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1. Introduction

A preliminary investigation on the compressible flow through a conical nozzle
is reported. Connecting with the analytic solution of transonic flow at the throat
area, super- to hypersonic flow is calculated by the method of characteristics,
which is shown in a convenient form for the numerical calculations. Experiments
on the flow through a hypersonic nozzle of M=10 are also performed in the
shock-gun tunnel. It is found that the results agree fairly well with analytical
calculations.

2. Shock-Gun Tunnel

The main facility of shock-gun tunnel in Nagoya University consists of six
main parts, i.e. driver tube No. 1 and No. 2, driven tube No. 1 and No. 2, nozzle
section and dump tank, which are connected by three motor-driven connecting
nuts as shown in Fig. 1. This construction enables us multi-purpose use of the
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following four ways.

(2) Shock tunnel: Two stage metal plates are put in the connector No. 2.
Flows in the shock tunnel can be started by evacuating the gas in intermediate
section of these two plates.

(71) Gun tunnel: A nylon piston of 0.220 to 0.500 kg is inserted in the end of
driven tube No. 2, and the same proccess is used to start the flows.

(#1)) Shock-gun tunnel of heavy piston type: A heavy piston of 8.255 kg is in-
serted in the upper end of driver tube No. 2. The metal plate in the connector
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No. 1 is broken by the high pressure of air charged in the driver tube No. 1.
The heavy piston makes a high energy gas at the downstream end of driver
tube No. 2, which enables to drive the shock-gun tunnel in a higher energy level.

(iv) High speed range: A piston in driven tube No. 2 is designated to carry
a flight model, which makes a free flight in the dump tank.

The hypersonic nozzle at the downstream end of driven tube No. 2 consists
of two parts, i.e. the main part of the conical nozzle of angle 20° and the nozzle
piece of throat section, which can be easily changed to make flows of M=8, 10,
12, 16, 20 and 24. The general arrangement of nozzle section, which is connected
with the driven tube No. 2 by the connector No. 3, is shown in Fig. 2. The con-
necting nut is chain-driven by the electric motor and is screwed into the nozzle
section. The detail of the nozzle piece of throat section for M=10 is shown in
Fig 3.

3. Amnalysis of Hypersonic Flow Through a Conical Nezzle

(a) Transonic flow through the throat area of a convergent-divergent nozzle

Several methods? have been developed
for the analysis of transonic flow through
the throat area of a convergent-divergent .
nozzle shown in Fig. 4. In this prelimi- AN
nary investigation calculations are per- hY
formed by the use of Oswatitsch and

Rothstein’s method?, which will be briefly \-—

described in the followings. T T JU i
The velocity components, # and v, are | /
assumed to form the following power he = [_J Fh
series expansion as the first order appro- i‘ j ‘1’« i
ximation. - —t- 0 T x—
Vo)=ax  Vs(x)

l¢=Ar)+A1_’)’+AU2, U=Bo+Bzy (1)
FIG. 4. Transonic flow through
Boundary conditions are the throat area.

v=0at y=0; v=Vsh' at y=h (2)

where Vs is the sectional mean velocity calculated by the one-dimensional flow
theory. Substituting Eq. (1) into Eq. (2), B, and B should be

By=0 and B, = Vs(A'/h) (3)
The condition of irrotationality
Ve—1ty=0 (4)
is satisfied, when
A;=B,=0 and A.=Bi/2= (1/2)(Vik'[R)". (5)

Introducing ys, which is the y coordinate to give w=Vs, we have
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u=Vs+ Asly* — 33). (6)

This means that A, can be substituted by A, = Vs— Azys.
In transonic approximations the mass flow density near the throat section is
calculated by

ovsm=paf1-TEY(Lo1) 4 (L -L) -]
= o] 02— (1) (21 )f-_:(yz—yb—f“;—l(fi)z(y?—yi)%---:]. (7)

The mass flow through nozzle is given by

G= Shpu-z mydy = wpxazh’ [:_;s:&V_s
0 (G- e (BTG )] o

In the choking condition G attains its maximum value. Calculating the condition
dG/dys=0 at the throat section, where Vs/a.=1, we have

=n*/2. (9)

