapter
2] (see also [73]) .

Definition2.1.1. Let X be a boundary of a (sufficiently smooth) bounded domain Q c R and N(2)
be a neighborhood of . Consider a scalar function 6 € C'(Z) and let § be any C! extension of § into
N(ZX). Similarly, consider a vector function 8 € C 1(z,R% and let O be any C! extension of 8 into N(Z).

Then, we have the following definitions.

Tangential Gradient The tangential gradient of a scalar function 6 € C!(Z) is given by
~ 00
Vs6:= Vl|, - —ne C(Z,RY.
on

Tangential Jacobian The tangential Jacobian matrix of @ € C 1z, RY is given by

Ds0 = DO|, — (DOn)n" € C(Z, R ).

Tangential Divergence For 0 € C'(Z,R%), its tangential divergence is given by

divs@ = div@|, — (DOn)-ne C(2).
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The details about the existence of extensions of @ and 8 can be found, for instance, in [43, Chapter
9.5]. It is worth remarking that the above definitions do not depend on the choice of the extension.

Let us also mention the following useful formulas.

Lemma?2.1.5. Consider a C? (or C*!) domain Q with boundary0Q =TUZ, ITnX=@.LetO € HY(2),

V € ®!, and k denote the mean curvature of X. Then, the following formulas hold:

Tangential Divergence Formula [106, Eq. 2.140, p. 91]

din (9 V)= Vzg -V+6 din V;
Tangential Stokes’ Formula [43, Eq. 5.26, p. 498]
f divs Vdo = f xV -ndo;
b by
Tangential Green’s Formula [43, Eq. 5.27, p. 498]

[(Vz@-V+9dinV)d0’=[KV'ndO'.
by b

2.1.4 Material and Shape Derivatives

Here we formally state the definition of the material and shape derivatives of a scalar function ¢
defined in [0, tmax] x U.

Definition 2.1.2. Let ¢ be defined in [0, tyax] x U.

Material Derivative An element ¢ € H*(Q), called the material derivative of ¢, is defined as

L p@)eTi—p@ _ d
p=lm t = 3 (e Ti(@) =0

if the limit exists in H*(Q).
Shape Derivative An element ¢’ € H*(Q), called the shape derivative of ¢, is defined as

Qp—pQ
o = lim 22 2D
\.0 t

where (@(Q;) o T1) (x) = @(Q¢) (Tt (x)).
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Remark2.1.1. In some literature, the material and shape derivatives of a (scalar) function ¢ is also

expressed as
im @(t, Ty (X)) —p(0,x)

, d . @, x)—9(0,x)
=1 = - 9 T, d =1 —_—
p(x) lim " dt(p(t +(x)) o and ¢'(x) t1{1(1) "

respectively.
If the derivatives defined previously are obtained via the velocity field V, then these expressions

are related by
2.4 ¢'=p-Ve-V)

provided that Ve - V exists in some appropriate function space. In general, for bounded C* domains,
if ¢ and V¢ - V both exist in the Sobolev space WP (Q), 0 < m < k, 1 < p < oo, then ¢’ also exists in
that space (see, e.g., [106, Section 2.30]).

We note here that the derivation of the Eulerian semi-derivative of the cost functionals J;, i =
1,2,3, at Q in the direction of a velocity field V € ®! may require the expression of the shape derivative
of the state variables un and ug, especially when one opts to apply the chain rule approach. This
intermediate step is quite laborious but can be bypassed by employing, for instance, the minimax
formulation to derive the shape differentiability of the cost functions. In this thesis, as already
announced, we will apply the minimax formulation to compute the shape derivative of the shape
functionals J;, and will use the chain rule approach to derive the shape derivative of J, and /3. For
the cost function J;, we emphasize that we are only interested in its first-order shape derivative since
the numerical results obtained from the formulation “miny J; (£) subject to (1.15)” will serve as our
benchmark for the other two formulations. In addition, we will see in in the numerical part of this
thesis that the advantage of using the Robin problem over the Dirichlet problem in the formulation
is already apparent in the results of the first-order method. Nevertheless, the investigation of its
corresponding second-order method will be the subject of our future work. Meanwhile, we will
compute the shape derivatives of J, and J3 up to the second-order using the chain rule approach,
and carry out the numerical analyses also up to the second-order. However, a thorough investigation
of a second-order numerical scheme will only be accomplished in the case of the last proposed
formulation.

The shape derivative of a (scalar) function defined previously typically appears in the computation
of the shape derivative of objective functionals when one, in particular, is applying the chain rule
approach. In relation to this, the derivatives of integrals with respect to the domain of integration
can be computed easily using the formulas giiven below. Here, the definition is stated for connected
bounded domains Q < U (U is, of course, the same hold-all domain defined in subsection 2.1.2) with

disjoint (closed) boundaries I" and Z as in the Bernoulli problem. Moreover, the velocity fields are
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autonomous (i.e., time-independent) and, in particular, are elements of ©F. For the first indicated
result, the domain Q is assumed to be at least C%! regular while the second one requires Q to be at

least C!! regular.

Theorem 2.1.6 (Hadamard’s Differentiation Formulas). Let fyax > 0 be sufficiently small, and Q c U
be a domain having disjoint (closed) boundaries I" and Z as in the Bernoulli problem. Also, suppose

V € ©F, for some integer k 2> 0. Then, we have the following formulas.

Domain Differentiation Formula Let ¢ € C((0, tpax), wbll(U)) and @(0,-) € LY(U). Then,

(2.5) {i o(t, x) dxt}

=f <p’(0,x)dx+f<p(0,s)v-nda.
dt Qt =0 Q >

Boundary Differentiation Formula Let ¢ be defined in a neighborhood of Z. If ¢ €
C((0, tmax), W21 (1)) and ¢(0,) € W (U), then

eo {5 [ oo
. T mt(p ,x)do

, 0
:fq) (0,8)d0+f (—(p(O,s)+K(p(0,s))V-nda.
=0 z z on

Proof. The results easily follow from formulas [106, Eq. 2.168, p. 113] and [106, Eq. 2.174, p. 116],
respectively. See also [43, Theorem 4.2, p. 483-484] and [43, Theorem 4.3, p. 486], respectively. W

Finally, to complete our preparation and end this section, let us formally define the first- and
second-order shape derivatives of a shape functional J(Q) at Q in the direction of some (autonomous
or time-independent) velocity fields V and W (see, e.g., [40, 43, 114]):.

Definition 2.1.3 (Shape Gradient). Given a cost functional J(Q2) defined in some Sobolev spaces, we

say that J(Q) has a Eulerian semi-derivative at Q in the direction V € D*(®% R%) if the limit
. J(Q (V) - J()
m —_—

li
N0

=:dJ(Q)[V]

exists and is finite. The shape functional J(Q) is said to be shape differentiable if d J(Q2) [V] exists for all
V € D% R% RY) and the map V— dJj(Q)[V]: DFRERY) — R is well-defined, linear and continuous.

In the distributional sense we have
dJ V] =, V) gk wd ray xpk Re, )

and we say that J is the k-th order shape gradient of J(Q) at Q.
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We have the following well-known structure theorem which is a fundamental result in shape
optimization. Basically, it states that the shape derivative dJ(Q2)[V] of a ‘regular’ functional J(Q) only

depends on the normal component V - n of the vector field V.

Theorem 2.1.7 (Hadamard-Zolésio structure theorem). Assume that the boundary I" of Q is of class

C*+! for an integer k > 0. Then, there exists a scalar distribution g in Dk’ such that
dJ(Q)[V]=(g, Un)@k(r)/x@k(r)

where vy, = V- nis the normal component of VonT.

Corollary 2.1.8. Let Q be a domain of class C! and denote Qy := Q;(V). Assume that the application
DIRERY 3V — J(Qp) €R
is of class C!. Then, for any vector field V € DR R such that V- n =0 on Q, one has

dJj@Q)[V]=0.

Clearly, based on the previous corollary, any two vector fields V1 and V, belonging to D! (R4, R%)

with the same normal component will produce equal shape derivatives along the vector fields.

Q ..V

Figure 2.2: At first order, a tangential vector field V (i.e., V - n = 0) only results in a convection of the
shape Q, and it is expected that dJ(Q)[V] =0

Now, let V and W be two time-independent vector fields, i.e., V, W € D* (R4, R% do not depend
on t > 0. We associate to V and W with the transformations T;(V) and T;(W) and the transformed
domains Q;(V) and Q;(W). We have the following definition.
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Definition 2.1.4 (Shape Hessian). Assume that the first Eulerian semi-derivative dJ(Q)[V] exists in
some neighborhood of ¢ = 0. We say that J(Q) has the second order Eulerian semi-derivative at Q in
the directions (V, W) if the limit

. dJQW)[V]-dJ(Q)[V]
lim

= d*J(Q)[V, W]
N\0 t

exists and is finite. The shape functional J(Q) is said to be twice shape differentiable if dJ(Q)[V]
exists for all V, W € D¥ .= D¥ R4 R%) and the map h defined as (V,W) — dJ(Q)[V]: Dk x Dk - Ris
well-defined, linear and continuous with the Fréchet space topology on D*(R% R%). We denote by
$(Q) the vector distribution in (D ® D*)’ associated with h:

d?J(Q)V, W] = (H(Q),Ve W) =: h(V,W),
where V ® W is the tensor product of V = (V;) and W = (W ;) defined as
(VeW);lx,y)=Vix)W;(y), 1<i,j<d.

In this case, H(Q) will be called the kth-order shape Hessian of J(Q) at Q.

Next, we give an equivalent form of the Hadamard-Zolésio structure theorem for d?J(Q) vV, w].

Theorem 2.1.9. Let Q be a domain in R? with boundary I' and assume that the functional J(€) is

twice shape differentiable at Q.

(i) Then, $H(Q) has supportin I" x I'. Moreover, the support of h(Q) is compact when its order is
finite.

(ii) If $(Q) is of finite order k > 0 and the boundary I'is of class C¥*!, then there exists a linear and
continuous vector distribution A(T' ® T) on D* T, R% & DK (I of order k such that for all V and
W in DF,
d?J(QV, W] = (h(T &), (yrV) ® (yr W) - n))

where yr denotes the trace operator on the boundaryI'.

Remark 2.1.2. In general, the shape Hessian is not symmetric; that is, we can find two (time-
independent) vector fields V and W in D* such that d?J(Q)[V, W] # d*J(Q) [W, V.
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We are now in the position to derive the expressions for the derivatives of the cost functionals J;,

J2, and J3 with respect to domain variations.

2.2 Shape Derivative of J;

In this section we derive the shape derivative of J; via the minimax formulation in the spirit of [38].
We start off the section with the following remark about an essential quality of the state solutions

which is of key importance in the existence of the shape derivative of the cost functionals J;s.

Remark 2.2.1. In Subsection 1.4.2, we already mentioned the existence of weak solutions to the
Robin state problem (1.15). We remark here that, for > 0, the uniqueness of the weak solution
ug € H'(Q) to (1.24) is guaranteed. In fact, in general, if = B(x) is an L®(Z) function and is positive
almost everywhere in Z, then we are assured that (1.15) admits only one solution in H'(Q) (see, e.g,
[88, Lemma 7.36.3, p. 617]). It is worth to mention that both uy and ug possesses higher regularity
because of the regularity assumption imposed on Q. In fact, the weak solutions to (1.23) and (1.24)

Ck+L1 where k > 0 is an

are even H? (Q)-regular since Q is of class C L1 Generally, if Q is of class
integer, then un, ugp € H 1(Q) are also elements of H**2(Q). This claim can easily be verified for uy
since the boundaries I' and X are disjoint. See, for example, [14, Theorem 29]. The same is true for ug
as stated, for instance, in [81, Remark 3.5]. For more details about the existence and uniqueness of
solutions to mixed Robin-Dirichlet problems in W™2 for bounded domains in R%, one may consult

Section 7.36 in [88].

2.2.1 The Minimax Formulation

Here we want to review the minimax formulation of shape optimization problems that we will employ
to examine the shape differentiability of J;. In this regard, we will also discuss a theorem due to
Correa and Seeger [33] which is a powerful tool to differentiate a minimax function with respect to a
parameter.

Let us first recall the definition of saddle points and briefly discuss their characterization.

Definition2.2.1. Let A, B be sets and  : A x B — R be a map. Then a pair (1, p) € A x B is said to be
a saddle point on A x B if G(u,y) < G(u, p) < G, p), for all (p,y) € A x B.

According to [44, Proposition 1.2, p. 167], a pair (u, p) € A x B is a saddle point of G(:,-) if and
only if ' minge 4 SUp pes G, p) = maxjep infye 4 G (@, p), and it is equal to G (u, p), where u is the

attained minimum and p is the attained maximum, respectively. For a convex-concave function ¢

1Here, the min and max indicate that the infimum and supremum are attained, respectively.
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that is Gateaux differentiable, it may be verified that (u, p) € A x B is a saddle point of § (see [44,
Proposition 1.6, pp. 169-170]).

Proposition 2.2.1. Let X and Y be two Banach spaces. Let us suppose that A c X and B c Y, A,
B are closed, convex and non-empty. Moreover, let ¢ : X x Y — R be such that for all p € B, the
function u — G (u, p) is lower semi-continuous, convex and Gateaux differentiable, and forall u e A
the function p — G (u, p) is upper semi-continuous, concave and Gateaux differentiable. Then,
(@1, p) € A x B is a saddle point if and only if

oG . ) oG . A>
— > === = <
<6u(u’ ), U u>/0 and <0p (i, p),u—1) <0,

for all (i, p) € A x B.

In what follows, we discuss the general idea about the inf-sup formulation of a perturbed problem
in 2-dimensional space. So, we let Q be a bounded open domain in R? with a smooth boundary T.

Let us suppose that u = u(Q) be the solution of the variational problem

2.7) inf E(Q,),
PeH'(Q)

where E denotes some energy functional. We associate with u a cost function
J(€) = F(Q, u(€)).

Now, consider the deformed domain Q; = T;(Q) of the reference domain Q, where T} is the pertur-

bation of the identity operator. Let u; = u(Q;) be the solution of problem (2.7) on the transformed

domain Q,

2.8 inf EQg ),
(2.8) ey Q)
and associate with u; the cost function

2.9) J( Q) = F(Qy, u(€2y)).

To minimize the cost function J with respect to Q, we transform the (2.8)-(2.9) into an inf-sup
problem. Such approach is popular in the engineering and mathematical literature.

The solution of (2.8) is completely characterized by the variational equation
dEQy us90) =0, Yoe H'(Q)).
Define
(2.10) L(t,0,v) =F(Q @) +dEQ:, @;v).
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Noting that

sup L(t,¢,y) =

weH (Q)

F(Q¢,¢) if @ isasolution of (2.8),
+00 otherwise,

yields

J(Q) = min sup L(t,,v).
! (PeHl(Qt)q/ele()Qt) v

Notice that the functional spaces appearing in the inf-sup expression given above depend on the
parameter ¢. So, before we can differentiate the inf-sup expression with respect to the parameter
t, we need to fixed the functional spaces first. To do this, we may apply either the function space
parametrization technique or the function space embedding technique put forward in [43, Section
10.6.3].

Let us now discuss the differentiability of a saddle point with respect to the parameter .

Consider a functional

G0, tmax] X X x Y = R,

for some tnax > 0 and topological spaces X and Y. For each t in [0, fyax], we define

M(t) = infsupG(¢,x,y) and  M(t) =sup inf G(t, x, y)
xeX yey yey xeX

and the associated sets

X(0):= {xe X :supG(t,%,y) =1\_/1(r)} and Y1) := {ye Y inf Gt x,5) =M(r)}
yE% X€E

To complete the set of notations, we introduce the set of saddle points
(2.11) S :={& PeXxY: M@ =Ct,%7) = M)},

which may be empty. Generally, we always have the inequality M(1) < M(1). Further, for a fixed
£ € [0, tmax), and for all (x?, y) = (&, §) € X (1) x Y (1), we have the inequality M (1) < §(t, x*, y*) < M(1),
and when M(t) = M(t), the set of saddle points & (£) is exactly X (1) x Z](t).
Now, the objective of this method is to seek realistic conditions under which the existence of the
limit
dM(0) = lim 20~ 24O
- N0
is guaranteed. Here, we are particularly interested on the situation when ¢ admits saddle points
for all ¢ € [0, tmax]. It is basically an extension of [43, Theorem 2.1, pp. 58-59] which is about the
differentiability of a min with respect to a parameter. It is used when we want to minimize a functional
consisting of the state variable, which is itself a function of the domain through a BVP. In that case,
the saddle point equations coincide with the “state equation” and the “adjoint state equation”. The
main advantage of this approach is that it avoids the problem of the existence and characterization
of the derivative of the state x’ with respect to , which is in fact the directional derivative of the state

with respect to the control variable in control problem. It is worth noting that it is not necessary
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to invoke any implicit function theorem with possibly restrictive differentiability conditions, and it

suffices to check two continuity conditions for the set-valued maps X(-) and Y(-) [43].

Finally, we state the theorem that we will utilize to differentiate a saddle point with respect to the
parameter ¢. The result which we give below is an improved version [43, Theorem 5.1, pp. 556-559] of
the theorem of Correa-Seeger. For the proof, see pages 557-588 of [43].

Theorem 2.2.1 (Correa and Seeger [33]). Let the sets X and Y, the real number fnax > 0, and the

functional
gi[O,tmax]Xxxy_’R

be given. Assume that the following assumptions hold:
H1) &) #3,0< < Imaxs

(H2) for all (x,y) € [U{X():0< t < tmax) x YO JU[X ) x U{Y () : 0< £ < tinax}], the partial

0
derivative a—tg(t, X, y) exists everywhere in [0, fmax];

(H3) there exists a topology ¥ x on X such that for any sequence {¢;, : 0 < t;; < fmax}, In — fo = 0, there
exist an x° € X (0) and a subsequence {f,,} of {f,}, and for each k > 1, there exists x,, € X (tn,)
such that

(i) xpn, — x° in the T x-topology, and
(i) forall yin U(O),

lntn\lnf—g'(t  Xn Y) = tQ(O,xO,y);

k—oo
(H4) there exists a topology Ty on Y such that for any sequence {¢;, : 0 < t;; < fmax}, tn — fo = 0, there
exist y0 € y(O) and a subsequence {t,,} of {#,}, and for each k > 1, there exists x,, € f’(tnk)
such that

(i) ¥n, — ) in the Ty-topology, and

(i) forall xin X (0),

hmsup g(t X V) < Q(O x ).
N0

k—o0

Then, there exists (x°, y°) € X (0) x 1/ (0) such that

0
dM(0) = inf sup Q(O X,¥) = —C’(O x%,9% = sup inf —Q(O X, ).
xeX(0) yeyy0) 01 el xeX © 0t

0 N N
Thus, (x°, 1°) is a saddle point of &Q(O, x,¥) on X (0) x (0).
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In the literature, condition (H3) (i) is known as sequential semicontinuity for set-valued functions.
When X’ (0) is a singleton {x9 we readily get dM(0) =0,C (0, x9, ¥)-
Now we are in the position to compute the first-order shape derivative of the cost functional J;

using the minimax formulation in the next subsection.

2.2.2 The Shape Gradient of J;

In the derivation of the shape gradient of J, it is sufficient to take k = 1 in (2.2) if one opt to apply
the rearrangement method; see [67, 79]. However, since we wish to apply the minimax formulation
[38] instead, we take k = 2. This in turn will simplify the derivation of the expression for the shape
derivative of J; as we will demonstrate in the proof of the following proposition. Here, for convenience,

we will denote the state variable ug simply by u.

Proposition2.2.2. Let Q be of class C*>!. Then, the shape derivative of J; at Q along a deformation
field V € © is given by

AN (D[] = fzgln.Vda

ou ou ’u « (du z
+ﬁp£+(£—ﬂ)ﬁ+§(%—ﬂ) }anO’

op
2= Vu-Vp+ -V|=—+
fz { u-Vp+(Pu-21) ( 3 Kp
where the adjoint state p satisfies the PDE system

. op ou
2.12 —Ap = Q, = T, = S=ll=—= 2
(2.12) p=0in p=0on 0n+/3p (an /1) on

If we choose f to be the mean curvature x of Z, i.e., § = «, the kernel g; simplifies to

ou (au )62u K(au )2
—
on? 2

=Vu-Vp-— —-p)— +|—- — =2
&1 u-Vp-xu p)6n+ on on

Additionally, at the shape solution Q* of the Bernoulli problem (1.3) wherein it holds that g—,‘: =Aon
2*, we have the necessary optimality condition

d/;(E")[V]=0, forall Ve®.

Before we proceed with proof, we recall, for convenience, the definition of the Hilbert space

H%’O(Q) given by H%’O(Q) ={pe HY(Q) : @|r = 0} which we endow with the norm ”(p”HII‘,O(Q) =

1/2
(I(plfql(m + II(pII%2 (2)) . We shall also consider throughout the rest of this thesis the linear mani-
fold defined by

H%)f(Q) ={pe H'( Q) :¢lr = fe H'*(D)}.
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Moreover, we reiterate with emphasis the equivalence of the H'(Q)-seminorm, Hll o(Q)-norm, and
the usual Sobolev norm H(Q) on H% 0 (). Also, we point out that the properties of T; listed in

Lemma 2.1.4 will be used many times in proof.

Proof. The proof will be accomplished in several steps.

Step 1: Construction of the appropriate functional. We consider the following functional composed
of the objective function and the weak formulation of the state system (over the perturbed domain
Qt):

1
L(t,p,9) = fQ Vo -Vydx; +fz Bo— Dy + > (Ong - A)Z] do, +fr (@ —Dudo,.
Here, the Lagrange multiplier u := 8, is introduced to penalize the Dirichlet condition on the fixed
boundary. Because I' is invariant during deformation (i.e., I'; =T for all #), we can actually drop ¢ in
I'; in above expression.
One can easily check that, at £ =0,

J1E)= min  sup L(0,¢,¥)
peH Q) 1//€Hll'0 (9))

since )
1 0
—f (—u—/l) do ifeo=u,
sup L0,p,%)={ 2Js\0n
WeH () +00 otherwise.

In addition, one can also show that the functional £(0, ¢, ¥) is convex continuous with respect to
¢ and concave continuous with respect to . Hence, according to Proposition 2.2.1, the functional
admits a saddle point (u, p) provided that the pair (u, p) satisfies the variational forms of the systems
(1.15) and (2.12):

ﬁndueH%l(Q) suchthatf Vu-dex+[,Buwda:fM//da, VweH%O(Q);
' Q z p) ’
(2.13) ﬁndpeH%o(Q) suchthatfVp-V(pdx+f,Bp<pda:—f(dnu—/l)cpda, V(peH%O(Q).
' Q p) z ’

The saddle point (u, p) is unique because (1.24) and (2.13) are uniquely solvable in H' (). A similar

analysis also holds on the transformed domain Q;. In fact, we have the equality

(2.14) J1(Z) = min su L(t,o,v).

! ! (pEHl(Qz) U/EHrliQt) (p u/
The corresponding saddle point of £(t,¢,v), (4, ps), for non-zero small ¢, is characterized by
the same weak forms (1.24) and (2.13), only that the integrals are defined over Q;, (i, p;) lives
in H (Q,) x Hll,O(Q 1), and the test functions are taken from H},O(Q 0.

Step 2: Getting rid of the time-dependence of the function spaces. Our goal is to get the derivative
of the minimax functional £(t, ¢, ) with respect to the parameter ¢ 2> 0 through the application

of Correa-Seeger’s Theorem [33]. However, the function spaces appearing in the minimax in (2.14)
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depend on the parameter t. To get around this difficulty, we make use of the so-called function space
parametrization technique (see, e.g., [43, Section 10.6.3].2 That is, we parametrize the functions in

H'(Q,) by elements of H'(Q) using the map
@—@oT ' H(Q) — H (Q)).

Of course, we do the same for the functions in H} f(Q ¢). This parametrization does not change the
values of the saddle points. Thus, we have a new functional £(z,¢o T; !,y o T; 1) with the same saddle
point for £(¢,¢,y). We rewrite the resulting functional and the systems characterizing its saddle
points into their respective equivalent forms via domain and boundary transformations (see Lemma

2.1.2). Particularly, we have

1
(Bop— A+ (0np - 1)*| do.

g(t,(p,w):f A(t)V(p-Vu/dx+f((p—l)ant//d0+fB(t)
Q T b2

Here, we used the fact that const.o Ty = const., and T;(x) = x and B(¢) =1 onI'; =T'. The saddle
point (u?, pt) = (uro Ty, proTy) € HY(Q) x H%'O(Q) of this new functional is characterized by the
systems
(2.15)

u'e H 1 (Q): fQA(t)Vuf-vwdx+fzﬁ3(r)ufwda=sz(t)/wda, Vy € HE 4 (Q),
(2.16)

pleH o (Q): f A(r)fo~V<pdx+fﬁB(t)prda:—f B(H)(0nu' - Veda, Yo € H} 1(Q).

’ Q > > ’

Step 3: Verifying the four assumptions of Correa-Seeger’s Theorem. To get the shape derivative of J;

at Q along a deformation field V, we evaluate the limit

C) t) ’ _C) 0! »
lim| min sup G (6 ) = GO0, ¥) .
AN (pEHl(Q)weHllo(Q) r

To do this, we apply Theorem 2.2.1. But first, we need to verify its four assumptions.

We let V € ®! and choose a sufficiently small number #,,¢x > 0, such that, for all £ € [0, tmaxl],
there exist some constants aj, az, b; and by satisfying 0 < a; < a2, 0 < by < b, and such that
a &P < AWE-E < aplél?, for all § e R? and by < B(t) < by (see, e.g., [13]). We define the sets

X)) :=4xteH(Q): sup g(t,xt,y)z inf sup C(t,x,y) 7,
YEH;} () xeH'(Q) yeHy ,(Q)

() :=Xy'eHL . (Q): inf Gt x,y)= su inf Gt,x,7) }.
Yy {y ro@: inf Gxy yEH%i)(Q)erI(Q)J y

2An alternative approach to address the issue is to use the function space embedding technique, see [43, Section 10.6.3].
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The functions u' and p' satisfy the inequality £(z, u’,w) < £(t,u?, p") < L(t,¢, p!). Hence, it is
evident that X’ (¢) and Y/ (#) are non-empty, since, in particular, we have X (¢) = {u'} and Y (1) = {p'}.
Thus, we get

VEE[0, tmaxl 1 S():=X () xY @) ={u',p'} # 2.
This shows that condition (H1) is satisfied.
To verify condition (H2), let us compute the derivative of G (, ¢, y¥) with respect to ¢ > 0:

0 2
_‘/’_A)

do.
on g

1
W¢—Mw+§

ig(t,(p,w)=f A'(t)V(p-Vu/dx+fB'(t)
ot Q z

Since V € D! (R?,R?) and the maps ¢ — DT, are continuous in [0, fmax] (see Lemma 2.1.4), the partial
derivative 0,C (t, ¢, ¥) exists everywhere in [0, fax]- Hence, (H2) is satisfied.
To check (H3) (i) and (H4) (i), we first show the boundedness of (u?, p’). We take v = u! in (2.15).

