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1. Introduction

We have dealt with the positive column of a gasous discharge in an applied
magnetic field. Without the applied magnetic field, the experimental results of
the positive column in the low gas pressure are in good agreement with theories.”
With the weak magnetic field, the experimental results are also well explained,”®
using the coefficient of the ambipolar diffusion across the line of magnetic field.”
When the magnetic field is strong, however, the behaviors of positive column are
unusual, viz. the longitudinal electric field decreases with the increasing magnetic
field usually. When the magnetic field is over a critical value, however, the
longitudinal electric field increases with the increasing magnetic field®~® Two
plausible theories were proposed to explain the above effect. One of them is based
on the instability of a sheath surrounding the positive column® and the other is
rested on the instability of the positive column itself.” In this paper, we show
that the contribution of circumferential electric current to the joule heat plays an
important role in the effect and that the ionic part of a ambipolar heat plays also
an important role.

2. Basic Equations

The hydrodynamic behaviors of a partially ionized plasma is described by the
equations of p, pp, 0%, ¥, v» and j, where p is the mass density of plasma, pp the
mass density of charged particles, p* the acuumulation of electric charge per unit
volume, v the flow speed of the center of mass, v, the flow speed of charged
particles and j the density of electric current. They are defined by

p=2ps, (s=¢ ianda), (1)
pp = Pe + 0i (2)
0" =en; — ene, (3)

v =l psvsl 0, (4)
Vo = (pivi+ peve) | ops (5)
§ = enivi — encve. (6)

where the subscripts ¢, 7 and @ mean the quantities in regard with the electrons,
ijons and atoms respectively, ps is the mass density of the component s, ¢ the unit
of electric charge, #; the number density of the component s, and ¥s the flow speed
of the component s.
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The basic equations are as follows;®-1"

% —div-o¥, )

%th_ = div - ppvp+ @Q, (8)

%‘-}: ~div-7, (9)

Ogg-:p*ﬁ +[ixB1—grad-p, (10)

de;f = 0"E +[3xBl-grad-p,—alv.+bG — 0™vp)}, (11)

Zgi (i——n%ﬁ)+n(3’—-p*§r’p) -+ (grad - pe—13 x B —abv,, (12)

where @ is the souce of ionization per unit time and volume, E the intensity of
electric field, B the intensity of magnetic field, » the pressure, p; the pressure of
charged particles, v the ambipolar velocity defined by v4=vs— vs a and b are the
coefficients, 7. is the mass of electron and 7 the electrical resistivity. Let ve; and
via be the frequencies of the electron-atom and ion-atom interactions respectively.
Then a and & are given by

a = NeMeveq + NiMivial 2, (13
= P via _ . )
b—- ea<2 Dea) (14)

respectively, where m; is the mass of ion.

3. The radial Distribution

For the positive column of small electric current in a steady state, the degree
of ionization is much small so that v4=vs. Under the conditions of the cylindrcal
symmetry of positive column and p* =0, the basic equations described in the pre-
ceding section become

1 -
- dr(m‘bvp’) =@, (15)
L (7’] ) =0 (16)
v dr T ’

. 17/

JeB~3§=avpr, (17)
Vps = — bjo, (18)
Vpz = "‘bjz, (19)

d.

0= Ey+ vpB + m( d% ~ joB) = abupr, (20)
7jo = — VprB — abup, 21y

77jz = Ez, (22)
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where B = (0, 0, B) and B is a constant spatially. Furthermore, E. is a constant
and Ey =0 from rot+ E = 0.

