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1. Introduction

The elasticity problem of an infinite solid body with an ellipsoidal cavity
under uniform stress at infinity was solved by Sadowsky and Sternberg® and its
special case of an elliptic plane crack by Green and Sneddon.” In this paper,
using the method of Fourier transforms, the similar problem is treated for the
case when the shape of the plane crack is arbitrary and is reduced to finding
potential functions with given values on the crack surface. Further, when the
crack is elliptic, special solutions are given in explicit forms.

2. Fourier Transforms of the Egunations
Let the elastic body occupy the whole space outside the crack and put:

x;: rectangular coordinates,

u; . components of displacement,
o Poisson’s ratio,

o~ X3
oy Ous O3

0= =
%1 ax2 Ox3 ’

then the equations of elasticity are

20 S / /w %
S5t (1—20) 4u;=0. (1 Lﬂ 2

We take the crack S on the x: ~ x; plane
and apply the method of Fourier transforms.”

Let f(x1, %2, %) be a function outside S and
put: Fig. 1

_(2“7%“3/7_5‘55 f(xx, %, xS)ei(ilxﬁigxghzxa)dxldxzdxg sfl(gh 52, 53) (2)

Then, under suitable assumptions on f(x:, #, ), we have:
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T;}-)Tmf'(sl, £, 22) e g e, gy = fm, 1, 1), (3)
T%VSSS%J(%* " gy dadis = — i85/, 1, )
_ 51]...(7%—)77 jS {f(+0, %2, m) = /(= 0, 2, %3) ) €T g iy, (4)
s
T%,—,j”df-e“ " Gy dads = — (B E 8D (&, 1, 1)
) () o
s
+ %jj(f+ — 7Y dxods. (5)
;

We first assume that
ue: odd, s, us, 0: even functions of xi, (6)

and transform (1) and 46 =0 by using (4) and (5), then, taking (6) into account,
we obtain:

—i50 4+ (1=20){ — (B + &8+ D w+ 5 F(&, &)} =0,
—ig0+ (v ) =C o Dw—F (r )y=0,
(j=2,3)
g+ =-(1-20G6G,
with
F(fz; 5';) = ‘('”17),,* 55(%; - uf)e"‘iz"”'”dxgdxg,

8

5= A IIT(ZE) = () 1 e, =29

(1-24)G( n?z (_HE)TS;H%Y“ ( ,,) Jei(u )ity .

We solve (7) and apply (3) and perform the integration with respect to £: by
the method of complex integration, then we obtain the results:

ujzﬂj—{-xl@—_, (/=1,2,3)

oXj (8)
Q?f; o 1 ( 0824 0f22 0823 )
ox1 - 3—40 \ Ox o% OX3 ’

where
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A= z(//, )” js‘?g plag| —1(5x,+ 1) d&‘zd’;:};
-0

£1= = ”F%FSJ‘FQ— " ds, dEs, (%=0)

F' ~
Qj= — ﬁij%e"d&d;z

i G ” gn .
-+ W SXF &5 e’ dad?ss, (7=2,3)
p =vV&iiel,
AV = 49 = 49 = 40; = 0. (9)
When we next assume that
ui: even, us, us, 0: odd functions of i,

we obtain also the same results (8), hence (8) with (9) is the most general
solution of (1) for the region outside S.

3. Boundary Value Problems

(a) When the components of displacement are given on the two sides of S,
then

(.Qj)xl:io = (uj)/r (/=1,2,3)

are known on S and the potential functions £, 2., £ can be determined uniquely.
When specially (u,),, = (#3),, = 0, we put into (8)

2:=0:,=0, 1= —~(3—44)V,
and we have:
%j={~(3—46)61j+x1’é%}?p: (7=1273)
with
1
AT =0, (Fz-20 = — “g“_‘_’z‘o‘(ul)w

In the case of an elliptic crack:

x5, x5
P -+ . 17
let
*i 3 x5 X
- + P, + Yy =1, Mz, %, x3) >0,

4(s) =vs(a*+s) (B°+s)
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and take