With the choice of ¢, we can use the bounds for A(#) and B(¢) to get the estimate | u’ ”?{}D @ <
IAZ 2wl 12(z)- Since the norm || - || HE (@) is equivalent to the usual H 1(Q) Sobolevnorm on Hll,o (Q)),
we actually have || u'|| g q) S IAl|Z|'/2. Applying the same technique, we can also show that p’ is
bounded.

Next, we show the continuity of the pair (u!, p?). To prove the continuity of u’, we subtract in

(2.15) at t >0, t =0 and let ¥ = u’ — u to obtain

' —ul?, (m:f (A(t)—Ig)Vu[-V(ut—u)dx+f()LOTtB(t)—)L)(u[—u)da
r.0 Q z

—,Bf u'(B(t)-1)(u' —uwdo
b

SNA®) - Ll o lu oy llu’ = ull 2y + 1AIB@) = Lot — ull 25

+BIB() — Ueollt' 25y I tt” = wll 2,

where | - | is the supremum norm. Using the boundedness of u?, and the equivalence of the norms

Il - ”H%O(Q) and | - || ;1 (), we get the bound
lu' - ull gy SIAE) = Izl 1) + I1B(£) = 1oo.

Hence, u’ — uin H'(Q) because A(t) — I — 0 and B(¢) — 1 as t — 0 (Lemma 2.1.4). For Q at least
C1! regular we can show via the application of a classical regularity theorem [60], and standard
arguments, that u! is also bounded in H%(Q) because u! is in H%(Q). This implies the continuity of
u' in H?(Q), and thus verifies (H3) (i) for H2(Q)-strong. Using a similar argument, we can also show
that p? — p strongly in H'(Q) as t — 0. Moreover, since u’ € H*(Q), ,,u’ — A € H/?(Z). By regularity
theorem, p' is also in H?(Q), and so the continuity of p’ in H?(Q). Hence, condition (H4) (i) is true

for the H?(Q)-strong topology.®

31t should be recognized here that we only need the domain Q to be of class C1'! to guarantee the continuity of u’
and p’ in H2(Q). The continuity of the adjoint state in H2(Q) when the Robin state problem (1.15) is replaced by the pure
Dirichlet problem (1.9) however cannot be achieved since the corresponding adjoint of the formulation does not actually
lives in HZ(Q) in that case, see [67].
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Finally, conditions (H3)(ii) and (H4)(ii) are easily verified by the strong continuity of the maps
(t) (,0) — a[g(t; (er) and (t;’(,U) — atg(t; QD;'(//)
Consequently, we have verified all assumptions of Theorem 2.2.1 from which we conclude that

following equation holds

) 1
dhD)[V] = Eg(t’ u,p) (ﬁu—A)p+5(anu—A)2 do,

:f AVu-Vpdx+fB
t=0 Q x

where A = (divV)I, — DV — (DV)" and B = divs V (see Lemma 2.1.4), and (u, p) € H'(Q) x H'(Q) is
the unique solution pair to systems (1.15) and (2.12).

Step 4: Characterization of the shape gradient in terms of just a boundary expression. Let us now
assume that V € ©2. It can be checked without difficulty that the map V — dJ; (2)[V]: D' (R?,R?) — R
is linear and continuous. Therefore, according to Hadamard-Zolésio structure theorem [43, Section
9.3.4], there exists, for a C>! domain Q, a scalar distribution g;(Q) € @' (Z) such that dJ;(2)[V] =
(g1(Q), V-mp25).

Now we further characterize this boundary expression as follows. Firstly, we note that for a C*!
domain Q, the unique solution pair to (1.15) and (2.12) possesses more regularity. In fact, u and p
are elements of H3(Q) for Q of class C>! (see, e.g., [81, Remark 3.5]). These regularities allow us to
use Hadamard’s domain and boundary differentiation formulas (2.5) and (2.6) That is, we have

0 _ _
&L(t’(POTt 1’W0Tt D)

= [ @4y +Vp-indx+ [ [(Bp=10ir+ pour+ (0up-2)0np] do
t=0

1
+fv(p.vwv.nda+fan[(ﬁ<p—)t)w+E(a,,q,_;L)Z V-ndo
3 3
1
+fz1< (ﬁ(p—)[)1//+5(6,,(p—/1)2]d0,
where (by Lemma 2.1.3)
._d -1 1 . _d -1 1
p=—@oT; =—Vp-VeH'(Q) and ¢ = —yoT; =-Vy- Ve H(Q).
dr t=0 dr t=0

Substituting (¢, v) by (i, p), we see that the first and second integral vanish due to (1.24) with
w=-Vp-Vand (2.12) with ¢ = —Vu - V. Consequently, we get

AN E)V] = fzgln- Vdo
where

1
g1 =Vu-Vp+(ﬁu—/l)anp+,8p6nu+(Gnu—/l)afmu+1< (,Bu—l)p+§(6nu—/l)2 ,

as desired.

If we take 8 = x, g1 simplifies to
g1=Vu-Vp—-x(u-p)o,u+ (anu—/l)afmu+ g (Onu—l)z.
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Moreover, if Q* is such that u = u(Q*) is the solution to the Bernoulli problem (1.3), i.e., it holds that
Opu=AonZX* then p = p(Q*) is identically equal to zero. Hence, g; = 0 on X*, and this implies that
d/1(®)[V] = [; (0)n-V do = 0. This finishes the proof of the proposition. |

Evidently, the computed shape gradient of /; under the proposed formulation differs from the
classical one (see [67, Theorem 3.1]). We recall that the cost function Jy with state variable u satisfying

(1.9) has the shape derivative given by

oud
d]N(Z)[V]:LgNV~ndU:=—L{%£+K p +Ap }n'VdU,
where the adjoint state p satisfies
2.17) -Ap=0inQ, p=0onT, p=0j,u—AonkX.

In the case of the interior problem, the shape derivative of ]1i\I]lt at Q in the direction of the velocity

field V is given as follows.

Proposition2.2.3. Let Qbea C%! bounded domain. Then, the shape derivative of the cost function

Jin(%) along a deformation field V € © is given by

oudp dp #?p op| «
int int _ 2
dJ @)V fgl\‘]‘n Vdo:= fz{Vu Vp+ o+ (u_l)(_6n2+K_6n)+§p }n-Vda,

where u is the unique solution to the pure Dirichlet BVP (1.14) and p is the corresponding adjoint
state variable satisfying the same system 2.17 (where, of course, I' represents the exterior boundary

while X is the interior boundary).

Of course, one could also consider a reformulation of (1.5) similar to our proposed formulation for
the exterior Bernoulli problem by constructing an associated state problem with a Robin condition.

Instead of (1.14), we can use the PDE system
(2.18) —-Au™=0inQ, u"=0o0nT, At +,Bulnt A+pBonZ,

where 8 > 0, as the state problem. With this new state equation, the shape gradient of J ilnt hasnow a

different structure as evident in the following result.

Proposition 2.2.4. Let Q be a C>! bounded domain. Then, the shape derivative of the cost function
J ilnt(Z) (subject to (2.18)) along a deformation field V € @2 is given by

A7 (D) (V] = fz gV . ndo,
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where

int .

ap ou (ou Pu «x(ou . \?
=Vu-Vp+|== —A- —+=-2|=—=+=|—-1],
g u p+(an+1<p Bu—-2 ﬂ)+ﬁpan+(an A)6n2+2(6n )L)

and p is the adjoint state satisfying the same system (2.12) (where, of course, I represents the exterior

boundary while X is the interior boundary).
If § = «, the kernel gi"* simplifies to

int

2 2
g :Vu-Vp—a—ua—p+(0—u—)L)au K(Ou /1).

onon \0n @-FE on

We omit the proofs of these two propositions since they are similar to that of Proposition 2.2.2.

2.3 Shape Derivative of J,

Here we carry out the sensitivity analysis of the cost functional J,(Q) with respect to a local perturba-
tion of the domain Q. More precisely, we derive the first- and the second-order shape derivatives of
J» through chain rule approach. This method requires, beforehand, the expressions for the shape
derivatives of the states uy and ug. The shape derivatives of uy and ug were already obtained in [13,
Theorem 6] and [109, Section 2], respectively, and their existence can be guaranteed if Q) is assumed
to be at least C>! regular.

Before we give the shape derivatives of ug and uy with respect to domain variations, let us first

mention that on the perturbed domain Q;, the state solutions un; and ug; satisfy

(2.19) —Auny=0in Qy, un;=1lonTy, Vune-ny=AonZ

(2.20) —Aug;=01in Qy, ug;=1lonly, Vug:-n:+ Pury;=AonZ;,

respectively, where n; is the unit outward normal to 2;, and I'; =T, for all 7.

Lemma 2.3.1 ([13]). Let Q be a bounded C*>! domain and V € ©? be a given velocity field. Then,
uy € H3(Q) is shape differentiable with respect to the domain, and its shape derivative uy € H Q) is

the unique solution of the mixed Dirichlet-Neumann problem

-Auy =0 in Q,
(2.21) uy =0 onT,

Onuy = divs(V-nVsun) +AkV-n  onZ,

where x denotes the mean curvature of .
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Lemma2.3.2 ([109]). Let Q be a bounded C*>' domain and V € ®? be a given velocity field. Then,
ug € H3(Q) is shape differentiable with respect to the domain, and its shape derivative uﬁ € HY(Q) is

the unique solution of the mixed Robin-Neumann problem

—Aup =0 in Q,
(2.22) u;{ =0 onT,

Onup + Pug = divs(V-nVzug) + AkV-n—fOpug +xug) V-n onZ.

If B = x, then for the shape derivative u; of the solution of (1.15), it holds that u; = 0 when X is the
free boundary.

We elaborate briefly the last statement given in the previous lemma. Indeed, from (2.22), we note

that the shape derivative uj, satisfies the equation

@+ Ak

0
/Vuﬁ-V(pdx+fﬁu§<pd0:f [—Vzu§~vz(p—ﬁ(£+1<uf< V-ndo, VoeHL,Q.
Q > s :

Hence, if X is the free boundary (i.e., £ = £*, where Z* denotes the optimal free boundary), then

ug=0on X, and so —Vy u& - Vs = 0. This leaves us the equation

0
fVu%-V(pdx+fﬁu;{(pda:f(—,Bﬂ+}t1<)<pV-ndo, Vo e H} ,(Q).
Q b) b> on :

Since d,ugr = A on Z, then by choosing § = «, the right side of the above equation vanishes and
we get up = 0. This identity plays an important role in this present section (as well as in Section
2.4), particularly in simplifying the expression for the shape derivative of J, which would make the
minimization problem more attractive in terms of numerical aspects. For this reason, throughout the

rest of this thesis, we will refer to it as Tithonen'’s condition (see [109, Lemma 1]):
(2.23) “B=xand ug is the shape derivative of the solution of (1.15) where X is the free boundary.”
2.3.1 The Shape Gradient of J,

The shape derivative of J; is given in the following proposition.

Proposition2.3.1. Let Q be of class C>! and V € ©2. Then, the energy-gap cost functional J; is shape
differentiable with

(2.24) d]z(Q)[V]:[zgzn-VdU::fz[gon-V—ﬁ(uR—uN)uﬁ]da,
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where

go= A% — APug — B(ur — un) (Vug - n+xug) — VugVun
1
-~ (Vug-D)(Vuy 1)+ 5 [B2uUi — (Vugr-T)* - (Vun - T)?].
Here, of course, x denotes the mean curvature of . Moreover, T represents the unit tangent vector on
Y and it is oriented in such a way that X is at the left of 7; that is, if n = (n;, ny) ', thent = (—ny,ny)'.

If, in addition, u;{ is the shape derivative of the solution of (1.15) where X is the free boundary,

then, for 8 = «, the shape gradient considerably simplifies to

(2.25) d]g(Q)[V]zfngn-Vdo:zf(AKuN—%(VuN-T)Z n-Vdo.
2 2

The proof of the above proposition, which we will give shortly, utilizes Hadamard’s domain

differentiation formula given by (2.5) and the tangential Green’s identity in Lemma 2.1.5.

Proof. Let Q be of class C*>! and V € ©2. Since uy and ug are sufficiently regular, we can apply (2.5)

to obtain
1
d]z(Q)[V]=f V(ur — un) - V(g — uy) dx + Ef IV(ug — un) PV - ndo =:1; +1z,
Q z

where uy, and uy, satisfy (2.21) and (2.22), respectively. The second integral can be easily expanded as

1 1
Iy = 5/ [Az—zlﬁuR+ﬁ2uﬁ+(VuR-r)2] V-ndo+ 5[ [-2VugrVun + A% + (Vun - 1)%| V- ndo.
b b

On the other hand, we can express the first integral as follows

I <é>L(uR_ UN)0p (up — uy) do

<Qf(uR—ul\])divz(V-an(uR—uN))dU—fli(uR—uN)[(6,,uR+1<uR)V-n+uﬁ]da
b s
@—f [(VuR-T)2+(VuN-T)2]V-nda—fZ(VzuR-VzuN)V-nda

s s

—fzﬁ(uR— un) [@nur +xup) V- n+up do.

Equality (1) is due to Green’s formula. Meanwhile, (2) follows from (2.21) and (2.22). Lastly, equality
(3) was derived through the identity

f(pdivz(V-an(p)daz—f(V(p-T)ZV-nda, pe H(Q),
z 2z

which holds true because V-nVz@-n = 0 (cf. tangential Green’s formula in Lemma 2.1.5). Furthermore,
in (3), we note that we may write Vs ur - Vs un = (Vugr - 7)(Vun - 7). Thus, summing up the computed

expressions for [; and [», we get (2.24).
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Employing Tiihonen’s condition (2.23), we have ug = 0 and d,ur = A on Z, and, in addition,
u{% = 0. In addition, we get the relation Vug = (0, ug)n on X from which we deduce that Vug -7 =0 on
2. Direct substitutions of these identities in (2.24) eventually lead to (2.25), completing the proof of
the proposition. |

Remark 2.3.1. Because uy € H?(Q), we know that (Vuy - 7)? € L' (Z). Also, for domains Q of class C!,
the outward unit normal vector n to X is Lipschitz continuous (cf. Remark 1.2.2). By Rademacher’s the-
orem [102, Theorem 2.7.1], the mean curvature x then belongs to L*°(X). So, Axuy € [2(Z). Since, in
addition, V-n e C%L(2) c L*®(2), we find that dJ»>(Q)[V] is well-defined. Moreover, J» is indeed shape
differentiable at Q because dJ»(Q)[V] exists for all V € @2. Noting that d/>(Q)[V] < |g2|11 )] V|C1,1 @y

we also conclude that the map V — dJ,(Q)[V] is linear and continuous with respect to V € 02,
As an immediate consequence of Proposition 2.3.1, we have the following.

Corollary 2.3.3. Let the domain Q* be such that u = u(Q*) satisfies the overdetermined BVP (1.3);

i.e., it holds that u = ugr = un on Q. Then, the domain Q™ fulfils the necessary optimality condition

dL(Q"[V]=0, forall Ve®>.

Proof. At the shape solution Q = Q* of the exterior Bernoulli problem (1.3), ux = 0 on X. Hence,

Vuyn = (0pun)n on X and it follows that Vuy - T =0 on X. Thus, g2 =0 on Q implies the assertion.

We reiterate that, as opposed to the classical Kohn-Vogelius cost functional minimization problem
(1.10) of (1.3), we only to solve (1.7) in order to evaluate the shape gradient of J,. We recall from [14,
Theorem 33] (see also [1, Theorem 2] and [51, Theorem 1]) that in the case of the classical setting, the

shape gradient is
1
(2.26) d]KV(Q)[V]=ngVn'Vd0:=§f {2 - (Vup - m)* + 2Axun — (Vuyn - 1)*} n- Vdo
> >

where the state functions up and uy are the unique solutions to (1.9) and (1.7), respectively. Appar-
ently, the shape gradient of J, is obtained from (2.26) when d,,up = A. Of course, this condition holds
in the case of (1.15) if one assumes that 8 = «, and that ”iz is the shape derivative of the solution of
(1.15) where X is the free boundary.

In the next subsection, we compute for the expression of the shape Hessian of J»,. We only focus
on the derivation of its shape Hessian under the assumption of Tiihonen’s condition (2.23); that is,
we suppose that dJ>(Q)([V] = [ ngn- Vdo.

58



2.3. SHAPE DERIVATIVE OF J,

2.3.2 The Shape Hessian of />

Let W be another velocity field in ©2. From Proposition 2.3.1 together with Remark 2.3.1, the deriva-
tive d J» (Qs(W))[V] exists for all sufficiently small s. Our next objective now is to find an expression

for the limit
lim d/2(Qs(W)[V]=dJ2(Q)[V]

=:d?[,(Q)[V, W],
s\.0 S

where
1
d/2(Qs(W))[V] :f): ggsns -Vdo, =L (/lksuNs - E(quS : Ts)z ns-Vdosg.

Here, X := X;(W) denotes the free boundary of the deformed domain Q; := Q¢(W) perturbed via
the velocity field W € ©2, and un; € H3 () is the unique solution of the state system (1.7) on Q = Qg
(cf. equation (2.19) with ¢ replaced by s). In addition, x5 = divs_ n;, and n; and 7 refer to the unit
outward normal and unit tangent vectors on X, respectively.

Let us recall from Definition 2.1.4 that, if for all V and W, d? J2(Q)[V, W] exists and is bilinear and
continuous with respect to V and W, then J; is said to be twice shape differentiable at Q. In this case,
the map (V,W) — d? J2(Q)[V, W] is the shape Hessian of ], in the directions of V and W.

Before we characterize the shape Hessian of J», we first introduce some notations. For conve-

nience, we use the following notations for V € 02
Va:=V-n, v=V|s, and v=vs+van:=w -1)T+ (V- -N)nN.

Also, we denote by ¢/,, the shape derivative of ¢ along a deformation field W € ©2. Moreover, we
recall the shape derivatives of the mean curvature x and the tangential vector T with respect to Q in

the direction of W which are respectively given as (see [43, 106])

(2.27) K}y, = trace {D [(DWn-n)n— (DW)  n] - DnDW} - Vk - W,
(2.28) T, = [(DW) ' n-1|n- (DD)W.

We now state the shape Hessian of J, at Q in the following proposition.

Proposition 2.3.2. The second-order shape derivative d? J,(Q) [V, W] of the cost functional J, at Q in

the directions of the deformation fields V, W € ®? has the following structure:

(2290 &LV, W]= fz (835 Vo + (V8] - m+ xg]) VaWa — g K + g] (DV) Wy | do,

where g2T is the kernel of d /> (Q)[V] given in (2.25) and

(2.30) ng'W = A (ki un+xuygy) — Vun 1) (Vugy T+ Vun-Tyy),
(2.31) Vgl -n=Aux (Vk-n) + A%x,
(2.32) K=vs-(Dsn)ws+n-Dsv)ws+n-(Dsw)vs.
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Proof. Hereon, for simplicity, we denote by g, the expression gzT ;/v and drop -T in ng . Now, using

Stoke’s formula, we write the gradient dJ»(Q)[V] as

dRQIVI= [ div(gams-V)dx.

N

From (2.5), we easily find that
(2.33) d?J>(Q)[V, W] :fggv-nda+fdiv(gzv)w-ndo,
s )

where g given by (2.30) is simply obtained by differentiating g>.

Note that the shape Hessian (2.33) is consistent with the Hadamard-Zolésio structure theorem

i
NwW

notice in equation (2.33) the non-symmetry of the second integral in V;, and W;,.

provided that u is linear and continuous function of V;; on the boundary Z (cf. [43]). Moreover,

Now we further extract from the second integral in (2.33) a few more symmetric expressions of
the shape Hessian. The non-symmetric part will be obtained from (2.25) applied to the deformation
field DVW (cf. [92]). Since Q is a C*>! domain and we have enough regularity for the state uy, then in
view of [43, Eq. 6.10, p. 505], the following identity actually holds

(2.34) fzdiv(ng)W-ndU:fz[(angg +x82) VaWh — §2K + g2(DV)W, | do,

where K is given by (2.32). Here, the explicit form of 4, g, is computed as follows
1
V(K/luN - E(VMN . 1)2) ‘n=Auy (Vk-n) + A%k — (Vun -V [(Vun-n) - 1].

Since d,un = A on Z, the last summand in right side of the above equation disappear and we
immediately arrive at (2.31). Substituting this expression into (2.33) proves the expression for the

shape Hessian given by (2.29). |

Here, we point out that we may in fact consider velocity fields V € ©? that are normal to Z, i.e.,
Vs = Vyn. In this case, we observe that the expression in (2.32) vanishes. Moreover, the last integrand
in (2.29) can be expressed as g2 (DV) W, = g20, v wy because we in fact have the identity (DV)Wyn =
D(vhnn)wyn-n= wnnT [n(V(vn))T + vpDnlnand Dn-n =0 on X (cf. [106]). Thus, for deformation

fields V, W € ©2 with null tangential part, the shape Hessian (2.29) simplifies to
d? 1, Q) [V, W] = fz (85 Un + (0ng2 +K&2) UnWn + 20nUnwy| do.

Note that, in the proof of Proposition 2.3.2, we managed not to use the second-order shape derivative
of the states in characterizing the second-order Eulerian semi-derivative of J» contrary to [45]. Thanks

to identity (2.34), the characterization of the shape Hessian was easily accomplished.
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Remark 2.3.2. Notice in (2.30) the term 1<’W which represents the shape derivative of the mean
curvature k along the deformation field W € ©2. Note that the explicit form of Ky given in (2.27)
essentially consists of a second-order tangential derivative of the vector field W, and this derivative
actually exists due to our assumption that Q is of class C>!. Hence, we deduce that the shape Hessian

defines a continuous bilinear form
P LOW,W:H' S xH' () - R’

that is, |d*,(2) [V, W1| < IV g1 ) IW |l g 5 Here, the notation H'(-) denotes the Sobolev space
H'() := {@:=(p1,92) : 91,92 € H' ()} and is equipped with the norm ||<P||§{1(_) = ||(p1||ip(.) +
llp2 I|fql(,). Similar definition is also given for Hll-yo(-)-space.

To end this section, let us also consider the shape solution Q* of the exterior Bernoulli problem
(1.3), focusing on the case wherein Tiithonen’s condition is applied in obtaining the shape Hessian
d? J2(Q"). Accordingly, the characterization of the shape Hessian of J, along the deformation fields
V,W € 02 at Q* is given as follows.

Corollary 2.3.4. At the solution of the Bernoulli problem (1.3), i.e., Q = Q*, we have

(2.35) dzjz(Q*)[V,W]zf Akul’\IWV-nd0+f A% (V-mW - ndo.
2 DI

Proof. Using Stoke’s theorem, we write
1
dJL(Q)[V] :f)LKuNV'nda—Ef (Vun-7)°V-ndo
b3 b3
1
:f diV(/IKuNV)dx—Ef div[(VuN-‘r)zV] dx=:G; —Gs.
Q Q

Then, in the direction of the velocity field W € ®?, the shape derivative of the integral G, is computed

as follows:
dG; (Q)[W] :deiV(}LKu{\]WV) dx+fzdiv()1KuNV)Wn do
:fleku{\lwvnda+fzdivV(/11<uN)Wnda
+szz-V(AKuN)Wnda+fz[V(AKuN)-n] VaW, do,

where Vs := V — V;n. At the shape solution Q = Q* of (1.3), we know that ux = 0 on X. Hence, the

second and the third integrals disappear, and we are left with

dGl(Q*)[W]:f Akul’\IWVnda+f AV Wy do.
z* z*
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On the other hand, for G,, we have
dG,(Q) (W] =deiv[(Vu{\IW~r)(VuN-r)V] dx+%fzdiv((VuN-‘r)2V) Whdo
ZL(VM{\IW'T)(VMN~T)VndU+%fzdiVV(VuN'T)ZWndO'
+%LV;-V[(VL¢N-T)2]Wnda+%fz{V[(VuN-r)2]-n}Vanda.

Furthermore, at Q = Q*, we know that Vuy - T = 0 on 2. Therefore, dG» (Q*)[W] vanishes, and we
conclude that d?J,(Q*)[V, W] = dG; (Q*)[W] as desired. [ |

Alternative Proof Of course, equation (2.35) can be proven directly from Proposition 2.3.2 together
with Corollary 2.3.3. Indeed, at Q = Q*, we get g» = 0 and (2.30) reduces to g, = Ak . Moveover,

we have 8,,g> = A%k. Inserting these identities to
d* Q") [V, W] = fz (82Vn+0ng2VaWa)do

yields (2.35) as announced. u

We mention here that, with the help of the shape Hessian information, a regularized Newton method
(see, e.g., [47]) could be used in the numerical realization of the shape optimization problem (1.17).
However, we emphasize that our main purpose of introducing the formulation (1.17) of (1.3) is to
reduce the number of associated PDE systems (by imposing Tiihonen’s condition in the computation
of the shape gradient) to be solved during the optimization procedure. Applying a second-order
method will obviously lessen the number of iterations needed to reduce the cost at certain magnitude.
The disadvantage, however, is the additional computational burden and time to carry out the task.
Moreover, we note that uy,, depends on the velocity field W. Hence, applying a second-order method
would require the solution of a system of PDEs for each velocity field W. This, in turn, will make the
computation of the descent direction more involved. Nevertheless, the said issue can be resolved by
introducing the adjoint method. For the sake of comparison, we will also consider the utilization of
the shape Hessian of J, in a second-order optimization algorithm in solving a concrete example of
the minimization problem (1.17). Towards this end, we will use a modified version of the so-called
H' Newton method (see, e.g., [9, Problem 4.2, Eq. (29)]) which utilizes the Hessian information to
compute for an appropriate descent direction for a gradient-based second-order shape optimization
algorithm (see subsection 3.1.5 for further details). In our case, we only use the shape Hessian
information at the solution Q* of the exterior Bernoulli problem (1.3) instead of the full Hessian
information. Therefore, with respect to (2.35), we introduce the adjoint variable gy € H 1(Q) which is

the only solution to the PDE system
(2.36) —Agn=0inQ, gn=0onT, Ongn =AxVhonZ,
so that we may write the shape Hessian d? L)V, W]atQ=Q" as

d*J2(Q*) [V, W] =[ (Akgn + A2k Vy)n- W do.
z*
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We formally write the above result as a corollary to Proposition 2.3.2.

