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Chapter　1

lntroduction

1.1　Background

Computer　simulation　has　become　an　increasingly　important　tool　in　many　areas　of　sdence

and　technology,　For　example,　numerical　simulation　of　atmospheric　nows　and　ocean　nows

are　essential　for　weather　forecast　and　study　on　dimate　change,　E】edronic　strudure

calculation　and　molecular　dynamics　simulation　are　used　to　develop　new　micro　devices

or　to　study　the　structure　and　functionality　of　Proteins,Car　crash　simulation　by　nnite

element　methods　is　an　indispensable　tool　in　the　design　of　vehides.　AIl　of　these　simulations

require　solution　of　mathematical　problems　with　a　iarge　degree　of　freedom,Now,　nnite

element　methods　or　nnite　diference　methods　with　mmions　of　elements　or　grid　points　are

commonly　used,　Electronic　strudure　calculations　often　employ　millions　of　basis　functions

and　molecu】ar　dynamics　simulations　deal　with　m111ions　of　atoms･　According】y,　there　are

ever-growing　needs　for　larger　computational　power　and　larger　memory　space,

　　lo　satisfy　these　needs,　various　types　of　high　performance　computers　have　been　pro-

posed　and　commerciaUy　shipped　so　far,Representative　architectures　adopted　by　these

computers　include　vector　processors,　processors　with　hjerarchica】memory,　symmetric

lnulti-processors(SMPs)and　distributed-memory　parallel　ma£hines.　Recently,　combi‘
nations　of　these　architectures　such　as　distributed　memory　parallel　machines　of　which　each

computational　node　is　a　vector　processor　or　SMP　have　also　aPpeared　in　pursuit　of　even

higher　performance.

　　Howeverjt　is　not　straightforward　to　fully　exploit　the　performance　of　these　complex

machines,ln　the　case　of　SMPs,　the　user　must　pay　enough　attention　to　distribute　the

work　evenly　among　the　processors　and　at　the　same　time　to　minimize　the　number　of　inter‘

processor　synchronization∠ro　achieve　high　perR)rmance　on　distributed-memory　paralle1

machines,one　has　to　determine　the　distribution　of　data　carefuny　so　that　both　the　fre-

quency　and　volume　of　interprocessor　data　transfer　is　kept　to　minimum･　ln　addition,

　　　　　　　　　　　　　　　　　　　　　　　　1



techniques　to　extract　the　Performance　of　a　single　processor　which　constitutes　the　parallel

machine　must　be　employed･　An　these　considerations　need　a　reconstrudion　of　algorithms

developed　for　a　sequential　computer,or　sornetimes　development　of　new　algorithms.

　　h　many　of　the　shnulations　listed　aboveμhecoreof　thecolnputation　is　linear　algebra

calculations.　For　instance,　both　weather　simulation　based　on　the　RegionaI　Spedra1　Model

and　electronic　strudure　calculation　using　the　plane　wave　basis　employ　the　fast　Fourier

transform　as　a　key　component,Eledronic　strudure　calculation　also　needs　solution　of

eigenvalue　problems･　ln　the　finite　element　method,　most　of　the　computing　time　is　spent

to　solve　linear　simultaneous　equations　with　a　spars･e　coemcient　matrix,　lt　is　therefore

meaningful　to　develoP　emdent　jgorithms　for　these　linear　algebra　calculations　on　the

various　types　of　machine8,

1.2　0ur　goals

ln　this　thesis,　weR)cus　on　representative　hnear　algebra　computations　such　as　solution　of

linear　simultaneous　equations,　symmetric　eigenvalue　problem　and　the　fast　Fourier　trans-

form　and　develop　algorithnlls　for　high　perR)rmance　computers,0ur　main　targets　are

paranel　machines,　which　include　both　SMPs　and　distributed-memory　machines,　and　com-

puters　with　hieraEhical　memory･

　　Our　goals　are　development　of　emdent,　a£curate　and　stable　algorithms.　By　emciency,

we　mean　that　the　algorithm　requlres　the　same　order　of　computational　work　as　its　sequen-

tial　counterpart　and　the　speedup　with　?　processors　approaches　P　when　the　prob】em　size

is　increased,　By　accuracy　and　stability,　we　mean　the　same　level　of　accuracy　and　stability

