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Abstract

The method of numerical calculation of three-dimensional radiative trans-
fer from nonequilibrium air shock layers over a body is presented with some re-
views on radiative transfer and molecular physics. A numerical technique,
which reduces the necessitating memory size of a computational resource,
thereby enabling one to conduct three-dimensional calculation, has been de-
veloped. This method is applied to radiative heat transfer problems under a re-
entry condition. The radiative structure of the hypersonic air shock layer gener-
ated around a body is closely related to the thermally nonequilibrium structure
of the shock layer. A radiative heat transfer which is comparable with the con-
vective one is calculated at such a high Mach number as 35 at an altitude 70
km. This result suggests the importance of radiative heat transfer in thermal de-
sign of a reentry vehicle.
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Nomenclature

coupling constant, Eq. 105 [m_l]

Einstein transition probability of spontaneous emission

(Einstein’s A-coefficient) [s~']

spectral wall absorptivity [dimensionless|

= coefficient defined by Eq. 94

= constant, Eq. 64 [m ]

= Einstein transition probability of absorption (Einstein’s B-coefficient)
[’ m /(T - 5)]

= one of rotational constants, Eq. 63 [m ']

= coefficient defined by Eq. 95

= 3.00 x 10° [m/s], speed of light
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constants, Eq. 66 [m ']

one of rotational constants, Eq. 65 [m"l}

infinitesimal solid angle [s7]

energy [J/]

inonization energy [J/]

electronic potential energy at n-level [ /]

charge of electron [ C]

total energy density, Eq. 99 [J/m3]

wall emissivity [dimensionless]

rotational energy [m ']

oscillator strength (f-number) of absorption [dimensionless]

oscillator strength (f-number) of emission [dimensionless]

velocity distribution function

vibrational energy [m_l]

degeneracy [dimensionless]

6.626 X 107* [J - s], Planck’s constant

moment of inertia [kg - mz]

spectral radiant intensity of balckbody with respect to wave-length interval,
[W/ (- m- sr)]

spectral radiant intensity of blackbody with respect to wavenumber interval,
[W/ (- m™" - s1)]

smoothed radiant intensity of j-th band [ W/(m” - m™ "+ sr)]

smoothed radiant intensity of j-th band which corresponds to m-th outer-
most boundary [ W/(m’ - m” " - s7)]

spectral radiant intensity [ W/(rm’ - m '+ s7)]

spectral radiant intensity incident on medium [ W/ (m2 em s1)]
spectral radiant intensity when radiative emission is isotropic

[W/(m’ - m™" - sr)]

maximum number of chemical species [dimensionless]

emission power [ W/ m3]

rotational quantum number [dimensionless]

serial number of band [dimensionless]

spectral emission coeffcient [ W/(m” - m ' - sr)] or [ W/ (m’ - um™" - sr)]
quantum number of total angular momentum apart from electron spin
[dimensionless]

rate coefficient of transition from n'- to n’- state of A-species [’/ s]
1.38 X 10“23[.1 /K], Boltzmann’s constant

rate coefficient of inverse-predissociation {m3/ 5]

rate coefficient of predissociation [s']

length of light path through a volume element [m]

line shape function of absorption

line shape function of emission

molecular weight [g/mol]

Mach number [dimensionless]

serial number of outermost boundary surface [dimensionless]
molecular mass [kg|

9.1 X 107" [kg], electron mass

number density [ ]

number of division of wavenumber [dimensionless]
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number of band [dimensionless]

upper limit of exponent [dimensionless]

serial number of body surface [dimensionless]

(electronic) principal quantum number [dimensionless]
unit vector which is externally normal to wall [dimensionless]
number density of A-species [m_3]

emission power [ W/ m3]

pressure, Eq. 75 [atom)]

partition function [dimensionless

radiative heat flux to wall [ W/ m’]

Franck-Condon factor [dimensionless]

position vector [m]

matrix element of transition [C- m)]

spectral wall reflectivity [dimensionless]

internuclear distance [m]

one-sided integrated energy flux [ W/ mz]

quantum number of resultant of electron spins [dimensionless]
line intensity factor [dimensionless]

one-sided spectral energy flux of blackbody [ W/ (m2 . m”l)]
one-sided spectral energy flux [ W/ (m2 . m_l)]

temperature [K]

heavy particle translational-rotational temperature used in two-temperature
model [K]

electron translational temperature [K]

electronic energy [m 1]

vibrational temperature [K]

vibrational-electron tranlational temperature used in two-temperature
model [K]

spectral radiant energy density [J/ (m3 . m_l)]

velocity [m/s]

vibrational quantum number [dimensionless]

Gaussian line width [m]

Lorentzian line width [m]

Voigt line width [m]

coordinate [m]

constants, Eq. 68 [dimensionless]

Eqg. 105 [dimensionless]

Egs. 104 and 103, respectively [dimensionless]

emissivity of gas, Eq. 10 [dimensionless]

constant, Eq. 63 [m_l]

transmissivity of gas, Eq. 11 [dimensionless]

constnat, Eq. 65 [m ]

difference in electronic energy [J]

difference in rotational energy [J]

difference in vibrational energy [J]

line width at half-height [m]

band width of j-th band [ ]

8.85x 107" [F/m], permittivity in vacuum

spectral absorption coefficient [m_']
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A = Quantum number of electron orbital angular momentum along internuclear
axis [dimensionless]

A = 1/v, wavelength Lm]

v = wavenumber [m |

vy = wavenumber lower limit of j-th band [m ']

Vyj = wavenumber upper limit of j-th band [m_I]

View = wavenumber of radiation by transition from n’- to n” energy level [m—l]

z = quantum number of electronic spin component along internuclear axis
[dimensionless]

o = 5.67 X 10~ [W/(m’ - K], Stefan-Boltzmann constant

o, = cross-section of radiative capture [mz]

0, = cross-section of photoionization [m2 ]

01,0, = collision diameter of molecule 1 and 2, respectively [m]

7,(Ax) = optical thickness at a wavenumber v corresponding to a physical thickness
Ax [dimension]ess]

w = pointing vector

, = wave number of vibration [m“l]

Subscript

av = average

CL = center of line spectrum

e = electron

l = lower level

u = upper level

+ = jon

+,—.gu see Sec.3.2.2.

Superscript

= upper state
= lower state
(directly over quantity) mean value

”

1. Introduction

In designing a space vehicle, thermal protection under reentry condition is one of the
most important problems. This problem becomes serious, in particular, to so-called AOTV
(aero-assisted orbital transfer vehicle) which is originally proposed by London."” On one
hand, it positively utilizes the atmosphere for braking. On the other hand, it experiences
much heat transfer from a hypersonic shock layer generated around the vehicle.

The typical cause of heating over a reentry vehicle is convective heat transfer. It has been
relatively well studied and can be quantitatively estimated in experimental and/or numerical
ways. Moreover, some methods to reduce convective heat transfer, e.g., the bluntness effect
and gas injection from the wall, have been found effective and practically conducted.

However, it has been pointed out that, at a flight Mach number of as high as 25 or
higher, radiative heat transfer cannot be negiected.z)‘”’“ Generally speaking, a shock layer
generated at such a high Mach number at an altitude of about 70 km is in chemically and
thermally nonequilibrium: The rate of each chemical reaction is finite, and is not necessarily
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equal to the rate of the backward reaction. All the temperatures which correspond to a trans-
lational or an internal mode of molecules are not necessarily equal. In particular, it is possible
that the molecules are in electronical nonequilibrium.

Naturally, the radiation emitted from such a nonequilibrium shock layer depends
strongly on wavelength; it is the sum of the radiations caused by radiative transitions of the
respective species. A simple approximation, such as the gray medium approximation, is not
sufficient in order to quantitatively estimate the radiative heat transfer. Instead, one first
needs to calculate the flowfield in the nonequilibrium shock layer generated around a body.
Next, the radiative properties are to be calculated by superimposing the contributions of the
respective species. Finally, one needs to conduct radiative transfer calculation; practically
three-dimensional calculation is necessary. Due to strong wavelength dependence mentioned
above, a huge amount of spectral data is needed. This requires a large memory size of a com-
putational resource and a long computational period. It seems that, at the present state of art,
the method of calculating the radiative field in a shock layer which contains such complicated
phenomena as described above has not been established.