Corollary 2.3.5. The shape Hessian d? J» at the solution of the Bernoulli problem (1.3) given by (2.35)
is equivalent to

(2.37) A’ QH [V, W] =f (Akgn + A*kVp)n- W do,
z*

where gy € H'(Q) is the unique solution to the PDE system (2.36).

2.4 Shape Derivative of /3

We now turn our attention on the computation of the first- and second-order shape derivatives of the
newly proposed shape functional J3. As in the previous section, we will derive the shape gradient as

well as the shape Hessian of J3 using the chain rule approach.

2.4.1 The Shape Gradient of /3

We first provide the characterization of the shape gradient of /3 under Tithonen’s condition followed

by its general expression.

Proposition2.4.1. Let Q be of class C*! and V € ©2. Also, let us assume that condition (2.23) holds
true. Then, the Dirichlet-data-gap cost functional J; := J3 is shape differentiable with

1
(2.38) d]3T ) [V]= f [(ApN + Eulz\l) k—Vsun-Vspn|n-Vdo,
b
where py is the adjoint state which is the unique solution to the PDE system
(2.39) —-Apn=0inQ, pn=0onT, OppN =uUnoOnZ,

and x denotes the mean curvature of X.

Proof. We use chain rule approach coupled with the adjoint method to obtain the shape derivative
of J3 given by (2.38). Let Q be of class C?! and V € ©2. Because the state variables uy and ug are
sufficiently regular, we can apply Hadamard’s boundary differentiation formula (2.6) to obtain

1
(2.40) d]g(Z)[V]=fz(uN—uR)(ul’\I—u§)da+fz ﬁuR(uN—uR)+§K(uN—uR)2 V-ndo.
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Here, of course, 1y and u;, satisfy (2.21) and (2.22), respectively. Assuming Tiihonen’s condition, we
know that uﬁ =0on Q. The expression for dJ3(Z)[V] given by (2.40) then simplifies to

1
(2.41) d];(Z)[V]:/ uNu{\Ida+§f1<u12\]V-nda,
b b

where we put the superscript “(-)7” simply to emphasize that condition (2.23) was imposed in the
computation of the shape gradient (see also comment on notation below).

We point out here that the representation (2.41) of the shape derivative J3 at Q in the direction
of V is actually not useful for practical applications, especially in the numerical realization of the
minimization problem (1.18) because it would require the solution of (2.21) for each velocity field V.
This issue can be resolved using the adjoint method, particularly by introducing the adjoint system
(2.39). Using (2.21) and (2.39), we observe, via Green’s second identity, that

(2.42) fu{\]uNda:ful'\landecf:pranu{\IdU:pr [divs(V-nVsuyN) + AxV -n]do.
b > b b

At this point, we apply the tangential Green’s formula (Lemma 2.1.5), noting that V-nVsun-n =0, to

obtain
(2.43) f pndivs(V-nVsun)do = —[ Vsun-VspnV - -ndo.
b b
Combining equations (2.41), (2.42) and (2.43), we get the desired result. |

Remark 2.4.1. We recall from [78, Theorem 4.1] (with g = const. = A and f = 0) (see also [50, Lemma
2.1]) that the shape gradient of Jp is given by

0 (1 1
d]D(Z)[V]:ngdeU::f [—(—u12\1+/1pN)+(—uﬁ%—ApN)K—VuNVpN n-Vdo
> s|0n\2 2

0 (1
It seems not obvious, but the kernel g; given in (2.38) only differs by an (5 uﬁ) from gp. This can be

made more clear if we apply the identity

ouy 0pN opN
2.44 —«(V ,V =—(Vuyn,V ———=—Vun,V A—
(2.44) (Vsun, Vepn) = —(Vun, VpnN) + 3n on (Vun, VpN) + n

to (2.38). Thus, in addition, we can actually write the shape gradient of J3 equivalently as follows

dj; (2)[V] = f
P

1 0
(APN + Euf\])K— (Vun, Vpn) +A% n-Vdo.

Notations. Throughout the rest of the discussion, we will denote the shape gradient of J3 in the direction

of V at Q obtained under condition (2.23) asd ]g and its corresponding kernel by g3T ;ie.,

1 9
(2.45) gl = (ApN+§u12\I)K—(VuN,VpN>+)L£

64



2.4. SHAPE DERIVATIVE OF J3

(cf. Proposition 2.4.1). Meanwhile, the expression dJs simply refers to the shape gradient of J3 obtained

without imposing assumption (2.23). More precisely, the expression for dJ3 is given by equation (2.40):

(2.46) dJ3(2)[V]= f do,
p>

1
ww' + (,BuRw+ Esz) V-n

where we use the notation w = uy — ur and w' = uy, — uy, for simplicity.

Before we go to the next subsection, let us also write d/3(2)[V] in an equivalent form using the
adjoint method. To do this, we consider two harmonic functions Zy and Zg that both vanish on T,
and such that 0, = w and 8,,Eg + B=g = w on . Then, by Green’s second identity together with
equations (2.21) and (2.22), we get

fww’dU:[[u{\lw—uﬁ(anER+ﬁER)]da=f[ul’\lw—ER(anu£{+ﬁu§)]da
> > >

fENdivz(V-anuN)da—fER{diVy_(V-nVy_uR)—ﬁ(anuR+KuR)V-n}dU
z z

Z\ﬂl—\ﬂg.

Note that for any ¢,y € H3(Q) such that V- nVs ¢ = 0, it can be verified using the tangential Green’s
formula (Lemma 2.1.5) that the integral fz wdivs (V- nVse)do can be expressed as

fzu/divz(VWNz(p)dU:—fz(Vz<p~Vzt//)V~ndU=fz(6,,(p6,,1//—V(p'V1//)V~ndU.
Hence, we have
Jll—JJZ:L{VzuR'VZER—VzuN'VZEN+[SER[/1+(K—,B)uR]}V~ndU
:L{VuR-VER—VuN-VEN+Aw—(A—ﬁuR)(LU—ﬁER)+,BER[)L+(K—,B)uR]}V~nda.

Inserting the above expression in (2.46) yields the following result.

Proposition2.4.2. Let Q be of class C>! and V € ®2. Then, J3 is shape differentiable with

d]g(Z)[V]zfzggn-VdU
83 = VuR-VER —VuN 'VEN +/l(uN — uR) - (A—ﬁuR)(uN — uR—,BER)
1
(2.47) + BER [A+ (k = Bur] + Bur (un — ur) + EK(UN — up)?,

and the quantities Zy and Zy are the respective solutions to the following adjoint systems

(2.48) —AZEN=0inQ, Ex=0onT, OpEN=UN—URONZ;

(2.49) —AZR=0in Q, Zgr=0o0onT, GnER + ,BER =uN—ugon2.
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Again, similar to what has been pointed out in the proof of Proposition 2.4.1, we emphasize
that the main reason for rewriting the shape gradient d/3(Z)[V] given in (2.46) into dJ3(2)[V] =
Js g3n-V do is to avoid the computations of solutions to the BVPs (2.21) and (2.22) for each velocity
field V which are impractical to use in an iterative procedure. As an immediate consequence of

Proposition 2.4.2, we have the following optimality result.

Corollary 2.4.1. Let the domain Q* be such that u = u(Q*) satisfies the overdetermined BVP (1.3); i.e.,

itholds that u= ug = uy onQ . Then, the domain Q* fulfils the necessary optimality condition
dJ3(Z")[V]=0, forallVe®?

In addition, of course, it also holds that d ]g (Z*)[V] =0, forall V € @2,

Proof. At the shape solution Q = Q* of (1.3), uy = 0 on X*. Hence, Vuyx = (0pun)n on X, and it
follows that Vuy -7 = 0 on £*. Moreover, we see that Zy = 0 and Zg = 0 (and also py = 0) in Q.

Therefore, g3 given by (2.47) is zero (so is g3T in (2.45)), which proves the assertion. [ |

In the next subsection, we turn our attention in the computation of the second-order shape derivative
of J3 at Q in the direction of two vector fields in ®?. We first treat the case when condition (2.23) is
imposed during the calculation of the shape derivative followed by the case when it is disregarded

(see Subsection 2.4.4).

2.4.2 The Shape Hessian of /5

Let us now focus on the computation of the shape Hessian of J3 at Q in the direction of two vector
fields V, W € ©2. Firstly, we note that due to standard regularity theory for elliptic equations, we know
that the H3(Q) regularity of uy provides the same regularity H>(Q) to py. Hence, for sufficiently
small s, it is clear that the derivative d ]3T (Qs(W))[V] of J3 (under assumption (2.23)) at Qs(W) c U is
well-defined.

Our goal, therefore, (as in subsection 2.3.2) is to find an expression for the limit

AT @) v -dJ]@IV]
lim
s\.0 S

=:d*JJ(D[V, W],

where

1 9
dJT@QsW)[V] = f {(ApNs 5 ué) K5 — (Vins, VPis) + A 0’2\“
N

Zs

}ns-Vdas.

Here, the expression appearing in the integrand of d ]3T (Q;(W))[V] are of course of the same defini-
tions as in subsection 2.3.2.
We will show, similar to what has been shown in the case of J», that for an admissible domain

Q, the shape Hessian of J3 has its support on the free boundary %, and it is independent on the
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tangential component of W on the boundary. Generally, however, the exact expression for the shape
Hessian consists of the tangential component of V (cf. (2.34)). This means, basically, that the shape
Hessian is, in general, not symmetric as we have already seen in Proposition 2.3.2 in the case of J»
(see, e.g., [43, Chapter 9, Section 6]). Nevertheless, at the optimal shape solution Q* of Js, it can be
proved that only the normal components of V and W contributes to the shape Hessian. Here, we
focus our attention on this situation because we are only interested in the expression for the shape

Hessian of J3 at the solution Q* of the exterior Bernoulli problem (1.3).

Proposition 2.4.3. Let Q be of class C>!, V,W € ©?, and  be the mean curvature of X. Then, the
shape Hessian of J3 at Q™ is given by

(2.50) d* 73 =)V, W] =[ Axprwn- Vdo,
z*

where py;,,, denotes the shape derivative of the adjoint state py in the direction of W satisfying the
PDE system

(2.51) —Apyw =0in Q7 paw=00nT,  Oppyy = Uy +AW-nonZ",

where ul’\]W denotes the shape derivative of uy in the direction of W.

Proof. For convenience, we denote the shape derivative of ¢ in the direction W by ¢’ (i.e., ¢’ = ¢,,)
throughout the proof. Let Ny = N (W) be a smooth extension of n; (see, e.g, [43, Equation (4.37), p.
491]). Using (2.6) with ¢(s,0) = g3 .n- V = g1 N;-V, and V replaced by W, we get

dzjg(Z)[V,W]:f (ggT’N+g3TN’)-Vda+f{a,,ggT(N-V)+g3Ta,,(N-V)+Kg§N-V}n-Wda.
z z
By Corollary 2.4.1, we know that g; =0 on X*. Then, since N|x = n, we have
(2.52) T =N, W]:[ {gi'n-V+o,gl(n-vin-w}do.
2*

Here, because py =0, and uy = 0, and d,,ux = A on £*, we see that g3’

s+ 18 given by

T/
83

1
o= {(Apll\]+uNu1’\I)K+ /le+Eué)K'—Wu{\],VpN)—(VuN,Vpl'\I)+/1(Vp1’\l.n+VpN.n')}

pES
= Ak py-

On the other hand, we note that, for ¢, € H3(Q), ViV -Vy)-n= (Vz(pr + Vsz(p) -n which holds

true since the Hessian V2¢ of ¢ is actually symmetric. Hence, the term d,, gST vanishes on X* because

6gg
on

1
ApN + Eué) Onk — (V2unVpn + V2 pxVun) - n+ AV pyn- n}

= {(AﬁnpN + UNOp UN)K +
X

hae
=0.
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Thus, we have
d*JI =", w) =f2* Axplyn-Vdo,

where py,,, satisfies the PDE system (2.51). This proves the proposition. |

In view of the previous proposition, we observe that in order to evaluate the shape Hessian of J3,
we first need to compute the solution py;,, of (2.51) which depends on uy,,,, and hence to the
perturbation field W. In terms of numerical aspect, this step is quite problematic to implement in
an iterative procedure because it would require the solution of (2.51) for each deformation field W
at every iteration. To resolve the issue, we can again apply the adjoint method (see Remark 2.4.2 in
Section 2.4.4) as done in the proof of Proposition 2.4.1. Before we do this, let us first validate our
claim that the shape derivative pl’\IW of pn indeed satisfies the PDE system (2.51). Afterwards, we will
examine the symmetry of the shape Hessian d? J3(2*) of /3 with respect to the velocity fields V and
W, then finally demonstrate how to eliminate the shape derivatives of the state and adjoint state

variables by employing a nested application of the adjoint method.

2.4.3 The Shape Derivative of the Adjoint State

Before we derive the shape derivative of pyn, and for completeness, let us first prove the unique
solvability of the adjoint problem on the perturbed domain Q.

Lemma2.4.2. For any t > 0 sufficiently small, the variational problem:
(2.53) find pf; € H} (Q): f AVpf- V(pdx—f B(t)ulpdo =0, Yge H} Q).
; o . :

admits a unique solution p{ in H'(Q).

Proof. We first note that the variational problem being examined is obtained from the problem:

(2.54) find pn; € H%O(Q[) such that f Vpn:- Ve dx; —f unipdo; =0, Ve H%O(Qt),
) Qt s K

‘
via the application of domain and boundary transformation formulas (see Lemma 2.1.2) In fact, the
functions ¢, : Q; — R and ¢ : Q — R are related through the equation ¢’ = ¢, o T;. Hence, if pn;
solves the variational equation (2.54), then p{ = pn; o T satisfies (2.53). Additionally, the boundary
condition p{, = pnyo Ty = 0 on T implies that py is actually in Hf (Q).

Now, consider the bilinear form b,(:,-) : H 11",0(9) — R defined by

(2.55) by, ) = f AV Vodx, Yo',ge H Q).
) |

Note that, as a consequence of Lemma 2.1.4, A(t) is bounded. Hence, it is clear that b;(-,-) is con-
tinuous because |b; (¢, )| = | [ A()VP" - Vo dx| S NAW) | 1o 19" 1| 11y 191 11 () - Moreover, by ()
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is coercive. Indeed, from the fact that A(f) — I, uniformly on Q as ¢ — 0, we know that there exist

sufficiently small values for ¢ > 0 such that || A(#) — I2]l 1~ () < 1. So, we have

bt«p‘,(pf):fA(t)wpf-v(pfdx:‘f (A(t) = I)V! - V! + V!> dx
Q Q

> IV 1172y = 1AW = Lol o) IV 1172
>

12
|V(l) |H1(Q)'

Next, we consider the functional w : Hll () — R defined by (w, ¢) = [; B(t)u{ @ do. Evidently, this
functional is continuous because of the boundedness of | B(f)|», and due to the sequence of inequali-
ties

SIBO)loollugll 2y 19l 125y S 1B (0ol gl 51 o191 11 ) -

‘[ B(1) uﬁl(pda
)

Thus, by Lax-Milgram theorem, the function py, vanishing on T, is the unique solution to the

variational equation (2.53) in H LQ). This proves the lemma. |

Proposition 2.4.4. Let Q be abounded C>! domain. The shape derivative of the adjoint state variable
pN € H3(Q) at Q = Q* satisfying the mixed Dirichlet-Neumann problem (2.39)is a solution to the

following mixed boundary value problem:

—Apyw =0inQ*,  piw=00nT,  Oupyy =Uyw +AW -nONZ".

Proof. The proof mainly contains two parts; we first prove the existence of the material derivative of

pn, then we formally proceed on the derivation of its shape derivative.

Step 1. Existence of the material derivative of pN. The variational formulation of (2.39) on the

reference domain ( is given as follows: find py € Hll,O(Q) such that
(2.56) fQ Vpn-Vodx— fz unpdo =0, Vee H} Q).
Subtracting (2.53) with ¢ = 0 from the case where ¢ > 0, forall ¢ € H%yO(Q), we obtain
fQ{A(t)VpIQI —-VpL+VpL—-Vpn}- V(pdx—fz {B(Ouf, — uf + uf;— un}pdo =0.
Hence, we have a unique solution plﬁl —-PNE Hll,O(Q) to the variational equation
(2.57) fQV(p{\T - pN)-Vedx = —fQ (A1) - I))Vp{ - V(pdx+fz (B(t) - 1)u§<pda+[z (uf — un)pdo,

forallg e H%’O(Q). We note that V pﬁl is uniformly bounded in L[%(Q;R?) and we have the convergence

Vp{ — Vpn also in that space. Indeed, using the boundedness of || A(?) || .~(q) from below, we get the
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estimate
IVPEIT2 ) S fQ ADVpy-Vpydx = fz B(ulp do S IBOleollug Il oy 1 P12 )

Because ulﬁl is uniformly bounded in H 1(Q) (cf. [14, Theorem 23], see also [78, Proposition 3.1]), the
uniform boundedness of Vp/ in L?(Q; R?) immediately follows, and so the convergence Vpl — Vpy
in L2(Q;R?). Next, we divide both sides of (2.57) by t and denote (/)t 1 (pN pn) to obtain

A -1 B(t) -1 ul —u
fV(pt-V(pdx=—f (L)Vplﬁl-V<pdx+f () )ulﬁl(pda+f Ml @do,
Q Q 3 b3 4 b t

forall p € H% 0(Q). We choose a sequence {t,} such that #, — 0 as n — co. Our goal is to show that
the limit lim;,_.o (/)t exists. Using the boundedness of t—ln (A(t) = I,) and % (B(£)—1) in L*, we deduce
that Vpy? is bounded in L?(Q;R?), and thus the boundedness of ¢ in H} ,(Q2). Hence, we can extract

a subsequence, which we still denote by {,}, such that lim,_., t; = 0. Moreover, there exists an
element ¢ of H% 0(Q) such that ¢ — ¢ weakly in H% (). From the convergences V p;}l — Vpn in
L2(Q;R?) and uli}’ — uy in L?(2), together with Lemma 2.1.4(v)-(vi), we get

[V(/)-V(pdxz—f AVpN~V(pdx+fuN(pdinWda+fu'N(de,
Q Q p> p>

forallp € H%,O(Q)’ where uy = limy % (ul{I - uN) which is exactly the material derivative of uy at
t = 0 in the direction W. This function exists and is actually an element of H%yO(Q) as shown, for
example, in [13]. Hence, the above equation admits a unique solution in H 1(Q) and we deduce that
¢ — ¢ for any sequence {t,}. This implies the strong convergence of ¢’ to ¢ in L?(X). Now, taking
p=¢he H%,o (Q), we obtain

Alty)— 1> w(ty)—1
2 n tn tn n ty pty
hm I |Hl(Q tllgl‘o{f ( = ) -Vo dx} + tlnlg}o{fz (—tn ) Uy 0] dU}

tll
Uy — U
+ lim {f N_N)(ptnda}
t,\0 | Jx tn

——[ AVpN-V¢dx+f un¢divs Wda+f un¢ do = ¢l q)-
Q ) b

The norm convergence and the weak convergence of ¢’ in H% 0(Q) implies the strong convergence

ofpntop e H% 0(€). This guarantees the existence of the material derivative of px.

Step 2. Computing the shape derivative of pn at Q = Q" along the deformation field W . From the
previous step, we showed the existence of the material derivative of py in H% 0 (). Denoting this
derivative by py, we know that it satisfies the variational equation

(2.58) [Vp'N-V(pdxz—f AVpN-V(pdx+fuN(pdinWda+[L[N(pda, ‘v’(peH%O(Q).
Q Q b b ’
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In addition, it is clear that py = 0 on I'. Applying Green’s formula to variational equation given above,

we get
—f (pAﬁNdx+f<p6,,p'NdU:f (pdiv(AVpN)dx—f(pAandea
Q b} Q b3
+f un@divy Wd0+f ungdo, V<p€H%O(Q).
> > ’

First, let us choose ¢ € H} (Q). Then, we have — [, pApndx = [, ¢div(AVpy) dx. Since, H} ()
is dense in L2(Q), we obtain —A pN = div(AVpy) in Q. Next, we choose ¢ € Hll,O(Q) such that ¢ is
arbitrary in Z. This gives us

f(panp'Ndaz—f(pAande0+f un@divy Wd0+f un@do.
b3 b> b3 b3

Because the traces of functions in Hll,o (Q) are dense in L?(Z), we arrive at 9, PN = —A0upN +
undivy W + 1y on X. Summarizing these results, we see that py satisfies the following boundary

value problem:
—Ap.N = diV(AVpN) in Q, p.N =0onT, Onp'N = —AO,,pN + LLNdiV): W+ LL'N onZ.

From above equations, and due to the fact that W vanishes on I', we immediately obtain (using
identity (2.4) in Remark 2.1.1) py; = px — W - Vpn = 0 on T. Now, we consider ¢ € H?(Q). Note that for
C!! domain, we have that uy € H*(Q). Hence, uy € H3'%2(%) which, in turn, means that PN E H?2(Q)
by standard elliptic regularity theory. Given this regularity of py and since —Apy = 0 in Q, we can
therefore write — fQ AVpn - Ve dx as follows (see [78, Lemma 4.1])

(2.59) —f AVpN-Vq)dx:f V(W-VpN)-V(pdx+fOnpN(W-Wp)da—f(VpN-Vw)W-nda,
Q Q > b
for all ¢ € H?(Q). Hence, using the identity (2.4), we have the equation

fQVp'NVq)dx:fQVpl’\]oV(pdx+fQV(W~VpN)'V(pdx, V(pEH%’O(Q).
Combining this equation with (2.58) and (2.59) yields
fQV(W-VpN)~V(pdx+f20,,pN(W~V(p)dU—fz(VpN~V(p)W—nd0+fzuN(pdinWd0+fzu'N(pda
:LVpl'\]~V(pdx+fQV(W~VpN)-V(pdx, Vo € H*n H} ((Q).
Applying Green’s formula on the right side of the above equation we arrive at
—fQ(pApl'\Idx+fz(p6np{\Id0=fzanpN(WV(p)da—fz(VpN-V(p)W~nd0
+fzuN(pdivz Wd0+LL[N(de, V(pEHZr\H%'O(Q).
Now, we choose ¢ € CSO(Q). This leads us to —A pl’\I =01in Q. Moreover, we get
fz(panpl'\ldazfz(uNW—VpNW-n)-V(pd0+fzuN(pdinWd0+sz[Ncpda.
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Observe that (uxW — VpyW - n) - n = 0. Hence, we can replace Vg|s by the tangential gradient Vs .
Using the tangential Green’s formula (see Lemma 2.1.5) thrice, noting that W - nVspn -1 =0, and

then using the relation vy = uy + W - Vuy, we obtain

f(panpl'\]d(T:f(pdivz(VpNW-n)da+f ingpdo
> > b3
:/qu(VpNW-n)-nda—f (Vz(p-VpN)W~nda+/ ungpdo
b3 b3 b3
:fqm(uNW-nda—f (qu)-Vsz)W-nda+f ungdo
b3 b b3

:f<p1<uNW-nda+f(pdivz(VszW-n)da+f(ul'\]+W-VuN)(pda,
b3 s b3

for all ¢ € H*(Q) n H} ,(Q). Since the trace of functions from H*(Q) is dense in L*(Z), we deduce
the boundary condition on for py, given by 9, p}; = divs (Vs pxW - 1) + kunW - n+ uy + W - Vuy.
Summarizing these results, and letting Q = Q*, we get

-Apy=0inQ*,  py=0onl, d,py=uy+AW-nonZ",
as desired. [ |

It is worth remarking that the existence of the shape derivative py; of py can only be justified if uy is

Hs—regular. Hence, we require that Q be at least of class C?1 5o that uy (as well as ug) is in H3(Q).

2.4.4 Symmetricity of the Shape Hessian of /5 at a Critical Shape

In this subsection, we derive the shape Hessian d? J3(Z")[V, W] of J3 without imposing assumption
(2.23) in expressing its shape gradient (see expression (2.46)). We will show that, in this case, the
corresponding expression for the shape Hessian is symmetric with respect to V and W. For this very
purpose, the calculation is accomplished in a slightly different fashion to the proof of Proposition
2.4.3. We again denote w = un — ug, and suppose N = N (W) to be a smooth extension of n;. Then,
J5(2) = 3 [s lw|*do, and from (2.6), we have

d]s(Z)[V]=f{wu){/+g3V-n}do,
)
where g = wVw-n+ %K w?. Applying (2.6) once more, we get
dJ3(3) [V, W] =fz{w{4,w{,+ wwiy + [0pwwy, + wopwy, + kwwy, )W - n}do
(2.60) +f{g3’WV~N+g3V-N'W+[dng3V~N+g30,,(V~N)+1<g3V~N]W~n}da,
)

where wy,,,, denotes the shape derivative of w along the directions of V and W (applied consecutively)

and g3}, = w}, Vw-N+wVw),-N+wVw- N}, + 3« w* +xww},. Now, according to Corollary 2.4.1,
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we have w =0 and g3 =0 at = = X* which also gives us g3, = 0 on Z*. Therefore, d? 1329V, W] =

Js+ wy,wy, do. Meanwhile, for = x, we know that u, =0 on o by Lemma 2.3.2. Thus, we obtain

(2.61) d*J3(Z)V, W] = fz Uy Unw 4o,

which clearly shows the symmetry (with respect to the deformation fields V and W) of the shape
Hessian at a critical shape Q*.

Let us now write (2.61) in its equivalent form using the adjoint method. For this purpose, we
will denote the corresponding adjoint of u,, and uy,,, by ®w and ®vy, respectively. (The choice of
subscripts for these adjoints will be made clear shortly.)

