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I. Introduction

A problem of linear programming is concerned with the problem of finding a
set of non-negative values x which satisfy the inequalities,

AuXi+ GpXe—+ - v e e + ain%n = by,
Qo1X1+ GaXpF =0 0 v e e + QonXn = b,

()
am %+ QuaXzt+ v + GmnXn = bm,

and maximize (or minimize) a linear functional,
Yy=cCidteaxat s + Cn¥n. (2)

It is well known that in the general simplex method, auxiliary variables, called
slack variables, are introduced to obtain the optimum solution.
Especially, when constriants consist of only equalities such that,

auXit+apt+ 2o + @in¥n = by,
G+ Qoo+ ¢ v v 0t crc S GapXn = by,

(3)
X1+ GmXa+ vt + @mn¥n = bm,

the procedure generally adopted, with not so much mathematical rigour, to pro-
ceed the simplex calculation is following. The linear objective function (2) is
changed by introducing artificial variables to constriants (1) and giving them unit
profits of large negative value — M, giving the expression

Yy=cC1X%+ e+ vttt Fenkn— M(Xns1+ * 0 F Xpem). (4)

The method of succeeding calculation is quite the same as before. This paper
aims to establish a mathematical basis for this calculation procedure.

II. Brief Explanation of Linear Programming and Simplex Method

Now, let us explain the conventional linear programming problem. The general
description of the problem is: find a set of non-negative variables x which satisfy
a set of inequalities,
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QX+ GXa vt + @inxn = by,
X1+ QX+ = vttt + Gonkn < b,
(5)

QmiX1+ GmpXa -+ * 00000t + @mnXn = Om,
and maximize a linear functional,

Y=CXitCalad e + Cn%n. (6)
If the inequality signs of (5) are replaced with the equality signs by introducing
slack variables, %u+1, Xn+2, * * *, ¥nem, We may rewrite (5) as:

AuXi+ QeXe+ v vt + Qinn+ Xns1 = by,

A%+ QoaXo -t * 7 ° + Qonn + Xnie = b, 7)

{
A%+ GuaXa+ * 0+ Qun¥n + Xnim = Ome

For the sake of abbreviation of the expressions, we put the column vectors as

au 30 ain 1
(225 Qo2 Azn 0 0
P = : , Pa= : s, Pa= : , Pper= , oty Paem = : f
1l Ame Amn 0 1
the row vector as ¢= (¢, €2 « -+, Cny 0, . . ., 0) and the solution vector as x =
(X1, %2, + « « 5 Xy Xntls - « « 5 Xnem). S0, We can rewrite our linear programming

problem in the following compact form: “find x = (%, %, . . . , ¥nsm), ¥i =0, such
that

n+m

L(x)= leij =P (8)
=
and
y=f(x)=e°*x (9)

is maximum.”

A linear functional y = f(x) defined on a convex polyhedron K takes its maximum
value at an extreme point of K. Now, suppose that in any way we have found a
basic solution, yielding an extreme point. Further we assume that, without loss
of generality, the first #2 components of the extreme point x are positive.

Then, (8) and (9) reduce to the following expressions;

ﬁxiPi=Po, (%1, %oy o+« s Zm>0). (10)
i=1
and
Sheixi =f(x) = . an
i=1

As the vectors P;, Ps, . .., Pm form a basis of the m-dimensional space Rm,
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every other vector is expressed in terms of this basis; or formaly,

m

Z_;,xijg:Pj (j=1,2,...,n+m). (12)

Using (12), we may rewrite the solution (10), giving
Py = 315P; - 0P + 0P (13)

= é_:? xiP;—0 éi} %ikPi + OPr
=§__14‘ (% — 0xir)P; + 6Pz (14)

Choosing the value of § such that,

%) (15)

f = min(
i Xik

for all #/s where xix>0, the non-negative conditions,

(a) 6=0,
(b) % —0x,=0

are obvious.

Then, these values are really the solution in the case where one of the basic
vectors, Py, is replaced by new vector Pr It must be noticed, however, that for
any other vector than P, the relation x; — 6xix =0 is also possible.

Referring (11) and (13), the corresponding value of y; is

b= > cil %; — 6xi) + Ock
i=1

= %a‘xi +0€ck— écixik)- (16)
Let,
_‘}’j——-éc‘;‘xij, G=1,2,...,n+m), (17)
then, (16) becomes
0= yo+ 0(ck — yi)- (18)

If ¢, — y,>0 and y:>0, then > .

There exist three possibilities in (12);

(a) For some 7, »;—¢; <0, and x; <0 for every 7. The case where the value
of linear functional y, is unlimited.

(b) For some 7, y; —¢; <0, and #;>0 for some 7. The case where a larger
value of v, is obtained.

