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§ 1. Introduction

Expressions obtained from # variables, say, %, %, ..., ¥, by means of the
Boolean operations, 7.e., additions, multiplications and complementations are called
Boolean functions of »n variables. As is well known, any Boolean function f can
be expanded uniquely in the form:

2M~1

S= i};&ﬁj)i (1.1)

where f; take the values 0 and 1, and p; are fundamental products, Z.e., products
of the » variables complemented or not. The number of fundamental products
pi such that f;=1 is called the dimension of the function f.

The operations of permuting and (or) complementing variables xi, s, ..., %a
are defined symmetric transformations. There are 2"n! symmetric transformations
in all and they form a group O, called hyper-octahedral group. Under a sym-
metric transformation, a permutation of fundamental products and consequently
a permutation of Boolean functions is induced. In connection with this fact, two
classes of Boolean functions are defined as follows: “Two functions are of the
same type if and only if they can be transformed from one to another by a
symmetric transformation”. “Two functions are of the same genus if and only
if they can be transformed from one to another by a symmetric transformation
and (or) a complementation”.

There is a close relationship between the classes, type and genus. Roughly
speaking, a genus consits of two complementary types, i.e., two types which can
be turned from one into another by complementing all their members. But this
is not always true. Sometimes it happens that a genus is at the same time a
type. Such a genus (type) and also functions belonging to it are defined as
self-complementary. Clearly any self-complementary function is of the dimension
2771

Concerning the enumeration of types of Boolean functions, there are several
contributions among which Slepian’s®’ is the most important. He devised an
ingenious method for this problem and computed the number of types of Boolean
functions of % variables up to n=6.

The purpose of this paper is to compute the number of genera of Boolean
functions of n variables by a method similar to that of Slepian. In §2, the
principle of the method is described and, in §3, are shown the results obtained
for moderate values of #.
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§ 2. Principle of the Method

Let the numbers of types, genera and self-complementary genera (types) be
denoted by T, G, and S, respectively. Then, the relation:

Tn =2 (Gn - Sn) -+ Sn,
ie. Gu= g (Tu+ Sy (2.1)

holds among these numbers.

Now, the combined operations of complementations and (or) symmetric
transformations form a group Cx O, where C is the two element group consisting
of the identity operation and a complementation 7. Elements of C x 0, induce
permutations of Boolean functions, and matrices specifying these permutations
constitute a representation of the group Cx0,. It will be readily observed that
this representation is reducible and contains as many identity representations as
the genera of Boolean functions. Thus, from the elementary theory of group
representation, we obtain

Gp= Tﬁﬁf}?%c(lc%‘l‘w), (2.2)

where C denotes conjugate classes of O, 7. is the number of elements of C and
Zc is the character of C in the representation. Here, as was shown by Slepian,
Tw{N. in the Slepian’s paper) is given by

To= gigr Sriclle. * (2.3)
Hence we obtain

Sy = E‘;}—”TZ”CZTC (2.4)

from (2.1), (2.2) and (2.3). Since T, was already given by Slepian, we may
only compute S, by means of (2.4) in order to obtain G,

It is noted here that 7+, can be interpreted as the number of Boolean func-
tions of » variables which are invariant under the combined operation of a

complementation and an arbitrary element of the class C. Now, suppose that
2%—1

every function f is expressed in the form f= >) fip;, and fundamental products
i=0

bi are permuted with a cycle structure:

-(1) (1) <(1) +(2)  «(2) < {2)
(17, 457, o) G, 68, o L i), L.

(#5745 SN CIEA I i)
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where 4;, j=1, 2, ..., %k is the length of the j-th cycle and % is the number of

cycles. Then the necessary and sufficient condition so that a function f may be
invariant under the above mentioned operation is:

fin=0, fin=1 fir=0,..., ... S =1
or fip =1 fitn =0, S =1 ..., ..., f,-g)::o
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for every j. Since these two conditions imply that 1; should be even, we see
Yrc =0 if A; are odd for some j, and /yc=2* if 1; are even for all j. Further, it
is seen that Z.. are identical for all classes ¢ which induce permutations of
fundamental products with the same cycle structure. Therefore, (2.4) can be
rewritten as

;
S, = WZT%‘,, (2.5)

where the summation should be taken over all cycle structures » consisting
exclusively of cycles of even lengths, %, is the number of cycles of the structure
» and h, is the number of elements of O, inducing permutations of fundamental
products with the structure ».

A formula for =, and a method for determining the cycle structures of
permutations of fundamental products induced by classes of O, were given by
Slepian. By the help of the formula and the method, the results shown in Table
1 are obtained. In this table, the columns »; contain the numbers of cycles of
the length i of the cycle structures identified by the numbers in the lefthand
column. Now it is a simple matter to evaluate the expression (2.5) for n=1, 2,
3, 4, 5, 6 by the help of Table 1.