as　those　of　the　corresponding　sequential　algorithm･　There　are　many　parallel　algorithnls

which　do　not　posses　the　latter　properties,　but　we　believe　that　these　properties　are　essential

for　a　parMlel　algorithm　to　be　practicaL

　　For　some　of　the　linear　jgebra　computations,　a,lgorithms　which　sat�ly　the　above　con-

ditions　can　be　constructed　by　restruduring　the　conventional　sequential　algorithms,　This

is　the　case　with　the　d1rect　solution　of　linear　simultaneous　equations　with　dense　or　sparse

positive　dennite　coemcient　nlatrices　and　the　fast　Fourier　transform.　�other　occasions,　we

have　to　devise　a　new　algorithm,　This　is　the　case　with　the　d1red　solution　of　linear　sinlul'

taneous　equations　with　unsymnTletric　tridiagonal　coemcient　matrices　and　the　symmetric

eigenproblems,

1.3　0utline　of　the　thesis

The　6nowing　summarizes　the　contents　of　this　thesis,
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L　ln　Chapter　2,　which　serves　as　the　prehminary　to　the　entire　thesis､　we　begin　by　ex-

　　Plain㎞g　typical　architedures　of　high　performance　computers,　As　architedures　for　a

　　single　processor,　we　take　up　vedor　processors　and　processors　with　hierarchical　menT1-

　　ory.　As　architectures　R)r　paranel　machines,　we　discuss　symnletric　mult1-processors

　　and　distributed-memory　parallel　machines,　Xve　go　into　the　chara£teristics　of　each

　　architecture　and　discuss　optimization　tedlniques　suited　R)r　each　of　thenE　Finally,　we

　　introduce　the　idea　of　BLAS,　or　Basic　Linear　Algebra　Subprograms,　Roughly　speak-

　　ing,BLAS　l　are　a　vedor-vedor　operations　sudl　as　inner　product　or　addition　of　two

　　vectors,BLAS　2　are　matrix-vector　operations　such　as　matrix-vector　multiplication

　　and　BLAS　3　are　matrix-matrix　operations　such　as　nlatrix　multiplications/VVe　show

　　that　higher-level　BLAS　are　desirable　both　from　the　viewpoint　of　single-processor

　　performance　and　paranel　emciency･

2,　1n　Chapter　3,　we　discuss　direct　solution　of　hnear　simultaneous　equations　with　dense

　　coemcient　matrices,　We　begin　with　the　basic　Gaussian　elimination　and　describe

　　its　variants　and　the1r　properties･　Next　we　introduce　two　conventional　high　per-

　　fonnancealgorithms　for　Gaussian　ehmination,　0ne　is　the　blocked　Gaussian　elim-

　　ination,which　is　optimized　to　maximize　data　reuse　and　to　achieve　high　single-

　　processor　perforrnance　onprocessors　with　hierarehicaJmemory,The　other　is　the

　　parallel　blocked　Gaussian　ehmination,　which　was　devised　to　minimize　the　nunjiber

　　and　volume　of　interprocessor　communication　aJld　attain　high　parallel　emciency　on

　　distributed-memory　parallel　machines｡　Howeverjt　can　be　shown　that　if　each　node

　　of　the　distributed-memory　machine　is　a　processor　with　hierarchical　memory,　it　is

　　dimcult　to　choose　the　block　size　so　that　both　high　single‘processor　performance　and

　　high　paranel　emdency　are　achieved･　To　solve　this　problem,　we　propose　the　double-

　　blocked　Gaussian　elimination　method　and　verify　its　efediveness　through　analysis

　　based　on　an　analytical　performance　model　and　experiments,　The　idea　of　doub】e

　　blocking　introduced　here　is　shown　to　be　useful　in　other　nelds　of　numerical　linear

　　algebraaswe11.