Clearly, both ®y, and @y are harmonic functions and both vanishes on I'. Meanwhile, on £*, we

/

take 0, Pw = uy,,, and 0,y = Uy,

so that (via Green’s second identity) we obtain the following

equalities

fz* ul'\wul'\lwdazfy u{WOnCDWdU:fz* @Wanu&VdOZL*®W(AKV-n)dU

= f Uny On®y do = f Oy 0 Uy, do = f Oy (AkW -n)do.
T = T
Consequently, the adjoint states @y and ®y satisfy the PDE systems

(2.62) —~A®y =0in QF, ®y =0onT, 0n®Pw = uyyy on =¥
(2.63) —ADy =0in QF, ®y=0onT, 0,®Py = Uy ONE*,

respectively. Hence, we conclude that (2.61) can also be expressed as
(2.64) dzjg(z*)[V, W] :f Axk®y V- -ndo = Ax®y W - ndo,
z* =

where @y and @y satisfy (2.62) and (2.63), respectively. Evidently, this shows that, at the optimal
shape solution Q* of J3, only the normal components of V and W contributes to the shape Hessian.

At this juncture, it is also worth to emphasize that the shape Hessian issued in Proposition 2.4.3
is also impractical to use in numerical calculation. Again, this is primarily due to the fact that an
appropriate choice for the deformation field W is difficult to determine directly from the given
expression for the shape Hessian. To address this problem, we again apply the adjoint method. In
this respect, we let ¥ be harmonic on Q such that it vanishes on I'. Letting 0,'¥ = AxV -non Z, we
get (via Green’s second identity and equation (2.51)) the following equalities [y Ak py,, n-Vdo =
fz €4 ul’\IW +A¥)n- Wdo. Next, we let another function IT to be harmonic on Q such thatII=0onT.
Also, we let 0,11 =V, so that (via Green’s second identity) we have [ Wiy, do = [; AxIIn-W do. To

summarize, we make the following remark.
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Remark 2.4.2. Using the adjoint method, the shape Hessian d? ]3T (Z*)[V, W] can also be expressed as
(2.65) d2]3T(Z*)[V, W] =f /lkpl’\]WdeU: AW+ AxIDn-Wdo,

P >+
where ¥ and II satisfy the following PDE systems

(2.66) -A¥Y =0in QF, ¥Y=0o0nT, 0,¥Y=AxV-nonx*;
(2.67) —AIl=0in Q% [I=0o0onT, 0,l1=¥YonZX*

respectively. Here, we notice that ¥ = uy;,, on Q" . Hence, looking back to equation (2.63), we also
find that @y is exactly equal to II satisfying (2.67). This means that we may actually write the shape
Hessian given in (2.64) as

(2.68) dPEHIV, W= | AxIln-Wdo.
Z*

Remark 2.4.3. Similar to 2.3.2, we notice from (2.60) the dependence of the shape Hessian
d?J3(2) [V, W] (for Q different from the optimal domain Q*) to the shape derivative k7, of the mean
curvature x along W € ©% appearing on g3}, From this observation, we deduce that the shape

Hessian currently in consideration also defines a continuous bilinear form
d?J3(2): H'(2) x H' () — R;

that is, idzfg(Z)[V, W]| 5 ”V”Hl(Z) ”W”Hl(z)-

In view of the previous remark, it is natural to ask whether it is true that
2 * > 2

This question actually refers to the stability of a local minimizer Q* of /5. In relation to this, we recall
from [35, 36] (a result regarding sufficient second-order conditions) that a local minimizer Q* is
stable ifand only if the shape Hessian d? J3(Z*) is strictly coercive in its corresponding energy space
HY (). Unfortunately, this kind of strict coercivity cannot be established for the shape Hessian
d?J5(Z*) of J5 (as well as in the case of J,). Nevertheless, we will show in the next subsection that
sufficient condition can be derived to obtain strict coercivity in a weaker space of H L(=*). We note
that the derived coercivity criterion is exactly the same as in the case of the shape Hessian dJ; of the
cost functional J;, for i = D,N,KV, 2, as shown in [49-51, 98], respectively. It is worth remarking that,
among these cost functions, only the shape Hessian d?Jn (%) of Jy is HY(Z*)-coercive under the
derived coercivity criterion (see [49, Proposition 2.12]). In connection with this, we will also establish

a coercivity estimate for the shape Hessian d?J»(Z*) of J, in the next subsection.
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Before we continue to the last section of this chapter, and for the sake of comparison, let us
also compute the shape Hessian of the cost functional /p(Z) at £ = £*. From Remark 2.4.1, we
know that the gradient of /p(Z) only differs by the addition of the integral [ (uxVun-n)n-Vdo =:
fz Pn-Vdo from the shape gradient of J3(X). Computing the shape derivative of 7 at Q = Q* along
the deformation field W € ©%, we get 7}, |5+ = iy, (Vun - N) + un(Vuyy, - N+ Vun - Ny)lss = Aug,.
Meanwhile, we have V(uxVun - n)-n= (Vuy - n)? + ux [(V>un)n] - n = 12 on 2*. Hence, from (2.52)
with g; ' replaced by 7, together with equation (2.50) in Proposition 2.4.3, we get the final expression
for the shape Hessian of Jp at Q = Q* (cf. [50, Eq. 21)]):

Proposition 2.4.5. Let Q be of class C*>! and V, W € ©2. Then, the shape Hessian of Jp at Q* is given
by

(2.69) d?Jp(Z*) [V, W] :f AP + )1V + A2 (n-Vn-W}do.
Z*

Here, we mention that the above expression was also computed in [50] but through shape calculus
for star shape domains, hence, we refer the readers to the aforementioned reference for comparison.
Meanwhile, following Remark 2.4.2, we can also write d? Jp(Z*)[V,W] in terms of appropriate
adjoint states. To do this, we let Y be harmonic in Q and be zero on I'. Moreover, we let 0,Y = AV -n
on X, so that by Green’s second identity we have [; u),,(An-V)do = [; AxYn-W do. Hence, using
the results from Remark 2.4.2, we therefore have the following corollary of Proposition 2.4.5 regarding

an equivalent expression for (2.69) in terms of the adjoint variable Y.

Corollary 2.4.3. Let Q be of class C>! and V, W € ®2. Then, the shape Hessian of Jp at Q* given by

(2.69) can be written as
(2.70) & JpEHV, W] = f Pk + AKY + A¥ + A2(n- V)in- W do,
Z*

where the adjoint states ¥ and I1 satisfy the BVPs (2.66) and (2.67), respectively, while Y is the unique
solution to the PDE system

(2.71) —AY =0in Q% Y=0onT, 0,Y=AV-nonZXx".

Here, it is worth to stress out that the shape Hessian d? Jp(Z*)[V, W] depends on the solutions
of three BVPs as opposed to the case of d* ]g (Z*)[V, W] which depends only on the solutions of two
PDE systems. In terms of numerical implementation, this obviously means that we need to solve

an additional variational problem in order to evaluate the descent direction for a gradient-based
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descent algorithm (which may then require additional computing times) when using the classical

formulation (1.6).

2.5 Coercivity Estimates for the Shape Hessians at the Optimal Solution

We close out this chapter with the discussion about the coercivity estimate for the shape Hessian of
the cost functions J, and J3. More precisely, we determine which weaker space of H!(Z*) does the
shape Hessians d? Jo(Z*) and d? J3(X*) are strictly coercive. To this end, we use the method already
used in [47] (see also [49-51, 98]). We start by introducing the following operators which are linear

continuous as a multiplier by a smooth function (see [98, Section 3.4]):

A: H2(z*) - HY2(Z%), AV:=AVy;
M: HY?2(z*) — HY?(="),  Mv:=xv.

Here, of course, V,, := V- n and « is the mean curvature of Z*. The continuity of these operators

follows from the following result.

Lemma2.5.1. Let Q c R? be a bounded Lipschitz domain with boundary I := dQ. Then, the map
v — v is continuous in H?(I') for any v € H2?(I') and ¢ € C>1(I).

Proof. We recall that the fractional Sobolev space H 12(1) (the trace space for H L)) is equipped

with the norm

1/2

_ 2
lv(x) = v do dory

lvll1/2,2 =Vl + V22, V220 = (f >
rJr  lx—yl

Let ¢ be a Lipschitz function. Then, we have the inequality
lp(X)v(x) =NV S @lleolv(x) = v+ vWIx = Y.

Hence, |pv|1/2,2,r can be estimated as follows

_ lpx)v(x) - p(y)v(y)? )
lovli/22r = (frfr PEYE do, do,

1/2

1/2
,S||<,0||oo|1/|1/2,2,r+(frfrlv(y)lzdxdy)

1/2
Slloolvlizzr + T 210l ).
Because l@v| 2y < [@llooll VIl 12(r), then the assertion is proved. n
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2.5. COERCIVITY ESTIMATES FOR THE SHAPE HESSIANS AT THE OPTIMAL SOLUTION

In addition to the operators introduced above, let us also define the map 8 as the Steklov-Poincaré

operator on X* which is defined by (see, e.g., [109])

ov
(2.72) S:H2x*) — H 2%, S@):= —| ,
Gn bk

where ¥ € H! (Q*) satisfies
-A¥ =0 inQ%, ¥Y=0 onT, Y= onX*.

The operator S, also called the Dirichlet-to-Neumann map, is H 123 _coercive (cf. [51, Lemma 2]).

Its inverse R called the Neumann-to-Dirichlet map is defined by

R:H Y2(z*) - HY'?(z"), R(g—\z) =@ |y,

where ® € H!(Q*) satisfies
-AD=0 inQ%, ®=0 onT, 0,2=0,¥Y onZX*.

Now, using the operators A, M, R, and denoting the L?(£*)-inner product by (-,-);2(s+), we can write
(2.50) as
d*>JT@QMIV, W] = MAV, RAW + ROVAW))) 125+

By the continuity of the maps A and M, and the bijectivity of R, we deduce that the shape Hessian

d? ]; at Q* is L?(Z*)-coercive (whenever « is non-negative) and we state this result formally as follows.

Proposition 2.5.1. For £* with non-negative mean curvature x, the shape Hessian d? ]3T at Q" is
L?(Z*)-coercive; i.e.,

2 1T e* 2
d°J; OV, VIZ VI 50

The above result also means that the minimization problem (1.18) (with condition (2.23) imposed
in computing the gradient) is (algebraically) ill-posed. We further discuss this notion of ill-posedness
(in the case of the present shape optimization formulation (1.18)) briefly as follows. As alluded in the
previous subsection, the shape optimization problem is well-posed if its local minimum is stable;
that is, if the shape Hessian d* ]; (X*) is strictly coercive in its energy space H'(X*), or equivalently,
if d2 ]QT EHIV, VI 2| Vll‘j;j[1 = However, if the positivity of the shape Hessian at £* only holds on
a weaker (Sobolev) space, then the shape optimization problem is said to be (algebraically) ill-
posed (cf. [50, 53]). This means, in particular, that tracking the Dirichlet data in the I[%-norm is not
sufficient, and as strongly assumed by the authors in [52], they have to be tracked relative to H'. This
aforementioned lack of coercivity is known from other PDE-constrained optimal control problems as

the so-called fwo-norm discrepancy (see, e.g., [53] and the references therein) and this concept of
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CHAPTER 2. SHAPE SENSITIVITY ANALYSES

norm discrepancy under shape optimization framework was first observed in [35, 36, 45, 46], among
others.

In the case of the cost functional J>(Q2) = %IuN - uRlé1 @ examined in subsection 2.3.2 (See [98]),
the shape Hessian is likewise a continuous bilinear form; that is, as also pointed out in Remark
2.3.2,d%J,(Q) : H'(Z) x H'(Z) — R. Using the operators introduced above, the shape Hessian d? J, at

Q* is therefore expressible as
d? Q") [V, W] = MAV, ROV +8)AW) 125+,

which is H/2(Z*)-coercive provided that * has non-negative mean curvature x. More formally, we

have the following proposition.

Proposition 2.5.2. For X* with non-negative mean curvature «, the shape Hessian d? Jo at Q* is
H'2(2*)-coercive; i.e.,

EREINV,VIZ VI .-

We finish this chapter with the following remark.

Remark2.5.1. Similarly, we have that d /p(Q) : H'(Z) x H' (2) — R and using the operators introduced

above, we may write the shape Hessian of /p at Q = Q* given in Proposition 2.4.5 as follows:
d?Jp Q) [V, W] = ROV +8)AV,ROM + 8)AW) 125+,
This expression is also H'/?(2*)-coercive; that s,

o EIV, VI Z IV zgse s

provided that * has non-negative mean curvature x.
On the other hand, in case of the shape Hessian d? J3(Z")[V, W], we deduce (via the continuity of
the maps A and M, and the bijectivity of R) that

whenever « is non-negative.
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n this chapter we demonstrate how the computed shape gradients and shape Hessians of the

cost functions can be utilized in a gradient-based descent algorithm to solve some concrete

examples of the Bernoulli problems. Therefore, this chapter is divided into two major sections.

The first half contains the details of the numerical scheme we will use to carry out our numerical

explorations. The second half, on the other hand, contains the set of numerical examples that

illustrates the feasibility of the proposed numerical schemes. In these numerical experiments, the

results obtain from the proposed methods are compared with those generated using the classical

shape optimization reformulations.
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3.1 Numerical Algorithm

As far as we know, there are at least three different computational strategies for the numerical
resolution of the Bernoulli problem. The first one is the classical fixed-point approach wherein
a sequence of elliptic problems are solved in a sequence of converging domains with one of the
conditions on the free boundary omitted, and then the remaining boundary condition is used to
update the free boundary (see [18, 57]). This approach does not require any gradient information in
contrast to the second approach which considers an equivalent shape optimization formulation of
the problem, see, for example, the numerical approaches used in [1, 67, 70, 78, 100, 101]. Another
strategy, built from the theory of complex analysis, is the use of conformal mapping method. This
solution method was recently developed by Haddar and Kress in [64] which relates the Bernoulli
problem in the context of inverse problems. In a more recent study, another method was also
introduced by Kress in [83] in an attempt to improve the use of boundary integral equations for
numerically solving the Bernoulli problem. In terms of numerical performance, it was revealed in
[83] that this recently proposed method inspired by Trefftz’ integral equation method [111] is more
robust and wider applicable than that of [64]. We mention that Trefftz’ approach, in principle, can be
considered as a so-called trial method which is also a prominent numerical method for solving free

boundary value problems such as the Bernoulli problem (see [65, 66, 84, 109]).

In this thesis, we will use a classical gradient scheme for the numerical realization of the shape
optimization methods discussed in Section 1.3 by means of a Lagrangian-like method. It consists in
adopting an iterative procedure that decreases the value of the cost functional J at each iteration.
One could also use an Eulerian-like approach such as the level-set method that was applied, for
instance, in [1, 79]. Alternatively, one could also apply a variant of Newton’s method to numerically
solved the minimization problems. This method, however, also requires the knowledge of the shape
Hessian of J which is considerably more difficult to obtain and utilize (see, e.g., [93, 105], and the
references cited therein). In the subsequent parts of this section, we will describe the details of the

numerical algorithms that we will use to solve some concrete examples of the Bernoulli problem.

3.1.1 The Sobolev Gradient Method

Let us consider a shape functional J(Q2) whose shape gradient is given by dJ(Q)[V] = fz gn-Vdo.
Also, suppose that Q is the shape of the domain at the kth iteration. Then, at the (k + 1)th iteration,
the shape Q = Q can be updated as Q1 := Qy,,, = (I2 + £ V), where f; > 0 is some small step
size parameter and V represents the descent deformation field V. at the kth iterate. In perturbing
the domain Q, we may take V|z = —gmn as the descent direction. Indeed, in this case, we have
dJ(Q)[V] = - [ IgI*do < 0. However, this choice of the descent direction may cause undesirable
oscillations on the free boundary of the shape solution Q*. To avoid such phenomena, we compute

the descent direction V using the so-called H' gradient method [8]; that is, we take V as the unique
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solution in H 11_ 0(Q) of the variational problem

3.1 f(VV:V(p+V-<p)dx:—fgn-(pda, Ve € Hf ,(Q).
Q z ’

In this sense, the deformation field V, also termed in some literature as a Sobolev gradient (see, e.g.,
[89]), provides a smooth extension of gn over the entire domain Q, which not only smoothes the free
boundary after a deformation [10], but also provides a preconditioning of the descent direction. The
method of regularizing the descent direction using (3.1) is similar to the idea behind the so-called
traction method introduced and popularized in [6, 10-12].

In the previous chapter, we saw that the computed shape gradients corresponding to each cost
functions J;, i € {1,2,3} (as well as to each cost functions J;, i € {D,N,KV}), depends not only on the
state and adjoint state variables, but also on the value of the mean curvature « of the free boundary
Y. Consequently, this means that we first need to calculate x := x(X) in order to determine the vector
field V. In this investigation, we will evaluate x by first creating a smooth extension of n using the
idea of the H! gradient method, and then calculate « as the divergence of that smooth extension.
This technique is certainly numerically doable, and in fact theoretically justifiable. From Proposition
5.4.8 of [73, p. 218] (see also [60, Lemma 16.1, p. 390]), we know that, for a domain Q of class C?, there

exists a unitary C! extension # of n such that the mean curvature may be defined as
k =divsn = diva.

Therefore, based on this idea, we may numerically compute x through the equation x = div N, where

N is the smoothed extension of n satisfying the equation
(3.2) fVN:V(pdx+fN-(pd0=fn-(pda, Ve H'(Q).
Q p2 b

We can also use the same idea to compute for higher-order derivatives of (scalar) functions if the
function is defined (or only supported) on the boundary. For example, the shape gradient of J;
consists of the second-order normal derivative of the state variable u; that is, the derivative 6 u/0n?
appears in the kernel of dJ; (£). In the classical Neumann-data-tracking cost functional minimization
approach (1.8), the derivative 8°u/dn? can actually be simplified as —0?u/0n? = xdu/dn because
Au=Asu+x0ul/dn+0°u/don? and uls = 0. However, in our numerical procedure, we will calculate
0?u/0n? using a similar idea in computing x. More precisely, we will evaluate °1/dn? by computing
the normal derivative of a smooth extension of du/dn. We mention here that, to the best of our
knowledge, such method for numerically computing a second-order normal derivative is also novel

to our work.

3.1.2 Step Size for the First-Order Method

Let us now turn our attention to the computation of the step size to be used in our algorithm. It is

worth mentioning that the choice for #; can be decided in many ways. Here, we will update # € (0, €]
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(where € > 0 is some sufficiently small real number) by following a heuristic approach inspired by
the Armijo-Goldstein line search strategy similar to the one offered in [78], but for level-set methods.
Given the choice of descent direction V(s = —gn (this means, basically, that a(-, -) in equation (3.4)
below is the usual inner product in [%(%)), and the definition of the domain Q,, we have the formal
expansion

J(Q¢) = J(Qo) +dJ(Q0o)[V] = J(Qo) — Ellglliz(zo) <J( Qo).

Suppose that, for some a € (0,1), J(Q,) = (1 — a)J(Qp). Then, equating the previous estimate J(Qy) +
edJ(Qo)[V] with (1 — a)J(Qp) suggests that

J(Qo)
—g—

Ll
Igl% s,

Clearly, this choice for the step size with V|sz = —gmn as the descent direction can be used to perturb
the domain Q. However, since in our case we are regularizing V through the variational problem
(3.1), we need to replace the L?>-norm of g appearing in the denominator of the previous formula
with the H'(Q)-norm of V, and then finally define the step size #; as

J ()

2

(3.3) r=a .
H'(Q)

We explain this choice in more detail as follows. In general, we may in fact consider the variational

equation

(3.4) a(v,¢) :_<g",(l’>L2(Z)’ VpeX,

where a(-, -) is some bounded coercive bilinear form on an appropriate space X, to produce a
regularized descent direction using —gn (see, e.g., [10, Section 6.3]). Using (3.4), and the requirement
that the relation

J(Qe) = (1-a)J(Qo) = J(Qo) +&(gn, V) 25,

holds for some « € (0, 1), we therefore end up with

~ JQo)  J(Qo)
£E=—-a =a ,
(gn V)  alV,v)

for any V € H} 0(Q). Thus, at each iteration, we may in fact choose, for a fixed a, the step size

parameter fj as

J(Q4)
a(V,v)

(3.5) h=a

Clearly, this formula for #; provides a logical choice for the magnitude of the step size when the
descent direction V is regularized using equation (3.4). Even so, we will see through various numerical
experiments in the first part of the next section that it is possible to change the denominator in (3.5)

to get a better step size (see the numerical section of [97]). In fact, by changing the H'(Q)-norm in
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(3.3) by either the HIE’O(Q)- or the L?(X)-norm, for instance, we can speed up the convergence of the
algorithm given below, as exhibited in [97]. Indeed, this claim can easily be supported by the fact that
the sequence of inequalities || VIl .3 @S ”V”;Iz%,o @< ||V||222(Q) obviously holds.

Now, with a € (0,1) fixed, the step size will be decided according to the following rule: we take #x
as in (3.3) whenever there is a strict decrease in the computed cost value from the previous to the
next iteration loop; that is, if J(Q41) < J(Qg). Otherwise, if the cost value increases, we reduce the
step size and go backward: the next iteration is initialized with the previous shape Q. We also reduce

the step size ¢ if reversed triangles are detected within the mesh update.

3.1.3 The Boundary Variation Algorithm

The main steps required for the computation of the kth domain using a first-order method can be

summarized as follows:

Step 1 First, fix the step size parameter « € (0, 1), and choose an initial shape Q.

Step 2 Next, solve the state and adjoint state equations on Qy, and if needed, compute the mean

curvature k of the current free boundary X .
Step 3 Then, compute the descent direction V. using (3.1). Also, calculate the step size #; by (3.3).

Step 4 Finally, using V and ¢, perturb the current domain by Q.1 = (Io + £ V) Q with Q = Q.

We shall implement the above procedures in the programming software FREEFEM++ (see [72]), and
to be more precise with our calculation process, we give below (see Algorithm 3.1) the exact first-
order boundary variation algorithm we will use in our numerical experiments. In Algorithm 3.1, the
quantities u(Q) and p(Q) respectively denote the state and adjoint variables. For instance, in the
case of the third proposed shape problem (1.18), u(Q) is essentially composed of the state variables
un(Q) and ug(Q).

3.1.4 Stopping Criteria

To complete the iterative procedure presented in the previous subsection, we need to specify the
stopping condition of the algorithm. A typical stopping criterion for a gradient-type method is to find
that whether the shape gradients in some suitable norm are small enough. However, since we are
using continuous shape gradients, it is hopeless for us to expect very small gradient norm because of

numerical discretization errors. Another option, however, is to use the inequality condition
(3.6) |J(Qp+1) = J(Q)| < Tol

as a stopping rule, where Tol > 0 is a predetermined small tolerance value.
In our numerical experiments, we will compare the results obtained from the proposed formula-

tion (1.16) with that of the classical Neumann-data tracking cost functional minimization approach
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Algorithm 3.1 Boundary Variation Algorithm (First-Order)

Initialization: Let k=0, J,1q = 1032, initialize domain Qg, and choose a step size a € (0, 1). Set back
= false.
1: while stopping condition not satisfied do
For Q = Q, compute u(Q) and p(Q)
Evaluate x = div N where N(Q) solves (3.2)
Compute V(Q) using (3.4)
Evaluate J(Qy)
Jnew =7 (Qk)
if Jhew < Jola then
J(Qy)

IVelZ,

r=«a

9: end if
10: Qo1d = Qe
11: if (Jnew > Joid) A (back = false) then

12: tr — 0.5%;

13: Q. =Qold

14: back = true

15: end if

16: if back = false then

17 Q1 ={x+ ;. Vi(x): x € Qp}
18: Joid = Jnew

19: k—k+1

20: end if

21: end while

(1.8). For this reason, the proper choice for Tol in (3.6) may be different for each of the two formula-
tions. Because of this issue, we need to consider a stopping rule that is independent of the cost or the
gradient value. In this regard, the most reasonable choice would be to use the computing time (i.e.,
the maximum number of seconds before timing out) as the stopping condition. Note that we could
also stop the iteration process with a predetermined maximum number of iterations. However, since
the step size # is chosen on the basis of formula (3.3), the total number of iterations the algorithm
needed to process in order to obtain good enough approximation of the optimal shape solution
(given that a and X are fixed) may differ greatly from each formulation. Nevertheless, we emphasize
that we could still utilize the inequality condition given in (3.6) to choose an optimal iteration number
that provides reasonable approximation of the optimal solution. This can be done by first running
the algorithm for a certain amount of time and then examine afterwards the convergence history of
the cost function (or possibly the history of Hausdorff distances between the kth and final computed
shape) to decide for the best choice of the tolerance value. The index k that satisfies the condition
(3.6) with the chosen value for Tol can then be regarded as the optimal iteration number when the

said stopping rule is applied.

On the other hand, for the case of the second proposed shape optimization problem (1.17),
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we will compare our numerical findings with that of the classical Kohn-Vogelius cost functional
minimization approach (1.10). In this case, we again consider (3.6) as our stopping condition. This
seems proper for this case because our main objective in this part of the investigation is to show
numerically that the proposed formulation (1.17) indeed, coupled with Tithonen’s condition (2.23),
provides less computing time per iteration than in the case of the classical energy-gap cost functional
minimization setting (1.10).

Lastly, for the case of the third proposed shape optimization problem (1.18), we will compare
our numerical results with that of the classical Dirichlet-data-tracking cost functional minimization
approach (1.6). In this regard, we will finish our algorithm as soon as the cost, normalized with
respect to its initial value, is less than some small (positive) tolerance value. We deem this criterion
more appropriate than (3.6) in evaluating the computational qualities of the two methods since their
corresponding cost values actually differ by two orders of magnitude. In this respect, we therefore

stop the algorithm as soon as the inequality condition

J(Qp)
J(Q0)

is satisfied for some sufficiently small real number Tol > 0 (of course, the choice for this tolerance

3.7 < Tol,

value is different from the case of the first proposed shape optimization problem (1.16)), or if the

algorithm already completed a specified (maximum) computing time.