For the first order approximation Eq. (9) holds in the neighbourhood of throat
section. Using this value the maximum of G is obtained by

Gma.x - Tfﬂ*a*hg[l - (1/96) (T+ 1)(’3}1”)?‘:0‘_]
= rpsashil1— (1/96) (r+ 1) (ho/ Ry)*] (10)

where R= A4'(x) is the radius of curvature of wall at the throat section.
In the transonic region of throat area A' becomes a higher order small
quantity, and, therefore,

Ay = (1/2)(Vsh' [B) = (Vs/2) (hS' [ hy). (11

Velocity components can be obtained with this value of A. as follows:

a=ade g (=)= 2+ 5]

aa i =a ()

(12)

where v/a, is negligible comparing with #/a,. From the one-dimensional flow
theory, we have

Vi R (WY [ 2r3 06 L ST e e

ax v T F1\Te 3r+1) ko “6‘ =S WY o
_ 2 e\ x L.
1-{M\/ f+1(Ro) ho+ ’ (13)

Neglecting the second order terms, flow speed is given by substituting Eq. (13)
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into Eq. (12).

1

V. u
Ty —1+/ S (14)

. y
a* 2 (h0> 2%_ 1 ko

TH1\R, 7"5(7;%—
Curves of V/ai=constant give the constant speed lines.

() Theory of characteristics for an axisymmeltric flow

The supersonic flow in a nozzle can be solved by the method of characteristics,
where singularities along the axis should be taken account for the flow of axial
symmetry.

Taking «x, y coordinates in the meridian plane, an axisymmetric compressible
flow of non-viscous fluid is governed by the gas dynamics equation and condition
of irrotationality, respectively, given

w\ou wvdn  uv v ov
(1-%) 5 - - s+ (1= ) +a=0 (18)
ou , ov _
ay*l-gt:—--o (16)
@ =dab—{(r—1)/2} (" 0"~ UZ) (17)

where, u, v are x, y components of velocity vector, respectively, and ¢ convention
is taken 1 for axisymmetric flow and 0 for two-dimensional flow.

For the general expression of a system of quasi-linear partial differential
equation

At Bty + Cywxe+ Divy -+ E, =0

(18)
Az”x -+ Bzuy -+ Cz?)x -+ Dzl)y + FE,=0
g- and 5 branches of characteristics are given by
ye=— ez =03 Tus+ (@hs —Sve+ (Lis = M)xe =0 (19)

Yo—A-&n=0; Tun+ (k- —S)on+ (Li-— M)xn =0
where, using the conventional form [PQ1=Pi1Q.— P:Q:

a=[AC], b=[AD]1+[BC], c=[BD]
T=[AB], S=[BCl, L=[AE], M=[BE]

1., which denote directions of tangent to £- and » components of characteristics
in xy-plane, are the root of equation:

al’>—bi+c=0 (20)
and given by

Axl bEVBE—4dac .

1_} B T (21)

Putting 1— (#¥/a®) =H, —wuv/a®*=K, and 1-(v*/a?)=N, the concerning funda-
mental equations (15) and (16) are expressed in the following forms:
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Huy+ Kuy+ Kvy+ Nvy+e(v/y) =0
(22)
~ Uy +0vy=0
Since coefficients for the characteristics are given by
a=H b=2K, c=N, T=—H, S=2K, L=0, and M=¢elv/y),
&- and 7 components of characteristics are, respectively, calculated by

dy=2:dx; du~+A-dv-+elv/Hydx=0 (231
dy =l-dx; du-+idv+e(v/Hy)dx=0.