3,　1n　Chapters　4　and　5,　we　deal　with　direct　solution　of　linear　simultaneous　equations

　　with　sParse　coemcient　nlatrices,　After　introducing　some　prehminaries　at　the　begin-

　　ning　of　chapter　4,　we　study　two　problems,　namely,　parallel　direct　solution　of　linear

　　simultaneous　equations　with　sparse　symmetric　positive　ddnite　matrices　and　par-

　　allel　direct　solution　of　unsymmetric　tridiagonal　nlatrices,　For　the　R)rmer　problem,

　　we　improve　the　conventional　algorithm　for　distributed‘memory　parallel　machines

　　so　that　it　can　also　achieve　high　single-Processor　performance　when　the　node　of　the

　　distributed-memory　machine　is　a　Processor　with　hierarchical　memory,　For　the　latter

　　problem,　many　paranel　algorithms　without　pivoting　have　been　known･　Though　it
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is　essential　for　numeljcai　accuracy　and　stabihty　to　incorporate　pivotingjt　has　been

dimcult　because　pivoting　destroys　parallelism/We　solve　this　problem　by　inventing

a　new　reordering　method　of　the　trid,1agonal　matrix　that　preserves　paraUelismeven

when　pivoting　is　introduced,

4,　1n　Chapters　6　and　7,　we　treat　the　problem　of　computing　eigenvalues　and　eigenvedors

　of　a　symmetric　matrix,　The　tyPical　algorithm　for　this　consists　of　four　steps,　namely,

　tri-di4onalization　of　the　input　matrix　by　Householder　trans&)nnations,computa-

　tion　of　the　eigenvalues　of　theresulting　tri-diagonal　matrix　by　the　bisection-type

　method,　computation　of　the　eigenvectors　of　the　tri-diagonal　matrix　by　the　inverse

　iteration　method　(IIM)and　the　computation　of　the　eigenvectors　of　the　original　ma-
　trix　by　back‘transformation･　Among　these　steps,　emcient　parallel　algorithms　have

　been　known　for　the　nrst,　the　second　and　fourth　steps,　However,　parallelization　of

　the　IIM　has　been　dimcult　because　of　the　so-called　re-orthogonalization　process/We

　propose　a　new　procedure　for　re-orthogonalization　that　has　a　high　degree　of　para1-

　1elism　and　attains　the　same　level　of　accuracy　as　the　conventionj　procedur(E　On

　the　other　hand,　the　tri-diagonalization　step　had　the　problem　that　it　was　dimcult　to

　obtain　high　single-processor　perR)rmance　on　processors　with　hierarchicj　memory･

　This　is　because　half　of　the　operations　are　done　with　BLAS2,　which　is　inferior　to

　BLAS　3　in　terms　of　performance,　Vve　propose　a　new　algorithm　that　fully　utihzes

　BLAS　3　and　demonstrate　that　it　can　achieve　much　higher　perforlnance　onthis　type
　　　　　　　　　　　　　　　　l

　of　machines.

5,　1n　Chapter　8,　we　discuss　paraJlel　algorithms　for　the　1-dimensional　complex　fast

　　Fourier　transform･　We　take　up　distributed‘memory　machines　with　vector-processing

　　nodes　as　our　target　and　aim　at　constructing　algorithms　that　fully　exploit　the　peT-

　　formance　of　these　machines.　7n)this　end,　we　nrst　describe　algorithms　based　on

　　the　so-called　3･-dim･ensional　representation　of　1-dimensional　data.　We　classify　these

　　algorithms　and　denTlonStrate　that　one　variant,　whid　inputs　and　outputs　data　both

　　using　cychc　distribution　and　require　only　one　aH-to-aJl　interprocessor　data　transfer,

　　is　the　best　one　fronl　the　viewpoint　of　single‘processor　performance,paraUel　em-

　　ciency　and　usability,　Next,　we　extend　this　variant　to　increase　the　freedom　of　data

　　distribution･The　resulting　algorithm　can　input　and　outPut　data　both　using　block

　　cydic　data　distributions　with　user-specined　block　sizes,　This　obviates　the　need　for

　　data　redistribution　routines　which　was　necessary　with　conventional　a】gorithnls　and

　　enhances　the　overan　pe14ormance　considerably･

6,　Finany　in　Chapter　9,　we　give　some　conclusions　and　future　directions,
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Chapter　2

Architectures　of　High　PerR)rmance

Computers　and　Optimjzation

lechniques

ln　this　chapter,　we　explain　the　architedures　of　high　perR)rmance　computers　which　we　use

as　target　machines　in　the　rest　of　this　thesis･　As　architectures　for　a　single　processor,　we

take　up　vector　processors　and　processors　with　hierarchical　memory.　As　architectures　for

parallel　machines,　we　discuss　symmetric　multi-processors　and　distributed-memory　paranel

machines,　We　go　into　the　characteristics　of　each　architecture　and　discuss　optimization

techniques　suited　for　each　of　them,Finally,　we　introduce　the　idea　of　BLAS,　or　Basic