3.1.5 The Sobolev Newton Method

Note, by incorporating the shape Hessian information in the numerical procedure, we can obviously
improve the convergence of the iterative scheme given in the previous subsection in terms of the
number of iterations required to complete the optimization procedure (see, e.g., [47, 98, 109]).
However, the drawback of a second-order method is that, in most cases, it demands additional
computational burden and time to carry out the task. In this section, we will formulate a second-
order optimization algorithm to solve the minimization problems (1.17) and (1.18) following an idea
first proposed by Azegami in [7] (see also [9, Problem 4.2, Eq. (29)]). Particularly, we use a variant
of the so-called H' Newton (or Sobolev Newton) method which utilizes the Hessian information
to compute the descent direction. The basic idea of this method is that it incorporates the shape
Hessian in obtaining a regularized descent direction for the algorithm similar to equation (3.4) (see
the next subsection 3.1.6 below). In our case, however, we propose to use only the shape Hessian
information at the solution of the FBP (1.3) (i.e., we use (2.65)).

To do the task, we define the descent direction W € Hll",O(Q) as the unique solution of the varia-

tional equation
(3.8) f(VW:V(p+W-(p)dx:—f(g+h[V])n-¢pd0, Vg e Hf ,(Q),
Q > ’

where g, as before, is the kernel of the shape gradient dJ(Q)[V] = fz gn-Vdo, while h[V], in this

case, denotes only the kernel of the shape Hessian at the solution of the FBP (1.3). For example,
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in the case of the minimization problem (1.18), we have [s. h3[VIn-Wdo := d®J5(Z%) [V, W] (see
(2.68)). Meanwhile, in the case of the shape gradient computed under Tiihonen’s condition (2.23),
the corresponding expression which we denote by AT[V] is given by the kernel of the shape Hessian
d? ]3T EHWV,w] = [;. hg [Vin-Wdo (see (2.65)). More precisely, these kernels of the shape Hessians

are given by
(3.9) h3[V] = AkII[V] and  hI[V]=A(¥[V]+AxII[V]),

respectively. Here, of course, ¥ and II are the respective unique solutions of equations (2.66) and
(2.67). In above expressions, we added the notation (-)[V] to emphasize that the expression it is
attached to is dependent to the deformation field V.

Let us discuss the additional procedures needed to utilize the shape Hessian information in an
iterative scheme. We illustrate, in particular, the case for the third proposed shape optimization
approach (1.18). We emphasize that the main steps to compute the kth domain Q using a second-
order method are essentially the same with that of the first-order method given in Section 3.1.3.
However, in order to take into account the procedure in computing W, we divide the third step of the

original algorithm as follows:

Step 3.1 Compute the descent direction V using (3.1).
Step 3.2 Compute ¥ and II by solving the PDE systems (2.66) and (2.67) at Q = Q.

Step 3.3 Compute the descent direction W using (3.8).

Moreover, in Step 4 of the original algorithm, we replace V with the new deformation field Wy; that
is, we perturb the kth domain by Qf.; = (I2 + £ W)Q. Here, the step size #; can still chosen on the
basis of the formula given in (3.3). However, in our experience, this formula for the step size does not
give much improvement in terms of convergence speed for the second-order shape optimization
algorithm. To exploit the advantage of utilizing the shape Hessian information, an appropriate step
size formula has to be used to achieve at least a superlinear (or even quadratic) convergence rate for

the algorithm (see Remark 3.1.1 below).

3.1.6 Step Size for the Second-Order Method

Again, let us suppose that J(Q) is a shape functional whose shape gradient is given by dJ(Q)[V] =
Js gn-Vdo. Then, its corresponding shape Hessian (under sufficient regularity) can be shown to be

given by
d?J(Q)V, W] = fz [giy Va+ (0ng +xg) VaWn — gK + g(DV)W, ] do,

(cf. (2.29) or see, e.g., [43, Eq. (5.2), p. 495]). Evidently, as already remarked in the previous chapter,
the above expression of the shape Hessian d?J(Q)[V, W] consists of symmetric and non-symmetric

parts with respect to the deformation fields V and W. This lack of symmetry and complexity in
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form of the shape Hessian provides much difficulty for its utilization and numerical implementation
([93, 105]). Nevertheless, as proposed by Simon in [105], one can still utilize the shape Hessian in an
optimization procedure in a much simpler way by dropping the non-symmetrical part of the Hessian

(see, e.g., [77]), allowing one to obtain a second order expansion of the form
J(Q) +dJ(Q)[V]+d*J(Q)[V, V]

of J(Q) with respect to the descent direction V. Note that, at the optimal shape solution Q = Q*, the

necessary optimality condition give rise to the variational formulation of the Newton equation
@IV, W] =-dJ(@IV], VVeH,Q),

whose solution W may be used as a descent direction in a gradient-based descent algorithm (cf.
equation in Step 3 of [71, Section 4.1.1, Algorithm 4.1, p. 131]). Following this idea, and employing
a smoothing technique such as (3.4), we arrive at equation (3.8) which gives us a new regularized

descent direction W.

Remark 3.1.1. As pointed out by Simon in [105] (see his remark in Section 2.1), we mention here that
the velocity of gradient methods (such as Algorithm 3.1) can be improved by choosing the step size as
the negative ratio between the shape gradient over the shape Hessian. For example, the kth approxi-
mation of Q¢ can be computed as Q4 = (I2 + t,{Vk)Qk where t,]: =—dJ( Q) IV/ATQ) Vi, V.
Here, the step generated by the formula for #/ is commonly called as the (full) Newton step (see, e.g.,
[91, Section 3.3]).

In our case, since we are using regularized descent directions, the above idea is, in a sense,
equivalent to taking f; as a scalar multiple of the ratio of the square of the H' (Q)-norm of V over the

squared H 1(Q)-norm of W. Indeed, from a similar proposition issued in subsection 3.1.2, we can

naturally take
vz,
(3.10) = @—0a

for a fixed @ € (0,1], as the kth step size of the second-order optimization algorithm proposed in

subsection 3.1.5.

In (3.10), we introduced the step size parameter & simply to control the magnitude of the descent
step during each iteration. We recall that, in most optimization problems, the introduction of a step
size parameter to Newton’s method is primarily due to the fact that the method is quite sensitive
if the initial guess is too bad. Common strategies to globalize the method is to introduce a line
search strategy or to work with the so-called trust region methods (see, e.g., Section 3.4 and Chapter

4 of [91]). In practice, the former strategy is accomplished by scaling the Newton’s step by some
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coefficient 0 < @ < 1 in every iteration (as we have done in (3.10)). Taking @ = 1 obviously amounts
to a full Newton step and choosing & < 1 yields the so-called damped Newton method (see, e.g., [22,
Section 9.5.2, p. 487]) which has an increased convergence radius (this, however, does not work well
in general), and also has a reduced convergence order (not quadratically anymore). Nevertheless,
when the approximant is judged to be near to a solution, & = 1 is taken and the convergence would
be as good as for the standard (or pure) Newton’s method.

Here, we opted to apply a line search method in our proposed second-order (shape optimization)
algorithm to address two main issues when taking the full Newton step. Firstly, we notice that, in some
situations, choosing a full Newton step is not necessarily the best strategy to start the approximation
procedure, especially if the initial guess is far from the (optimal shape) solution. Secondly, we observe
that the full Newton step is sometimes too large that the cost functions become insensitive with
respect to geometric perturbations, occasionally causing the algorithm to overshoot or converge
prematurely to a less optimal solution (see Example 3.2.3.4). On the other hand, although the step
size parameter & can be made at most equal to the unit value when the approximant is estimated to
be close to the optimal solution, we only fixed & to be of constant value (< 1) throughout the iteration
process. Nevertheless, a backtracking procedure as in subsection 3.1.2 will still be employed in the
algorithm, meaning that the maximum step size at each iteration of the algorithm is only bounded
above by a fraction (determined by the value of &) of the full Newton step. Despite the fact that the
idea is already known in the literature, we emphasize that the formula for the step size given by (3.10)
is, to the best of our knowledge, new to this work.

Before we proceed to the numerical examples in the next section, let us be more precise with our
second-order gradient-based optimization procedure that we will use in our numerical experiments.
The exact iterative scheme is given in Algorithm 3.2. In this algorithm, the quantities u'(Q)[V] and
p'(Q)[V] respectively denote the corresponding adjoint variables for () and p(Q) in the first-order
optimization algorithm 3.1. The notation (-)[V] is attached to emphasize that these unknowns are
dependent on the vector field V. For instance, in the case of classical Dirichlet-data-tracking cost
functional minimization approach (1.6), u' (Q)[V] refers to the adjoint variables ¥ (Q) and IT(Q)
which are unique solutions to the PDE systems (2.66) and (2.67), respectively. Meanwhile, pT(Q) V]
corresponds to the adjoint variable Y (Q2) which is the solution to the BVP (2.71), see Proposition 2.4.5
and Corollary 2.4.3.

3.2 Numerical Examples

In this section, we solve various concrete examples of the Bernoulli problem. The examples are sorted
in accordance with the formulations presented in Section 1.3.2 of the first chapter. Therefore, this sec-
tion is composed of three parts. The first part (subsection 3.2.1) contains the results of the improved
Neumann-data-tracking cost functional minimization approach (1.16) which is compared with its

classical counterpart (1.8). The second part (subsection 3.2.2), on the other hand, presents the nu-
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Algorithm 3.2 Boundary Variation Algorithm (Second-Order)

Initialization: Let k=0, J5q = 1032, initialize domain Qg, and choose a step size @ € (0, 1]. Set back
= false.
1: while stopping condition not satisfied do
For Q = Q, compute u(Q) and p(Q)
Evaluate x = div N where N(Q) solves (3.2)
Compute V(Q) using (3.4)
Compute u' (Q)[V] and p"(Q)[V]
Compute W using (3.8)
Evaluate J(Qy)
Jnew = J(Q)
if Jhew < Jolqa then
IVelZ,

@ 2
IWeI2,

tr =

,_‘
e

11: end if
12: Qotd = Q.
13: if (Jnew > Jold) A (back = false) then

14: I <— 0.5%

15: Q= Qo1d

16: back = true

17: end if

18: if back = false then

19: Qri1={x+Wir(x):xe Q)
20: Jold = Jnew

21 k—k+1

22 end if

23: end while

merical results for the modified Kohn-Vogelius cost functional minimization approach (1.17) which
is compared against the classical setting (1.10). Last but not least, the third part (subsection 3.2.3)
exhibits the numerical findings for the Dirichlet-data-gap cost functional minimization approach
(1.18) which is compared with the classical Dirichlet-data-tracking cost functional minimization

approach (1.6).

All numerical experiments carried out in this investigation are performed in two-dimension
using the programming software FREEFEM++ (see [72]). Moreover, all variational problems that
need to be solved in order to evaluate the quantities in the algorithm are numerically computed
using P2 finite element discretization where the number of discretization points on the free and
fixed boundaries are initially set to Neyt x Njpt = 120 x 100 discretization points. Meanwhile, we use
the built-in function movemesh of FREEFEM++ in perturbing the reference domain Q during the
optimization process. In addition, we use the function adaptmesh with minimum edge size hpin
and maximum edge size hnax (to be specified later in each of the subsection below) during mesh

adaption to refine and avoid the degeneracy of the triangles in the meshes. Lastly, all computations
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are carried out on a 1.6 GHz Intel Core i5 Macintosh computer with 4GB RAM processors.

3.2.1 Examples for the First Proposed Shape Problem

In this subsection, we provide a number of concrete examples of the Bernoulli problems, including
both the exterior and interior case of the problem. The problems that we examine here, however,
are only solved using first-order shape optimization methods. This is because the set of numerical
experiments we perform here serves as a preliminary examination on the effect of the Robin problem
(1.15) in the approximation procedure. Nevertheless, we will provide numerical results for second-
order methods in the last two subsections of the chapter.

Now, in all test cases we examine here, we let § be the mean curvature of the free boundary
(i.e., we let B = x). We mention that we have actually tested several values for this Robin coefficient,
but it appears that the mean curvature x of the free boundary is the best choice for the algorithm to
work effectively in terms of convergence speed and stability, especially in the case of the classical
approach.

Notations. In all examples we present in this subsection, X denotes the kth approximation of
the optimal free boundary Z*, and the quantity di; (2, ) denotes the Hausdorff distance between
Y and Z. Also, K denotes the optimal termination index when the stopping condition (3.6) is im-
posed with some prescribed value for Tol; i.e., K := min{k € Ng : [J(Z¢+1) — J(Z¢)| < Tol}. Moreover,
for later use, we denote by the index M the last iteration loop of the algorithm before timing out (or
equivalently, the maximum number of iterations completed by the algorithm after running it for a

specified number of seconds).

Exterior case

3.2.1.1 Example 1: Accuracy Tests

We first test the accuracy of the computed gradient. For this purpose, we consider the exterior
Bernoulli problem with

1

r=co,r, A= oo
©.7) R(logr —logR)

0<r<R,

where C(0, r) denotes the circle centered at the origin with radius r. In this case, the only solution is
the circle C(0, R).

We let r = 0.3 and R = 0.5 (hence, X* = C(0,0.5)), giving us 1 = —3.9152. We take C(0,0.6) as
the initial guess and compute the optimal shapes using the proposed formulation and the classical
Neumann-data tracking approach.

In this example, since the evolution of the free boundary consists of concentric circles, we will
often use the term ‘kth mean radii’ which means the average distance from the origin of the nodes on
the exterior boundary of the kth domain Q. Throughout the discussion, this term will be denoted by
Ry.. Furthermore, in all test cases, we take hmay = 0.02 and end the optimization process after running
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the algorithm for 300 seconds.

Comparisons of results for different choices of X in (3.3). In this test case, we present the results of
the optimization process when X in the step size formula (3.3) for ¢ is set to either H' (Q), H. ;(Q%)
or [2(X ) with @ = 0.01. Figure 3.1a shows the histories of mean radii of the free boundary obtained
using the proposed formulation. Looking at the said figure, it seems that the choice X = L?(Z)
provides the fastest convergence to the optimal solution among the three choices. This is primarily
due to the fact that when X is set to L?(Z;), we have, on the average, larger values for the step size
tr (as expected) than when it is set to either H'(Q) or H%,O(Qk) (see Figure 3.1b). Observe also that
the latter two choices almost have the same rate of convergence, which is not suprising since their
corresponding norms are actually equivalent. Meanwhile, in Table 3.1, we tabulate the computational
results of the present experiment. The table shows, in particular, the Hausdorff distance between the
Kth approximation X of the free boundary and its exact optimal shape *, the mean radii Rx and its
corresponding standard deviation U?d at the Kth iterate, where K is the optimal termination index
when the tolerance Tol is set to the ones indicated in the first column of the table. Also listed in the
table are the values of the cost at the Kth iterate and the total computing time to reach convergence
when the stopping rule (3.6) is imposed with Tol values given in the first column of the table. Here we
mention that the Tol values listed in the table are actually the values of the tolerance in the stopping
rule (3.6) that were satisfied (omitting the case when 10~! and 1072) after running the algorithm
for 300 seconds (except for the case when X = L2z x) where we only present the results up to 1079).
Based on the results, it appears that a reasonable choice for the tolerance Tol when imposing the
stopping condition (3.6) when using the proposed formulation is to take it equal to 10~°. Note also
that, forall X € {H LQp), Hll,O(Qk)’ LZ(Zk)}, the Hausdorff distance between X* and the computed

optimal free boundary X g, with Tol = 1075 in (3.6), is approximately equal to 0.005.

a Histories of Mean Radii b 0.04 Histories of Descent Step Sizes
063 X =H(%)] —X=H(%)
. A\ - X =V(%) N ——X= Vz(Qk)
[ 0.55 M e 0.02 + \.\‘\,i'. -—X=1L (Qk) 1
‘ U
T N e S
0.5¢ 0 1

Figure 3.1: Histories of mean radii (plot a) and descent step sizes (plot b) when X =
H' (Qy), H%’O(Qk), L%(Z}) in (3.3) with a = 0.01 using the proposed formulation, running the algo-
rithm for 300 seconds

On the other hand, the results obtained from using the classical Neumann-data tracking approach
are depicted in Figure 3.2. Figure 3.2a shows the histories of mean radii Ry, of the free boundary X
while Figure 3.2b plots the graph of their corresponding standard deviations. Looking at the latter
plot, we observe that the choice X = L?(Z}) gives a very unstable approximation of the free boundary
during the optimization process. In fact, we noticed during the optimization process that the exterior

boundary Z becomes very ‘jagged’ after some iterations. This possibly means that the algorithm,
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Tol duCCx,Z*) Rk orad J(Zk) K CPU time
X =H'"(Qp)

1073 0.006660 0.504413 2.33x107°  0.004413 42 63.89 sec

107 0.005371 0.501888 3.74x107°  0.001888 58 124.21 sec

107> 0.005004 0.500214 4.05x107°  0.000214 88 298.37 sec
X = Hy , ()

1073 0.008084 0.506344 1.82x107° 0.038721 46 67.84 sec

107*  0.005146 0.501220 1.60x107> 0.001632 78 148.89 sec

107> 0.005053  0.500766 2.55x107°  0.000765 89 199.50 sec
X=L%(Zg)

107 0.005041 0.500586 3.93x107°>  0.000927 15 23.60 sec

107*  0.005006  0.500198 4.09x107°  0.000108 17  29.45sec

107> 0.005000 0.500055 2.94x107° 1.30x10™° 22 49.19sec

1076 0.004998 0.500101 3.15x107® 5.70x107% 25 74.39sec

Table 3.1: Summary of results of the computational experiments when X = H!(Qy), H%,o Qu), L>(Zk)
in (3.3) with a = 0.01 using the proposed formulation

a Histories of Mean Radii b Histories of Standard Deviations
0.6 ‘ ‘ ] , ,
- — X =H () 0.02(| ¥ =H ()
<055/ 77XiV2(Qk) | < ¥ 2(6)
g Y. \‘\ =X =1L (Qk) [ 0.01} X=1L ( k) ,—A"A ,,,,, -
051 ‘ I ) e ———
0 20 40 60 0 20 40 60
k k

Figure 3.2: Histories of mean radii (plot a) and their corresponding histories of standard deviations
(plot b) when X = H! (Qy), H%,O(Qk), L2(Z4) in (3.3) with a = 0.01 using the classical Neumann-data
tracking approach after 300 seconds of run time

when employing the Neumann-data tracking approach, is very sensitive to large deformations, which,
on the other hand, suggests that we need to take smaller values for a in order to get more stable
approximation of the optimal free boundary. Setting « in (3.3) to smaller values, however, would then
require the algorithm to process additional number of iterations (and therefore demands additional
computing times) just in order to attain reasonable approximation of the exact optimal free boundary.
Furthermore, even in the case when X is set to either H!(Q x) or H%,o (Qy), the histories of mean
radii obtained through the Neumann-data tracking approach is less smooth that in the case of when
applying the proposed formulation (compare Figure 3.1a and Figure 3.2a). Moreover, it is also evident
in the two plots shown in Figure 3.2 that the choices H'(Q) and Hll,o (Qg) for X in (3.3) exhibit almost
the same rate of convergence as in the case of using the proposed formulation. It seems, however,

that the best choice for the algorithm to work effectively when applying the Neumann-data tracking
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Tol  du(Ek,Z*) Ri orad JEx) K CPUtime
X = H' (Qy)

107! 0.020737 0.517855 0.000972 2.527479 20 22.70sec

1072 0.017395 0.514585 0.001157 1.957065 31 38.98 sec

1073 0.014639 0.512422 0.000855 1.526704 44 195.86 sec

1074 0.014612 0.512444 0.000848 1.525842 47 288.12 sec
X = Hf. ()

107! 0.030236 0.522901 0.002171 4.638160 22 29.40 sec

1072 0.019315 0.515450 0.001315 2.204293 32 49.77 sec

1073 0.015384 0.512289 0.000970 1.430624 55 276.75sec

X =L*(Zg)
107! 0.038000 0.527682 0.003034 7.934110 5 19.36 sec
1072 0.044922 0.528277 0.006324 5.996569 15 77.61 sec

Table 3.2: Summary of results of the computational experiments when X = H L ) H% 0 (Qp), L2z ©)
in (3.3) with a = 0.01 using the Neumann-data tracking approach

approach is to take X as the space H!(Q;). Meanwhile, the computational results corresponding to
the case when using the Neumann-data tracking approach with @ = 0.01 in (3.3) are summarized in
Table 3.2. Based on the table, it seems that the appropriate value for the tolerance Tol is 10~ when

imposing the stopping rule (3.6), in case of implementing the Neumann-data tracking approach.

Before we proceed further with our numerical investigations, let us comment and reiterate
the most important findings drawn from the results of the computational experiments presented
above. Firstly, it seems that the proposed formulation provides a more stable approximation of the
free boundary (in a sense that the domain Q is less prone to experience rapid oscillating exterior
boundary during iterations) than the Neumann-data tracking approach, regardless of the choice of
Xe {H 1 (Qp), H%,o (Qp), L2z k)}- This observation can actually be inferred easily by comparing the
order of magnitude of a?d obtained from the two formulations. Secondly, it appears that the proposed
formulation exhibits faster convergence behavior than the Neumann-data tracking approach, again
irrespective of the choice of X in the step size formula (3.3). In addition, the former formulation
provides better approximation of the analytical solution than the latter approach. Furthermore, it
seems that the appropriate choice for Tol when imposing the stopping condition (3.6) is to take it
equal to 10~° when using the proposed formulation and set it to 103 when applying the Neumann-
data tracking approach. In relation to this remark, it appears that the best choice for X in (3.3) that
provides the fastest convergence rate when employing the proposed formulation is the space L?(Zy).
On the other hand, it seems that the most practical choice for X that provides the most stable and
fastest convergence rate when applying the Neumann-data tracking approach is the space H! (Qy).

All these observations can all be inferred easily from the results shown in Table 3.1 and Table 3.2, and,
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of course, from the graphs plotted in Figure 3.1 and Figure 3.2.

Examining the order of convergence of the iterative procedure. Next, we numerically examine the
convergence behavior of the present iterative scheme. We do this by looking at the sequence of radii
of the computed optimal free boundaries obtained from using each of the two formulations. For this
purpose, we let €, = |Ri. — R*| be the error in the kth approximation. Note that, for a ‘good’ numerical
procedure, we want the approximate shape solution Q. := C(0, Ry) to be as close as possible to the
analytical solution Q* := C(0,R*), R* = 0.5. Now, let p be the order of convergence of Ry to R*; that
is, we have that limy_. o, €x41/ eZ = 7). If we assume that the error progression is exactly of the form
€ktl = nei, then we can actually write loger.; = plogey +logn. Hence, we can use a best-fit-line
approach to find an approximation of p, given the sequence of errors €. Figure 3.3 below depicts the
order of convergences of the algorithm when using the proposed and the classical Neumann-data
tracking approach which correspond to the computational results presented above. It shows, in
particular, the order of convergences of the proposed formulation when the stopping condition (3.6)
is imposed with Tol = 10~° (see Figure 3.3a and Figure 3.3b). It also presents the order of convergences
of the algorithm when applying the Neumann-data tracking approach which is again terminated via
the stopping rule (3.6) but with Tol = 1073 (refer to Figure 3.3¢ and Figure 3.3d). In these plots, the
dashed-line passing through the origin has slope equal to the unity. Meanwhile, the solid-line plot
represents the best fit line to the data loge.; = plogey +1ogn with slope equal to the value indicated
in the figure. Clearly, based on these plots, the present algorithm exhibits linear convergence behavior
regardless of the formulation used in the optimization procedure.

Effects of increasing the value of the step size parameter a. Let us now look at the effect of
increasing the magnitude of the step size f; in the optimization process by adjusting « to a higher
value. Obviously, we could expect that, by increasing the value of a, we could improve the rate of
convergence of the algorithm. Such improvement could be expected when employing the proposed
formulation in the algorithm (at least for slightly higher values of a for the present case). However, this
is not always the case for the other approach since increasing the magnitude of a, in general, would
only cause the algorithm to become more unstable. These facts are apparent in the plots shown in
Figure 3.4, and also in Table 3.3 wherein the results of the optimization process obtained through the
proposed and the classical Neumann-data tracking approach with X' = H L) and « € {0.02,0.03,0.04}
are summarized. In the table, the notation f represents the computed mean step size for the entire
optimization process when the stopping rule (3.6) is utilized (i.e., f = 21]5:0 ft/K). The notation oStP,
on the other hand, denotes the standard variation of the computed step sizes, also for the entire
iteration process. Meanwhile, the last column in Table 3.3 indicates the coefficient of variation (C.V.)
with respect to the step size t, i.e., C.V. = ¢5'P/ . In relation to this, we note that having a coefficient
of variation for the step size that is larger than the unity is an indication that the step size varies greatly
from each iterate. This means, possibly, that the algorithm is very much less stable, and based on our
experience, large fluctuations in step size could cause the algorithm to crash during iterations. These

results further support our claim that the proposed formulation provides more stable approximation
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a Proposed Formulation b Proposed Formulation
0 Order of Convergence 0 Order of Convergence
10 10 g g T " v
X = HY(Qy) X = LX(%)
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_ _10%
0.99923 1073
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10 .
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c Neumann-data Tracking Approach d Neumann-data Tracking Approach
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Figure 3.3: Order of convergences of the algorithm when applying the proposed formulation (plots a
and b) and when using the Neumann-data tracking approach (plots ¢ and d) with @ = 0.01, employing
the stopping condition (3.6) with Tol = 107> and 1073 for the first and second approach, respectively

of the exact optimal solution than the classical Neumann-data tracking approach. Moreover, it is
clear from the table that the former approach is more accurate than the latter one. Lastly, notice
from the table that the number of iterations (and hence, the computing times) required to reach
convergence when imposing the stopping condition (3.6) is significantly less for the case of the
proposed formulation than in the case of using the Neumann-data tracking approach. In the rest of
the examples below, we utilize the main findings drawn above. More precisely, we take X = L?(Z;) in
(3.3) when the proposed formulation is being applied in the algorithm and, on the other hand, set

X = H'(Q) when the Neumann-data tracking approach is used in the optimization procedure.
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a Proposed Formulation b Neumann-data Tracking Approach
Histories of Hausdorff Distances Histories of Hausdorff Distances
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Figure 3.4: Histories of Hausdorff distances using the proposed formulation with X = L?(Z}) (plot a)
and when applying the Neumann-data tracking approach with X = H' () for some values of a

a dyCg, =) Rk orad JZK) K time 7 gStep C.V.
Proposed formulation with XX = L?(Z}) in (3.3) and terminated using (3.6) with Tol = 107>

0.02 0.005002 0.499914 0.000037 4.81x107% 10 52s 0.0375 0.0235 <1
0.03 0.005002 0.499688 0.000062 3.09x1077 7 21s  0.0524 0.0458 <1
0.04 0.005014 0.499620 0.000074 1.49x107% 7 24s  0.0926 0.0650 <1
Neumann-data tracking approach with X = H'(Z) in (3.3) and stopped using (3.6) with Tol = 1073
0.02 0.017956 0.513706 0.001123 1.697592 51 183s 0.0009 0.0012 >1
0.03 0.018772 0.513442 0.001803 1.721732 52 276s 0.0012 0.0014 >1
0.04 0.029857 0.515549 0.005606 1.826101 54 116s 0.0010 0.0016 >1

Table 3.3: Summary of results of the computational experiments corresponding to Figure 3.4

3.2.1.2 Example 2: An inverted T-shaped fixed boundary

Next, we consider I' = S as the boundary of the inverted T-shape
S§:=((-3/8,3/8) x (—-1/4,0)) U ((-1/8,1/8) x [0,1/4)).