Since
Do =nkTe+ nkT;, (23)
ﬁe:”ekTe, (24)
ab® <y, (25)

where % is the Boltzmann constant, 7. the electron temperature and T; the ion
temperature, so that

Upr = — D.-(H"];—e _CZ;:;. (26)

Here D.n is the coefficient of the ambipolar difiusion across the line of magnetic
field and is defined by

Doy = 26 (Tet T2)

a(l+a?) " @7
where 2° = B/ay.
From Egs. (15) ~ (26), we can deduce the following equations :
ne = nefo(ar), (28)
2 («DMJJ;((;‘(:;, —bjos —bjz): (29)
7= (0, @BDain Jilar) E:
i=(o 2an. ), 77») (30)
E = e, kT Jilar)
B = (a4 #1 . 0 E). (31)

where /, and J; are the Bessel function of the order zero and the order first, 7.,
is the electron density at 7 =0, a3=z/D,m, z the number of ionization per unit
2
. . . . _ _ _ﬁj (Tg+ Tg)
time and an electron which is defined by z = Q/pp and A = {1 1T7T, }
It is noted that from Eq. (31) E,=0 when ' =xi=T,T:. Since ap=
MeMiveavial2 €7, so that

wl= 2(eBe/m)(eBc/n) i

: (32)

Vealia
where Bc is a critical magnetic field. For a small magnetic field, the sheath of
ion space charge is present. With the increasing magnetic field, the space charge
of ions is canceled by the space charge of electrons gradually and when B=B,
the net space charge disappears. For a strong magnetic field the sheath of
electron space charge is formed. These effects were experimentally observed®

and are caused by the fact that the gyration radius of electron is much smaller
than that of ion.
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The radial distribution of electric current I(7) is given by

I(7) = 5:2 7 (Ez/p)rdr. (33)

For the positive column of small electric current, 7 in Eq. (33) is approximately
as follows, namely

2
7= veatiel € Ne,

so that the electric current becomes

I(r) = Hem—""E‘a:r-Jl(ar). (34)

@ zfﬂevea

4. The Radius of a Plasma Column

Since J,=0 at ar=2.403, the quantities proportional to J1/Jo are all infinite at
the point. From Poisson’s equation, o™ is also infinite at the point so that our
assumption of p*=0 is not valid. We have, therefore, to take into account of the
electro-static force p*E in the equation of motion of the charged particles. Now
we divide the positive column into a plasma column and a space charge layer. In
the former ¢*E < — grad p,, whereas in the latter o*E> — grad pp. If the radius
of the plasma colnmn is denoted by Ry, R: is temporarily determined as follows;
using the calculated results in the preceding section, o*E, and — dpp/dr bemome

F kT, 2 2.3, ]1(“7’) * _']((tr) o
0B =o(2) 2 [t + U e (33)
~ o (To+ T)a+ Jiaer), (36)

respectively, where ¢ is the dielectric constant in a vacum space. Then we give
R: by the following equation, namely

? Te Ti J( R) 2 1
e () [ ) s o

equating Eq. (33) to Eq. (36). When m/a® in Eq. (37) is eleiminated by the use
of Eq. (34), Eq. (37) becomes

Me 'veaI(Rl) .. (1+x‘l) . (Tg+ Tx')_ . l]_(iRJ 2 ’]1(£ZR1)
Zrak B, {(1-#(TJToy  Ti ~[{zara! +1]paryeR @8

From Eq. (38) we can determine the value of «R: and hence the value of the
upper limit of JilaRy)/ JolaRy). In earlier works, two methods was proposed to
determine the radius of positive column although the basic ideas in these two
methods are identical. It is the balance of charged particles between the charged
particles created in the column and the charged particles escaped from the column.
In the equation of the balance, the ion temperature is used either an atom tempe-
rature'™™ or a half of electron temperature.'” The latter is based on the stability
of ion sheath discussed by D. Bohm.” For the ion temperature we shall discuss
in the next section.
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From Eq. (38), we can find that when the electric current is very small and
when the gas pressure is very low, the positive column can not be considered as
the plasma column. For the very small electric current the positive column is
called, “The subnormal discharge column™'® For the very low pressure just as
Xi> Ry (where Z; is the mean free path of ion and R, the radius of discharge

tube), however, the ambipolar diffusion theory is not applicable.””