From the root of equation: HA*—2Kl-+N=0, 2. and 1- are given by
l: = (K+=yK*—HN)/H. (24)

Denoting the speed by V and inclination angle of velocity vector by 4, relations
u/V=cosf, v/V=sinf and local Mach number V/a=1/sin u reduce the following

expressiosn:

-~ u\{ VN _ . cos’d _ v V'V sin’f
H=1-(p) (7)) =1-Gep N=1-(3) (5) =1~ 3
_ _u v (VN _ _sinficosd
K= -pvla) - S (25)
_ K  VEK*~HN _sindcosfFsinpucosy _ _

Ae =g E H cos? 0 —sin? = tan(0F ).
Characteristics equations (23) can be deformed in the following forms. &- and 3
branch are, respectively,

_ _ . cotp _ . sinpsinfdx _
dy =tan(0 — wdx; P dg-+dp cosl—p) =0 .
_ .cotp , o sinpsinfdx_
dy =tan(0+ p)dx; 7 dg—do Scos(Gtm 3 =0
where ¢ is the non-dimensional speed V/ay, which is given by
(27)

e (VN _r+1[[ 2 o ”
¢=(g) =7y l1esysina)

When the state of points 4 and B in Fig. 5 are known, quantities on the point
C, which is given by the intersection of characteristics of £ branch from B and

of ¢ branch from A, can be calculated by the differential equations (26).
For the sake of simplified expressions for the numerical calculations, some

quantities are abbreviated as follows:

B tan(0+p¢), Fe tan((;"——u)’ G = cot
2 2 2q
. . (28)
:ems“lnu51nﬁ J=e. sin u#sin ¢
2y cos(@+pu) 7 "2ycos(f—p)°
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e
B
\\% fm:z ton(By- M)+ tan (6—/4.)
NN 2
/C/”< /C N/Kfa;: tan (9A+/6;);fan (6 +Hcr)
S
e ,
A A C’: st approx.
O C": 2nd approx.

FI1G. 5. Elements of characteristics.

Variations along the elements of characteristics are

¥ —ya=(Es+ Ec) (% —x4)

o — 95 = (Fp+ F¢) (% — %5)
(Gt Ge)(ge = qa) = (B = 0.4) = (La+ Ie) (e = £4) = 0
(Gp+ Ge){(ge — qn) + (B — 05) — (Ju+ Je) (xc — x5) = 0.

(29)

Quantities on C can be solved formally as follows:

[yB — (Fp-+ Fo)xal — [yA — (Eq+ Ec)x.]
(Es+Ec)~ (Fp+Fc)

AEs+ E )y — (Fr+ Fxpl = (Fp+ Fo)ly.— (Ei+ Ec)x.]
Yo = (EstEc) — (Fp+Fo)

_ (Ga+Ge)qu+ G+ G gn+0p— 04+ (Li+ Ie) (xe —24) + (Jp+ Jo) (e — x0)
&= (GatGo)+ (Go+Ge)

[(Gi+ Gc)(GB“{‘G(‘,) (qe~qs) + (Ga+ G+ (Ga+Ge)bs
-+ (GA+GC§(‘[R+]{:>(X:C — xp) — (G8+Gc)(]A+Ic)(xc -—x;,)]
(Ga+Ge) + (Gp+Ge)

Xec =

fc

i

(30
or

Oc =0+ (Gi+Ge)(ge — qa) — Lo+ 1) (5 — x0).

Numerical calculations are started by assuming Ec=F4, Fc=Fg, Gat+Gc=2Ga,
Ge+Ge=2Gs, Ic=14 and Jc=J» and the converged values are obtained by the
principle of successive substitution.

In order to take account of the singularity along axis, the mid-point E of
characteristic element AC in Fig. 6 (a) is taken, and » branch of characteristic
equation (26) is expanded around the point £. Considering §=0 for e=1, we have

cot ur _ _ sinpge (dx)p, _
v (dg)r— (dB)r 08 (0ot 75) ve fr=0 (31)

where yz/(dx)e=yr/d%ca=(1/2) tan (fz+pr) and Oz=(1/2)0c. Eq. (31) can be de-
formed as
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sin ug
sin(fz+ uz)

cot W

A e — (dO) m— fc = 0. (32)

Introducing S=(1/2) sinp/sin (6+ ), the characteristic difference equation is ob-
tained as follows:

(Ga+ G¢) (gec ~ C]A) —~(fc —04) — (Ss+ Sc)ﬁc =0

or putting 6.=0, we have

(Ga+Ge)ge —qs) — (14 S4+Sc):, =0. (33)
¢ 41
C B
/E/ NF
A ;é‘z : | E lj? C
sy X [ ad

@ (b)

F1G. 6. Characteristic elements at the axis.

