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Abstract

The formula of a general tooth surface with zero specific sliding is
known in the case of skew gear. Bur this formula has not been given
expression of the instantaneous axis of rotation, and so we can not describe
the tooth surface formula exactly. In this paper, we obtain a formula
including the instantaneous axis of rotation in the most generalized case.

1. Introduction

In his report? concerning the tooth surface with zero specific sliding, Ogino obtains a
formula for skew.gear (i.e. (1, A(t), B(t), C(t))C(s; v s/w?)) in the coordinate system (i.e.
P(U) (1)) on the instantaneous axis of rotation.

In this paper, we obtain a formula of the instantaneous axis of rotation for arbitrary one
parameter motion U(t), and we obtain a formula of the tooth surface with zero specific
sliding.

U(t) is the relative motion between the coordinate system fixed on a gear and the other.
The formula satisfies a differential equation.

In the case of skew gear, the formula and the differential equation are shown exactly by
an example.

The motion U(t) is equal to the following matrix.

I Ty To(t) Ts(t)
ug(t) ugo(t) uy3(t)
(1) ux(t) uz3(t)

uz(t) us(t) us3(t)
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where, T=(Ty(t), T(t), T5(t)) is the translational part of this motion and

un(t)  up(t)  ugs(t)
U= juxn(t)  uxp(t)  uxg(t)

usi(t)  us(t)  uss(t)

is the rotational part of this motion.

2. Notations

1 0 0 0
0 cos t sin t 0
C(t)= the rotation round Z-axis
0 —sint cost 0
0 0 0 1
1 0 0 0
0 1 0 0
Ci(H)= the rotation round X-axis
0 0 cos t sin t
0 0 —sint cost
1 0 0 0
0 cos t 0 —sin t
Cy()= the rotation round Y-axis
0 0 1 0 :
0 sin t 0 cos t
1 t 0 0
0 1 0 0 the linear motion in the
E(t)=
0 0 1 0 direction of X-axis
0 0 0 1
1 0 t 0
0 1 0 0 the linear motion in the
Ey ()= L .
0 0 1 0 direction of Y-axis
0 0 0 1
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1 0 0 t
0 1 0 0 | the linear motion in the
E,(t)=
0 0 1 0 | direction of Z-axis
0 0 0 1
1 0 0 A (b)
0 cos t sin t 0 | the spiral motion round
C(t; ()=
0 —sint cos t 0 | Z-axis with pitch A (t)
0 0 0 1
cos 8  sin 6 0

C(6)=|—sin 8 cos 0 0

0 0 1
Q (U)=dUu-U'= [0 dT-U'| = wy  w, w3 dt
0 dUu-U! 0 wp op

—wiz 0 W23

o o o O

—wi3 —wy 0

An infinitesimal motion of the orthogonal coordinate system (A, X, Y, Z) is shown by the
following.®

dA

dX
-0 (V)
dy

N o= ol

dz

where, A is the origin of this system and X, Y, Z are unit vectors. Qp (U) is the
differential operation with respect to 0.

3. Instantaneous Axis of Rotation

The motion U(t) is regarded as a spiral motion round an axis. This axis is called the
instantaneous axis of rotation. We set a coordinate system P (U) (t) whose Z-axis is the
instantaneous axis, and whose origin lies on the X-Y plane of U(t) coordinate system.
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Then, we put

P(U) ()= (1 £(t) g(t) 0)

0 P(t) (1)

where, P(U) (t) is expressed with respect to the coordinate system of the motion U(t).

The infinitesimal motion of U(t) is decomposed into three motions, P(U) (t) (the
motion to the instantaneous axis from the coordinate system of U(t)), C(6; p(t)6) (the
spiral motion on the instantaneous axis) and P(U)7}(t) (the motion to the coordinate
system of U(t) from the instantaneous axis).

Q (U()=R¢ (PU)'(HC(H; p(HO)P(U (1))
Furthermore, we put

P(U)~1(t)C(6; p(1)8)P(U) (1)= (1 Ty (t, 0))

0 Uy(t, 6)

then,

Uy (t, )=P 1 (1)C(0)P(t)

Ti(t, 6)=(f(1), g(t), 0)+(0, 0, p(t)8)P(t)

—(f(1), g(t), 0)PTI(t)C(O)P(1).

Because of

Q [[1 Tt el\\l= (o oaT/eo U, do

((0 Uyt e))) (0 2 U,/06 U;l)

we have

8 T,/8 6 U™ '=(0, 0, p(1))P(t)

—(£(1), g(t), 0)P~(1)dC(6)/do-C(~6)P(1) (2)

a Uy/a 6 U, =P 1(t)dC(6)/d6- C(—6)P(1).. 3)

When we put

a(t)  b() ot
P()= |u®) v(t) W)
()  m() ) 4)
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P(t) is the normal orthogonal matrix.
This implies

1(t)= b(t)w(t)—c(t)v(t)
m(t)=c(t)u(t)—a(t)w(t)
n(t)=a(t)v(t)=b(t)u(t).

Because of

o 1 0
dC(0)/do-C(=0)=| -1 0 0
0o 0 0

the right side of (2) is equal to

(g(O)n(t)+1()p(t), —f(t)n(t) +m(t)p(t),
f(t)m(t)—g(t)I(t) +n(t)p(t)).