5. The Electron Temperature and the Ion Temperature

Neglecting both terms of adiabatic change and heat conduction, the electron-
and ion-temperatures are respectively given'” by

Nead + ﬂea(eﬂe?)pr)z = Melgakic® %k( Te—Ta), (39)
7?2 2 2 3
miad T ialenetpr)” = nevier: + 5 k(Ti = Ta), (40)
t}
where,
=7+t (41
= MeVea, = MNivia
Mea =g, AT gy, (42)

Here r, and «; are respectively the fractions of the energy loses of electron and
ion due to the collisions.

In Eq. (39), the first term of the left-hand side is the electronic part of joule
heat and the second term the electronic part of ambipolar heat. On the other
hand, the terms in the left-hand side of Eq. (40) are the ionic part of the joule
and ambipolar heats. In order to guess the order of magnitude in regard with
the terms in the left-hand side of Egs. (39) and (40), we utilize the calculated
results in the section 3. By the monotonous calculations, we get the following
equntions, namely

22
Toadh = 5 2 - ]l ar) (42)
__Z.g___ meyea'zk(Te'F Tx) . x2 _.{]1(117’)}2, (44)
i &'E; (1427 Us(ar)
(encvpr)’ _ meveazk(Te+ Ti) | (2mievea\, 1 [ JilarN®
i ¢'E; ( Mivia ) (1+27) {Jo(ar)} ' 15)

Using Eqgs. (43)~(45), Eq. (39) becomes approximately as follows,

2 YﬂeveaZk(Tg-‘I‘ T]) . (x2+2mel'ea/miuia). ]J(zxf)\z_mg(:qqza. 3 _
Bz + e 1+2° {]o(ocr)’ e Yk(T“ Ta).

(46)

Since E is independent of 7 because of rot E =0, hence the electron temperature
has a tendency to rise with the increasing radius.
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For the ion temperature, the term of ambipolar heat plays an important role.
At 7= Ry, the ion temperature is determined by

(72%), 0, = {3 (T3 = T o, (47)
If we define vz by
via = {3 kik(Ti — Ta)/mi}}in, (48)
then,
Vie = (Vpr)r=n,. (49)

Since vpr= 0 except the point of 7 =0, (Ti = Ta)r=r, 0. When (T9)r=p,» (Ta)r=r,,
vie is compared with the mean thermal velocity of ions at » = R. Using Eqs. (43)
and (45), Eq. (49) is rewritten as follows, namely

2k,

2
Vig = — {
T mi

(Te+Ti)Z jx((lRl)
lleT SJralalt )
e ron Un(aR) (50
The ion temperature at the surface of plasma column, therefore, strongly depends
on the upper limit of Ji(aR)/JlaRy).

6. The Behaviors of Positive Column

In this section, we restrict our discussions to the situation that the radius of
positive column R is nearly equal to the radius of plasma column R, Then I(R;)
is nearly equal to the discharge current I and from Eq. (38) the upper limit of
Ji(aR)/Js{aR) is approximately given by

IaR) _poc ((Tote T veal | (14 2'f ;
Jo(aR) =78 { 73 E; (l—szi/Te)’} : (51)
Here aR included explicitly in Eq. (38) was set to 2.405, namely
22 Miviaz(1+2") o s
“ﬁ‘mzk(z‘ﬁm R = (2.405)°. (52)

For the example of Ji(aR)/Jo(aR), we use a set of conditions that T.= Ti = 10" °K,
veal/ Ez =5 % 10° in MKS unit and x*=0, then Ji/J, = 36.4.

Now we consider the ion temperature at » = R and eliminate z from Egs. (50)
and (52) and put into the results the following relation

via = VitPal Aiv, (53)

where v;; is the mean thermal velocity of ions, p. the pressure of atoms and i
the mean free path of ions for p,=1. We, then, obtain the following equation,
namely

viack = (481)7 - {HTiETe) V( . ix?)g(pi_iok)z' {___}l((:g}z (54)
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When v~ vis, Eq. (54) becomes

2 — & ’SkTe
Yt g Tmi (55)
where,
=
g=321 1 L Ao . JilaR) (56)

1+2* paR  Jo(aR)’