The purpose of this paper is to develop the method of calculating the radiative field in a
hypersonic nonequilibrium shock layer, and to study the effect of the flowfield condition on
the radiative field. The method developed here is wavelength-dependent and three-dimen-
sional. Also, it takes the effect of self-absorption by the shock layer into account.

2. Radiative Transfer through Gaseous Medinm

Generally speaking, a high temperature gaseous medium emits and absorbs radiant en-
ergy due to transitions of electronic, vibrational and rotational energy levels of molecules.
The molecular processes which result in radiative emission and absorption will be discussed in
detail in Chap. 3. In this chapter, fundamental equations and parameters on radiative transfer
are reviewed. Note that the radiative transfer in a medium is equivalent to the flow of
photons whose wavenumber (or wavelength) corresponds to the difference between the en-
ergies at the upper and lower levels of a transition.

2. 1. Fundamental Equation of Radiative Transfer

In order to obtain a fundamental equation which describes radiative transfer through a
non-uniform media, let us consider a volume element of an infinitesimal thickness (see Fig.
2.1). Here all the flow properties in the element are assumed to be uniform. A light ray in the
x-direction is incident at point A, and is transmitted through the element, emanating at point
B. In this figure, 1,(x) denotes the radiant intensity at point A. Radiant intensity is radiative
energy which passes through a unit area normal to the ray per unit time, per unit wavenum-
ber interval and per unit solid angle [ W/( m-m - sr)]. Although it is a function both of di-
rection (vector w) and of wavenumber at a point, it will hereafter be denoted by 1,(x) or I,
for simplicity.

Note here that /, is not a vector quantity but a scalar one. A vector quantity, e.g. a vel-
ocity, is totally determined by its direction and magnitude. It is a single-valued function with
respect to space. Yet, this is not the case with radiant intensity. Typical examples of a radiant
intensity are shown in Figs. 2.2. If there exists just a ray parallel to an axis, the radiant intens-
ity in the direction of the axis is infinite (however, becomes finite by integrating with respect
to solid angle), and the other components are equal zero (Fig. 2.2(a)). In contrast, in the case
of isotropic radiation (Fig. 2.2(b)), radiant intensities in any directions are all the same.
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7 1,(x) |, (x+dx)
v

B> ¢ s > X
A B

dx

Fig. 2. 1. Ray of light through a medium of an infinitesimal thickness.

& B

Fig. 2. 2. Examples of directional distribution of radiant intensity (two-dimensional);
(a) One-directional distribution, ~ (b) Isotropic distribution, (c) General distribution.

The general distribution of radiant intensity is shown in Fig. 2.2(c). Radiant intensities in dif-
ferent directions are independent of each other. They are individually determined only after
solving the radiative transfer equation. They cannot be united into a single quantity; the mag-
nitude of radiant intensity is a function of the direction of a ray.

If the medium in the element absorbs a fraction of the radiant energy incident on the ele-
ment, the radiant intensity at point B in Fig. 2.1 is decreased . The effect of the absorption is
expressed using ‘absorption coefficient.” It is the reciprocal of the mean free path of a
photon; a photon in the ray is absorbed after traveling, in average, this distance. The unit of
absorption coefficient is [#7']. In the absence of radiative emission in the element, the
radiant intensity at point B is related to that at point A by the following differential equation;
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i O (D)

Here, x, denotes the absorption coefficient which is the function of wavenumber.

When the volume element emits radiation, the radiant intensity is increased at point B.
The radiative energy isotropically emitted at a wavenumber v per unit volume, per unit time,
per unit wavenumber interval and per unit solid angle is referred to as ‘spectral emission
coefficient,” and is denoted by j,. Radiative transfer with radiative emission and without ab-
sorption is expressed by

a, .
dx v )
The general form of the fundamental equation for radiative transfer is rewritten, such
5),6)
as,
1 a1, .
< E“f‘ w VI, =j—xl, . (3)

Since the speed of light is much higher than that of flow particles, the first term in the
left-hand side is neglected even in an unsteady flow case. Therefore, the following fundamen-
tal equation is usually used.

W VI,=j,=xl, . (4)

2. 2. Ray of Light through Gaseous Medium
Solving Eq. 4 in a one-dimensional case (see Fig. 2.3) yields™

L= [ ;exp[— / jxl,dx”]/ydx' + 1 (xo)exp[— :)Kl,dx’] (5)
Here,

7,(Ax) = /i x,dx’ | (6)

Ax=x—x, . (7)

7,(Ax) is called ‘spectral optical thickness’ which corresponds to a physical distance Ax. It is
a function of wavenumber v. If 7,(Ax) is much larger than unity, the medium is called ‘opti-
cally thick;” most of the light at the wavenumber incident on the medium is absorbed in it. In
contrast, when 7,(Ax) is much smaller than unity, the medium is called ‘optically thin;” most
of the light at the wavenumber incident on the medium is transmitted through it.

When both the emission and absorption coefficients are constant in the medium, the op-
tical thickness becomes the product of the absorption coefficient and physical thickness of the
medium.
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l,(x)

Fig. 2. 3. Ray of light through a non-uniform medium.

7,(Ax) = x,Ax . (8)

In this case, Eq. 5 is transformed into

L) = age+ a1 (x) ©)
ay, = 1—e ™, (10)
a,, = €. (11)

a,, is usually called ‘transmissivity.” The ¢ % of the radiant intensity incident at x=x, is
transmitted through the medium. «, is called the ‘emissivity’ of gas.
The effect of induced emission on radiative transfer is included by substituting x, by”

K= 1, (1— ¢ kT . (12)
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In this paper, although the superscript * will hereafter be omitted for simplicity, the effect of
spontaneous emission will always be taken into account.

2. 3. Radiative Transfer in Limiting Cases

2. 3. 1. Optically thick case

When an optical thickness is much larger than unity, a,, given by Eq. 10 becomes close
to unity, and a,, given by Eq. 11 becomes negligible. Hence, from Eq. 9, in this case radiant
intensity is related to emission and absorption coefficients as follows;

j‘l/= 7<’VI‘V . (13)

Eq. 13 implies that the radiative energy emitted in a medium is equal to that is absorbed.
Substituting Eq. 13 into Eq. 4,

dl,

Eq. 14 gives the condition of ‘radiative equilibrium’. In this case, the radiant intensity
becomes the black body intensity given by

2 3
1, =—2hev (15)
ekT — 1

Therefore, in radiative equilibrium,
j y =K, f by (16)

The above relationship is called ‘Kirchhoff’s law.” It is derived from the detailed balancing of
radiative processes”.

2. 3. 2. Optically thin case

Another limiting case is an optically thin case. When an optical thickness is much smaller
than unity, Eq. 9 is approximately transformed into

L(x) = j,Ax+ I(xg) . (17)

In this case, the radiant intensity at x=x is the sum of that incident at x=x, and that gener-
ated by radiative emission through the light path from x=x, to x. There is no self-absorption
effect. Eq. 17 is a linear equation with respect to radiant intensity. If the distribution of j, is
known, radiative field can easily be solved.

2. 4. Other Relations and Parameters on Radiative Transfer

There are several other relations and parameters which are closely related to radiative
transfer. Although all the following items are not necessarily needed in this study, they are
listed with brief explanations for convenience.
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2.4. 1. Relationship between wavenumber and wavelength

In order to solve a radiative heat transfer probelm, it is suitable to relate a spectral
radiant energy with a wavenumber; the intergrating spectral radiant energy with respect to
wavenumber directly results in radiant energy. However, in order to graphically express the
spectra of emission and absorption coefficients, they are usually expressed as functions of
wavelength. These custom sometimes seems to cause some unnecessary complication.

