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I. Preliminaries.

The quantitative theory for the light absorption of organic molecules has based
on the two well known quantum-mechanical approximations of the bond orbital and
the molecular orbital methods. The absorption bands of some unsaturated hydro-
carbons such as benzene, anthracene, phenanthrene, butadiene, fulvene, azulene etc.,
have been investigated quantitatively by these two methods. The application of
these theories to polymethine dyes, however, has given too high calculated values
of the wave-lengths of the absorption maxima to interpret the experimental data of
these compounds.

On the other hand, the model”? based on the assumption of the free electron
gas such as in metals,” could lead to a rather satisfactory interpretation of the
colour™® of symmetrical polymethines,”® porphyrines,” polyenes,” and polyacenes.”
In those theories, however, the correlation among n-electrons is completely neglect-
ed and the free melectrons are merely subjected to the Pauli principle.

In this paper the author presents a theory taking into account the correlation

among electrons, based on the free electron model.

II. The Correlation of n-Electrons in the Polymethine
Dyes and Similar Compounds.

For the sake of simplicity, we shall take, as an example, polymethines as shown
in Fig. L
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The end radicals T,/N——— and TI/Nw are the groups containing a nitrogen atom N. It
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in the molecule as shown in Fig. I. the number of =-elecirons. contributing to the
resonance structures (Ia) and (Ib) etc.,is (7 +4); (7+1) electrons being contributed
frem (7+1) carbon atoms and three from two nitrogen atoms. For the sym-
metrical polymethines T;=T: and Ti="Ts.

In the usual quantum-mechanical description of these kinds of dyes, the
=-electrons find themselves in the attractive field of the molecular framework of the
positively charged carbon and nitrogen atoms as well as in the repulsive field of
electrons which are forming o¢-bonds. The r-electrons as a jfree cleciion gas,
stretch along the polymethine chain in the shape of a charged cloud.

The wave function ¢ of the n-electrons is expressed by:

Ab+ 8'15’-(1? V)g =0, (1)

where #2 is the mass of electron. £ the eigenvalue of energy, and V the potential,
being a function of coordinates. For symmetrical polymethine dyes, the one-dimen-
sional wave function of the electrons is assumed to subject to a constant potential
with infinitely high barriers nearly at the both ends of the molecule. Accordingly
the potential is expressed by :

constant for O£x =L

V={ o (2)

+ o0 elsewhere,
where x is the distance along the zig-zag line of the chain links of the molecular
skeleton, and L the length of the polymethine chain measured along x.

For unsymmetrical polymethines, sometimes the potential is assumed as a peri-
odically varying one” along the zig-zag chain of the dye molecule, leading to the
solution expressed by Mathieu function.

Now we shall consider, how the potential changes by taking 1n’co account the
effect of the correlation among =-electrons. The guantum-mechanical mean poten-
tial of an electron, say at the state 7, due to the other kind of electron cloud, which
has an energy level E; and is at a volume element drj, is designated by

& Usj i dy, (3)

where ¢; is an eigenfunction associated with the energy Ej, and Uj; the interaction
potential between the states of the level Ej and of the level considered E;. The
collective interaction due to the electron cloud at the state j is obtained by inte-
grating (3) over drj, and is given by

Vo3 Uigias. ()

Accordingly we should sum up (3') over available energy levels. Hence, we
obtain

2135%"* Uij¢jdcj, (4)

where > means the summation over all the filled levels except that of the state

7
(including spin) occupied by the electron, which is considered as an Au/punkt.
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By using (4), we may write, instead of (1), the wave equation for the electrons
considered, say at the state 7, as follows:

8 ntm

a9t 25 E = (Vo ot Uggsans) jos =0, (5)

taking into account the potential of m-electron themselves. In (5), ¢; means the
wave function associated with the energy E;.

The interaction potentials I;; are of the form 1/l7;] or presumably e 74!/ |y;l,
where 7i; is the distance between the electrons at the states ¢ and 7, with a constant
£. Sometimes, it may be roughly assumed that the interaction potentials are all
constant for any j. And it is the equation (5), with which the present author
wishes mainly to concern.

The last term of the left-hand side in (5), can be treated, as usual, successively
(by the iteration) or by the perturbation method. Here, however, as another ap-
proximation, we shall take a rather bold assumption for this term. We shall put
for (4),

adi i = ZS%* Uij¢jdzj, (6)
J

where « is a constant. This means that the interaction potentials among the level

E; and all other levels E; are averaged over j and are put equal to the self-energy

of the electron ¢; at the energy level E;. The method used here may possibly cor-

respond to the Hartree approximation.

ITI. Symmetrical Polymethines.

For the symmetrical polymethines, the end groups in Fig. I, are Ty =T, and T!
=Ti. From (5) and (6), we shall write the one-dimensional wave equation for the
electrons,

2

Za® T B(E — )¢ =0, (7
with
E=E-V, = 8722m’
and
_ {constant Osx=L, (8)
+ x<0 and L<x.
The solution of (7) is given by an elliptic function:
¢(x) =sn(frx+7, k), (9)
with
E =7 (1+F#), (10)
and
B =% (11)
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where v and 7/ are integration constants. .
From the assumed type of potential (8), we have conditions for ¢:
=0; ¢=0 and x=L; ¢=0.