TABLE 1. Cycle Structures of Permutations of Fundamental
Products induced by Elements of Oun.

n—1, 2*=2, 2"n!l=2. n=2, 2"=4, 2"n)=8. n=23, 2"=8, 24n/=48.

v E v w2 ; by | B y 5‘ vioovz vt ke 1 hy voivovaowvzowv v \ kv | hy

112 o021 14 0 041 1]80000]8’1

201;1]1 2.2 1 013 2 214 2 0 0 0616

) — 3,0 2 012 3 3.2 0 2 0 014 38

4 ; 0 0 111 2 410 4 0 0 0413

‘ 5 1 0 1 0 0 1218

6,0 0 0 2 0212

n=4, 2% =16, 2"n/ = 384 n=>5, 2" = 32, 2"ns = 3,840.

v ? vi vz v3 vi w6 vs | kv E hv v } Yioov2 3 v vs vs Vg VID vui kv | hw

1/16 00 0 0 016 1 1132 0 0 0 0 0 0 0 0 32| 1

21840 0 0 012 12 2116 8 0 0 0 0 0 0 0124 20

3/ 460 0 0 0/10 12 3/ 812 0 0 0 0 0 0 0/]20] 60

41404 0 0 0 8 32 4,8 0 8 0 0 0 0 O 016 80

5/ 080 0 0 0] 8 51 5/ 01 0 0 0 0 ©0 0 0 !16|231

612103 0 07648 6/ 4 2 4 0 0 2 0 0 0 12]160
71020 0 2 0] 4 9

7,4 2 0 6 0 0 0 0 0]12]240

81000 4 0 0 4 8 8/ 0 40 6 0 0 0 0 0 10240
9,000 0 0 2 2 48

~ 9,2 0 0 0 6 0 0 0 0 8|38

0/0 4 0 0 0 4 0 0 0 8|720

i1/ 0 0 0 8 0 0 0 0 0 8|52

12,0 1 0 0 0 0 0 3 0] 438

B0 00 2 0 0 0 0 2] 48320

40 0 0 0 0 0 4 0 0] 448
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TABLE 1. (Continued)
n=06, 2"=64, 2"n’/=46,080.

v V1 v2 v3 V4 vs vg vs vio viz | ke L I
1 64 0 0 0 0 0 0 0 0 64 1
2 32 16 0 0 0 0 0 0 0 48 30
3 16 24 0 0 0 0 0 0 0 40 180
4 8 28 0 0 0 0 0 0 0 36 120
5 16 0 16 0 0 Q 0 0 0 32 160
6 0 32 0 0 0 0 0 0 0 32 1,053
7 8 4 8 0 0 4 0 0 0 24 960
8 8 4 0 12 0 0 0 0 0 24 720
9 4 0 20 0 0 0 0 0 0 24 640
10 4 6 0 12 0 0 0 0 0 22 1,440
11 0 8 0 12 0 0 0 0 0 20 2,160
12 4 0 0 0 12 0 0 0 0 16 2,304
13 0 8 0 0 0 8 0 4] 0 16 5,280
14 0 0 0 16 0 0 0 0 0 16 4,920
15 2 1 2 0 0 9 0 0 0 14 3,840
16 0 2 0 0 0 10 0 0 0 12 1,920
17 0 2 0 0 0 0 0 6 0 8 6,912
18 0 0 0 4 0 0 0 0 4 8 3,840
19 0 Q 0 0 0 0 8 0 0 8 5,760
20 ? 0 0 0 1 0 0 0 0 5 6 3,840

i
'

§$ 3. Conclusion

The number of genera of Boolean functions on 7 variables was obtained for
the first six values of . The following table contains the values of G, and S»
obtained in this paper together with the values of 7, obtained by Slepian and
those of 79" obtained by Polya,® where T4 is the number of types of -
variable Boolean functions of the dimension S. Comparing the values of S, and
TE  we can see that any function of the dimension 27°* is self-complementary
for m<3, the same is not the case with #=4. For example, out of 74 types of
four-variable Boolean functions of the dimension 8, 42 types are self-complentary
but other 32 types are not and therefore the latter can be grouped, two by two,
into 16 genera. It seems that this fact is overlooked in the table of Boolean
functions of four variables given in the Appendix of the book “Synthesis of
Electronic Computing and Control Circuits” by the Staff of the Computation
Laboratory of Harvard University.

TABLE 2. Values of Tw, Gu, Sa and T 71

]

” 102 8 4 5 | 6
T | ¥ i i
Tn } 3 6 22 402 1,228,158 400,507,806,843,728
Ghn | 2 4 14 o222 616,126 200,253,952,5627,184
Sa 11 2 6 | 42 4,004 98,210,640
T;?”"‘) 1 2 > 6 74 ® : *
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