Wavenumber is transformed into wavelength by

i=-L (18)

<

Hence,

dh=——5dv (19)
14

One sometimes needs to use Eq. 19 in order to transform a wavenumber-dependent function
into a wavelength-dependent function. For example, the black body radiant intensity as the
function of wavenumber I, is related to that as the function of wavelength 1,;, such that

I, di=—1,,dA . (20)
The minus sign is added for I;; to be positive. From Eqgs. 15, 19 and 20,

20 1
P (21)
eAkT — 1

L, =

Also for other parameters, one can follow the above relationship. Sometimes, radiative par-
ameters are expressed with respect ot the frequency of radiation. In this case, a similar rela-
tionship holds.

2. 4. 2. Radiant energy density

The radiant energy is equivalent to the energy of photons which passes through a control
surface. Let us assume isotropic radiation. The radiative energy flux that passes through a
unit area is

4nlv,isotropic =uc, (22)

where u, represents the radiant energy per unit volume and per unit wavenumber interval. It
denotes ‘spectral radiant energy density,” and is given by

drl v, isotropic

u=
v c

(23)
2.4. 3. Stefan-Boltzmann law

When the radiation is isotropic, that is, the radiant energy density is given by Eq. 23, the
one-sided spectral radiant energy flux S, is
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S, =— (24)

where ¢/4 is the mean velocity component in the direciton normal to the control surface. In
radiative equilibrium, the total one-sided radiant energy flux is obained by integrating Eq. 24
with respect to wavenumber; Eq. 23 is substituted into u,. In turn, 1, isomopic in Eq. 23 is given
by Eq. 15.

S,,=/OSbvdv= oT* (25)

Equation 25 is generally called ‘Stefan-Boltzmann law.” The coefficient ¢ is ‘Stefan-
Boltzmann constant.’
o= 20K

151°¢

=5.67 X 107" [W/(m’K%)] . (26)

Equation 25 implies that in radiative equilibrium radiant energy flux depends only on the
temperature of the medium.

2.4.4. Wall parameters

Figure 2.4 shows the schematics of radiant energy fluxes on a solid wall. Some fraction
of the raidant energy flux incident on the wall is reflected. The other is absorbed by the wall.
The ratio of the reflected energy flux to the total energy flux incident on the wall is called
‘spectral reflectivity,” and is denoted by R, here. The ratio of the absorbed to the total energy
flux is called ‘spectral absorptivity,” and is denoted by A, here. Naturally,

A, +R,=1 (27)

The wall itself emits radiative energy by so-called thermal radiation. If the body is a
blackbody, the radiant energy flux emitted from the wall is given by Eq. 25. Practically, a
body is not necessarily black, but emits radiant energy flux smaller than that by a blackbody.
In general, the radiant energy flux emitted from a wall is expressed by

S=e,S, . (28)

Here, ¢, is called the ‘emissivity’ of the wall, and ranges from zero to unity.
Both the reflectivity and emissivity of the wall depend strongly on the material of a body.

2.4.5.  Gray medium approximation

In order to simplify a radiative transfer problem, ‘gray medium’ approximation is some-
times made. In this approximation, the absorption coefficient is assumed to be independent
of wavenumber. Such approximation is useful in the case of radiative equilibrium in which an
emission coefficient is related to an absorption coefficient by Kirchhoff’s law.

However, absorption coefficient spectra of a high temperature gaseous medium, in
general, depend strongly on the wavenumber. Hence, it is not applicable to such a nonequili-
brium hypersonic shock layer as will be discussed in Chap. 5.
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s

Incident  Reflected [ Absorbed

—> <3

y
N\

Thermal Radiation

N

Fig. 2. 4. Radiative energy flux on wall.

3. Mechanisms of Radiative Emission and Absorption

3. 1. Atomic Spectra Calculation
3. 1. 1. Line spectra (bound-bound transition)

[Emission coefficient]

When an atom is at a high electronic level, other than its ground level, it has an internal
energy, which is determined by its energy level diagram. Such an atom spontaneously emits a
photon by the following process;

A(n) ~ A0+ hevyyy, ° > 0 (29)

Here A(n') and A(n") represent atomic A-species at an upper and lower electronic levels, re-
spectively. This process is called ‘spontaneous emission.” Radiative energy emitted by the
process is equal to the difference between the electronic energies at these levels.
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hevyy = E(n) — E(n') = AEy, (30)

One can find AE,, for each electronic transition of an atom in literatures; e.g., the energy
level diagrams of N and O are on P 144 and p. 163 in Ref. 8), respectively.

Emission power P, [W/m ] is the product of AE,,,., the probability of the transition
A, and the number density of the atom at an n'-level N,.

Poo=4nd,,= N, A, NAE,; (31)
where A,,,, is called ‘Einstein transition probability of spontaneous emission.” and has a unit
of [s ] it represents the frequency of the spontaneous emission by a single atom at »’-level
provided that its electronic energy level goes back from »’- to n'-level immediately after a
transition. A, is related to a matrix element of transition R, by7) A

167 v,m
Ay = “Bhe, —g—; ?;!R"" (32)

Here, the subscripts i/ and j number the degenerate sublevels of the upper and lower states,
respectively. In turn, ZIR,I‘I,,;I2 is expressed using an oscillator strength of emission f, s .
byn) 14)

2
2 38 hgn'f;’mis,n'n”

IR 5
8" mcv,,
eV n'n

(33)

Hny

In order to calculate the emission power, one should know one of A, }| R I* and Semisnin -
These are found in such a literature as Ref. 9).

The emission coeff1c1em J, is the radiative energy flux per unit solid angle and per unit
wavenumber interval | W/ (m m " - sr)]. It is related to Eq. 31, such that,

/v = ]n’n” Le(v)

Nn’An'n"AEn’n"
=—2,; L, (34)

where L,(v) is a line shape function'® which satisfies the followoing equation.
/ L(vydv=1 . (35)
0

[Absorption coefficient]

Integrated radiant intensity which is absorbed by atom gas of a physical thickness Ax
2 . 7)
along the ray L, .w | W/ (m" - sr)] is

Lusosint = s oo Ny By hCv, A x (36)
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Here, u, v [J/( m - m—l)] is the spectral radiant energy density. B,., is the probability of ab-
sorption by an atom per unit spectral radiant energy density per unit time, and is called ‘Ein-
stein transition probability of absorption (Einstein’s B- coefﬁclent) The unit of B, n depends
on that of Mo - Under the presnet definition, it is in the unit of [m m '/ -9
Uy i B[S ] is the probability of a transition from n’- to n’-level. Since the spectral radiant
intensity incident on the medium, I e » 18 equals to u,, ,,-¢/(47), Eq. 36 becomes

Iabs,n‘n" = If,n’n"Nn"Bn”n’hVn'n”Ax . (37)

B, is related to the matrix moment of transition and to the oscillator strength of absorption,
such that,»'%

27 1
Bn“n’ = Z |Rnn (38)
3h Cey 8y i
3 2h "Jabs,n"n’
IR, 12 = 25 BT (39)
w 87" m,cv,y '

Using Eqgs. 32 and 38, B, is connected with A,,,-.

An'n gn
B = 8.77:/161/ g (40)

From Eq. 37 and the relation;
L = | (1= 1ydv =1 Ax[ s,av , (41)
0 0

In the above equation, I v 18 assumed constant over the width of the line. From Egs. 37
and 41, the absorption coefficient «, [m~ ] is given by

o

[ xdv =N, Byihvys | (42)
0

or

N Bn n hvn n”La(V) . (43)

where L,(v) is a line shape function for absorption, and satisfies
[ Lyav=1. (44)
0

[Line broadening]

Due to some broadening mechanisms, an atomic line spectrum does not vary like a delta
function, but has a finite width. The line width is usually expressed with respect to wave-
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length. The line broadening mechanisms are subdivided into the followings:

[1] Natural broadening; which is due to the uncertainty principle. The width at half-height is
independent of wavelength,]5 )

2
Ayt = —5——5=1.18 X 107 [m] . 45
tural 3€0mec‘2 [ ] ( )

[2] Doppler broadening; which is due to the thermal motion of radiating particles. The width
at half-height is'®

1
2kTin2 (46)

AA‘Doppler =2 (WZ‘_—)EACL .
mycC

[3] Pressure broadening; which is still more subdivided into [3-1] Stark broadening, [3-2]
Resonance broadening and [3-1] Van der Waals broadening.