For example, when lio/pzR=5%10"% Ji/Jo=40 and x*=0, then 7;~15 T.. From
Eq. (55), we can see that the ion temperature increases with the increasing mag-
netic field for a strong magnetic field. If g=1 the ion temperature is infinite but
it is apparent as we shall see later. Using Eq. (51), Eq. (56) becomes

&G+ A1 = @) {1 = ) = Ag®) = A (paR) e (Eofpa) ™2, (57)

where,

A=27- ( A"") . (_]‘1)1/6. TR s

73
/{g’o Me

and we used the following relations, namely

X =Ao{1;g} »
) /
x2%=Ao{ 1fg }1 2,

in which,

_ " 2akio -1, B\
A= Slmime " Le <};)

The left-hand side of Eq. (57) is equal to infinity when g =0 and g=g.=1/(1 + A?)
(where g is the value of g for x=x.. For g=0, no such positive column is pre-
sent and for g=1 it also does not occur, as we shall see later.

Using the theoretical expression of z,"’ namely

2= z2ppaT5" exp( — eVi/ETS), (59)

where 2, is the constant depending on the nature of atom and V; the ionizatoin
voltage, then Eq. (52) becomes

(1= )" {g" + As(1 - )"} = As+ (paR) * exp (e Vi/kT,), (60)
where,

Ay =945 go—"(;n’i)l/z
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From Eq. (60), we can see that only when T is infinite g =1 and that such positive

column as g=1 is no present.
Let us now calculate the relation between 7. and E.. We assume that the
form of k. is given by

ke = ter €Xp( — e Ve/kTe), (61)

where ke is the constant depend on the nature of atom and V. the effective exci-
tation voltage. Then Eq. (46) can be rewritten as follows;

E\* - (As+ A5)
(‘p:f) + As(paR) 2 ‘g2/3(1—g)<g‘“+Ao(1—;)"’}”3((1—g)‘/’ —A,g it
E 2/8
- A_.(?;:) - expl( — eVo/ kTS, (62)

where Jg is the mean free path of electrons defined by
Ao = VetPal vea, ver =3 RT/2 me, (63)
and A; A:and A; are
A3 =902 10°+ (’"'?)m- BT o pips,

Mmi ny 308
2
A= e BBE2Y’
_ o, (me)"
A; - 2 )Aco (7ni) ’

From Egs. (57), (60) and (62), we can solve either Ez/ps, T and g or paR, T and
g, although the solutions have the parameters of p.R, B and I or E:/pa, B and I.
For simplification of the calculations, we assume that the changes of the electron
temperature have a infiuence on Egs. (60) and (62) through only the exponential
terms. Then we can write as follows, namely

1=Gi(1~Gs), (64)
Ez/pa=Cs(1—G)"[(1— )" g" + A1 = 2"} 1™, (65)
where,
Gi=Cig(1-g) [(1— " g + A1 - @)} {(1 - g)"* = Aug™},  (66)
Gy = Co( Ao+ A (1— 2)7gl{g" + A1 - )"} (1 - )T, (67)
Ci=AT"AJAdpaR)™* ",
Co = AsA; AT (PaR)T,
Cs= Ay A" (paR) 7,
= Vel Vi.
The ratio of Ve to Vi, 7, is 3/4 for Hg. For He it is nearly equal to 0.7 from the

result calculated by Lehnert and for Ar, r=0.764 from the study of a gaseous
breakdown.
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Without the magnetic field, if g <1, then Egs. (64) and (65) are respectively
reduced to the following equations, namely

Gy = C1gS~T/Z,
Ez/pa = ng_m,

from which
Eolpa = CsC{™ 7,

Therefore, Ez/pooc '™ for v =3/4.