7= = xlfw

s
v sd(s) (10)

then
2(3—44) % %
(mso = = (3 = 40) (@), = = 28740 [y (2, 4)

The components of stress on the crack surface are given by:

N (1) 1

_ or _ 01 1 \ds _
KXy = —4(1—a)u( o )H—— 4(1—0),&&(@17 @ Es) (BEs) ) s = const,

7~ agp(l)
j=—2(1 -2
i ( 0)/,&( ox; )N
41-29 & /T -
= F *‘“%“"_Lté—;;\/ noy (]—-2, 3)

with g rigidity.
This is one particular solution.  Other simple solutions are given by taking
for ¥ \

° ds = ds s
wnf, s ol swraae el wer

2 2 2 @
X1 - X2 X3 — A,.,,M,,,,NM_Q‘,S.__-W ;=
X1 ( g + @0 + DO 1) j‘,\ s(s— 0'9)2 A(s) (i=12),

where 6 ’s are roots of
50°+ 4(d” + b*) 0 + 34" = 0.

The values of # on the crack are given, respectively, by:

2(3—44) 2(8—44) o 2(m) i
v 2OCH 1o (B B w 2O [ w B [

2( ”') ( 3 ‘ %3 ) __1) "

ab (@) \ @ oD " prrgD

These solutions cannot be adopted separately, because they take positive and
negative values on one side of the crack (this is impossible physically), and must
be combined linearly with (10) to make (#1)y,-+o positive.

(b) When

uy: odd, us, us: even functions of x;

N

and the shearing stress components x%», x:%3 vanish on S, then we have
from (8):

' Oy o _ (o9& oL BZF . KU .
(axj + aﬁﬁ)xl o”(ij + ox1 T3 >l—(P'7)”—O' (]-2’3)
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Here the potential functions P» and P, vanish on the whole plane % = 0, and
hence vanish identically in the whole space. Putting the odd function of x:

—(1-2529
.Ql"i‘y/—(]. 26) ax]’

we obtain from (8) the results:

_ ) — 2 V29 )
U = { 2(1 a) X1 e } o ’
o —9.)— 5. 0 109
1!;—{—(1 20) xlétf;} 5%, (11)
(7=2,3)
4Q = 0.
(b 1) When u is given on S: (X, x,, %)
oQ _ 1 _
(*a“’*:;)xl=+o = 2(1—0) (u;)n—a'(_xz, %3), Y
we have: Cb %
1 - (. E ) ( Ez, g3)
Q=— 5 || L anan.
T 3 xz
(b 2) When the normal pressure p is F1G. 2
preassigned, we have on S:
o'Q = L= 1
( oxt )x,=0_ 2 1 %1% 2 n P, %3).
When the crack is elliptic and we take, for example,
S L (T(E L w x| _ds_
Q= 2 ;(s T @is T ot 1) A(s)’
then
o9 _ _
ox 7
where ¢! is given by (10) and from (11) we have:
_ _ O
ul-‘ 2(1 a)+xlaxl ’?F y
e e ds oyt .
uj=(1 20)%-‘; (@+s)ds) T ox; (/=2,3)

The residual boundary condition for this solution is either
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4= / x5 %3
(%1)x1:-ﬁo = F —-~a-5-—- 1- < -+ _b_z'i)

aZ

or

2%, %3)

il

2
-2 5. .

Il

. d
—2ﬂ50 <~alb~~ \/(a2+s)1(b2+s)> s;Z

= const.

This is the same solution as offered in the paper of Green and Sneddon.

References

1) M. A. Sadowsky and E. Sternberg, Journ. Appl. Mech., 16(1949), p. 149-157.

2) A. E. Green and I. N. Sneddon, Proc. Cambr. Phil. Soc., Vol. 46 (1950), p. 159-163.

3) I. N. Sneddon, Fourier Transforms (New York, 1951), p. 44-45.

4) E. T. Whittaker and G. N. Watson, A Course of Modern Analysis (Cambridge, 1935),
p. 536-575.