[3-1] is due to perturbation by charged particles. [3-2] and [3-3] are due to perturbation
by neutral particles. The data of the line widths of [3-1] are listed in Ref. 14). From the data,
the following approximation can be made.

T, .
7)

10

N
107

A/'{‘Smrk = AA‘O ( (47)

Here, AA° denotes the width at half-height under the condition that T=10°K and
N=10"m"", which is given in the literature.'” The exponent 1 is obtained by data fitting.

The interaction between radiating neutral atoms and atoms of the same kind results in
broadening of [3-2]. The line width due to [3-2] is calculated by'®

3 8 \1/245
Alresonance = = }* An’n"N ) 48
327[3C ( gn” ) ( )

The interactions between radiating neutral atoms and atoms of other kinds result in
broadening of [3-3]. Some approximations are made in order to calculate the van der Waals
line width. The details are found in such literatures as Refs. 14),15),19),20) and 11).

Among the above broadening mechanisms, [1] and [3] obey ‘Lorentzian’ profile. Ap-
proximately, these widths can be superimposed on each other, thereby yielding a Lorentzian
width w,.

W= Ainaluml + A/:LS:‘ark + A/‘tresonance + A/‘Lvan der Waals - (49)

The rest, i.e. Doppler broadening, obeys ‘Gaussian’ profile.
Wg = AA‘DOpp[@/‘ . (50)

Here, the line shape is assumed to obey ‘Voigt profile,” given bym)
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s w/w,

. . wy A 2
= 1— — —2.772 +
I = Tecl( Wv) exp { ( w, ) L+ 4 (A= L)/ w)

A=A

Wy Wi 2.25
+0.016 (1—W)(E)[exp{—-0‘4(——-&:~)‘ }

B 10
10 + {(A = Ae)/ w, )P }

(C2Y)

j n'n’

oL = . 52
Sl T 11,065 + 0.447(w,/ w,) + 0.058(w,/ w,)] (52)
The Voigt line width is expressed using w; and w,.
Wy Wi 205
we=—+[(5)+wl. (53)

3. 1. 2. Continuum 1 (bound-free transition)

One of the radiation mechanisms which results in continuum is bound-free transition of
an atom.

Ay +hev=A"+e (54)

Here, A,  denotes an atomic A-species at an n'-electronic energy level. The process in the

forward direction is ‘photoionization.” That in the reverse direction is radiative capture of an

electron. From an elementary relation, the absorption coefficient due to photoionization is
. 5),15)

given by,

x, = 0,, N, [1 — exp (— ZCTV ] (55)

The emission coefficient due to the radiative capture is

j,dv = %t NN, f(v)vdvo, hev . (56)

Here, the energy of a photon is determined by the difference between the electronic plus
electron-translational energies after and before the process.

hCV = % ’neV2 + Eionization - En’ . (57)

The data of the cross-sections and some approximations of the spectrum are given in lit-
eratures, e.g. Ref 15).
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3. 1. 3. Continuum 2 (free-free transition)

Decelerating a free electron with some translational energy by the electric field generated
by a charged particle results in radiative emission. This process is called ‘bremsstrahlung,” and
causes continuous spectra. The reverse process, i.e. the acceleration of a free electron with
the absorption of a photon, is called ‘inverse-bremsstrahlung.” The emission and absorption
coefficients by these processes are given by Kramers.".

6
j = € Relly p(— hcv
v 223 3,\1/2 1/2
127" ey (6 tm, k) T,
6
e nen+ hCV

. 59
Ky = .7'[2(,‘4(-'(3)]1(6717711 k)1/2 1/2 exp (— T, ) (59)

~) (58)

Under such a condition as is dealt with in Chapter 5, almost all the charged particles are
singly ionized. Therefore, one can assume that n,=n,. It follows that the emission and ab-
sorption coefficients due to these processes scale with the square of elecron density.

3. 2. Molecular Spectra Calculation

3. 2. 1. Radiative transition and band spectra

The method of calculation of molecular spectra is similar to that of atomic line spectra.
However, in the case of a molecule, an electronic transition is accompanied by a vibrational
and rotational transitions.

A radiative transition of a molecule is, in general, expressed by

M v, J7) = M(RV" 07+ BV g g e e (60)

Here, M(n',v’,J") represents a molecule at an »'-electronic, v’-vibrational and J'-rotational
energy levels. Figure 3.1 shows the energy diagram of a molecule. At an electronic energy
leve, vibrational energy levels lie at intervals which are much smaller than the electronic en-
ergy intervals. At each vibrational energy level, rotational energy levels lie at intervals which
are much smaller than the vibrational energy intervals. Also in this figure, the respective en-
ergies at electronic B-level, v'=2 and J'=8 are shown.

The radiative energy emitted by the transition is the sum of the energy differences associ-
ated with the respective energy modes.

hCVn’,v’,J’,r1”,v",J” = AEel + A‘E‘vib + AE‘rot (61)
Here, in many cases,

IAE,| >> |AE,;| >> |AE,,|

The radiation which corresponds to the energy given by Eq. 61 lies mainly in the ultraviolet
and visible ranges.

Figure 3.2 shows the example of the potential curves of a diatomic molecule. The ordi-
nate represents the internal energy of the molecule. The abscissa represents the internuclear
distance. The curves which enclose horizontal lines are the trace of vibrational motion at an
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Erot
(@)}

Evib

JN R l

Eel

0

R A

Fig. 3. 1. Schemdatics of energy diagram of diatomic molecule.
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Fig. 3. 2. Potential curves for diatomic molecule.

electronic-vibrational energy level. The enclosed lines represent vibrational energy levels. For
example, when the molecule is at an electronic X-level, and at a vibrational quantum number
v"=4, the two nuclei vibrate along the curve between points r=r; and r=r,. A repulsive force
is exerted on the nuclei at r=r, to r,. An attractive force does at r=r to 1.

Transitions with radiative emission is expressed by the arrows drawn in the vertically
downward direction in Fig. 3.2. Since an electronic transition occurs for a sufficiently short
time, one can neglect the vibrational motion during the transition. Although, as will be de-
scribed later, there are some conditions under which a transition is able to occur, or occurs at
a high probability, a transition occurs in such a way that the internuclear distance remains al-
most constant during the transition.

On a vibrational transition, there is not such a strick selection rules as on a rotational
transition which will be described later. Instead, on the probability of the transition, ‘Franck-
Condon principle’ is applied. This principle is based on the fact that the vibrational quantum
number after a transition depends on the correlation of eigenfunctions at the upper and lower
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levels.” A vibrating nucleus reside for a long time in the vicinity of the turning points, e.g.
=r, and r=r, in Fig. 3.2. This holds both for the upper and for lower levels of transition.
Therefore, transition 1 occurs at a probability much higher than that of transition 2.
On the change in rotational quantum number during a transition, there exists general se-
lection rules:

AJ=0, £1

with the restriction that a transition /=0 to J=0 is forbidden.
Although the above selection rule generally holds for electric dipole radiation, there exist
some other selection rules, which are given in literatures.”

3.2.2. Term symbols on molecular electronic level”

The electronic level of a molecule is designated by X,A,B,,,, a,b,-,-,-. Usually, a
ground state is designated by X.

The absolute value of the component of the electronic orbital angular momentum about
the internuclear axis is denoted by A. The corresponding term symbols according as
A=1,234, - - - are Z,I[LA,®, - - -.