In the same way the characteristic equation of ¢ branch shown in Fig. 6 (b)
is expressed by

cot 0t up sin pr

(dq)r“i‘ (df)r+ gl-n*@“ . )03_0 (34)
Denoting R=(1/2) sinp/sin (f—p), the characteristic difference equation is given
by using §.=0 as follows:

(Ge+Ge)lge —qe) +6: — 0+ (Re+ Re)0s=0
(Gr+ Gc>(qf, —@qs) — (1= Rz~ R0z =0. (35)

(¢) Calculation of the flow through a conical nozzle of M=10
The nozzle piece of throat section for M =10 is shown in the previous Fig.
3. The height of wall boundary from the axis and its inclination are given by

ho{1-+2,(]7,;')c+---_]=h0[1+21,§‘;(h0)+ -] (36)

R = (hol Ro)(x/ ho) (37)

where the radius of throat is %,=6.48 mm and the radius of curvature of the
wall is Ry=306.52 mm.

The transonic flow in the throat area is calculated by the above-mentioned
method up to V/a.=1.002, whose constant speed line is given by Eq. (28), put-
ting V/a.=1.002. The inclination angle of velocity vector is calculated by the
use of Eq. (26) as follows:

(38)
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In the thin layer along the wall, flows around the corner can by approximately
calculated by the theory of two-dimensional Prandtl-Meyer expansion. In the
present case it is given.

Tl ) Via—1
RN ‘\/2/(7—1)—(V2/af:—1)
—tan™! /7+1 Viai—1 ) (39)
Noyp—=12/(r—1) — (V¥Ha:~1)

At the corner point, V/as=1.00529 is calculated by the transonic flow theory and
=0 in this point. These values determine

04 = —0.0004072 rad = — 1.4".

Five steps of expansion to overall 10 degrees are chosen as shown in the follow-
ing table.

TABLE 1
V/ay | 100829 | 105 | 11 | 17 125 | 13235
o | oo 39 | 209 | 3% | %55 | 10°0

Flows in the remaining field are calculated by the method of characteristics
described in the preceeding chapter. Lines of characteristics are shown in Fig.
7, 8 and 9. Velocity and Mach number distributions along axis and wall are
shown in Fig. 10. Mach number distributions in the test section are shown later
in Figs. 16 and 17 comparing with the experimental results.

Y 8t Nozzle Wall
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ax 4
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Const, Speed
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FIG. 7. Characteristic solution at the throat area for M=10.
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4. Measurement of the Hypersonic Flow in the
Test Section of a Conical Nozzle

In the hypersonic flow through test section, distributions of total pressure
behind the shock wave, p, are measured by a conical pitot tube with semi-
conductor pressure transucer as shown in Fig. 11 (a). To reduce the mechanical
impact by the initial shock wave, a plastic foam plate of 1 mm thickness is put
on the front surface of diaphragm.

Pressure Transducer

to Bridge Circuit
D)OPhr‘a?m

(a)  Pitot Tube

23.5 88— mm

M J
Semi-Conductor Sorch
Stroingauge "’gpgo;l: DC Amp.
A
P, Rz

(b) Pressure Transducer fh ll

FIG. 11. Pitot tube and semi-conductor pressure transducer.

The principal part of this semi-conductor pressure transducer (Toyoda PMS-5
1H and 2H) is a diaphragm attached by two elements of semi-conductor strain
gauge, which are arranged to compensate temperature effect. The strong vari-
ation of piezo resistance of semi-conductor is measured by the bridge circuit as
shown in Fig. 11 (b).

The total pressure at the reservoir condition, pze, is measured through pressure
holes at the end surface of driven tube No. 2 and at the side wall 250 mm up-
stream from the end as shown in Fig. 12. The pressure trace is detected by
Kistler quartz transducers (Kistler 601 H). The piezo electricity is amplified by
charge amplifier (Model 504) to record on the synchroscope (Iwasaki DS-5155 and
DS-5158 A). Pressure traces of ps by these two holes show the almost identical
pattern as shown in Fig. 13. Since the pressure trace by the hole at the end
surface contains some pulsations through the thin duct of 6 mm diameter and of
250 mm length, data by side wall pressure hole are used for the value of pza.