Linear　Algebra　Subprograms,　and　show　why　the　use　of　higher‘leveI　BLAS　is　desirable

both　for　increasing　single-processor　pern)rmance　and　enhandng　Parallel　emdency･

2.1　Architectures　of　a　single　processor

2.1.1　　vector　processors

A　schematic　diagram　of　a　vector　Processor　is　shown　in　ngure　2↓　lt　is　composed　of

three　main　elements,　namely,　a　pedor　9emh(m　u41,　a㈲dθΓ　Γ9iMer　and　memorZμm&

f26]f271,　The　vector　register　is　a　large　register　whic】l　canho】d　dozens　or　hundreds　of
words　of　data,　lt　sends　the　data　to　the　vector　operation　unit　at　a　rate　of　one　word　per

cycle,　and　the　vector　operation　unit　perfonTlsthe　vector　operation,　that　isμhe　same

arithmetic　operation　on　all　of　the　data,　at　the　same　rate,　The　main　memory　consists

of　dozens　or　bundreds　of　banks　and　the　addresses　in　th･e　memory　space　are　allocated

to　the　banks　cydicany,　Sojf　the　memory　is　accessed　contiguous】y,　the　banks　are　used

one　by　one　in　tunL　This　enables　the　data　transfer　rate　from　the　min　memory　to　the
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vector　register　to　be　increased　by　a　factor　of　the　number　of　balTlks,　thereby　hiding　the

large　cycle　time　of　dynamic　RAMs　composing　the　main　memory,　ln　the　case　of　several

machinesμhere　is　no　di8tinct　vector　register　or　vector　processing　unit,　but　instead　there

is　a　software　mechanism　that　makes　generaj　registers　and　general　arithmetic　processmg

unit　behave　like　vector　processing　units,　This　is　called　pseudo-vector　processor,　Examples

of　machines　dassined　as　vector　processors　are　CRAY　Y-MP,　NEC　SX-7　and　Fujitsu　vPP

5000,　ExamPies　of　pseudo-vector　Processors　are　Hitachi　SR2201　and　SR8000,

vector
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　　　　　　　　　Figure　2j:　Schematic　diagram　of　a　vector　processol≒

　　When　the　vector　processor　starts　a　vector　operation)t　has　to　load　the　nrst　data

from　the　main　memory　to　the　vector　register,　and　next　from　the　vector　register　to　the

vector　operation　unit･　This　causes　some　latency　or　vedor　startup　time,　Becausethe

startup　time　does　not　depend　on　the　vector　length,　that　is,　thenulnber　of　data　on　which

the　vector　operation　is　performed,　its　ratio　to　the　execution　time　of　the　vector　operation

decreases　as　the　vedor　length　increases.　This　leads　to　a　guidehne　that　one　should　make　the

vector　length　as　long　as　possible　to　get　high　performance　on　vector　processors,　Because

vedorization　is　usujly　done　with　respect　to　the　hmermost　loop,　this　is　equivalent　to

maximizing　the　length　of　the　innermost　loop,　We　show　in　7nlble,　2,1　how　the　performance

of　matrix　multiphcation　on　a　single　processor　of　the　SR2201　varies　with　the　vector　length.

　　　Table　21:　EHect　of　vector　length　on　the　performance　of　matrb(mult1Dlication

vector　length

Perfolmance(MFLOPS)

20
〃

167

40　60
〃

205　224

80　100　120　250

233　241　246　250

　　Another　consideration　is　to　use　the　memory　banks　emcient¥As　wJe　mentioned　ear-

lier,　memory　banks　are　designed　so　that　they　achieve　the‘　maximum　performance　when
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the　memory　is　accessed　contiguously,　Howeverjn　real　apphcationsjt　is　frequently　nec-

essary　to　access　a　multi-dimensional　array　in　a　direction　for　which　nlemory　access　is　not

contiguous,　More　spe�1cally,　consider　a　two　dimension　al　array　A(yx,　7Vy)(in　FOR-