The quantum number of the resultant of electron spins is denoted by S. S is integer or
half-integer according as the total number of electrons is even or odd. In the internuclear di-
rection, it has a component X, which can range such as

S=8§5-1,---,—S,

implying that there are 25+1 different values of X. If §#0, the electronic energy slightly
splits into 25+1 levels. Therefore, 25+1 is called ‘multiplicity,’

In order to express a molecular electronic state, the above designation are combined,
such as,

2S+1Z ,
A+E

where the large 2 implies that A=0, and is replaced by I[T,A,®, - - - according as A=2,3 4,
-+ . The subscript, which is not always added, represents the quantum number component
of the resultant of the electron spins and the electronic orbital augular momenta, i.e. the total
electronic angular momenta, in the internuclear direction.

Any plane which passes through both nuclei is a plane of symmetry. On one hand, if the
eigenfunction does not change the sign when reflected with respect to the plane, a superscript
‘+’ is used. If, on the other hand, the sign is changed, a superscript ‘~’ is used.

If the two nuclei have the same charge, the point on the internuclear axis at the same dis-
tance from the nuclei becomes a center of symmetry. If the sign of the eigenfunction is un-
changed by the reflection with respect to the center of symmetry, a subscript ‘g’ (from ‘ger-
ade’ in German) is used. If the sign is changed, a subscript ‘u’ (from ‘ungerade’) is used.

For example, the lower level of N, first positive band is A’SY: The quantum number of
the electronic orbital angular momentum A=0. The quantum number of electron spin S=1
(25+1=3; triplet). The sign of the eigenfunction is unchanged by the reflection with respect
to the surface which goes through both nuclei. The sign is changed by the reflection with re-
spect to the center of symmetry.
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3.2. 3. Molecular internal energies

Here, a vibrating rotator model” is assumed. Neglecting the coupling of the rotational and
electronic motions, but taking the couling of the rotational and vibrational motions into ac-
count, the rotational energy of a molecule at a rotational quantum number J is given by

F(Jy= B,J(J+ 1) = D,J*(J + 1)’ (62)

Here, F(J) is in the unit of wavenumber [m_l]. In Eq. 62, the effect of the centrifugal force
of the rotating molecule is included in the second term of the right-hand side and in the cor-
rection for B,. The quantities B, and D, depend on the electronic energy level and on the vi-

brational quantum number. To first approximation, these are expressed, as follows,”
B,= B, — a,(v+1 63
v e e( v 2 ) ( )

where B, is the rotational constant of a rigid rotator.

h
B,= 64
8xtcl (64)

The second term of the right-hand side in Eq. 63 is due to change in the internuclear dis-
tance. Since the change in the internuclear distance is much smaller than the distance itself,
the ratio a,/ B, is usually much smaller than unity.

In the same manner, another rotational constant D, is approximately given by

D,=D,+f.(v+75) . (65)
4B}
D,= - (66)

Here, w, is the wavenumber of the molecular vibration. Also, the ratio §,/D, is usually much
smaller than unity.
Using the above equations, the difference in rotational energy is given by

AE,,,= he[F(J') = F(J")] . (67)

The vibrational energy is a function of a vibrational quantum number, and is usually ap-
proximated by

GO = 0. (v+3) — 01, (V3 + 0. (v 2 + 0z (vEH . (68)
The vibrational energy difference is

AE,;, = he[G(v)— G(v")] . (69)
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The electronic energy difference is obtained from the electronic energies of the upper
and lower electronic states at their vibrational and rotational ground levels.

AE,= he[T (n") — T, (n")] (70)

The values of T, are found in the energy level diagram of a molecule.

In calculating the energy differences of existing molecular spectra, some modification is
necessary. The details are described in Refs. 7) and 10). In this study, the effect of the coup-
ling of molecular rotation and electronic motion is taken into account in some cases. This
needs modifications of the expression of molecular rotational energy, which are described in
Appendix.

3. 2. 4. Integrated intensity and broadening of spectra

The integrated emission coefficient due to a single electronic-vibrational-rotational tran-
sition is given by,”"'")

; 47°cN Ry g ST 1)
s g = 7 | Re(Fyry) Sy -
T S @ 1) Gy ra

In the above equation, N, denotes the number density of the molecules at the upper state.
IR (Fy ) 2, is the average of the square of the electronic transition moment, and is obtained
by

R(Fr) =5 LIR(F) P (72)
voij

which, in turn, is related to the absorption f-number by

3hE g, fus (V)

2
8a m,cv, -

LIR (7)) = (73)

The value of the f-number, which is a function of wavenumber, is obtained from literatures. 16)
The Franck-Condon factor g, and the line strength factor § J-A- are obtained from theory. 9

The line shape of a molecule, as does atomic spectra, obeys the Voigt profile (Eq. 51).
In this case, the Lorentzian width at half-height is given by'"

W= A parar T Dhsiar + Bheors + Do (74)

Here, A, denotes the line width due to the broadening by the colisions with a like mole-
cule. AZ,,;, does that by the collisions with all other molecules. The line width due to colli-
sion broadening is obtained by Lorentz.''®

A¢ 1,1 p
Adur=6.74 X 10" =% 070, ( TR )2 217 (75)

where collision diameters o; and o, are in angstroms, molecular weights M, and M, in [g/
mol], pressure p in [atom], T'in [K], Ad.,and A in [m] and c in [m/s], respectively.
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3. 3. Determination of Number Densities

3. 3. 1. Thermal equilibrium case

In calculating the emission and absorption coefficients by atoms or molecules, one
should know the number density of the species at the energy level from which the transition
takes place. If the molecular gas is in thermal equilibrium with respect to the respective inter-
nal modes, the nubmer density is calculated using partition functions.

Q(nv,J)

Ny(nvJ)y= N, 0

(76)

The partition function of a molecule at an gn, v,J) energy level and the associated with
the whole energy levels are respectively given by'”

0 )= g 7+ 1) exp| — e Tl €00, T

rot

1 (77)

heTy(n) = kT, heG (v
0= ¥ (sexp(~“Fh) | L gty el ~ Tl . (78)

n=]

in which T,, T,; and T, denote the electronic, vibrational and rotational temperatures, re-
spectively.

In the case of an atom, a similar calculation should be carried out. However, in this case,
the transition is accompanied neither by a vibrational nor rotational one, resulting in a sim-
pler formulation than that in the case of a molecule.

3. 3. 2. Electronical nonequilibrium case

If the energy relaxation characteristic times among internal modes are comparable with
or longer than the flow resident characteristic time, Eq. 76 does not give a actual distribution
of the number density. Under a reentry condition, for example, such situation can occur, in
particular, on the electronic mode. In this case, the numer density of molecules at each elec-
tronic energy level is to be calculated by accounting for the rates of all possible elementary
processes:

1) Electron impact ionization

Mnv,JYy+e= M (w,v,J)+e+e (79)
2) Electron impact excitation

M@ v,J)+e= Mnv,J)+e (80)
3) Heavy-particle impact ionization

M(n v, )+ M = MY (nv', )+ M + e (81)
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4) Heavy-particle impact excitation

M#AV,JY+ M = M(#a,v,J)+ M (82)
5) Radiative bound-bound transition

M(n,v',JYy = M(n'w,J)+ hevy g (83)
6) Radiative bound-free transition

M@, v, J)+ hey = M+(n”,v",]") + e (84)

In order to determine the number densities, one should take only dominant processes
into account instead of considering the principle of detailed balancing in all the above
elementary processes. Under such a condition as is dealt with in Chap. 5, the processes 1), 2)
and 5) dominate over the others in determining the nubmer densities.'” The detailed balanc-
ings in the processes 1) and 2) result in so-called ‘Saha equilibrium’ or ‘local thermodynamic
equilibrium (LTE).” Such situation occurs when the density level of the gas is sufficiently
high. In contrast, at a low density level, the density of molecules at each energy level is deter-
mined by the detailed balancing of the porcess 5), which results in ‘coronal equilibrium.’

In order to calculate the nubmer densities at an intermediate density level, a ‘quasi-
steady state’''® condition associated with '-level is assumed.