(c) yj —¢; =0, for all j=1,2, . ..,n+m. The case where the solution of (10)
is maximum.
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III. Mathematical Explanation of the Parameter M

Now, let us consider a problem of linear programming in which variables
satisfy a set of the following equations,

auXi—+ GpXe+ *t e e “+ QinXn = by,
1%+ QX A 0 v v Ct 0t A GenXn = by,
(19)
QX1+ GmaXa 4+« 2+ 0 0. e + AmnXn = bm,
and maximize the linear functional,
n
y=2) ¢ (20)
i=1

As a matter of course, we set here the following two assumptions :
(1) For every column vector P; (i=1,2, ..., n) in the coefficient matrix of
(19),

Pi=0 (i=1,2,...,n)

and for a real quantity a, PixaP;, (i j).
(2) There is an m-dimensional vector x(x, %, . .., ¥m) 20, the components

of which are the coefficients in > x%/P; = P,.
3=1

In this case, by introducing the artificial variables and vectors in the same
manner with the preceding paragraph, (19) and (20) change to

n+m

Po= Elijj, (19")
e
#n n+m
y=21c%~-M3> % (20')
7=1 J=nl

respectively.

Suppose, that a basis is formed with some structural and some artificial vectors
at a certain stage in the process of simplex calculations. Denoting the basic vector
by P;, the set of suffix of structural vector by I and that of artificial vector by
I', we obtain the expressions,

Py =21 4P; + >, 2Py, (21)
=7} =
where % =0,
and Pj = 2] %Pi + >, 4:5P;. (22)
=1 el

While, from the assumption (2), we have:

Py=ziPi+ 2P+ - - - +2,Pn (23)
where 2i=0 (i=1,2,..., n).
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Substitution of {(22) to P; in (23) leads to
Po= 21> 20Pi + 20 01 Pi) + 220 20 P+ > 5P + - -
F1==34 =14 el =g
AR Zn( 2 XinP; +Z xz’nPi)
i=] =l

= %;(leil’*‘zzxiz’F Ce 2 Pr 20 (2 2ekin ¢+ 2a%in) P (24)
7 =1’

Now using the fact that P, is uniquely expressible by P;, then by comparing (21)
and (24), the following identity is obtained ;

Xi = 21%1+ Z2eXiz+ 0 0+ ZnXin. (25)

It can be supposed without loss of generality that the m basic vectors P; (i=

1,2,..., m) consist of g structural vectors, Py, Py, ..., P, and p artificial
vectors, Pun+y, . . ., Pusp.  Restricting the attention to the second term on the
right side of (24), and further considering the fact that vectors Pj, P, ..., P,
are included in the basis, it is obvious that
Xii=Xp= -+ =%,7=0 (ier),
then
Xn+1 = 2¥n+1, qr1 T 2o%ns1, gra - ot v + Zu%nr1, n 20,
Xn+z = Zi%n+2, g+1+ BeXnso, gra -t 0 vt 0t + ZnXn+e, n =0, .
(26)
xtl+1§ = leﬂ'!‘f’y g+1 -+ RoXn+py g+2 4o e + Zﬂxﬂ*l'ﬁy 7n ZO>
where
2 =0 (1=1,2,..., n).
Thus, we have:
Xn+1+ Xnsz+ ° ° + Xnep
= 21(Xn+1, g+1 + Znse, grit ot  Xnrp, ge1)

+ 22 (X a1, g2t Xnrg, grat o c 00 A Xnep, q+2)
+ 20 (Xnt1, +Xniz,nt 0t +Xptp, n) (27>
220 (1=1,2,..., n).
Then, it follows that for at least one suffix, say %, of column suffixes, g+1, g+2,
. ., 1, non-negativeness,
Xntv b+ Xnrg b+ 0 0 F Xnep, k>0 (28)

holds.

Providing M be a sufficiently large possitive value, the shadow cost for vector
Pr is

Vb= Cr = C%1k + 0ok + 0 0 FCqXgk + (= M) (%ns1, k+ Xnro, b+ * 4 Xnip, k) — Ch.
(29)
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Then referring (28), the inequalities,
yr—cx<0 (30)
and, for at least one suffix, say 7, which belongs to 7',
%> 0 (31)

are ascertained.

IV. Conclusion

When the artificial vectors are in a basis with possitive coefficients at a certain
stage of simplex table, we obtain (30) and (31) as a result of the study of
mathematical property of the table. These findings are conceived as an assertion
of methodological reasonability of introducing the parameter M into the linear
programming problem, where the constriants are given by a set of equalities. As
the results given above just belong to the case (b) of three possibilities (a), (b),
(¢) in II, then we can introduce the new vector P of the structural one to the
basis in place of one of the basic vector, Py, thus obtaining a new solution and a
larger yo. Therefore, as far as some of the artificial vectors with positive coefficient
appear in the basis, the simplex table is not optimum and further improvement
is possible. Thus the final conclusion is: even if the linear programming problem
is given under the constriants of a set of equalities, it is mathematically plausible
to carry out the general simplex calculation by introducing the parameter M.
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