TRAN)and　suppose　that　the　second　index　of　the　array　is　incremented　one　by　one　in　the

innerlnost　loop,　ln　this　case,　every　μX-th　elements　in　the　memory　is　accessed　in　the

innermost　loop､　so　if　yx　is　a　multiple　of　thenunlber　of　nlemory　banks,　or　if　these　two

have　a　large　common　divisor,　only　palt　of　the　banks　are　accessed,　This　situation　is　known

as　M71£co71βid　and　causes　severe　performance　degradation∠ro　prevent　bank　connictjt

is　efrective　to　change　the　leading　dimension　yx　to　7VX　+a　so　that　ⅣX+a　and　the

number　of　banks　do　not　have　a　large　common　divisor,

　　Finally,one　should　pay　attention　to　the　ratio　of　the　number　onoad　or　store　operation

to　the　number　of　arithmetic　operation,　Many　vector　processors　are　designed　so　that　the

vedor　operation　unit　attains　the　maximum　performance　when　this　ratio　is　1:L　As　an

example,　we　consider　an　inner　product　of　two　vectors,　c　=2　x　‘　y.　ln　computing　this,

two　words　of　data,　zi　and　!/i　,　are　loaded　from　the　main　memory,　their　multipkation　is

computed　and　the　result　is　added　to　th･e　partial　sum,So　there　are　two　loads　and　two

arithmetic　operations　for　each　i　and　the　vector　operation　unit　can　run　at　a　full　speed,　ln

contrast,if　one　wants　to　compute　the　addition　of　two　vectors　z　=x+y,　one　needs　to

load　two　words　of　data､　zi　and　yi,　add　them　and　store　the　result｡　ln　this　case､　the　ratio　of

load/store　operations　and　arithmetic　operations　is　3:1,　and　therefore　the　vector　operation

unit　can　attajn　at　most　one　third　of　its　peak　performance　due　to　the　limitation　of　memory

throughput,　XVe　will　introduce　techniques　to　overcon7le　this　situation　in　sedion　2.3･

2.1.2　Processors　with　hierarchical　menlory

Another　representative　architecture　for　a　single　processor　is　a　processor　with　hierarchica1

memory[261[27].The　sch･ematic　diagram　of　this　type　of　machine　is　illustrated　in　Fig,　2,2,
There　are　at　least　three　level　of　menlory　devices,　namely,　the　r9ae7j,　the　caae,　and　the

mai7l　memθ7　The　cache　is　directly　connected　to　the　operation　unit,　lt　can　contain　only

several　to　dozens　of　words,　but　is　the　fastest　both　in　terms　of　latency　and　throughput,　The

data　stored　in　it　can　be　accessed　with　the　latency　of　a　few　cydes　and　at　a　rate　of　two　or

more　words　per　cycle,　0n　the　other　hand,　the　main　memory　has　the　largest　capacity,　but

is　the　slowest,　The　latency　is　several　dozens　to　one　hundred　cydes,　and　the　throughput

is　well　belowone　word　Per　cycle･　The　cache　is　situated　between　the　register　and　both　its

capadty　and　speed　is　betwe=en　those　of　the　main　memory　and　the　regi8ters,　lt　retains　the

data　used　by　the　operation　unit　so　that　the　second　and　the　lollowing　access　to　the　same

datacan　be　done　at　a　much　higher　sp･eed｡

　　Most　of　the　modern　computers　are　equipped　with　cache,　so　the　considerations　we　state
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operation　unit　@○
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　　　　U　Large　throughput
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U　sma11　throughput

　　　　　Figure　2,2:　Schematic　diagram　of　a　processor　with　hierarchical　memory,

here　apply　to　them,　Representative　machines　indude　lnte1　Pentium　III,　IBM　Power　4,