‘These conditions immediately result in

T, = 07
and
= 2 ArK sk (12)
r=qrir {+isK'}, ,
where 7 and s are integers including zero, i =+—1, and
' ~Te[2
du
K= e
30 ~1—FRsin?u’ 1)
s 13
K= g“/ S —
Jo ~1—FK?%sin?z’

with

%

B=~T-F

Now we should take s =0, considering that we have already put a¢” instead of ag®
in (7), which means ¢(x) is a real valued function of .
An integration constant 7 is thus determined by (11), (12), and (13).

From the resultant expression (9) for the eigenfunction, we obtain the poten-
tial of the type:

V'=V+a-sn’(Brx, k). (9"

Accordingly, returning again to the equation (5), we shall assume, instead of (6),
this type of potential (9/) for the electron-correlation. And further, if necessary, it
may be proposed to use the potential of this type of elliptic function even for the
field originated from the molecular skeleton and s-bonds. This means that, as the
potential of molecular field for the unsymmetrical polymethine dyes, we may take
the potential of the type of elliptic function, instead of that of trigonometric func-
tion.”

By using (9'), rather than the expression (6), the equation (5) becomes again
linear. So it is possible to normalize the solution of this equation, thus

L
1= S0A23n2(87x, k)dx = Agﬁ%«w[BrL —E(amprL, B)],

where A is the normalization factor.

IV. Approximate Caleulation for Symmetrical Polymethines.

(@) Case I. «—0.
As a special case, we shall take « 0, then we obtain from (8)~ (12),

k=0, K-1,
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K—»%, K' > o,
— ,r_..,.
T—‘ BLI-, (14)
¢(x) =sn(TFx, 0) =sin T x, (15)
L L

2

o Z—E_L .
EY =1'= g 75, (16)

The first absorption band is associated with the jump of one electron from the high-

est occupied level, No. to the lowest vacant level, No. (—g +1). We have the

2 2
energy difference 4E\” between these levels:

AE® = (n+1). 17

SmL’
From the Bohr relationship, the wave-length A" of the maximum of the first

absorption band is expressed by
20 = _he _ 8me L

EP T h a+1 (s

where I is Planck’s constant, and ¢ the velocity of light.
After determining the normalization factor \/ z , the intensity of the absorp-

tion band, which is measured by the oscillator strength, is calculated. For the
trans-configuration of the dye molecule, the oscillator strength /', associated with

the quantum jump: level No. '21 - No. (g +1) (n: even), is given by

2( 2
o e\, nn+2)
Vi (cos Z) CES I (19)
where 180° —¢ is the valency angle between successive chain links.
(3) Case II. 0<a<1.
For a <1, k<1, and k' =1, we obtain, retaining the terms up to O(F*),
PR £ k 272"_
¢(x) =sin X {1+ T8 T x} (20)
with
2 9
nr_ .2 oo B (1 34
E 1+8) = mL2(1T 52, (21)
and

K= {1+ 5‘?—2).

Accordingly the first absorption band, associated with the electron jump: level No.

’: to the lowest vacant level No. (% + 1), can be calculated. The energy difference
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AE" and the wave-length A" of the maximum of the absorption band are as fol-
lows: )

4B = 87]721-1?(72_*_ 1)(1 + g-kg), (22)
sy _ 8me __Zf_ _ 3. oo
e AT 1(1 5 k ) (23)

The normalization factor A is determined by
2 L. 27T kz 27T _
Aj‘osm X {1+ 5 COS rx}dx =1,
ie.
_ ]2 4 _F
A=\7 {1 16}
And the oscillator strength /¥ associated with this electron transition for the trans-

configuration of the dye molecule, is obtained :

(1)_A_8_. 2 € .7’127(?17‘1'2)2. 3_ 2
Vi =53 (cos 2) (n+1)° [1+ 2k+

3K . 1 1 ,
+ g {n+1) {(n—1)2(2n+ ISE (n+3)2(2n+?;52}]' (24)

V. Comparison with Experiments.

We shall take, for example, the thiazolino-cyanine dye as shown in Fig. II.
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F1G. II. 1, 71-dialkyl-2, 2/-trimethine-thiazolino-cyanine.
In this molecule. L =8I, where [ is the bond length of the chain elements, and is

bond, with the bond number 1.5, as is found in benzene. The number of electrons,
which contribute to the resonance structures (Ila) and (IIb) etc., is # =8 as men-
tioned in §$1I. The C—C=C valency angle is 180° — ¢ =124°. By using the universal
constants, h, ¢, and », as the usual ones,” we obtain from (18) and (19),
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3 =4530 A,
F¥=185.