Z (KA,n"n' n, + AA,n”n’)nA,n” - Z (KA,n'n“ n, + AA,n‘n")nA,n’ = O (85)

Here, K, - and A, -, denote the rates of process 2) and 5), respectively. Eq. 85 establishes
a set of linear equations, whose solutions are the nubmer densities at the respective energy le-
vels. Detailed descriptions on this subject are found in Refs. 12) and 13).

As will be shown in Sec. 3.4, in order to calculate the radiation of N, second-positive
band and that of O, Shumann-Runge band, it is necessary to calculate the number densities
of N,C'II, and O,B’%, respectively. However, these energy levels are above the respective
dissociation limits. In these cases, the following balancing is assumed. 12)

M(n')+ M(rn"y & My(m')— My(m") + hev (86)

The left-harpoon represents predissociation.” The inverse-predissociation is represented by
the first right-harpoon. The second right-harpoon does radiative transition into a lower en-
ergy level of the molecule M,. Now, let the rates of the predissociation and inverse-dissoci-
ation be denoted by k, and k;,, respecively. The balancing in Eq. 86 is expressed by

ips
kipnM(n')nM(n”) = (k,+ Ao ) Aty () (87)

kP
k,+ A

m'm’

ng (88)

Aty (mry =
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k;
ng = 7: Pt ()Pt () (89)

3. 4. Spectra of Air

The air spectra calculated in this study are tabulated in Table 3.1. For atomic species,
spectra by bound-bound, bound-free and free-free (bremsstrahlung and inverse-bremss-
trahlung) transitions are taken into account. In addition, as shown in the table, six molecular
band spectra are calculated.

Table 3. 1. Air spectra calculated in this study.

species band name transition
atonm N bound < bound, bound e free
N~ free <« free
O bound < bound, bound < free
o- free < free
molecule | Nz" first negative By, & Xiz-,
N2 first positive B*lle <« A",

second positive C3MIu < B,

N O B systenm B2l <  X2II
Y system AgSr <«  X®J]
Oz Schumann-Rung B3 -, & X33 -,

4. Numerical Technique of Radiative Transfer Calculation: Band Method
with Series-Expansion Approximation

4. 1. Smoothing of Radiant Intensity

In Eq. 9, the radiant intensity I, is a function of the wave number v, and the direction of
the ray w. Since the amount of the spectral data of the emission and absorption coefficients is
too much to perform direct spectral calculation, the wavenumber range of the calculation is
subdivided into finite bands; the j-th band ranges from v,; to v,;. For a volume element in
which emission and absorption coefficients are spatially uniform, integration of Eq. 9 with re-
spect to the wave number yields
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L (DA = [ (1= ) 2 vt 1,,0)[ ™ e av (90)

In the above equation, L is the transmitting distance of the ray though the volume element,

and I, ;(w) is a smoothed radiant intensity of the band (Fig. 4.1), and given by

1 [
(@) =7y [ L@y . ©1)

Here, w denotes a coordinate set on a light ray.
For an optically thin element (x, L << 1),

R G O
e K, =k§0 (k|) (K,,L)k (92)

Hence, Eq. 90 is approximated by the following equation:n)

N
L (L)AV, = I, :(0)Av, + k}=j1 [ L (0) + by, ] LE . (93)
Here,
=D
a=gr- [ v . (94)
=D* fu,
b= =" /' Kt (95)

In order to calculate the smoothed radiant intensity after passing through an element
I, /(L) from that incident on the element I, ;(0), a;; and b, are needed to be calculated
from the spectral data of emission and absorption coefficients, which are calculated in such a
way as is described in Chapter 3. Then, the coefficients a,; and b, ; are to be memorized as
substitutes for the spectral emission and absorption coefficients, thereby decreasing the re-
quirement of the memory size for the radiative transfer calculation. On one hand, for
example, the whole of the spectral data at a point in this study amounts to 2XN,,,,,=40000.
On the other hand, sufficiently accurate results are obtained by the present method with
N,=2 and N,,,,~500; the number of the coefficients given by Egs. 94 and 95 is
2X N X Nyona=2000 — just one-twentieth of that of the spectral data.

4. 2. Radiative Heat Transfer to Wall

The radiative heat flux to the wall is obtained by integrating the radiant intensity with re-
spect both to the solid angle 2 and to the wavenumber.

0= o T mdody (96)
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Fig. 4. 1. Smoothing of radiant intensity.
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/.
WALL

Fig. 4. 2. Radiative heat flux at a point on wall.
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Here, 1,,, denotes a radiant intensity on the wall, which is obtained by solving the radia-
tive transfer equation. In this study, smoothed radiant intensity on the wall is calculated by
the tracing of a light ray form the outermost boundary of the calculated domain to the wall.
To each volume element through which the light ray goes, Eq. 93 is applied.

A convex body makes the ray tracing vastly simple. In Fig. 4.2, for a point visible from
point P,

n,-R,, >0 . (97)

The integral with respect to the solid angle in Eq. 96 is converted to the surface integral
with respect to the outermost boundary of the calculated domain.

7,
- (nn ) an)Awnm
qr,n = Z Z Ism,/',nmA’Vj Ianl (98)

i mmn-R,,>0

In Eq. 98, I, . is calculated by applying Eq. 93 along the ray under the condition that
I,,, /=0 at the outermost boundary.

If a body has concave parts, however, integral with respect to the solid angle is converted
into surface intergral with respect not only to the outermost boundary but also to the body
surface itself visible from the point. Hence, some modification of the ray tracing is necessary
for such a body.

4. 3. Comparison with Edwards’ Band Method

On radiative transfer problem, the band method by Edwards™ is well known. On one
hand, his method is for infrared spectra which is caused by vibrational-rotational trnasitions
of molecules. On the other hand, the present method deals with spectra due to electronic
transition of atoms and electronic-vibrational-rotational transitions of molecules. Moreover,
these two method are essentially different as follows:

1) In Edwards’ method, the smoothing of radiant intensity is conducted for each band sys-
tem. Hence, the ‘block calculation’® is needed in order to calculate the effective transmissiv-
ity. In contrast to this, in the present method, the smoothing is done after superimposing all
the emission and absorption coefficients made by all the species, respectively. Therefore, one
does not need to conduct the block calculation.

2) In Edwards’ method, the band absorption is given according to the exponential-tailed
band model, implying that there is a limitation on the spectrum shape (wavenumber depend-
ence of band) for his method to be applied. However, the condition of the application of the
present method is only that a volume element must be optically thin, i.e., »,L <<1 in the
whole wavelength range. There is no limitation on the wavenumber-dependence of the spec-
trum.

3) Edwards’ method assumes local radiative equilibrium, i.e., that the Kirchhoff’s law holds
in the calculation domain. However, the present method deals with a medium in raidative
nonequilibrium; the emission coefficient is not necessarily related to the absorption coeffi-
cient using a blackbody intensity.
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S. Application; Radiative Field around a Hypersonic Blunt Body

5. 1. Flow-Chart of Calculation

The problem of radiative heat transfer from hypersonic shock layers becomes important
in designing a reentry vehicle; it has been pointed out that the radiative heat transfer can be
comparable with or larger than the convective one.””*” A condition of reentry, e.g., is an al-
titude of 70 km and a flight Mach number of 35 (a flight velocity of 10 km/s) or higher. In
this case, thermal equilibrium does not hold, in particular, immediately behind the shock
wave; the temperature which corresponds to an internal mode is not necessarily equal to that
to another internal or translational mode. Furthermore, since the stagnation temperature is at
high levels, chemical reactions including dissociations and ionizations take place in the shock
layer. The characteristic times of the chemical reactions can be comparable with the flow resi-
dent time. Hence, the source term in the conservation equations must be calculated using fi-
nite rates of the foward and backward reactions. Simply saying, the shock layer is also in
chemical nonequilibrium.