AMD　Athlon　and　DEC　Alpha.　Some　processors　have　more　than　one　levels　of　cache,　that

is,the　nrst　cache　integrated　in　the　processor　chip　and　a　lalger　second　cache.　But　the

principles　of　optimization　techniques　for　single　level　cache　apply　to　them　as　wel1.　Note

also　that　processor8　with　hierarchical　memory　and　vector　processors　are　not　mutually

exdusive　concepts,　Actually,　there　are　machines　such　as　the　Hitach1　SR8000　that　have

both　pseudo‘vector　processing　facility　and　the　cache,

　　To　attain　high　pern)rmance　on　processor　with　hierardlical　memory,　it　is　essential　to

increase　the　locality　of　data　reference　and　use　the　data　as　many　times　as　possible　while　it

is　in　the　cache,　This　reduces　accesses　to　the　slow　main　memory　and　enables　the　operation

unit　to　run　at　a　faster　speed,　Representative　technique　for　this　are　μ∂dMg　and　use　of

higher-level　BLAS,　whkh　we　wiH　explain　in　the　f〔)11owing　sections,　ln　addition,　even　if

the　data　is　guaranteed　to　be　in　the　cache,　we　still　need　to　pay　attention　to　the　ratio　of

load/store　operations　to　the　arithmetic　operations,　because　ofthe　limitation　ofthroughput

between　cache　and　the　operation　unit,　To　reduce　this　ratio,　the　same　technique　as　in　the

case　of　vedor　processors　can　be　employed,

2.2　Architectures　of　parallel　machines

2.2.1　　Synlmetric　nlultl-processors

The　aRhitectures　of　parallel　nlachines　can　be　divided　into　two　types､　namely,the　aarej-

memθΓy　macμn6　and　the　d�ri&��-memθ9ma&ines[26j{27][80μ021･　A　simplined

di4ram　of　a　shared-memory　machine　is　shown　in　Fig,　2,3.　There　is　a　majn　memory
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system　and　a　nunlber　of　processors､　and　each　of　the　processor　is　conneded　to　the　memory

through　a　bus･　Onsonle　machines,thereale　more　than　one　memory　system　and　the

processors　and,　thernelnory　systemsare　conneded　via　a　crossbar　switch　instead　of　the

bus,　This　type　of　machine　is　aiso　caned　symmdhc　m㎡a-pmcesso9　or　SMPs､　because

any　portion　of　the　memory　can　be　accessed　by　any　processol　equally　easily　and　there　is

no　correspondence　between　a　processor　and　a　portion　of　the　memory,　There　are　mally

machines　belonging　to　this　category,　such　as　NEC　SX-7,　0ne　n{)de　of　Hitachi　SR8000　and

lBM　p-Series,　Note　that　SX-7　is　an　SMP　of　which　each　processor　is　a　vector　processoE

Similarly､one　node　of　SR8000　is　an　SMP　of　which　each　processor　is　a　pseudo-vedor

processor,　Recently,　personal　computers　with　dua1　CPUs　have　become　popular,These

are　also　a　kind　of　SMP　machines｡
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Figure　23:　Schematic　diagram　of　a　shared‘memory　parallel　machille･

　　One　of　the　greatest　advantages　of　the　SMPs　is　that　there　is　only　one　global　memory

space｡　This　is　thesalne　characteristic　as　the　sequential　computer　and　nlakes　paralle1

programming　considerably　easy.　0n　the　other　hand,　there　is　a　disadvantage　that　if　the

number　of　processors　is　too　large,　say　more　than　20,　bus　contention　in　memory　access

occurs　frequently　and　it　becomes　very　dimcult　to　increase　the　performance　in　proportion

to　the　number　of　processors｡

　　An　important　concept　accompanying　the　SMP　is　i7la7mc6sor　M/nd79㎡zdiot　This

means　that　if　a　processor　wants　to　use　the　result　of　another　processorjt　has　to　wait　and

make　sure　that　the　computation　on　the　latter　has　completed,　As　an　example,　we　show

in　Fig,　2･4　the　behavior　of　processors　when　computing　the　innerproduct　of　two　vectors

using　four　processors･

　　There　are　several　considerations　to　extract　the　Potential　performance　of　SMPs　[80][102],
FIrst,one　has　to　make　sure　that　computational　ioads　are　anocated　to　the　Processors　evenly,

lf　the　workload　balance　is　uneven,　or　considerable　part　of　the　program　has　to　be　executcd

sequentiany,processor　will　become　idle　and　parallel　emciency　win　be　low,　ln　fad,　this　is

true　of　any　type　of　paranel　machines,
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　　Second,　one　has　to　make　ehrt　to　minimize　the　number　of　interprocessor　synchroniza-

tiom　On　many　SMPsjnterprocessor　synchronization　requir･es　hundredsor　eve､nthousands

of　cydes,　so　excessiveuseof　synchronization　win　easily　spoil　the　efect　of　parallehzation,