The optimal domain for A = —1,-2,...,—10. First, we compute the optimal domain for all integers
A =-1,-2,...,-10 using the proposed formulation. We choose the unit circle as the initial guess
and let hpax = 0.025 for all cases. Furthermore, we terminate the iteration process after running
the algorithm for 60 seconds. The resulting exterior boundaries are shown in Figure 3.5, where
the outermost boundary corresponds to A = —1 and the innermost boundary to A = —10, and the
shaded area represents the region bounded by the fixed boundary. Meanwhile, the results of the
present computational experiments are summarized in Table 3.4 when the stopping rule (3.6) with
Tol = 107 is used. The table shows in particular the computed cost value at the Kth iterate and the
total computing time to reach convergence for each values of A. Also indicated in the table are the
total number of iterations completed by the algorithm before timing out. The values shown in Table
3.4 were all obtained with the step size parameter a set to 0.10 except for the case when 1 = —3 where
we slightly adjusted a to 0.11 to reach convergence under the stopping condition (3.6) with Tol = 107>

and within 60 seconds. On the other hand, we remark that the optimal free boundaries obtained
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when the stopping rule (3.6) is employed are actually indistinguishable from the ones shown in Figure
3.5 (see Figure 3.6 for a direct comparison of the free boundaries Xk and Xj; when A = -1,-8). The
evolution of the free boundary when A = —10 is shown in Figure 3.7a.

Comparison of results obtained from the two formulations. Next, we compare the optimal free
boundaries obtained from the two formulations for the present test case. We focus particularly on the
case when A = —10. So, we repeat the optimization process for the case A = —10, but now using the
Neumann-data tracking approach. Also, this time, we run the algorithm for 120 seconds and again
take a = 0.10. In contrast to the evolution of the free boundary shown in Figure 3.7a, we notice several
oscillations appearing on X, at some iterations, when using the Neumann-data tracking approach.
These unwanted irregularities on the free boundary are actually discernible from the evolution of X
obtained through the said approach shown in Figure 3.7b. We emphasize that such phenomenon
actually indicates that the algorithm is unstable for large deformations (which has already been
observed in Example 3.2.1.1). These oscillations appearing on the free boundary during iterations
can actually be avoided by taking smaller values for the step size; that is, by reducing the magnitude
of a, in expense, of course, of processing additional number of iterations to attain good enough
approximation of the optimal free boundary. In relation to this, the evolution of the free boundary
using the classical approach under the same setup, but now with @ = 0.01, is shown in Figure 3.7¢.
Observe that, with the new value of @, we now have a smooth evolution of the free boundary (but
smaller gaps between each consecutive shape deformations). Meanwhile, a direct comparison of
the computed optimal free boundary Z,; obtained from the two formulations (with & = 0.10) are
shown in Figure 3.7d. For the proposed formulation, the final cost value is J; (Z23) = 2.99 x 1078 and
for the Neumann-data tracking approach, we obtain the value Jx(Zgp) = 4.10 at the final iteration.
We mention here that we have not actually satisfied the stopping condition (3.6) with Tol = 1073
when using the Neumann-data tracking approach, after running the algorithm for 120 seconds.
Nevertheless, we are able to satisfy (3.6) for Tol = 1072 after K = 42 iterations (which was completed
after 47.93 seconds of run time) with cost value Jn(242) = 5.06. Taking Tol = 1072 as the tolerance
value when imposing the stopping rule (3.6), however, seems reasonable since the cost actually

decreases very slow after reaching 39 iterations, as evident in Figure 3.8.

Remark 3.2.1. We remark here that we actually took slightly larger edge size for the mesh (in fact, we
set hmax = 0.03) during mesh adaptation in performing the optimization process with the Neumann-
data tracking approach. The main reason for this different setup is that it is actually difficult to obtain
stable approximation of the optimal free boundary when using the said approach with finer mesh
during mesh adaptation. In fact, the algorithm crashes after a certain number of iterations when a

smaller value for hpay is used during mesh adaptation.

Below we provide a few more examples illustrating further the robustness of the proposed

formulation in solving the exterior Bernoulli free boundary problem.
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Figure 3.5: The optimal free (or exterior) boundaries ~* using the proposed formulation

A JZk) K CPUtime M

-1 368x10™° 6 11.98sec 18
-2 7.84x107% 13 2221sec 17
-3 537x10° 10 16.55sec 16
-4  627x10% 14 2772sec 16
-5 151x107° 16 25.56sec 20
-6 459x1077 15 31.99sec 17
-7 952x107% 21 40.14sec 24
-8 2.03x10% 17 4161sec 24
-9  1.94x107% 22 42.09sec 24
-10 1.22x1077 21 55.82sec 23

Table 3.4: Summary of computational results corresponding to the optimal free boundaries shown in
Figure 3.5
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Figure 3.6: Optimal free (or exterior) boundaries obtained through the proposed formulation for
Example 3.2.1.2 (the case where I' = 6S) when 1 = —1 (plot a) and when A = -8 (plot b)
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Figure 3.7: Evolutions of the free boundary for the case A = —10 when the proposed formulation is
employed with a = 0.10 (plot a) and when the Neumann-data tracking approach is applied with
a =0.10,0.01 (plots b, and ¢, respectively); d: direct comparison between the optimal free boundaries
obtained through the proposed and the classical Neumann-data tracking approach when a = 0.10

99



CHAPTER 3. NUMERICAL ANALYSES
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History of Cost Value
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Figure 3.8: Convergence history of the cost function for Example 3.2.1.2 when 1 = —10, applying the
Neumann-data tracking approach with @ = 0.10

3.2.1.3 Example 3: An L-shaped fixed (interior) boundary

In this test case, we consider the boundary I' = 4S of the L-shaped domain
S =(-0.25,0.25)*\ [0,0.25]

and let A = —10. For the initial guess, we select the circle C(0,0.6) and take a = 0.10 for both ap-
proaches. Also, we run the algorithm for 300 seconds and we let hpax = 0.025 when using the
proposed formulation and take /55 = 0.03 when applying the Neumann-data tracking approach. In
case of using the proposed formulation, the algorithm completed 16 iterations (which was reached
after 23.49 seconds of run time) with the final cost value J; (Z;6) = 4.68 x 1071, The stopping rule
(3.6) with Tol = 107° is satisfied after 15 iterations which was completed after 19.77 seconds and
the computed cost is J1(Z15) = 2.17 x 1077, The evolution of the free boundary obtained through
the proposed formulation is shown in Figure 3.9a. On the other hand, when the Neumann-data
tracking approach is applied, the optimization procedure completely processed 158 iterations with
the final cost value /x(Z;58) = 0.88. Again, during the iteration process, we notice several oscillations
on the free boundary, and these oscillations are noticeable from the evolution of the free boundary
obtained through Neumann-data tracking approach depicted in Figure 3.10b. A direct comparison
of the optimal free boundaries 14 and Z,53 obtained through the proposed formulation and from
the classical Neumann-data tracking approach, respectively, are shown in Figure 3.10c. Observe that
the two computed optimal free boundaries are almost indistinguishable from each other. However,
it seems that X53 is slightly larger compared to X;5. The Hausdorff distance between the two is
computed to be of order 1072. Meanwhile, for the classical approach, the stopping rule (3.6) with
Tol = 1072 (respectively, 1073) is met after 49 (respectively, 139) iterations which was attained after
48.77 seconds (respectively, 244.66 seconds) of run time. Similar to the case of the previous example,
setting the tolerance value in (3.6) to Tol = 1072 seems reasonable if the stopping rule is applied
because the cost actually decreases slowly after reaching 49 iterations (see upper plot in Figure 3.9d).
This observation is also apparent from the history of Hausdorff distances between the kth and the

139th approximations of the optimal free boundary depicted in the lower plot in Figure 3.9d.
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Figure 3.9: Evolutions of the free boundary for Example 3.2.1.3 when the proposed formulation
is employed (plot a) and when the Neumann-data tracking approach is applied (plot b) where
a =0.10 in both cases; ¢: direct comparison between the optimal free boundaries obtained through
the proposed and the classical Neumann-data tracking approach when a = 0.10; d: histories of
cost values (upper plot) and Hausdorff distances (lower plot) obtained through the Neumann-data
tracking approach corresponding to plotb

3.2.1.4 Example 4: A fixed boundary with two disjoint components

For the last example under the exterior case, we take A = —1.5 and define the fixed boundary as the

union of two disjoint kite-shaped figures given by the following parametrization

I'1 ={(1+0.7cos6 —0.4cos26, sin®)T,0<0< 21},

Iy ={(~2+cosf +0.4c0s26, 0.5+0.7sin0) ", 0 < O < 27}.
For the initial guess, we choose the circle C(0,5). In this case, the solution is known to be connected,
hence the present scheme is suitable for numerically solving the problem (cf. [83]). Here, in all
situations, the algorithm is ran for 600 seconds. Also, we use finer mesh during mesh adaptation when

employing the proposed formulation than when applying the Neumann-data tracking approach. In

particular, we use hpax = 0.05 for the former approach and set hipax = 0.10 for the latter method. We
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choose coarser mesh when using the Neumann-data tracking approach for the same reason stated in
Remark 3.2.1.

The evolution of the free boundary obtained through the application of the proposed formulation
is depicted in Figure 3.10 when a = 0.10, 0.25 and 0.50 (see plots a, b and c, respectively). Clearly, as
a increases in magnitude, the convergence speed also increases (of course, this is only true up to
some value of a as in the results shown in Table 3.3). In the same figure, particularly, in plots b, d and
f, the evolution of the free boundary obtained using the Neumann-data tracking approach when
a =0.001,0.010,0.100 are shown. Notice that, even at small step sizes, the free boundary is prone
to oscillations as evident (although not too visible) in Figure 3.10b. Also, it is apparent from Figures
3.10d and f that increasing «, in case of using the Neumann-data tracking approach, only worsen the
oscillations appearing on the free boundary during the optimization process. The numerical results
of the present computational experiments are summarized in Table 3.5. The table shows, in particular,
the computed cost value J;(Xk), i € {1,N}, at the optimal termination number K when the stopping
condition (3.6) is utilized with tolerance value Tol = 10~° for the proposed formulation and Tol = 102
for the Neumann-data tracking approach (the reason behind these choices of Tol values will be issued
later). Also, listed in the table are the corresponding final cost values J;(Z ;) for each of the methods
applied (and for each values of @ used in the experiment). Surprisingly, the computing time to reach
convergence (imposing the stopping rule (3.6)) when using the proposed formulation with a = 0.25
is almost the same with the case when « is set to 0.50. Meanwhile, the corresponding histories of
cost values of the free boundaries shown in Figure 3.10 are plotted in Figure 3.11a. Observe that, in
case of the Neumann-data tracking approach, the values 0.01 and 0.10 for a exhibits comparable
convergence speed. Based on this, it seems that the rate of convergence of the optimization process
when applying the Neumann-data tracking approach could not be further improved even when a is
increased in magnitude. On the other hand, Figures 3.11b and c respectively plots the histories of
Hausdorff distances between X and the final computed free boundary X, obtained through the
proposed formulation, for each @ = 0.10, 0.25, 0.50, and via the Neumann-data tracking approach,
for each a =0.001, 0.010, 0.100. In these plots, the abbreviation ‘H.D.” appearing on the vertical axes
means the term ‘Hausdorff Distance’. In all situations, including the cross comparisons between
the final optimal free boundaries obtained from using each of the values of a¢ and the comparisons
between the results obtained from each methods, the computed Hausdorff distances are all of order
102 (or lower). We emphasize that the said order of magnitude of the computed Hausdorff distances
is reasonable since we used coarser mesh during the optimization process. Furthermore, the graphs
depicted in Figures 3.11b and ¢ show that the stopping rule (3.6) can indeed be effectively used to
terminate the iteration process by taking the tolerance value Tol = 10~ when using the proposed
formulation and setting it to Tol = 10~2 when the Neumann-data tracking approach is being applied.
Finally, a direct comparison between the computed optimal free boundaries X3, and X;;4 obtained
through the proposed formulation (with @ = 0.50) and the classical Neumann-data tracking approach

(with @ = 0.10), respectively, are shown in Figure 3.11d. As in Example 3.2.1.2, it seems that the optimal
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free boundary due to the Neumann-data tracking approach is slightly larger compared to the one

obtained through the proposed formulation.
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Figure 3.10: Evolutions of the free boundary corresponding to Example 3.2.1.4 when the proposed
formulation is employed with ¢ = 0.10,0.25,0.50 (plots a, ¢, and e, respectively) and when the
Neumann-data tracking approach is applied with @ = 0.001,0.010,0.100 (plots b, d, and f, respectively)

Interior case
We now provide some numerical examples for the interior case. This time we take X = L?(Q;) and
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a J(Ex) K  CPU time J(Em) M
Proposed formulation; Tol = 107>
0.10 0.000762 38 146.68sec  0.000473 47
0.25 0.000164 27 55.30sec  1.26x107% 42
0.50 220x107° 22 55.28sec  1.30x1078 32
Neumann-data tracking approach; Tol = 1072
0.001 9.25 210 363.67 sec 5.73 265
0.010 8.02 71 86.95 sec 7.43 99
0.100 5.69 68 187.94 sec 4.60 114

Table 3.5: Summary of computational results corresponding to Example 3.2.1.4
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Figure 3.11: a: Convergence histories of the cost function for both the proposed and classical for-
mulations with different values of a; the histories of Hausdorff distances between X and the final
computed free boundary Z,; obtained through the proposed formulation, for each a@ = 0.10, 0.25,
0.50 (plot b), and via the Neumann-data tracking approach, for each a =0.001, 0.010, 0.100 (plot c);
d: direct comparison between the optimal free boundaries obtained through the proposed and the
classical Neumann-data tracking approach
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let & = 0.99, for simplicity, in the step size formula (3.3) for both the proposed and the classical
Neumann-data tracking approach. Also, we run the algorithm for 60 and 600 seconds in the first

(Example 3.2.1.5) and second test case (Example 3.2.1.6), respectively.

3.2.1.5 Example 5: Accuracy Tests

For the first test case, we again check the accuracy of the computed gradient. To this end, we consider
the interior Bernoulli problem with

1

r=C(,R), A= ——r—,
©.5) r(logR—logr)

R/e<r<R.

For this case, the interior Bernoulli problem admits two possible solutions; namely, the elliptic
solution which is the circle C(0, ), and the hyperbolic solution given by the circle C(0, r3,), where rj,
is the unique real number such that

1
rp(logR—logry) B

O0<rp<Rle,

Convergence to the elliptic or hyperbolic solution depends on the initial guess. In our test, we are
interested only in the elliptic solution. We take R = 0.9 and r = 0.5, so A = 3.4026 (and again, obviously,
X* = (C(0,0.5)). We choose C(0,0.6) as the initial guess. The histories of the mean radii and Hausdorff
distances obtained through the application of the proposed formulation are plotted in Figures 3.12a
and b, respectively, for some mesh sizes hnax used during mesh adaptation. Observe from the said
plots that the rate of convergence of the mean radii and of the Hausdorff distances slows down after
four iterations. If we imposed the stopping condition (3.6), with Tol = 1074, the algorithm actually
terminates after six iterations, irrespective of the magnitude of maximum edge size of the mesh hyax
used during mesh adaptation. Table 3.6 summarizes the results toward the elliptic solution when
the stopping rulr (3.6) with Tol = 10~ is utilized to terminate the algorithm. It is clear from the table

that the accuracy of the computed optimal free boundary is improved as the magnitude of hpax is

rad
K

we can actually say that the proposed method produces a very stable approximation of the optimal

reduced. Also, based on the computed value for the standard deviation ¢’?“ shown in the said table,
solution, in a sense that every domain Qy, k =1,2,..., M, has an exterior boundary X with no rapid
oscillation. We have also ran the algorithm using the Neumann-data tracking approach. However, the
algorithm was only able to process one complete iteration (regardless of the magnitude of hy,¢) and
the computed free boundary has mean radius R, =0.5127, Hausdorff distance of di; (Z1,>*) = 0.0207
from the exact optimal shape ~* and final cost value Jx(X1) = 0.0046 when hpay is set to 1/160. It
seems that the formula (3.3) produces a very small magnitude for #; which is already of order 1073,
and apparently, this step size is not large enough to produce a variation of the current domain Q;
that would decrease the magnitude of the cost at the next iteration. In addition, we mention that the
computed shape at the first iterate actually has some irregularities appearing on its exterior boundary.
In fact, the computed standard deviation Uﬁad is equal to 0.0029 which is one order higher compare

to the order of magnitude of Uf,?d ’s listed in Table 3.6.
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Figure 3.12: Histories of mean radii (plot a) and Hausdorff distances (plot b) obtained through the
application of the proposed formulation after running the algorithm for 60 seconds

Bmax  du(Zk, 2% Rk orad JEx) K time i oS C.V.

1/40 0.004602  0.502944 0.000292 7.27x107% 6 12.83s 0.6327 0.3545 <1
1/80 0.004341  0.501177 0.000205 7.46x107% 6 17.63s 0.5907 0.2780 <1
1/160  0.003328 0.501606 0.000193 191x107% 6 17.37s 0.6119 0.3010 <1

Table 3.6: Summary of computational results corresponding to Example 3.2.1.5 using the proposed
formulation terminated with the stopping rule (3.6) with Tol = 1074

3.2.1.6 Example 6: An L-shaped fixed (exterior) boundary

For the second test case, we consider the boundary I" = S of the L-shaped domain
$=(-0.5,0.5)>\[0.1,0.5]2

and take A = 14. We choose C((—0.15,—-0.15),0.25) as the initial guess. The result of the computational
experiments are summarized in Table 3.7. Clearly, based from the table, the proposed formulation
converges significantly faster to the optimal solution than the classical Neumann-data tracking
approach. The evolution of the free boundary using the proposed and the classical Neumann-
data tracking approach are respectively depicted in Figures 3.13a and b (where the shaded region
represents the final computed domain Q). Observe from the latter figure that the there are some
irregularities appearing on the shape of the free boundary at several iterations. Meanwhile, a direct
comparison between the free boundaries X7 and X4, respectively obtained through the proposed
formulation and the Neumann-data tracking approach, are shown in Figure 3.13¢. These shapes
have the corresponding cost values J;(X;7) = 1.55 x 1077 and Jn(Z104) = 0.33. Also, the computed
Hausdorff distance between X7 and X4 are found to be equal to 0.02. Lastly, in Figure 3.13d, we plot
the histories of cost values and Hausdorff distances dyg (2, X104) obtained through the Neumann-
data tracking approach. Notice that the value of dy(Zg, Z194) fluctuates at a certain number after
44 iterations. So, based from Table 3.7, we can actually terminate the algorithm using (3.6) with
Tol = 10~2. On the other hand, the value Tol = 10~ seems a reasonable choice for the tolerance value

when imposing the stopping rule (3.6).
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Figure 3.13: Evolutions of the free boundary for Example 3.2.1.6 when the proposed formulation
is employed (plot a) and when the Neumann-data tracking approach is applied (plot b); c: direct
comparison between the optimal free boundaries obtained through the proposed and the clas-
sical Neumann-data tracking approach; d: convergence history of the function (upper plot) and
history of Hausdorff distances (lower plot) obtained through the Neumann-data tracking approach
corresponding to plotb

Tol JCK) K duCg,Zy) CPU time

Proposed formulation
1073 0.037359 7 0.017952 35.73 sec
107* 7.83x107° 11 0.004287 71.17 sec
107° 7.12x107° 12 0.004174  73.77 sec
Neumann-data tracking approach
107! 112.97 7 0.223435 37.38 sec
1072 2.41 57 0.019425 194.46 sec
1073 2.23 70 0.025111 430.145 sec

Table 3.7: Summary of computational results corresponding to Example 3.2.1.6
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3.2.2 Examples for the Second Proposed Shape Problem

This subsection is devoted to the numerical investigation of the second proposed shape problem
(1.17) and its comparison with the classical Kohn-Vogelius cost functional minimization approach
(1.10).

3.2.2.1 Example 1: Accuracy of the computed gradient

We begin by testing the accuracy of the computed gradient. To do this, we consider the exterior
Bernoulli problem with

1

I'=C(,r), A= ——
©.7) R(logr —logR)

0<r<R,

where C(0, r) is the circle centered at the origin with radius r. The only solution, in this case, is of
course the circle C(0, R).
Welet r = 0.3 and R = 0.5. These give us A = —3.9152. We consider three different initial guesses

defined as follows (see Figure 3.14a for illustration):

Test1: X} = C(0,0.6);
Test2: 5= C(0,0.4);
Test3: X3=1{(0.01+0.6cosd, 0.01+0.4sin0)", 0< 0 < 27}.

In all cases, we take /max = 0.01 and set Tol = 1075, i.e., we stop the algorithm as soon as the inequality
condition | J(Qr4+1) — J( Qi) < 1076 holds true. The results of the accuracy tests with parameter values
a =0.10,0.50,0.99 are summarized in Table 3.8.

Z(i) a cost duc*, Z;) R IR—R|/R iter. cputime
0.10 2.85x107° 0.005072 0.500888 0.001776 72 115 sec
Z(l) 0.50 2.32x1077 0.004983 0.500002 0.000004 17 26 sec
0.99 8.55x1078 0.004984 0.499865 0.000270 8 12 sec
0.10 1.77x107° 0.005044 0.499343 0.001314 70 103 sec
Z% 0.50 9.26x1077 0.005003 0.499878 0.000244 16 28 sec
0.99 3.91x1079 0.004998 0.499956 0.000088 7 14 sec
0.10 1.65x107° 0.005887 0.500051 0.000102 76 122 sec
2(3) 0.50 6.64x1077 0.004991 0.500002 0.000004 19 29 sec
0.99 8.77x1077 0.005001 0.499993 0.000014 9 13 sec

Table 3.8: Convergence test toward exact solution using the proposed formulation via the modified
H!-gradient method with initial free boundaries X!, i = 1,2,3, and a = 0.10,0.50,0.99 in (3.3)

The table shows, in particular, the final values of the cost, the Hausdorff distances between the

computed optimal shape and the exact shape, the average distances R of points on the computed
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free boundaries to the origin, the relative errors between R and the exact radius of the free boundary
R, the number of iterations until termination of the algorithm and over-all computing times. Clearly,
as a increases in value, the number of iterations, as well as the computing time, decreases. Moreover,
except for the case when the initial guess is Zg and a = 0.1, the Hausdorff distance between the exact
optimal shape Z* = C(0,0.5) and each of the computed optimal (final) shape ;}, i=1,2,3,is (approx.)
equal to 0.005. Meanwhile, we notice large number of iterations required to reach convergence when
a is set to 0.1. These values can obviously be reduced by applying a second-order method. Indeed, by
employing the modified H!-Newton method presented in subsection 3.1.5, we obtain a significant

reduction in the number of iterations needed to reach convergence as evident in Table 3.9.

a Z(i) cost dH(Z*,Z}) R I[R—R|/R iter. cputime

Iy 6.17x1077  0.005007  0.500139 0.000278 7 25 sec
0.1 =2 157x10"®  0.005003  0.500013 0.000026 8 41 sec
I3 447x107%  0.005130  0.500101 0.000202 14 35 sec

Table 3.9: Convergence test toward exact solution using the proposed formulation via the modified
H!'-Newton method with a = 0.1 and different initial free boundary z},i=1,2,3

— 3l
f
0.5 ot o372
?/?/’ \\\ f
/’ X\ 213‘
J .
T §
¢ &
0 b Bl
L ]
S i
\% a
\ey -/
\X\‘n )
e L
-05 TG g
05 0 05 -05 0 0.5
(a) Initial guesses for the free boundary (b) Optimal free boundary 2%, i =1,2,3

Figure 3.14: Initial (left) and final (right) free boundaries for Example 3.2.2.1 with a = 0.1 in (3.3)

The computed optimal free boundaries when a = 0.1, as well as the fixed boundary I', are depicted
in Figure 3.14b. The histories of cost values and Hausdorff distances obtained through the first- and
second-order method with a = 0.1 and initial profiles Zé, i =1,2,3, for the free boundary X are
depicted in the plots shown in Figure 3.15. Looking at Figure 3.15a and Figure 3.15c, we observe that
the first and second tests, where we respectively took 2(1) and Z% as initial guesses, have almost the
same rate of convergence and are both faster compared to when taking Zg as the initial profile for the
free boundary X. However, in terms of convergence to the exact solution (measuring the Hausdorff
distance between the kth approximation X of the free boundary and its exact profile * = C(0,0.5)),

the choice 2(2) gives the fastest rate of convergence among the three choices for X (with the third
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choice Zg as the initial guess for the free boundary giving the slowest convergence rate to the exact
solution) in case of using the first-order method is applied (see Figure 3.15b). On the other hand, it
appears that the first and second test cases have almost the same convergence rate when using the

second-order method (refer to Figure 3.15d). In testing the accuracy of the computed gradient, we
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Figure 3.15: (a)-(b): Respective histories of cost values and Hausdorff distances via first-order method
with @ = 0.1 in (3.3) and varying initial free boundary Z("), i =1,2,3; (c)-(d): respective histories of cost
values and Hausdorff distances via second-order method with & = 0.1 in (3.3) and different initial
free boundary 26, i=1,2,3

also considered coarser mesh in solving the PDE systems involved in the formulations. It seems that
using coarser mesh requires less computing time to complete the optimization process (as expected).
However, we obtained a more accurate final free boundary in all test cases when using finer mesh

during the discretization process (also as expected).