Similarly, the right side of (3) is equal to

0 n(t) —m(t)
“n() 0 1(t)
m@)  -l) 0

Therefore, we have

Qp (P(U)~'(HC(8; p(t)O)P(U) (1)

= [0 gn+lp —fo+mp fm—gl+np\ do
0 0 n —m
0 -n 0 1
0 m -1 0

On the other hand,

Qy (P(U)"H(1)C(8; p(1)O)P(U) (1))=Q (U(1)).
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Hence, we have
n(t) =w ,dt/de
-m(t) =w 3dt/d6
1(t) = ,dt/d6
g(t)n(t)+1(t)p(t) = w,;dt/dO
—f(t)n(t)+m(t)p(t) = w,dt/dO
f(t)m(t)—g(t)1(t) +n(t)p(t) = wszdt/d6
From (5), we have
I(t): m(t): n(t)=wy: —w3: 0.
Thus, we can put
I()=wys/w, m(t)=-w;/0, n(t)=o,/o

(0*= w1 + 0137 + wa3%)

then dt/df=1/w, and by substituting these into (6), we obtain the followings.

f(t) = — (0’0 +wi;37) /0 0,
g(t) = (0*w;—wxy7) /0’ Wy
p(t) =7/0?

(T= w01 — W30, + W1, W3)

(5)

(6)

(7)

(8)

If we suppose that X-axis of P(U) (t) coordinate system lies on X-Y plane of U(t)

coordinate system, we obtain the followings.

a(t) = wi3/ (13" + %)%

b(t) = was/(w15° + wys*)”

c(t) =0

u(t) = —0pws/0 (0" +w%)"

v(t) = 0pwi/o (07 +03?)”

w(t) = (03> + 0,37)"/w

Thus, P(U) (t) is given by the formulas (1), (4), (7), (8), (9).

©)
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4. Differential Equation

The tooth surface with specific sliding (1—§ (t, s)) satisfies the following differential
equation.”

(1, (1= (t, s))aX/at—a(t, s)aX/as)=—(1, X) Q@ (U") (10)
If 14 (t, s)X0, using a function ¢ (t, s) such that

(1-B (t, s))op/at—a(t, s)ag/as=0,
the differential equation (10) yields

(1, 1-p (t, p71))aX/at)=—(1, X) @ (U™). (11)
If 1- (t, 5)=0, the differential equation (10) reduces to

(1, a(t, s)aX/as)=(1, X) @ (UTH)=(1, —-V(t, 5)) (12)

where, V(t, s) is the velocity vector of X (t, s) relative to X(t, s) and X(t, s) is the pair of
the tooth surface X(t, s).

This implies that the vector 8X/3ds and V(t, s) are parallel to each other.

We have the following relation between X(t, s) and X(t, s)”.

(1, X (t, s))=(1, X(t, s))U(t)!
We put
(1, X(t, s))=(1, A(t), B(t), C(1))C(s; 7s/w*)P(U) (t)U(t) (13)

where, A(t), B(t), C(t) are arbitrary functions.

When we regard the motion U(t) as a instantaneous spiral motion, the pitch of the
instantaneous spiral motion is equal to the pitch of the spiral motion C(s; rs/@?) by the
formula (8).

When we fix the parameter t, the s-line in the formula (13) is a spiral line with pitch 7/w?
round the instantaneous axis of rotation. Therefore, the tangent vector at a point on
s-line and the velocity vector of the point by the motion U(t) are parallel to each other.
Thus, we have 9X/as//V(t, s) and X(t, s) satisfies the differential equation (12).
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5. Example (The Case of Skew Gear)

U(t)=C(4 H)MC(t)
M=Ex(d)Cx(—n/2)

d: the distance of the axis of rotation from the other axis
A: the rotation ratio of two gears

Q (U '(t)= /o 0 0 —-Ad
0 0 -1 A cos tt
0 1 0 A sin tt
0 —A cost —Asint 0
P(U) ()=
1 —dcos A t/(A*+1) dsin A t/(A%+1) 0
0 cos At —sin At 0

0 Asin A t/(A+1)* A cos A t/(A2+1)"  1/(22+1)%
0 —sin A t/(+1)"  —cos A t/(BP+1)"  A/(A2+1)*
P(U) ()U(t)=

1 A%d cos t/(A*+1) 1 2d sin t/(22+1) 0

0 cos t sin t 0

0 —sin o sin t sin a cos t —cos a
0 —cos a sin t cos a cos t sin a

where, tan a=1/4
We put,

C(s; ts/w®)P(U) ()U(t)= [1 T, T, T,

o (=] (o)
c
N
c
N
M
<
¥
W
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Then,

T, =4 2d cos t/(A*>+1)—A ds cos a sin t/(A*+1)
T, =4 2d sin t/(A>+1)+4 ds cos a cos t/(2*+1)
T; =4 ds sin a/(A*+1)

Uji=cos t cos s—sin a sin t sin s

Uj,=sin t cos s+sin a cos t sin s

Uj;z=—cos a sin s

U,;=—cos t sin s—sin ¢ sin t cos s

U,,=—sin t sin s+sin o cos t cos s

Uy3=—cos a cos s

Uz =—cos a sin t

Usy=cos a cos t

Uspz;=sin a
Furthermore, we put

(1’ X(t3 S))=(Is A, 0, O)C(S, TS/(UZ)P(U) (t)U(t)
=(1, Xy, X, X3) (where A is a constant)

then,

X;=4 2d cos t/(A*+1)—A ds cos a sin t/(A*+1)
+A(cos t cos s—sin a sin t sin s)

X,=4 2d sin t/(A2+1)+A ds cos a cos t/(A*+1)
+A(sin t cos s+sin a cos t sin s)

X3=A4 ds sin a/(A*+1)—A cos a sin s
X(t, s) satisfies the following equation.

(1, —(2+1)%aX/as)=(1, X) Q (UH)
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