In order to calculate the radiative field in such a hypersonic shock layer, one needs to
obtain the solution of the flowfield around a body. As mentioned above, such a flowfield
contains both chemically and thermally nonequilibrium aspects. Figure 5.1 shows the flow-
chart of the radiative transfer calculation. In this study, the flowfield without heat input due
to the emission and absorption of radiation is calculated (step 1).24)"27) Using the calculated
flow properties, i.e., the temperatures and the number densities of the respective species,
emission and absorption coefficients are calculated by the method shown in Sec. 3 (step 2);
the NEQAIR program made by Park'?"'? was used. In turn, these coefficients are input into
radiative transfer calculation code (see Chap. 4), obtaining the radiative heat transfer over the
wall (step 3).

From the emission coefficients calculated at step 2, the heat input by the radiation can be
calculated. Basically, it is to be fed back to the flowfield calculation (step 1). However, as will
be shown in Sec. 5.6, without the effect of radiative emission on the energy conservation of
the flowfield, sufficiently accurate solutions are obtained.

Here, typical eleven air species, N, O, N,, O,, NO, N+, O+, N;, O;, NO™ and e, are as-
sumed to exist. Thermally noneguilibrium condition is taken into account by employing
Park’s two-temperature model."”*® In this model, the heavy-particle translational and rota-
tional temperatures are assumed to be the same and are denoted by T, and the vibrational
and electron translational temperatures are assumed to be the same and are denoted by T,,
here. From the rates of 17 elementary reactions,”” the source terms in the fluid equations are
calculated. The rates depend both on T and on T,, independently,zs) On the relaxation of vi-
brational energy, Landau-Teller type relaxation is assumed. The characteristic time is the sun
of that by Millikan and White®” and the correction term by Park.”” Transport coefficients,
ie., ;g;e;rlgnal conductivity, viscosity and diffusion coefficient are given by Yoe’s formula-
tion.””

5. 2. Flowfield Condition

Figure 5.2 shows the blunt body used as the model of the presnet calculation. The body
is composed of a spherical part of 1 m in radius and a conical part with a half angle of 20 de-
grees. The upstream flow is assumed to be uniform and be parallel with the center axis (no
angle of attack). The x-axis lies along the center axis. The origin is located at the stagnation
point on the wall. The y-axis originates at the same point and goes along the wall. The grid-
ding was made by a shock-fitting technique.
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Fig. 5. 1. Flow chart of calculation.
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WALL

FLOW
e

Fig. 5. 2. Blunt body.

The upstream and wall conditions are shown in Table 5.1. The flight Mach number ran-
ges from 25 to 35. The corresponding flight velocity is 7.4 to 10.4 km/s. Note that the flight
velocity is lower than that calculated from a Mach number based on the temperature at a zero
altitude because the atmospheric temperature at 70 km altitude is lower. Although the wall
temperature is practically determined by the thermal design of a vehicle, it is assumed to be
uniform for simplicity.

The thermal radiation of the wall is not taken into account. The radiation incident on the
wall is assumed to be totally absorbed; a purely abosrbing wall is assumed.

5. 3. Distribution of Flowfield Properties

The distributions of T and T,, at a Mach number of 35 are shown in Fig. 5.3(a). Im-
mediately behind the shock, since the energy relaxation between the (vibrational)-(electron
translational) mode and the heavy particle (translational)-(rotational) mode is comparable
with the flow resident time, T,, is much lower than 7. T,, equals the upstream temperature at
the shock front, then sharply rises, reaching its peak at around x=0.035m. Such thermal
nonequilibrium does affect the chemical reaction rates in this region. Since T is at a high level
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Table 5. 1. Upstream and wall conditions.

Altitude 70 km
Upstream Pressure 5.5 Pa
Upstream Temperature 219 K

Flight Velocity 7.4 - 10.4 km/sec
Mach Number 25 - 35
Wall Temperature 1200 K
fall Catalycity non
Wall Reflectivity 0
Wall Absorptivity 1
(a) (b)
ot 1o
1023
3 102
f‘? 102!
&
— 10200
<C
= 10
XUW
10)’)
0

x (m)
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Fig. 5. 3. Distribution of (a) T and T,,, (b) Number density, along the stagnation streamline (M=35).
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there, chemical reactions including the dissociation and ionization of the molecules can take
place at high rates. However, a dissociation rate and an associative reaction rate depend
strongly on the vibrational temeprature. Moreover, an electron impact ionization rate de-
pends totally on the electron translational temperature. Hence, T,, does play an important
role on the chemical reaction rates in this nonequilibrium region.

In the downstream region of x=0 to 0.03 m, these two temperatures are almost equal
(thermally equilibrium region). Also, the chemical reactions become close to equilibrium. O,
is almost fully dissociated. At a high Mach number of 35, N, is also dissociated to a large ex-
tent (see Fig. 5.3(b)). In the downstream region, the shock layer is composed mainly of
atomic spec1es The electron number den31ty 1s also high. The degree of ionization is as high
as 5X107%. Of the ionized species, N* and O" are most populated. Due to high rates of the
molecular dissociations, the number density of Nz, which, as will be shown later, is one of the
major radiators, is not higher than that at Mach number of 25 (Fig. 5.4(b)).

In the vicinity of the wall, there is a thermal boundary layer in which the temperatures
decreases from 10,000 to 1200 K (the wall temperature). The pressure in the shock layer is
almost constant— about 1X10*Pa. Hence, according as the translational temperature de-
creases, the total number density sharply increases in the thermal boundary layer. However,
due to high rates of recombination, the number densities of ionized species once decrease, re-
sulting in a slight increase in temperature at the edge of the thermal boundary layer.

At Mach number 25 (Figs. 5.4(a),(b)), the chemical reacitons are almost in equilibrium
in the region Where the temperatures are almost constant. In this case, the degree of ioniza-
tion is 2X107° at most. The most densely populated ionic species is NO™. While O,s are al-
most fully dissociated also in this case, less than half of N,s are dissociated.

As can be predicted by the fluid dynamics of a perfect gas, the thickness of the shock
layer decreases with the Mach number. This tendency is enhanced by endothermic chemical
reactions whose rates increase with the Mach number.

(2) (®)
4x10° o™
Total
10”\ Ny A=\N2
3+ «—N N
10%)~

. 7 ’
~ 'E 0% NO
L% 2 T ~—r O
> 20 2
[ 10 NO*
' =
”‘ loli N‘f

1

<o+
Tve 10'® " 0
2
0 ! ! L 1 I yortlllr——
0 01 02 .03 .04 .08 0 .01 02 .03 .04 .05
x (m) x (m)

Fig. 5. 4. Distribution of (a) T and T,., (b) Number density, along the stagnation streamline (M=25).
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Fig. 5. 5. Examples of spectra (point A in Fig. 5.3(a)); (a) N (bound-bound transition), (b) N (bound-

free transition), (c) N* (free-free transition), (d) O (bound-bound transition), (e) N*, (first
negative band), (f) N, (first positive band), (g) N, (second positive band), (h) NO (f band),
(i) NO (y band), (j) O, (Shumann-Runge band), (k) Total emission coefficient, (1) Total ab-
sorption coefficient.
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Fig. 5. 5. Examples of spectra (point A in Fig. 5.3(a)); (a) N (bound-bound transition), (b) N (bound-
free transition), (¢) N™ (free-free transition), (d) O (bound-bound transition), (e) Nt , (first
negative band), (f) N, (first positive band), (g) N, (second positive band), (h) NO (§ band),
(i) NO (y band), (j) O, (Shumann-Runge band), (k) Total emission coefficient, (1) Total ab-
sorption coefficient.
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Examples of spectra (point A in Fig. 5.3(a)); (a) N (bound-bound transition), (b) N (bound-
free transition), (c) N (free-free transition), (d) O (bound-bound transition), (¢) N* , (first
negative band), (f) N, (first positive band), (g) N, (second positive band), (h) NO (8 band),
(i) NO (y band), (j) O, (Shumann-Runge band), (k) Total emission coefficient, (1) Total ab-

sorption coefficient.
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Fig. 5. 5. Examples of spectra (point A in Fig. 5.3(a)); (a) N (bound-bound transition), (b) N (bound-
free transition), (¢) N™ (free-free transition), (d) O (bound-bound transition), () N* , (first
negative band), (f) N, (first positive band), (g) N, (second positive band), (h) NO (§ band),
(i) NO (y band), (j) O, (Shumann-Runge band), (k) Total emission coefficient, (1) Total ab-
sorption coefficient.
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Fig. 5. 6. Boltzmann plots of atoms; 5.6(a) at point A in Fig. 5.3(a), 5.6(b) at point B in Fig. 5.3(a), —

1; N, 2; O. The solid lines represent Saha equilibrium.