3.2.2.2 Example 2: An L-shaped fixed domain

Next, we again consider the boundary I' = 4S of the L-shaped domain S = (-0.25, 0.25)21[0,0.25]2

and compute the optimal shape for all integers A = —-10,-9,...,—1. In all situations, we take ¢ = 0.99
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and choose C(0,0.6) as the initial shape of the free boundary Z. We compare our results with the
ones obtained using the classical Kohn-Vogelius formulation (1.10). As in the previous example, we

also set Tol = 107 in the stopping condition (3.6) and set Apay = 0.01. Table 3.10 summarizes the

A formulation fo cost iter. cputime

_10 proposed  0.228150 1.37x107° 14 14 sec
classical 0.767890  0.000137 19 55 sec

_g Dproposed 0221636 6.25x 1007 13 16sec
classical 0.738627 3.11x107° 25 96 sec

8 proposed  0.213501 7.94x10~" 12 14 sec
classical ~ 0.702851 7.17x10™°> 19  57sec

_7 proposed  0.203058 1.23x107° 10 13 sec
classical 0.658125  0.000628 12 34 sec

6 proposed  0.189163 8.27x10~" 10 14 sec
classical 0.600640  0.000190 13 34 sec

_5 proposed  0.169783 2.61x10~7 10 16 sec
classical 0.524113  0.000948 18 54 sec

_4 proposed  0.140942 2.04x10~' 10 17 sec
classical 0.417590  0.000186 8 24 sec

_3 proposed  0.094111 5.68x10~° 9 14 sec
classical 0.262124 4.95x107° 11 29 sec

3 proposed  0.039805 2.37x107' 10 17 sec
classical 0.120956 6.48x107% 10 27 sec

B proposed 0.312388 1.08x10°% 13 25 sec
classical ~ 0.615256 5.69x10~7 9 24 sec

Table 3.10: Summary of computational results for an L-shaped fixed boundary I = dS with A =
-10,-9,...,—1 where @ = 0.99 in (3.3) and Tol = 1076 in the stopping condition (3.6)

computational results for the present test cases obtained through the proposed shape optimization
formulation (1.18) versus the classical Kohn-Vogelius formulation (1.10). The table shows, in par-
ticular, the initial step sizes, the final cost values, the number of iterations until termination of the
algorithm and over-all computing times for each of the two formulations. Notice that when 1 = -9,
the computing time for the classical formulation is too large compared to other cases. Also, we
observe that only in cases when A = —4, —1 that the number of iterations of the proposed formulation
is higher compared to the classical formulation. The resulting exterior boundaries are shown in
Figure 3.16 (forest-green-colored lines) where the outermost boundary corresponds to A = —1 and the
innermost boundary to A = —10. The fixed boundary I" and the initial shape of the free boundary
are also depicted in the figure, and are respectively colored with black and orange colors.

We compared the computed optimal free boundaries from the two formulations and we noticed
that, in all cases being considered, the results are indistinguishable from each other (see, e.g., Figure

3.17afor A = —9). Also, we observed that the histories of cost values (as well as the L2-norms of the
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Figure 3.16: Forest-green solid lines: Optimal free boundaries for Example 3.2.2.2 when A =
—-10,-9,...,—1 (the outermost boundary corresponds to A = —1 and the innermost boundary to
A = —10); dashed-dot orange line: initial guess for the free boundary

descent direction V, and hence the descent step sizes) from the proposed formulation exhibit an
almost uniform convergence rate, while the classical formulation do not (see, e.g., Figures 3.17b—
3.17d for the case 1 = —9). We believe that this is due to large deformations of the domain caused by
large values of descent step sizes (and therefore has to be reduced) during the optimization process.
In addition to these observations, we also mention the following important remarks regarding the
computational results summarized in Table 3.10. Firstly, for ¢ = 0.99 and Tol = 107% in (3.6), it
seems that the proposed formulation requires less computing time to complete the optimization
process than the classical formulation. Secondly, it appears that, for all values of A € {-10,-9,...,-1},
the initial step size for the classical formulation is larger (in fact, more than three times) than the
magnitude of the initial step size for the proposed formulation. Lastly, we observed that the final
cost values from the classical formulation are only of magnitude 10~ (or lower) while the proposed
formulation produces final cost values that in the magnitude 10~% (or lower). Because of the last two
remarks, it is actually difficult to say that the proposed formulation possesses faster convergence rate
to the optimal solution than the classical Kohn-Vogelius formulation.

We further assess the quality of the two formulations in terms of numerically solving the exterior
Bernoulli problem (1.3) by taking into account the above-mentioned key observations. To do this,
instead of taking the same value of a for the two formulations, we choose a in such a way that the
difference between the initial step sizes from the two formulations is small as possible. For simplicity,
we take a = 0.99 for the proposed formulation and adjust the value of « in the classical scheme so
that the initial step size for the two formulations are as close as possible. Also, for this purpose, we

focus our attention to the case when A = -9, -4, —1 since these are the cases where we see some sort
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Figure 3.17: Results of Example 3.2.2.2 for A = —9 when Tol = 107 in the stopping condition (3.6) and
a=0.99in (3.3)

of inconsistencies in the number of iterations and computing times shown in Table 3.10. Table 3.11
shows the results of the computations using the classical Kohn-Vogelius formulation with Tol = 107
in (3.6). It seems that for A = —9 (and possibly for smaller values of 1), the computing time when
using the classical formulation varies greatly with respect to a small change in the value of a. In
contrast, for A = —1 (and possibly for values of A < 0 near zero), the computing time is not sensitive
to small change in @. Meanwhile, we notice that, still, the proposed formulation (refer to Table 3.10)
requires less number of iterations and computing times to reach convergence to the optimal solution
than the classical formulation.

We also examine the results of the two formulations when Tol is set to 107 in the stopping
condition (3.6) while taking the initial step size for the two formulations as close as possible. Among
the three values of the parameter « listed in Table 3.11, we take the corresponding value of @, for each
A =-9,-4, -1 for the classical formulation. Table 3.12 shows the corresponding results for the given
setup. Observe that, for the three cases considered, the proposed formulation requires less computing

time than the classical one except for the case when A = —4 where both formulations require 11
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seconds to complete the optimization process. However, it seems that the classical formulation
requires less number of iterations than the proposed scheme if we compare the number of iterations
for the proposed formulation tabulated in Table 3.10 with that of the classical formulation shown in
Table 3.12. Nevertheless, notice that, in most cases, the proposed formulation requires less computing
time per iteration than the classical formulation. The histories of descent step sizes for the proposed
and classical formulations are plotted in Figure 3.18a. Figure 3.18b, on the other hand, depicts the
computed (optimal) exterior boundaries obtained through the proposed formulation versus the
ones computed via the classical Kohn-Vogelius shape optimization formulation when Tol = 1074, We
observe that, in all cases examined, the computed optimal free boundaries from the two formulations

are almost indistinguishable.

A a; ty cost iter. cputime
1 0.2970642705 0.2216361137 1.34x107°> 22 74 sec

-9 2 0.2970642710 0.2216361144 3.70x107° 18 102 sec
3 0.2970642715 0.2216361144 6.40x107° 17 32 sec

1 0.334138300 0.1409423055 1.03x107° 11 23 sec

—4 2 0.334138305 0.1409423076 4.57x107% 12 26 sec
3 0.334138310  0.1409423098 4.92x107° 14 40 sec

1 0.502658435 0.3123875250 1.34x107® 14 34 sec

-1 2 0.502658440 0.3123875282 1.17x107% 14 35 sec
3 0.502658445 0.3123875313 1.24x1076 14 34 sec

Table 3.11: Computational results obtained via the classical formulation with Tol = 107° in the
stopping condition (3.6) for an L-shaped fixed boundary I = 8S when A = -9, -4, -1 for different

values of a in (3.3)

’ A formulation a fo cost iter. cputime
9 proposed  0.990000000 0.2216361144 1.55x107° 9 10 sec
classical 0.297064271 0.2216361144 14.2x107° 12 16 sec
4 proposed 0.990000000 0.1409423086 6.37 x 107° 7 11 sec
classical 0.334138305 0.1409423076 4.57x107% 7 11 sec
1 proposed  0.990000000 0.3123875327 4.39x107° 8 17 sec
classical 0.502658440 0.3123875282 5.51x107° 9 24 sec

Table 3.12: Comparison of computational results obtained through the proposed and classical for-
mulations with Tol = 10™* in (3.6) for an L-shaped fixed boundary I' = 8S when A = -9, —4, —1 with
almost the same initial step size fy for both formulations

We provide a few more numerical examples comparing the results between the proposed and
classical formulation when A = —10 for Tol = 107%,1072,107% in (3.6). In this test case, we consider
two different initial guesses given in Example 3.2.2.1. Particularly, we consider X, as the circle
Z(l) and as the ellipse Zg. For the proposed formulation, we again take a = 0.99 which gives us
fp = 0.2281500068 when % = £ and #o = 0.1918396442 in case of taking = = =3. On the other hand,
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Figure 3.18: (a): Histories of descent step sizes for the proposed and classical formulations (with
almost equal initial step size f, for the two formulations); (b): optimal free boundaries obtained when
A =-9,—4,-1 in Example 3.2.2.2 using the proposed and classical formulations with Tol = 10™* in
the stopping condition (3.6)

by taking a = 0.2941418090 when X = Z(l) in the classical formulation, we get fy = 0.2281500069.
Also, with a = 0.2904954592 when Xy = Zg in the classical formulation, we get #, = 0.1918396442. We
examine the convergence of the approximate free boundaries to the optimal shape obtained through
the two formulations. Because we do not know precisely the exact profile of the optimal domains
corresponding to the solution of the test case in consideration, we use the computed optimal free
boundary X' obtained using the improved Neumann-data-tracking cost functional minimization
approach (1.17) proposed in [97] as our benchmark. The results of the computations are summarized
in Table 3.13 where we show the final cost values, the Hausdorff distance of the computed optimal
free boundary X ;}, i = 1,3, with respect to =, the number of iterations and the total computing times
for each of the two formulations. Comparing the results of the proposed formulation when Tol = 107
with that of the classical formulation when Tol = 10~ (see highlighted rows), we observe that the
former formulation needs less computing time per iteration to complete the iteration process than
the latter one. In addition, it seems that the computed optimal free boundary obtained through the
proposed formulation is closer (in terms of the Hausdorff distance) to >in than the one obtained via
the classical formulation when X = 23. However, when Xy = Z(l), the classical formulation produces
smaller Hausdorff distance with respect to =" than the proposed formulation. The evolutions of
the domains or histories of free boundaries computed for each of the cases considered through
the two formulations are shown in Figure 3.19. Looking at the plots depicted in the said figures, we
notice that the proposed formulation yields a more stable convergence behavior (in the sense that
the shape evolution is almost monotone) to the optimal solution than the classical formulation. We

also looked at the histories of the minimum, the maximum and the mean curvatures (respectively
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denoted by «», k1, and «) of the free boundaries (see Figure 3.20) plotted in Figure 3.19, and we found
out that the mean curvatures of the computed optimal free boundaries X ¢ for all considered cases are
positive. Hence, according to Proposition 2.5.2, the shape Hessian at the solution Q* of the Bernoulli
problem (1.3) when I' = 8S and 1 = —10 (and therefore, for —10 < A < 0) is strictly H”Z-positive.
Moreover, we noticed that, after a certain number of iterations, the history of minimum curvatures
that corresponds to the histories of free boundaries obtained through the proposed formulation
(refer to Figure 3.20a and Figure 3.20b) projects a decreasing trend. This is in contrast to the behavior
of the graph of the minimum curvatures corresponding to the history of free boundaries obtained via
the classical setting where we noticed an increase in the value of the minimum curvature from the
7th to the 8th iteration (see Figure 3.20c and Figure 3.20d).

2! | formulation  Tol cost dH(Zin,Z}) iter. cputime

1074 2.93x107°  0.023850 9 10 sec
proposed 107> 4.46x107%  0.008586 12 13 sec
107 1.38x107%  0.008586 14 14 sec

1
= —
10 0.001627  0.008435 9 14 sec
classical 1075  0.001627  0.010512 9 14 sec
107 0.000224  0.007484 15  30sec
107* 5.69x107°  0.026360 8 9 sec
proposed 107° 1.22x107°  0.008565 10 10 sec
53 107 9.47x1077 0.007675 14  14sec

107*  0.000644 0.008637 9 15 sec
classical 107> 0.000062 0.007394 15 30 sec
107%  0.000027 0.007394 19 114 sec

Table 3.13: Comparison of computational results obtained through the proposed and classical formu-
lations for an L-shaped fixed boundary I' = S when A = —10 with almost the same initial step size #,
for both formulations

Before we go to our next and final set of examples, we reiterate the following key findings drawn
in this subsection. For the same value of a, the classical formulation produces larger magnitude for
tp than the proposed formulation. Moreover, it seems that the appropriate value of Tol in (3.6) is 10~
for the classical formulation and 107° for the proposed formulation. One of the possible reason for
this difference in the right choice for Tol is the fact that the classical formulation produces larger
initial cost values than the proposed formulation. Furthermore, instead of simply comparing just
the number of iterations or computing time to complete an iteration process, it seems reasonable to
compare the mean computing time per iteration of the two formulations to evaluate their perfor-
mance in numerically solving the optimization problem. This way of comparing the two formulations
seems sensible because the two formulations almost have the same computing time. Moreover, we

emphasize that we are actually applying the same algorithm for each of the two formulations, hence,
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Figure 3.19: (a)-(b): histories of free boundaries obtained through the proposed formulation with
initial guess =} and I3, respectively, where Tol = 107° in (3.6); (c)-(d): Histories of free boundaries
obtained via the classical Kohn-Vogelius formulation with initial guess £j and Zg, respectively, where
Tol = 107*in (3.6)

considering the computing time per iteration as performance metrics in evaluating the two methods
is justifiable. Lastly, we emphasize that the classical formulation requires less iteration number to

complete an iteration process than the proposed formulation.

To end this section, let us complete Table 3.12 and compare the mean computing time per
iteration and standard deviations for all A = —10,-9,...,—1. Table 3.14 shows the final cost values,
the number of iterations and computing times for all A € {-10,-8,-7,—-6,—5,-3, -2} when using
the classical approach. The values of a chosen for each cases and the corresponding sizes of the
initial step ty are also shown in the table. Meanwhile, in Table 3.15, we show the means and standard
deviations of the number of iterations, computing time and computing time per iteration from
the two formulations for the present optimization problem. Notice that the two formulations are
comparable in terms of the mean over-all computing time. However, it requires two additional
iterations for the proposed formulation to complete the optimization process than the classical

formulation. Nevertheless, the proposed formulation needs less computing time per iteration than
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Figure 3.20: (a)-(b): corresponding histories of curvatures of the free boundaries obtained through the
proposed formulation with initial guess 2(1) and Zg, respectively, shown in Figure 3.19a-3.19b; (c)-(d):
Corresponding histories of curvatures of the free boundaries obtained via the classical Kohn-Vogelius
formulation with initial guess 2(1) and Zg, respectively, shown in Figure 3.19c-3.19d

the classical setting.

A a fo cost iter. cputime
—-10 0.29414181 0.22815001 0.001628 9 14 sec
-8 0.30072761 0.21350176  0.000119 12 17 sec
=7 0.30545458 0.20305801 0.001727 10 17 sec
-6 0.31178679 0.18916314  0.000137 8 13 sec
-5 0.32070413 0.16978307  0.000925 6 10 sec
-3 0.35544029 0.09411051 7.89x107° 6 14 sec
-2 0.32579718 0.03980505 2.08 x 107° 7 14 sec

Table 3.14: Computational results obtained through the classical formulation with Tol = 10~%in (3.6)
for an L-shaped fixed boundary I' = S for A = —10, -8, -7, -6, -5, —3, —2 with almost the same initial
step size tp with respect to that of the proposed formulation shown in Table 3.10
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- - 5 cpu time
1teration cpu time iteration

mean std mean std mean std
proposed ~11(11.1) =2(1.73) 16 346 146 0.29
classical ~9 (8.6) =2 (2.22) 15 3.92 177 042

formulation

Table 3.15: Means and standard deviations (std) of the number of iterations, computing time and
computing time per iteration for the proposed formulation with Tol = 107 and classical formulation
with Tol = 10~ in (3.6)

3.2.2.3 Example 3: A domain with fixed boundary having two disjoint components

For the third and final example, we look at a similar test case studied in [83]. Particularly, we define the
fixed boundary I as the union of two disjoint kite-shaped figures which are parametrically defined as

follows:

I'!:={(0.1+0.07cosf —0.04cos26, 0.1sin@) ", 0< 0 < 27},
2 :={(~0.2+0.1cosf +0.04cos 26, 0.05+0.07sinf) ", 0 < O < 2}.

As in Example 3.2.2.2, we compute the optimal shape for all integers A = —10,-9,...,—1 with C(0,0.6)
as the initial shape for the free boundary . We set a = 0.99 for the proposed formulation and choose
a for the classical formulation in such a way that it results to an initial step size having (almost) the
same value as that of the proposed setting. Moreover, we stop the algorithm with Tol = 107° in (3.6)
when using the proposed formulation and take Tol = 10~ for the classical formulation. Also, in all
cases, hmax = 0.01. The computed exterior boundaries are shown in Figure 3.21a (forest-green-colored
lines) where the outermost boundary corresponds to A = —1 and the innermost boundary to A = —10.
The fixed boundary I' (black line) and the initial shape of the free boundary X (dashed-dot orange
line) are also shown in the figure. Table 3.16 summarizes the computational results obtained through
the two formulations. It shows in particular the values of a used for each of the two formulations,
the resulting initial step sizes, the final values of the costs, the number of iterations and over-all
computing time to reach convergence to the optimal solution. Meanwhile, in Figure 3.22, we show a
comparison between the results obtained through the proposed and classical formulation for the
case A = —10,—4, —1. In Figure 3.22a, we see that the computed optimal free boundaries obtained
from the two formulations are indistinguishable from each other. The histories of the costs values,
the L?-norms of V and the histories of the descent step sizes are plotted in Figures 3.22b-3.22d,
respectively. Looking at these figures, we observe that we get a more comparable convergence rate
from the two formulations as A < 0 closes to zero; that is, in case of 1 = —1, the rate of convergence,
for instance, of the cost for the proposed formulation is almost of the same value with that of the
classical scheme. On the other hand, when A = —10, the convergence rates of the two formulations
differ greatly from each other. Meanwhile, in Figure 3.23, we show the evolutions or the histories of
the free boundaries when A = —10, for each of the two formulations (see, particularly, Figure 3.23a

and Figure 3.23c for the respective results of the proposed and classical formulation). The figure also
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shows the evolutions of the free boundaries (refer to Figure 3.23b and Figure 3.23d) when the initial

shape X of the free boundary is taken to be the ellipse
zel:= {(~0.1+0.4cos6, 0.05+0.55in0) ", 0< O < 27}.

As in the previous example, we noticed that the proposed formulation yields a more stable conver-
gence behavior (again, in the sense that the shape evolution is monotone) to the optimal solution
than the classical formulation. The histories of the minimum, the maximum and the mean curvatures
of the free boundaries depicted in Figure 3.23 are plotted in the graphs shown in Figure 3.24. Clearly,
the optimal free boundary for the present test case has positive mean curvature. Finally, in Table
3.17, we show the means and standard deviations of the number of iterations, computing times
and computing times per iterations for the present test case. Looking at the results shown in the
table, we see that the numerical algorithm presented in Subsection 3.1.3 requires 12 iterations to
complete the optimization process when using the proposed formulation. This is two iterations
higher compared to when using the classical formulation. However, we get a comparable result
for the two formulations in terms of computing time which means that the proposed formulation

actually requires less computing time per iteration than the classical setting.

(a) Forest-green solid lines: Optimal free boundaries for Example 3.2.2.3 when 1 = —10,-9,..., -1 (the outermost
boundary corresponds to A = —1 and the innermost boundary to A = —10); dashed-dot orange line: initial guess
for the free boundary

3.2.3 Examples for the Third Proposed Shape Problem

This subsection is dedicated to the numerical investigation using the third proposed shape problem
(1.18). In this respect, the numerical results will be compared with those obtained using the classical

Dirichlet-data-tracking cost functional minimization approach (1.6).
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A a fo cost iter. cputime

10 0.990000000 0.337420581 1.33x10~7 14 14 sec
0.386646216 0.337420581  0.001223 15 24 sec

g 0.990000000 0.331971040 5.73x10°" 13 16 sec
0.388463867 0.331971040  0.000473 11 20 sec

_g 0.990000000 0.325160189 5.07x10~' 13 14 sec
0.390736229 0.325160189  0.000582 10 17 sec

_7 0.990000000 0.316405255 3.36x1077 12 18 sec
0.393657966  0.316405255  0.000745 10 16 sec

_6 0.990000000 0.304735585 3.79x 1077 11 14 sec
0.397552887 0.304735585 9.84x107™° 12 20 sec

5 0.990000000 0.288405794 3.33x1077 11 13 sec
0.403001262 0.288405794 4.38x 107> 13 18 sec

_4 0.990000000 0.263931464 2.09x10™" 11 14 sec
0.411150343 0.263931464 2.25x10™° 9 16 sec

_3 0.990000000 0.223215311 1.45x1077 11 13 sec
0.424571657 0.223215311 3.88x10™° 7 11 sec

_o 0.990000000 0.142355886 1.70x10~7 10 17 sec
0.448686986 0.142355886 1.30x107° 7 13 sec

1 0.990000000 0.111335863 9.21x1077 12 23 sec
0.482819584 0.111335863 3.54x10™° 8 16 sec

Table 3.16: Summary of computational results of Example 3.2.2.3 for A = -10,-9,...,—1 where the

highlighted rows correspond to the results due to the proposed formulation

. iteration cpu time cpu time
formulation Iteration
mean std mean std mean std
proposed ~12(11.8) =1(1.23) 16.5 3.41 1.46 0.34
classical ~10(10.2) =3(2.61) 17.1 3.70 1.77 0.17

Table 3.17: Means and standard deviations (std) of the number of iterations, computing time and
computing time per iteration of the computational results shown in Table 3.16
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Figure 3.22: Results of Example 3.2.2.3 when A = —10, -4, —1 for both of the proposed and classical
formulations

In all numerical simulations conducted here, the minimum edge size hpi, and maximum edge
size hmax are set to 1/80 and 1/40, respectively, except for the third problem where we take fipi, = 1/10
and hmax = 1/5. Moreover, we terminate the iterations as soon as J(Z;.1)/J(Zg) < 1078 or if the
algorithm already runs for 60 seconds of computing time. Furthermore, in this subsection, we
consider three sets of algorithms, Algorithm A, Algorithm B, and Algorithm C, and each of them
consists of two types: the first type essentially follows Algorithm 3.1, while the second type conforms
to Algorithm 3.2. To be precise, we refer to the first-order methods as Algorithm A.1, Algorithm
B.1, and Algorithm C.1, and to the second-order algorithms as Algorithm A.2, Algorithm B.2, and
Algorithm C.2. Algorithm A utilizes the shape gradient and Hessian of /3 computed under Tiihonen’s
condition (2.23). Particularly, it exploits equation (2.38) and (2.68) in computing for the descent
directions in Algorithm 3.1 and Algorithm 3.2. On the other hand, Algorithm B simply refer to the
case where the full versions of the shape gradient and shape Hessian of /3, given by d/3(Q)[V] in
Proposition 2.4.2 and (2.68), respectively, are utilized in the algorithm. Also, since we will compare

our numerical results with those obtained using classical Dirichlet-data tracking approach, we will
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Figure 3.23: (a)-(b): histories of free boundaries obtained through the proposed formulation with ini-
tial guess C(0,0.6) and =&l respectively, where Tol = 1078 in (3.6); (c)-(d): histories of free boundaries
obtained via the classical Kohn-Vogelius formulation with initial guess C(0,0.6) and 2811, respectively,
where Tol = 10™% in (3.6)

also run our propose iterative procedures Lastly, Algorithm C, refers the case when the corresponding
shape gradient and shape Hessian from the classical Dirichlet-data tracking approach (1.6) is used in
the algorithm. That is, when g in (3.4) is the kernel of the shape gradient d/p(Q)[V] = [5 gpn-Vdo
(see Remark 2.4.1), and when h[V] in (3.8) is given by (2.70).

3.2.3.1 Example 1: Axisymmetric case

We first consider a simple axisymmetric case. Given that C(0, r) and C(0, R) are the circles centered at

the origin with radius r > 0 and R > r, respectively, the pure Dirichlet problem (1.9)

-——-———=0forr<p<R, u(ry=1, and u(R) =0,
I
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Figure 3.24: (a)-(b): Corresponding histories of curvatures of the free boundaries obtained through the
proposed formulation with initial guess 2(1) and Zg shown in Figure 3.23a-3.23b, respectively; (c)-(d):
corresponding histories of curvatures of the free boundaries obtained via the classical Kohn-Vogelius
formulation with initial guess 2(1) and Zg shown in Figure 3.23c-3.23d, respectively

has the exact solution

u(p) = 8
log (%)
In this case,
0 1
%u(R) = m.
Hence, the exterior Bernoulli FBP (1.3) with
(3.11) [={xeR*:|x|=r} and :@, 0<r<R,

has the unique exact free boundary solution X* = C(0, R). Moreover, the explicit expression up
satisfying (1.9) on Q, (the annular domain with inner radius r and outer radius p centered at the

origin) is given by
log|x|—logp

Q) = .
tp(E2p) logr —logp
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Similarly, for the mixed Dirichlet-Neumann problem (1.7) with assumptions given by (3.11), the

explicit expression for its solution uy is given by

| x|

un(Qp) = )Lplog(T +1.