Experiment in the present report is performed under the following conditions.
The driver gas is air of pressure po=40 kg/cm?® abs., the driven gas is air of
pressure p=1 kg/cm? abs., and the initial pressure of air in dump tank is 10-*
mmHg. The piston of weight W;=0.400 kg is used. The gun tunnel is started
by breaking the two-stage diaphragm with aluminum plates of 1 mm thickness
and its sound of rupture, which is taken by a microphone, is used for the trigger
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FI1G. 12. Reservoir pressure holes and piezo transducers.
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Fi1G. 13. Reservoir pressure traces.

signal to start the record of synchroscope.

A pressure trace of pr. is shown in Fig. 14 comparing with the schematic
x~t diagram, where x is taken along the axis of tunnel. Following the burst of
diaphragm, compression wave from the piston front grows up to the initial shock
wave, which is reflected between the solid surface of nozzle block and the ap-
proaching piston surface, and results in the build up of high enthalpy gas at the
end of driven tube No. 2. Expansion wave generated at the back surface of the
piston moves back to the driving tube and partly reflecting at its entrance section
by the discontinuous expansion of sectional area it helps the accerelation of piston.
Reflecting expansion wave from the upper end of driving tube No. 1 affect to draw
back the piston and makes the state of almost constant reservoir pressure Dta,
which can be used as the gas source of hypersonic steady flow through the nozzle.
This state is shown as a pressure plateau following the two peaks of pressure
trace of psz in Fig. 14.
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FI1G. 14. x~¢ diagram and pitot pressure trace.
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The hypersonic flow through the nozzle is started by the rupture of cello-
phane membrane, which is sticked at the front surface of the block, with shock
wave, and is continued until the exhaust of reserved high energy gas, when the
piston is attached to the nozzle block dividing the gases between driven tube and
dump tank. In the present work, x and y coordinates are taken along the center
line of wind tunnel and horizontally perpendicular to it, respectively, originating
at the center of exit section.

Examples of pressure trace of one pr. and two pm by the dual pitot tubes are
shown in Fig. 15. It is found that the steady flow is maintained from =50 ms
to 80 ms. In the section of nozzle exit x=0 mm, the pressure trace of pm at y=
—20 mm shows a good correspondence to that of piw up to £=130 ms. The pres-
sure trace of prp at y=~—100 mm shows several peakes of pressure resulting from
the pressure variation of pr. after the steady state of flow. This phenomena is
observed also in the pressure trace of pm at y=0 mm and at y=—100 mm in the
section of ¥=200 mm. It may by some effects of vortex generated by non-steady
separation of flow from the nozzle wall.

When the total pressures in front of and behind the shock wave of pitot tube
are measured, Mach number M of flow can be easily calculated by

o[ Parforg )] - w@

Distributions of measured pressure ratio pem/pr. and Mach number 3/ along the
axis of nozzle are shown in Fig. 16, which is found to give a little higher velocity
comparing to the value of calculation. In the conmical nozzle the flow is used to
be accerelated behind the exit section. Distributions of pw/pie and of M along y
axis at four sections are shown in Fig. 17. Comparing to the calculation, the
measured data show more uniform velocity distributions in the core region, while
it is diminished at the outer edge by the effect of boundary- and mixing layer.
In the vicinity of exit section, the mean value of velocity is found to be in good
agreement with the calculated value.

’ l ' ' ! T T
—————— —
L T
Mo e
e ol —— Calculation,
3 Wom= 00 400
B0 Wo=0.400 ks Experiment
Po_
B 40 ) -
Pro 3 e
=X
’ }TQMHSN“ ol Pra 10 |
- g e
| .
; . . . , |
O s 200 7, 300

F1G. 16. Distributions of pressure ratio and Mach number along axis.
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F1G. 17. Sectional distributions of pressure ratio and Mach number.

5. Conclusion

Distributions of total pressure ratio and Mach number at the test section of
a conical nozzle in the shock-gun tunnel are measured. Distributions are found to
be fairly uniform for the purpose of hypersonic wind tunnel. A practical method
of calculation is also reported and the results are compared with to-gether.
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