Neglecting G: in Egs. (64) and (65), Gi/C: and E:/p. are respectively plotted
in Figs. 1 and 2 for 4,=0, 05, 1, 2 and 5 and for 7 =3/4. Each of the curves in
Fig. 1, except the curve A, is composed with two branches, viz. one of them is in
the range g<g.=1/(1+ A}) and the other is in the range g>g. The curves
A~ F belong to the former and the curves B'~F' to the latter. Each of the curves
A~F has a maximum respectively and the maximum value increases as A, is
decreased. Two values of g, therefore, are found to satisfy the equation G.= 1.
This, however, depends on both C; and

ik

Ao, because if A, is over a critical -1
value differentiated from A, = (1-
g:)"?/g!* then the value of g satisfied
G:=1 is not present in the range g< -3
g In the above two valucs of g, it

is plausible to take the value of g -4
which is corresponding to the value

of E:/p. lower than the other. When N
A, is over a critical value, however,
we have to turn our attention in the

G
A
range g> g Then we find the value of )
3

oy N

AN

A
o

291077 -
-1
g satisfying G; = 1 for the all values of 4 / Y e
A -8
Now, we consider what will happen /5'
. . . ~ y,
if the magnetic field increases from 9 4 7A
zero. To see this we write the straight g
linesof C7'=7x10"* and 29x 107" in o /// [

Fig. 1. For C{'=7x107" the values

of g corresponding to the intersecting 'y !

points with the curve A are g =0.28 -1

and £>0.9. From Fig. 2 we make wto2 3 5Tt 23 571

choice of g =0.28 as the real, since it §

takes the value of E./p. lower than o I:;Ife' 1'TE:‘3 ::gez (;i AGl/ %‘ jﬁeijfn:
- n J c 0=0, ves

that of g For 4,=02and 05 &= 7002 Av=02, Cand C' A¢=0.5, D and

031 and £ =05 respectively. For 1) 1 "o oiq m 4y2 and Fand P Ae=s,

Ao = 0.5, however, the intersection is

X . X The curves A, B, C, D, E and F are in the
identical to the maximum of the curve range g<g., whereas the curves B, C, DV,

E’ and F’ are in the range g>ge, where go=
1/(1-+Aj) and Ao is proportinal to B?/pl.

C, so that when A, becomes larger
than 0.5 no intersection is present in
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FIG. 2. The curves A~F are the FIG. 3. The curves of (Ez/paCs)%?
curves of (E:/p,C3)3/ as a function of as a function of Ao, (where Ao is pro-
g where the curves 4, B, C, D, E and portional to B?/pZ) for two values of C.
F are Ao=0, 0.2, 0.5, 1, 2 and 5 respec- From the curves we can see the abrupt
tively. rise of Ez/pa.

the range g<g.. We, now, turn to the range g>g. For As=1, 2 and 5 gs=07,
g =0.39 and g;=0.19. Using these values of g, viz. g;, & etc, we can write the
curve of E./p. as a function of A, as is shown in Fig. 3. In the figure, we see
the abrupt rises of E:/p. for two values of Cj, although for Cr l=29x1077 it is
very little.

The abrupt rise of E./p. predicted here may be connected with the experi-
mental results by Lehnert and other workers.® ™  Their results, however, show
that the increase of E./pe is not abrupt but gradual. The difference may be caused
by various simplifications of calculations.

The ion temperature can be calculated from g, & etc. using Eq. (55). For
Cii=7x%107", T; is equal to 0.39 for Ay =0. For A¢=02, 05, 1, 2 and 5, Ti=0.52
To, 1.0 Te, 0.3 % Te, 064 % Te and 0.19x T, respectively. Except the abrupt rises
of both E:/p. and Ty, E-/p. has a tendency of decrease as Ao increses, whereas 15
has not always a tendency of decrease depending on C, strongly. For example,
when C7i'=7x107% T increases with the magnetic field and after the abrupt rise
T; decreases as Ao, increases.