On the other hand, the data of the wave-length of the maximum of the first
absorption band obtained by Brooker,” '™ and the oscillator strength® are

Aoxp, = 4450 A,

Sesp. = 1.2,
If we use (23) in order to make agree with the experiment, we should choose |
£ =0.0118,
for this case, and accordingly
a =012 eV.
While, we obtain from (24),
fP=188.

The experimentally found value fex.. for the oscillator strength, is smaller than
those calculated /' and f™ for the all-trans-configuration. The trans-configuration
corresponds to the highest value of the oscillator strength more than the other con-
figurations having some cis-links. The lower value thus shows that the dye used
in the experiment probably was a mixture of c¢is- and trans-isomers.

In comparing the value of a« with the energy difference (17) for the transition
in question, ie. 4E1” =2.74 eV., and considering that the binding energy for a con-
jugated double bond, is 3.73 eV., we can find that the value of a, which corresponds
to the mean energy of the electron-correlation, may be not so unreasonable.

As another example, we shall take the symmetrical carbo-cyanine dyes, whose
cations have the equivalent limitting structures as shown in Fig. IIL

/ N 7N
N/ ~N__ /7
YR SNt
H:Co—N czc—(-——czc—) _C N—C,H, (Il a)
N,/ TN/
c=C l T C—
SN 7N
N/ NS
VAN SN
H,Co— N C—C=(=C—C=)=C N—C.H, (III b)
N/ AN
c—C C=C

F1G. III. Symmetrical 4, 4’-Carbo-cyanine.

A generalization of the equation for the length of the polymethine chain leads to
the following expression :

L=(2j+2)],

where j is the number of double bonds counted along the chain in either of the
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limitting structures (IIIa) and (ITIb) in Fig. III. The number NV of =elecirons con-
tributing to the resonance structures is N=2j7+2. For this type of dyes, we ob-
tain the wave-length 4 of the maximum of the first absorption band from (18) and
(23) respectively,

2 =637(§—§__%?—2 (A unit), (25)
AP =637%—%)—2 (1= 5F) (A unib). (26)
Calculated values by (25) for j=4, 5, and 6, are shown in the following :
j=4: 2V =5790 A,
j=5: 7 =7060 A,
j=6: 7 =8320 A,
On the other hand, the experimental data given by Brooker® ¥ are:
j=4: $* =5910 A in CH;OH,
j=5: 7 =7050 A in CH.OH,
j=6:  ~ =813 A in CH.OL.

By using these figures both from (25) and from the experiment, so as to make
agree with the values from (26), we should choose the values for « as follows:

J=4: a=-—013 eV,
Jj=5: 7 = 0.009 eV,
j=6: 7 = 015 eV.

The order of magnitude of « for small j (7 =5, and 6 etc.), is less than 10% of the
kinetic energy of an electron as mentioned above and is not so unreasonable.

In the case of j=4, it seems that the theory based on the free electron model
presumably underestimates the wave-length of the first absorption maximum of the
spectrum. And it is considered that this underestimation resulted in the negative
value of @. While, on the contrary, this model overestimates the wave-length of the
absorption maximum for the dye molecules with sufficiently long chain. The formulae
(18) and (25) show that the wave-length of the absorption maximum increases
in proportion to the chain length as the shape of melecules becomes longer. For ex-
ample, the carotin molecule, which has eleven conjugated double bonds (j=11),
gives the experimental data for the wave-length of the absorption maxima as fol-
lows:

2 =5110, 4780, 4420 A for a-carotin in CS,,
2 =5200, 4850, 4540 A for B-carotin in CS..

While the calculated value (25) for the wave-length of the first absorption maxi-
mum appears in the infra-red region. Because of the discrepancy between the
theory based on the free electron model"™ and the experiments for the long chain
molecules, it is presumably of no use to estimate the order of magnitude of the
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energy of electron-correlation for large j. Moreover, as no reliable data for j =7 of
the symmetrical 4, 4'-carbo-cyanine in Fig. III, are found at present, we can hardly
say anything about the order of magnitude of the energy of the electron-correlation
of this kind of dyes having the longer chain length.

In concluding the paper the present author intends to point out that the po-
tential expressed by (9'), may be of some use for the potential of the electron cor-
relation for the unsymmetrical polymethines, as well as for the symmetrical ones.
And further, sometimes, the type of the potential (9') may be conveniently ap-
plied,”® mutatis mutandis, to the unsymmetrical polymethines as a mean molecular
field acting on the n-electron considered. In this case, the solution of the wave
equation takes the same feature as in (9), and the corresponding energy difference
and wave-length are given by (22) and (23).

This type of potential (9') may, also, be of some use in the theory of electrons
in metals. This problem, as well as that of the unsymmetrical polymethines, poly-
enes, and related compounds, shall be discussed later elsewhere.

The author wishes to express his sincere thanks to Prof. Z. Sakadi for his valuable suggestions
and encouragement given during the course of preparing the paper. The author is also very grate-
ful to Dr. I. Oshida for his useful criticism.
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