Meanwhile, for the mixed Dirichlet-Robin problem (1.15) with fixed >0 and A in (3.11), the PDE

system

0
_—— — =0 f R, =1, —u(R R) =
p 0 forr<p< u(r) and anu( Y+ PBu(R)=A1

has the solution u = ur (Q,) explicitly given by

1+Aplog(|x|) ﬁplog('xl)

ur(Qp) = l—ﬂplog(z)

Thus, when the free boundary is given by 2, = {x : |x| = p}, the exact values of the functionals /p, /N,

Jxv, J1, J2, and J3 are respectively given by the following expressions:

1 2
]D(zp)ZEL ud dU:ﬂp(l—/lplog(%)) ,
2
IN(EZp) = 1[ (aailf—ﬂ) d0=%(1—ﬂplog(i)) )
o (to5(7)) ’
2
U r
1-Aplo (—)) ,
log(g)( V.

1-Aplog|Z
N1(Zp) = [ (aailf—l) daznﬁp(#lzzg),

1
Jev(Qp) = —f IV (1 — up) 2 dx =
2 Q,

2
1 pplog| 2

J2(Q)p) =—f IV (un — ug)|* dx = np (p) (l—lplog(i)) ,
2Ja, log(%) {1- ﬁplog(%) p

2

pplog| 2

]3(29):lf lun — ugl® do =mp —(p) (1—/1plog(£)) )
2 o ) o

1—ﬁplog(£

Figure 3.25 shows that the algorithms using Jp, /n, Jxv, J1, J2, and J3 are not equivalent.

Next, we evaluate the efficiency of the first-order shape optimization methods presented in
previous chapters (i.e., Algorithm A.1, Algorithm B.1, and Algorithm C.1) in solving a concrete
example of the present test problem. For this purpose, we again let r = 0.3 and R = 0.5 (hence,
R* =0.5), giving us A = —3.9152 (as in Example 3.2.1.1). We choose the circle centered at the origin
with radius 0.6 as our initial guess (i.e., we take Xy = C(0,0.6)). The results of the convergence tests

using Algorithm A.1, Algorithm B.1, and Algorithm C.1 for values of & =0.1,0.3,0.5 are depicted in
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Cost

Figure 3.25: Variation of the cost functionals Jp, /N, Jxv, J1, J2, and J3 with respect to p

Figure 3.26. This includes the histories of mean radii shown in Figure 3.26(a), the histories of relative
errors €; = |Ri.—R*| shown in Figure 3.26(b), and the histories of cost values (normalized with its initial
value) plotted on logarithmic scale in Figure 3.26(c). Similar to 3.2.1, the ‘kth mean radii,” denoted by
Ry, in these figures means the average distance from the origin of the nodes on the exterior boundary
of the kth domain Qy, and X denotes the kth approximation of the optimal free boundary X*. On the
other hand, the computed values of the cost functions at Zg that correspond to each algorithm, where
K denotes the optimal termination index (i.e., K := min{k € N : stopping condition is satisfied}), are
all found to be of magnitude less than 107%. Furthermore, the computed relative errors ¢ in all
cases are of magnitude of order 10~%. Meanwhile, we notice from Figure 3.26(a) that our proposed
formulation coupled with our present numerical scheme with a = 0.3 solves the solution of the test
problem as fast as the Kohn-Vogelius formulation (combined with the level-set method) used in
[1] in terms of the number of iterations required to complete its corresponding iteration process.
In fact, our proposed method with the step size parameter a set to 0.5 is even faster than the said
approach used by Ben Abda et al. in [1]. On the other hand, it is evident from the shown figures that
Algorithm B.1 posseses faster convergence rate than Algorithm C.1. Hence, our proposed method
(without, of course, imposing condition (2.23)) is more efficient than the classical Dirichlet-data
tracking approach, at least in solving the present case problem. In contrary, however, Algorithm A.1
(in which condition (2.23) is assumed) converges to the solution of the test problem slower than
Algorithm C.1.

Now, we resolve the present test problem using Algorithm A.2, Algorithm B.2, and Algorithm
C.2. The computational results obtained from these second-order shape optimization methods are
shown in Figure 3.27. Looking at the graphs depicted in the said figure, it seems that our proposed
method, with or without condition (2.23) (respectively, Algorithm A.2, and Algorithm B.2) is faster

than the second-order Dirichlet-data tracking approach (i.e., Algorithm C.2). In this case, however,
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Figure 3.26: Histories of (a) mean radii, (b) error values and (c) cost values of Example 3.2.3.1 for values
of ¢ =0.1,0.3,0.5 (left, middle and right plots, respectively) using the gradient based algorithms A.1,
B.1,and C.1

Algorithm B.2 and Algorithm C.2 were ran with & = 0.3 while we used the full Newton step (i.e., @ = 1)
for Algorithm A.2. Again, the computed final cost values, in all cases, are of magnitude less than 107
and the absolute errors at the final iterate ek are all found to be of magnitude of order 10~*. Notice
from the left most plot in Figure 3.27 that the first iterate of Algorithm A.2 already overshoots the
solution. Even so, the second iterate is already close enough to the optimal solution as evident in the
said plot.

In the next two examples, we further examine the effect of imposing condition (2.23) in the
shape optimization process. This time we consider two concrete problems that have non-trivial fixed
boundaries. Also, due to the limitation of the proposed shape optimization method coupled with
condition (2.23) (see Remark 2.2.1), we only consider cases wherein the optimal shape solution are

nearly convex. Specifically, for the first problem, we consider the case when the fixed boundary has a
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Figure 3.27: Histories of mean radii (left plot), error values (mid plot) and cost values (right plot) for
Example 3.2.3.1 using the second-order shape optimization algorithms A.2, B.2 and C.2

shape like an inverted letter T. On the other hand, for the second case problem, we consider a fixed
boundary that has two disjoint components similar to the one examined in [83]. In these cases, since
the exact optimal free boundaries are difficult to solve analytically, we simply assume X* as the final

free boundary computed using finer meshes and at longer computing times.

3.2.3.2 Example 2: An inverted T-shaped fixed boundary
Next, we consider I' = S as the boundary of the T-shape
S:=((-3/8,3/8) x (=1/4,0)) U ((—-1/8,1/8) x [0,1/4)),

and let A = —10. We solve the present problem using algorithms A.1, B.1, A.2, and B.2. For the first-
order methods, we take a = 0.1 while for the second-order algorithms, we choose @ = 0.9. The
results of the computations are shown in Figure 3.28. Here, the evolution of the free boundaries
with initial profile £y = C(0,0.6) are illustrated in Figure 3.28(a). Observe from these figures that the
evolution of the free boundaries are clearly different from each other (as expected), especially when
the approximant is closing to the optimal free boundary. Meanwhile, a comparison between the
histories of cost values and histories of Hausdorff distances between the kth approximation and
the (approximate) optimal free boundaries (here, we denote by di; (2, ~*)) obtained from the four
algorithms are shown in Figure 3.28(b) and Figure 3.28(c), respectively. Looking at these figures, it
seems that Algorithm B.1 is converging faster than Algorithm A.1 at first few iterations, but then the
condition is reversed after 12 iterations. Meanwhile, comparing their corresponding second-order
methods, it appears that Algorithm A.2 and Algorithm B.2 are comparable in terms of convergence
speed. On the other hand, the second-order methods are obviously much faster than the first-order
methods as expected. In these numerical tests, the computed cost values are all found to be of
magnitude of order 10~%. Furthermore, the calculated Hausdorff distances between the final free
boundaries obtained from the four algorithms (including the approximate optimal free boundary) are

found to be of order 1073. This means that the computed final free boundaries are almost identical.

3.2.3.3 Example 3: A domain with fixed boundary having two disjoint components

For the third example, we look at one of the test problems studied in [83]. Particularly, welet A = -1.5

and again define the fixed boundary I' as the union of two disjoint kite-shaped figures which are

128



3.2. NUMERICAL EXAMPLES

Algorithm A.1
27

lteration Number

79

lteration Number

Algorithm A.2
37
g
E
o}
P4
c
S
©
£
-0.5 0 0.5
Algorithm B.2

0.6 14

0.4

0.2 8

- E
=
0 c

S

-0.2 o
£

-0.4

-0.6 0

-0.5 0 0.5

(a) Evolution of the free boundaries generated by gradient methods (left) and by Newton methods (right)

Gradient Methods
—Algorithm A.1
- —— Algorithm B.1
20 40 60 80
k

~ 10°
A

~—

P\
~10%t
=

W

=
108

Newton Methods

—Algorithm A.2
—— Algorithm B.2

0

(b) Histories of cost values

Gradient Methods

—Algorithm A.1
—— Algorithm B.1

S —

10 20 30 40

Newton Methods

—Algorithm A.2
—— Algorithm B.2

20 30 40

(c) Histories of Hausdorff distances

Figure 3.28: Computational results of Example 3.2.3.2 using algorithms A.1, B.1, A.2 and B.2
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parametrically defined as follows:

rt:= {(1+0.7cos6 - 0.4cos20, sin®)T,0<0< 21},
I?:={(-2+cosf +0.4c0s20, 0.5+0.7sin0) ", 0 < 0 < 27}.

Here, the initial guess X for the free boundary is taken to be the circle C(0,5.0). In addition, we again
choose @ =0.1 and @ = 0.9 in the first- and second-order methods. The results of the computations
using algorithms A.1, B.1, A.2, and B.2 are shown in Figure 3.29. In particular, Figure 3.29(a) shows
the evolutions of the free boundaries obtained using the four algorithms while the remaining plots,
Figure 3.29(b) and Figure 3.29(c), illustrate the histories of cost values and Hausdorff distances
dy(Zg, %), respectively. In this problem, it appears that Algorithm B.1 is completely much faster than
Algorithm A.1 as oppose to the previous problem. However, we notice a similar convergence behavior
on the second-order methods as in the previous example. More precisely, it seems that Algorithm
B.2 converges faster that Algorithm A.2 as the approximant gets closer to the optimal free boundary.
Meanwhile, as in the previous example, the computed cost values are all found to be of magnitude of
order 1074, and the computed final free boundaries are almost identical with each other (i.e., their
Hausdorff distances are computed to be of order 1073).

In the last two examples presented above, the computed final free boundaries are found to
be nearly convex. To complete our numerical investigation, we need to consider another example
wherein the optimal free boundary is clearly non-convex. For this purpose, however, we focus on
comparing our proposed method with that of the classical Dirichlet-tracking approach (noting, of
course, that condition (2.23) is not appropriate to take into account in solving this new last and final

case problem).

3.2.3.4 Example 4: A dumb-bell like shape fixed boundary

We consider I' = 8D as the boundary of a dumbbell-like domain D similar to the one examined by

Eppler and Harbrecht in [48] which has the following parametrization
D:={(0.45c0s6, 0.3sin6(1.25 +cos20)) ", 0 < O < 27},

and take A = —10. For this problem, we again choose the circle C(0,0.6) as the geometric profile
of the initial free boundary Xy. Moreover, we let ¢ = 0.3 as the step-size parameter for the first-
order methods and take @ = 0.8 for the second-order algorithms. The computational results using
algorithms B.1, C.1, B.2, and C.2 are summarized in Figure 3.30. Looking at Figure 3.30(a), it is evident
that the free boundaries evolve differently from each algorithm. In particular, referring to the results
of the first-order methods shown in the other plots (Figure 3.30(b) and Figure 3.30(c)), it seems
that our proposed method is somewhat faster than the classical Dirichlet-data tracking approach.
Regarding second-order methods, however, it looks like that the classical approach is converging
faster than the Dirichlet-data-gap tracking formulation. In fact, as early as the second iterate, the

classical Dirichlet-data tracking approach was already able to detect the non-convexity of the optimal
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Figure 3.29: Computational results of Example 3.2.3.3 using algorithms A.1, B.1, A.2 and B.2
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free boundary. Nevertheless, as the approximants get closer to the optimal free boundary, we observe
that the proposed method then converge faster than the classical approach (at least based on the
right plot depicted in Figure 3.30(c)). We also compared the computed optimal free boundaries
obtained from the two formulations and found that they are almost identical. In fact, the computed
Hausdorff distance between the computed final free boundaries obtained from the two formulations
has magnitude of order 1073. Lastly, in all cases, the computed cost values are all found to be of
magnitude of order 107> or lower. However, as we see in the right plot in Figure 3.30(b), it seems
that the cost functional J3 is less sensitive than the Dirichlet-data-tracking cost functional Jp in
this example. We further explain this property of the cost function below, giving emphasis on the
notion of ill-posedness of the proposed Dirichlet-data-gap cost functional minimization approach

formulation (1.18) discussed in Section 2.5.

Sensitivity of the cost functionals J3 and Jp. We conclude our numerical example by discussing
the effect of the step size parameter @ in the ‘sensitivity property’ of the cost functionals J3 and Jp.
As pointed out at the end of subsection 3.1.5, the main purpose of introducing a step size parameter
in our second-order methods is to control the magnitude of the step size (i.e., to limit the maximum
step) at every iteration. Recall that, at the kth iterate, we only accept the step size ;. only if it provides
a decrease in the cost value (i.e., if J(Qg+1) < J(Qg)); otherwise, we do a backtracking procedure. In
our numerical experiments, we observe that taking a full Newton step at every iterate is not a good
strategy at all because the cost functional /5 (as well as /p) seems to be insensitive with respect to
large geometric perturbations. For illustration, we refer to Figure 3.31(a) where we logarithmically
plot the histories of cost values obtained from resolving the present case problem using Algorithm
B.2 and Algorithm C.2 with the full Newton step f; = || Vllil ! Wllfql @, (€ @=1.0). Noticeably,
several adjacent iterations differ only with very small values (and almost insignificant). Hence, the
non-uniform sensitivity of the cost with respect to the descent directions. This observation can
actually be viewed as a validation to our findings that the proposed formulation (1.18) is algebraically
ill-posed (see Proposition 2.5.1 and Remark 2.5.1). That is, in this case, the ill-posedness of the present
optimization formulation could also mean that larger deformations in the domains may have little
effect on the cost functional. On the other hand, the evolution of the free boundaries with the full
Newton step are shown in Figure 3.31(b) while a comparison between the computed free boundaries
using the two second-order algorithms is depicted in Figure 3.32. In the latter figure, the difference
between the two computed geometries is clearly discernible and, in this case, the final free boundary
computed through the classical approach (i.e., Algorithm C.2) is more accurate than the one obtained
via the proposed method (i.e., Algorithm B.2). Meanwhile, scaling the (full) Newton steps by a factor
of @ = 0.2 at every iteration (in both Algorithm B.2 and Algorithm C.2) lead to the computational
results shown in Figure 3.33. The figure shows, in particular, the histories of cost values and Hausdorff
distances both plotted in Figure 3.33(a) (left and right plot, respectively). Referring, in particular,
to the left plot shown in Figure 3.33(a), it is clear that the costs J3 and Jp are decreasing almost

uniformly from the initial to their respective final values. However, it is apparent from the figure
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Figure 3.30: Computational results of Example 3.2.3.4 using algorithms B.1, C.1, B.2 and C.2
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that the cost J3 is more sensitive (and therefore has higher convergence behavior) than Jp. In fact,
because the number of iterations required by Algorithm B.2 to reach the optimal free boundary is less
than that of Algorithm C.2 (as evident in the right graph plotted in Figure 3.33(a)), we can conclude
that the proposed method is indeed much faster than the classical Dirichlet-data-tracking cost
functional minimization approach. This observation is, of course, also evident from the evolution of
the free boundaries shown in Figure 3.33(b) wherein we recognized a big difference on how the two
algorithms actually develop the initial free boundary into an optimal one. We mention here that we
also ran the two algorithms using several other values for & between zero and the unit value (to solve
the present case problem), and, as in the previous cases, we found that the proposed method is, in
general, faster that the classical approach of minimizing the Dirichlet-data-tracking cost functional.
Nevertheless, the cost function J3 becomes more insensitive than Jp as the step size parameter &

increases in value.
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Figure 3.31: Computational results of Example 3.2.3.4 using Algorithm B.2 and Algorithm C.2 with

the full Newton step (i.e., @ = 1.)
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CHAPTER

CONCLUSION

his thesis has contributed in several ways to the mathematical understanding of shape op-

timization methods for solving free boundary problems as detailed here.

What have we done in this thesis?

In Chapter 1, we recalled the well-known Bernoulli free boundary problem and reviewed its ‘classical’
reformulations in the context of shape optimization. We also proposed, in the said chapter, three
shape optimization formulations of the problem that have not been investigated yet in previous
studies (by other authors). The main point of departure of the proposed formulations is the cou-
pling of the overdetermined boundary conditions on the free boundary into one equation. In this
respect, the first formulation is viewed as an improvement of the classical L? tracking of the Neumann
boundary data. The second one, on the other hand, is regarded as a modification of the well-known
Kohn-Vogelius objective functional minimization approach, while the third proposed shape problem
is a totally different form of optimization formulation which consists of a new boundary cost func-
tional. Regarding the latter, it was pointed out that the cost function was actually derived from an

observation that the inequality || - [;2x) < C|l - || 2 < 09, holds true for some constant C > 0,

Lig
for any € > 0, due to trace theorem. Following thg izde(:s), developed in [71], combined with several of
the tools established in [19-21, 68], the customary problem of proving the existence of optimal shape
solution to the proposed shape problems was addressed.

In Chapter 2, the shape differentiability of the cost functionals associated with the proposed
shape optimization formulations were proved. In the case L? tracking cost functional of the Neumann
data, the shape gradient expression was derived in a rigorous manner through a minimax formulation.
Its boundary integral expression was then computed under C>! regularity of the domain. Meanwhile,

the corresponding shape gradient and shape Hessian of the other two functionals were characterized
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using the chain rule approach. Their second-order shape derivatives were then expressed in terms of
appropriate adjoint variables, removing the dependence of the shape Hessian with respect to the
shape derivatives of the states (and adjoint states). Moreover, the necessary optimality conditions
corresponding to each of the three formulations were also exhibited. Furthermore, by analyzing
the shape Hessian expression at the optimal domain, the algebraic ill-posedness of the last two
shape optimization problems under consideration were proved. More specifically, it was shown that
the energy space of each of the shape Hessians is the Sobolev space H'(2*) while their respective

coercivity at the optimal shape solution only holds in a weaker space.

In Chapter 3, it was demonstrated how the shape gradient and shape Hessian informations can
be utilized to design an efficient iterative scheme to solve the minimization problems. Particularly,
a boundary variation algorithm using the H 1 gradient (cf. [6, 10, 89]) was first formulated. Then, a
second-order method based on the idea first put forward in [7, 9] was also presented. The novelty of
the proposed numerical scheme is the utilization of the shape Hessian information at the solution of
the Bernoulli problem, instead of using the exact shape Hessian expression, coupled with a novel
Newton step-size formula. The feasibility and effective implementation of the proposed gradient-

based optimization procedure was then illustrated through various numerical examples.

The numerical results showed that using a mixed Dirichlet-Robin problem, instead of a pure
Dirichlet problem, as the state constraint for L? tracking cost functional of the Neumann data
provides a more accurate approximation of the optimal solution, and better convergence speed and
stability of the algorithm. This result was due primarily to the fact that the adjoint state solution
associated with the proposed formulation enjoys the same degree of regularity with the state solution
as opposed to the case of the classical setting. On the other hand, regarding the second proposed
formulation, it was found that, using a Robin problem combined with Tiihonen’s condition (2.23), one
can actually reduce the number of state constraints appearing on the shape gradient of an energy-gap
cost functional such as the Kohn-Vogelius objective functional. As a result, the modified formulation
is more attractive compared to that of the classical Kohn-Vogelius formulation, especially in terms of
numerical computations because the number of PDE systems to be solved in order to evaluate the
corresponding shape Hessian of the cost function is reduced. The results obtained from the numerical
experiments revealed that the proposed formulation and the classical Kohn-Vogelius approach are
comparable in terms of mean over-all computing time. The classical setting, however, requires less
number of iterations to complete the optimization process than the proposed method. This fact, on
the other hand, means that the proposed formulation actually demands less computing time per
iteration to finish the iterative procedure used (as expected since we only need the solution of (1.7)
to evaluate the gradient) in the study. Finally, it was found that the third formulation consisting of
the new boundary cost functional called the Dirichlet-data-gap cost functional is more efficient in
comparison with the classical Dirichlet-data-tracking cost functional minimization approach (i.e.,

faster in terms on number of iterations), with comparable computational time.
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What can be done in the future?

The investigations carried out in this research work leave space for further investigations towards
several directions.

In the last proposed formulation, we introduced a new boundary functional which was derived
through the application of trace theorem in connection with the well-known energy-gap objective
functional. In [48-51], the authors applied the notion of boundary integral equations (see, e.g., [102])
and used the concept of boundary element methods to numerically solve some of the classical
formulations of the exterior Bernoulli problem. It is therefore of interest to examine the efficiency
of the third proposed problem and investigate its advantages/disadvantages over the energy-gap
type cost functional minimization approach when the boundary element method is employed as
a numerical scheme. In this respect, a numerical investigation of the proposed problem in three-
dimensional case would also be an interesting prospect to explore.

We recall that the energy-gap objective functional Jxy was first used by Kohn and Vogelius
in [82] in the context of inverse problems, hence the name Kohn-Vogelius cost functional. For
this reason, it would be interesting to utilize the objective functional /3 as a criterion for shape
identification problems such as in the inverse geometry heat conduction problem studied in [96],
thereby providing a novel approach for solving such an inverse problem in the context of shape
optimization. Moreover, our original shape optimization techniques can obviously also be adopted
to treat numerical solutions to the so-called quadrature surface free boundary problems as well as to
free surface problems involving Stokes and Navier-Stokes equations. The challenge in this respect
is of course the application of second-order methods as a numerical scheme for solving these free
surface problems. We emphasize that the complexity of results obtained from second-order shape
calculus makes the numerical analysis more involved and challenging. Besides, shape Hessian of
cost functionals also allows one to examine the stability of critical shapes and such stability result in
the case of free surface problems has not been much given attention in previous studies, making the

topic for investigation more interesting especially from theoretical point of view.
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APPENDIX

APPENDIX

A.1 Embedding Theorems

Let us first mention that, in order to give meaning to Sobolev spaces, the notion of weak derivative
has to be defined first.

Definition A.1.1. We say that g € L”(Q) is the yth weak derivative of f € LP(Q), where y =
Y1, Y2--»¥n) € NI with [y =24 y; if

fgwdx=(—1)'7'ffD7<p, Vo € CP(Q).
Q Q

Accordingly, the Sobolev spaces W (Q) and W*P(Q) are respectively defined as follows:
WP Q) :={peLP(Q) : Dy € LP(Q) Vy € [N]" with |y| < m} (1<k<oo, 1< p<Loo);

Ws’p(Q):={(p€WLSJ”’(Q): sup |ay(p|Wr,p(Q)<OO} (r:=s—1|sl€(0,1), s>0).
Iyl=Ls]

For two Banach spaces By and B, we say that B is continuously embedded into B, denoted by
By — By, if for any ¢ € By, it is also in By and the embedding map is continuous, i.e., for all ¢ € By,

lols, S lels, .

Let us now quote some important results about Sobolev embedding theorems for Sobolev spaces.
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APPENDIX A. APPENDIX

Theorem A.1.1 (Sobolev embedding theorem). Let Q c R be an open and bounded with Lipschitz
boundary. Moreover, let two integers m; > 0, my > 0, as well as 0 < p; < oo and 0 < p; < co be given.
Then, we have the following.

(i) fmy—d/py = my—dlp, and my > my, then there exists a continuous embedding
L WMPLH(Q) — W2 P2(Q),

More precisely, for any ¢ € W™P1(Q), there exists a constant C > 0 depending on d, Q, m;,
my, p1, and p, such that

lpllwmarz ) < Cll@llwm.r ).

In this case, we write W™-P1(Q)) — WM2P2(()).
(i) If my—d/py > ma—d/p, and m; > my, then there exists a continuous and compact embedding
LW PL(Q) — W2 P2(Q),

In this case, we have W:P1(Q) —— W2P2(Q)), or WM P1(Q) cc W2 P2(()).

Under certain conditions, the Sobolev spaces embed into Holder spaces as is stated in the

following.

TheoremA.1.2. Let Q c R% be an open and bounded with Lipschitz boundary. Moreover, let m > 0 as
well as 0 < p < oo, an integer k > 0 and 0 < p < 1 be given. Then, it holds thatif m—-d/p = k+ p and

0 < p < 1, then there exists a continuous embedding
L W™P(Q) — CRH(Q).

More precisely, for any ¢ € WP (Q), there exists a constant C > 0 dependingon d, Q, m, p, a, and k
such that

lellwmr@) < Clell kg

A.2 Gateaux Semiderivatives

Here, we briefly review some elements of semi-derivatives and derivatives in topological vector
spaces. We quote that there are two basic notions of differentiability for functions f : £ — F between

Banach spaces € and ¥ (see, e.g., [16]).
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A.2. GATEAUX SEMIDERIVATIVES

Definition A.2.1. A function f is said to be Gateaux semi-differentiable at x if there exists a bounded

linear operator Ty, € B(E,J) such thatforall ve €

lim f(xo+ev)— fxp)
e\0 E

=Ty, V.

The operator Ty, is called the Gateaux derivative of f at xy.

If for some fixed v the limits

fxo+ev) = f(xo)

&

d .
6vf(x0) = E gzof(X0+£l)) _E{%

exists, we say f has a directional derivative at xj in the direction v. Hence f is Gateaux differentiable
at xp if and only if all the directional derivatives 6, f (xp) (in [43], the Gateaux semi-derivative at
a point xp in the direction v is denoted by d f(xp; v)) exist and form a bounded linear operator
Df(x0): v— &, f(x0).

If the limit, in the sense of the Gateaux derivative, exists uniformly in v on the unit sphere of &,
we say f is Fréchet differentiable at xp and T, is the Fréchet derivative of f at xp. Equivalently, if we

set y = ev then € — 0" if and only if y — 0. Thus f is Fréchet differentiable at xj if for all y,

fxo+y)—f(x0) =Ty, y=o0(lylle)

and we call Ty, = D f(xo) the derivative of f at xp.
Note that the two notions of differentiability differ from how the limit is taken. In the Fréchet

case, the limit only depends on the norm of y.

Theorem A.2.1. If a function f : &€ — J is defined in the neighborhood of xy and has a Fréchet
derivative at xp, then f is continuous there.

We have the following implications.
Fréchet derivative — Gateaux derivative — Partial derivatives exist!

In the Euclidean space, the Fréchet derivative (or total differential) coincides with the notion of
Hadamard derivative. For further review of differentiation in topological vector spaces, we refer the

readers to [43, Section 9.2].
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