We consider the influence of G in Egs. (64) and (63) on the above discussions.
The quantity G. means the contributions of two heats to the energy balance of
electrons: One of them is the electronic part of the joule heat due to the circum-
ferential current and the other is the electronic part of ambipolar heat. The con-
tribution of the latter to G» is expressed by As in Eq. (67). We write the curves
of G»/C: in Fig. 4 for A;=02, 0.5, 1, 2 and 5 neglecting As because As is nearly
equal to 2x 107" at the largest. Since G, becomes larger than one depending on
g and A, therefore, (1—G.) becomes negative. ‘In the other hand, however,
(1—G,) has to be positive from Eq. (65), so it seems to be natural that to hold
(1—G,) >0 the value of C: tends to the decrease with increasing magnetic field, viz.
paR tends to the decrease. If the gas pressure is relatively high, then the positive
column may be contracted. If, however, the gas pressure is relatively low, then
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the column may be not so. On the effect W@
of G., we remember that Eq. (64) is the

balance equation of electron energy at » = Y
R. It is, therefore, not the total energy i e
balance of electrons per unit length of

column, viz. the contribution of jveaj§2 wre L

\

VAN R
N\

dr to the total energy balance is less than § //

the contribution of (7eafi)r-z to Eq. (64). © P

In the vicinity of the plasma surface, how- >

ever, the effect of 7e.j; brings the value of 18—
E:/pa to be smaller than that of 7y =0.

L

/

L~
Since the small value of E:/p. turns into

the small value of longitudinal current, L1
the radius of current channel, therefore, - //
becomes small for the strong magnetic 1 wr 23 574 23 571
field. g

FI1G. 4. The curves of G:/C: as a
function of g, where the curves B, C,
D, E and F are A»=02, 0.5, 1, 2 and

We have dealt with the positive column 5 respectively.
of a gaseous discharge with an applied
magnetic field on the basis of magnetohydrodynamics and thermdynamics.

The radial distribution of electron density is given by the Bessel function of
the zero order using the coefficient of the ambipolar diffusion perpendicular to the
magnetic field. Although the quantities proportinal to J;*, therefore, is infinite for
Jo=0, the lower limit of J, is determined by the condition that the electro-static
force due to the charge accumulation is nearly equal to the pressure gradient of
charged particles, see Eq. (38). From this condition we also determine the radius
of the plasma column in which the electric charge of electrons is nearly equal to
that of ions.

The radial component of electric filed is zero for a critical magnetic field, B,
given by Eq. (32). For the strong magnetic field, the radial component of electric
field is so negative as the electrons are accelarated towards a wall. The reason
is that the gyration radius of electron is much smaller than that of ion.

We have given the equations of electron and ion energies by Egs. (39) and
(40) respectively. In the equation of electron energy, the joule heat of circum-
ferential electric current plays an important role, whereas in the equation of ion
energy the ionic part of ambipolar heat plays an important role. The ion temper-
ature at the surface of plasma column is determined by Eq. (553).

In the section 6, we have discussed the bahaviors of plasma column and have
solved E:/pa, T; and 7T, as the functions of p.R, B and I. When the joule heat of
circumferential current is neglected in the equation of electron energy, E:/p. de-
creases with the increasing weak magnetic field, whereas the ion temperature not
always decreases depending on the conditions. For a certain value of magnetic
field which differs from B., the abrupt rises of both E./p. and 7; are found. For
the further increase of magnetic field E:/p, decreases again and 73 also decreases.

NEAVAN

7. Conclusion
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This effect predicted here may be connected with the experimental results, although
the experiments show that E:/p. increases gradually as the magnetic field increases.
The difference between theory and experiments may be caused by simplification
of calculations.

The influence of the joule heat of circumferential current on the lecal balance
of electron energy becomes important with increasing magnetic field. The influence
becomes also important with the increasing radius in the radial distribution. When
the influence is taken into account, we can find that the radius of current channel
tends to become small as the magnetic field increase. In the vicinity of the plasma
surface, the joule heat of circumferential current is so large that it is sufficient
to compensate the loss of electron energy. This, therefore, means that the joule
heat of longitudinal current is not needed to heat the plasma near the surface. In
the other hand, however, discharge current has to flow, so that it is unlikely to be
Ez/pa=0. The channel of electric current, thus, may be constricted.
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