5. 4. Examples of Spectra
Figures 5.5(a)-(j) show the spectra of the respective species. The spectra of the total
emission coefficient are shown in Fig. 5.5(k). Those of the absorption coefficient by all the
species are shown in Fig. 5.5(1). From 0.4 to 1.3 um, atomic line spectra are observed ((a)
and (d)). These spectra are very intense and are dominant in radiative emission power (see

Fig. 5.7) in spite of their narrow line widths.

ergy distribution is continuous. Hence, such spectra are obtained.”

The spectrum by atomic bound-free transitions (b) has ‘saw teeth’ shape; Although the
electronic bound energy levels are discretely disbributed, the free-electron translational en-
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Spectrum by free-free transitions (bremsstrahlung, (c)) is continuous. Since the electron
density is at a low level there, this spectrum is relatively low. However, the radiative power of
the spectrum varies m proportion to the square of electron density, and with weak depend-
ence on temperature.’ Hence it becomes strong in the downstream region (see Fig. 5.7(a)).

From 0.3 to 0.6 um, N first negative band is observed. The upper electronic level B°X},
lies at a relatively low energy level —3.16 eV higher than the ground level. Therefore, the
number density at the upper level is appreciably high, and the spectrum is a strong one in
spite of low number density of N;. Actually, it is one of the strongest spectra.

In Fig. 5.5(1), the upper line of the graph corresponds to the condition that the optical
thickness for the maximum length of the volume element is almost unity. As seen in the
figure, the condition x, L <<1 is satisfied in the whole wavelength range. This holds for all
volume elements of the present calculation. Hence, it is seen that the method of calculating
radiative transfer described in Chap. 4 is applicable to the present calculation.

5. 5. Nonequilibrium Electronic Profile

Figures 5.6 show Boltzmann plots of N and O. Figures 5.6.(a) show the plots in the ther-
mal nonequilibrium region. In this region, the electron density is not high enough to equili-
brate the electronic modes. Due to spontaneous radiative transitions, an atom or molecule at
a high electronic level is de-populated in comparison with Saha equilibrium (the straight
lines). In Eq. 85, the second terms in the parentheses, which are independent of the electron
density, are appreciably large in comparison with the others.

(a) (b)
10° 10°®
ogg 19° 105
~
=
<C
- 104 104
1020 102

Fig. 5. 7. Distribution of emission power along stagnation streamline; (a) M=35 (b) M=25.
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Fig. 5. 8. Distribution of (a) Total emission power, (b) Electron temperature, (c) Electron number den-
sity along stagnation streamline.
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However, at point A in Fig. 5.3(a), T,,, which is identical to the electron translational
temperature, is as high as 14000 K. Hence, the number densities of highly excited particles
are high. This tendency is prominent, in particular, in atomic species. In an atom, electronic
energy levels are discretely distributed. In order to excite a nitrogen atom into a high level,
for example, a large energy of more than 6 eV is necessary. The number density of the atoms
which have such a high translational energy is sensitive to T,,. As a result, in this high T,, re-
gion, radiative emissions by N and O are dominant.

In thermal equilibrium region (point B in Fig. 5.3(a)), the distribution of the number
densities are close to Saha equilibrium. In this region, electron density is at a high level. The
first terms in the parentheses in Eq. 85 are large enough to dominate over the second ones.

5.6. Structure of Radiative Field

Figures 5.7 show the distributions of the emission power by each species along the stag-
nation streamline. It is found that N, O and N are dominant in emission power. The
emission power by N; is due to the first negative band. Since the number density of O, is, as
shown in Figs. 5.3(b) and 5.4(b), at low levels, its emission power is almost negligible.

The emission powers by ionized atoms become high a M=35, while they are negligible at
M=25. Their radiative emission is due to free-free transitions (bremsstrahlung). The emission
power by bremsstrahlung is proportional both to the number density of ions whose electric
field decelerate an electron, and to the number density of electrons which are decelerated
with radiative emission. At a temperature of the order of 10° K, one can neglect the effect of
multiple ionization. Hence, the emission power is proportional to the square of the electron
number density. As seen in Fig. 5.8(c), the electron number density at M=35 is a couple of
orders in magnitude higher than that at M=25. Therefore, the emission by the ions vastly in-
creases with the Mach number.

At point C at Mach number 35 in Fig. 5.8(a) where the emission power is maximum,

[characteristic time of radiative energy emission| e/P

(99)

[characteristic flow resident time] Ax/v

is calculated to be 270. It follows that the effect of radiative energy emission on the total en-
ergy conservation of the flow can be neglected under the present condition.

5. 7. Radiative Heat Transfer over Wall

Using the method described in Chap. 4, the radiative heat transfer over the blunt body is
calculated (Fig. 5.9). The radiative heat transfer is highest at the stagnation point. It sharply
increases with the Mach number. At a high Mach number, the region where 7,, is at a high
level extends to the downstream region. Hence, the width at half-height of radiative heat
transfer increases with the Mach number. At M=35, the temperatures around the conical
part of the blunt body also become at high levels, resulting in heat transfer which can not be
neglected.

As seen in Table 5.2, the radiative heat transfer more sharply increase with the Mach
number than the convective one. The radiative heat transfer is sensitive to the temperature
and density of electrons, both of which sharply increase with the Mach number (Figs. 5.8(b)
and 5.8(c)). In contrast, due to endothermic reactions such as dissociation and ionization, the
convective heat ransfer just gradually increases with the Mach number. At M=35, the radia-
tive heat transfer becomes as high as 8.3xX10* W/m’, and comparable with the convective
one. These results suggest that radiative heat transfer is far from negligible to the design of a
reentry vehicle at a high flight Mach number.
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Fig. 5. 9. Distribution of radiative heat transfer along blunt body surface.

Table 5. 2. Comparison of radiative heat transfer with convective one

at stagnation point [X 10° W/ mz]‘

221

M RADIATIVE CONVECTIVE
25 1. 4 11. 6
30 4. 5 1 3. 8
35 8. 3 14. 7
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6. Conclusion

In this paper, the method of calculating the radiative field in a hypersonic air shock layer
has been developed. The band method with series-expansion approximation enables one to
conduct wavelength-dependent, three-dimensional radiative transfer calculation in which the
effect of self-absorption of gas is taken into account. The sample calculation suggests that at
Mach numbers higher than 30, radiative heat transfer can be comparable with the convective
one—far from negligible in the thermal design of a reentry vehicle.
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Appendix; Approximation of Rotational Energy

In this study, the rotational energy is approximated as follows:

123 transition (NO y band)

In this case, the effect of spin splitting7) is taken into account.

2.

ForJ=K+1
F()=B,[(J+37 - A =L+ 37 + vv—- DAY (100)
ForJ=K—1 |
F() =B+ - A+ 1+ b+ vy — a3 (101)

Other transitions

For other transifions, the effect of spin splitting is ignored. The following approximation is
made:

F(J)= B,[(J(J+ 1)+ 4Z,] - D,(J+ )", (102)
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Here, for AA=0 triplet (S=1),

Z,= 45 [N Y(Y— 1) —F— 20 +1)] (103)
1
Zi= NY(Y—4)+5+41(J+1) (104)
A
Y=4. (105)
For the others,
Z,-0 . (106)

A is a coupling constant which is a measure of the strength of the coupling between the spin
S and the orbital angular momentum A.

In this study, the effect of A-coupling is ignored. The further details are described in
Refs. 7), 10) and 11).