ln　linear　algebra　algorithms,　one　of　the　best　ways　to　enhance　load　baJlance　and　reduce　the

nunlber　of　synchronizations　is　to　use　higher　level　of　BLAS　sud　as　BLAS　2　and　BLAS　3,

as　we　wm　see　in　section　2λ

　　Finally,　one　8hould　reduce　the　bus　contention.　Many　SMP　machines　have　cache　men71o-

ries　assodated　with　each　processor,　so　it　is　desirable　to　use　these　cache　memories　emdently

and　reduce　the　access　to　the　main　memory,　For　this　purpose,　one　can　use　the　techniques

used　foTprocessors　with　hierarchical　memory,

2.2.2　Distributed-memory　parallel　machines

The　other　type　of　parallel　machines　is　a　distributed-memory　parallel　n7lachine,　which　has

a　separate　memory　system　for　each　Processor,We　show　a　schematic　diagram　of　this

tyPe　of　madline　in　Fig,　2,5,Eachco】Tlputational　node　consists　of　a　processor,　nlernory

system　and　(possibly)cache　and　these　nodes　are　conneded　via　interprocessor　network,
Machines　classined　into　this　category　indude　CRAY　T3E,　IBM　SP3,　Pujitsu　vPP5000,

NEC　SX-7　and　Hitachi　SR2201　and　SR8000,　Note　tha,t　SX-7　and　SR8000　have　a　complex

architecture　sudl　that　each　node　is　again　a　parjlel　n71achine　of　SMP　type･　PC　clusters,

which　have　become　increasingly　popular　recently,　jso　belong　to　this　category･

　　This　architecture　has　a　marked　advantage　that　the　number　of　nodes　can　be　easily　in-

creased,　Actujly,maMiwlyμmlld　ma&M･es　with　thousands　of　nodes　have　been　shipped

commerdally　and　are　widely　used,　However,　from　the　prograrnlner's　point　of　view,　these

machines　are　very　different　from　sequential　computers　because　the　memory　space　is　di-

vided　into　as　many　subspaces　as　the　number　of　nodes,　So　the　programmer　must　alwa{ys

be　aware　to　which　subspace　each　data　belongs　to.　lf　data　having　been　processed　by　one

node　is　to　be　processed　by　another　nodejt　has　to　be　first　transferred　to　the　latter　node

Node　o

Node　l

Nodc　2

Node　3

Time

DOIP=0,3

　DOI=1,25

　S(IP)=S(IP)

lnJler-product

ortwo　vcctors

JrlF♀]EESyilchronization

poinl

Figure　2,4:　lnterprocessor　synchronization　in　computing　inner-product　of　two　vectors,
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2　j:　Schematic　diagram　of　a　distributed-memory　parallel　nlachine,

via　the　network,　This　oaen　makes　the　computer　program　much　lengthier　than　that　for

sequentia】nlachines,

　　E〕attain　high　performance　on　distributed　machinesjt　is　inlportant　as　in　the　case　of

SMPs　to　make　the　load　balance　even　among　the　nodes,　ln　additionjt　is　criticai　to　keep　the

frequency　and　the　volume　of　interprocessor　data　transfer　as　small　as　possible　[801[102],0n
many　machines,　setup　time　of　hundreds　or　even　thousands　of　machine　cyc】es　is　neces8ary

to　start　one　interprocessor　data　transfer,　ln　addition,　sending　one　word　of　data　takes　more

than　ten　times　as　long　as　performing　one　arithmetic　operation,　Accordingly,　unless　one

exercises　enoughcareto　minimize　these　costsjt　is　very　hke】y　that　the　8peedup　obtained

by　increasing　the　number　of　nodes　is　cancened　by　the　overhead　of　data　trallsler,

　　Tb　reduce　the　vo】ume　of　data　transferjt　is　enective　to　optimize　the　distribution　of　data

to　thenodes,or　to　devise　an　algorithm　which　inherently　involves　small　volume　of　data

transfer,　These　are　part　of　the　subjects　of　Chapters　3,　4　and　8　and　win　be　treated　there

in　detaiL　Another　ipproach,　which　can　be　used　together　with　the　former　apProaches　js

to　hide　the　overhead　of　data　transfer　by　overlapping　it　with　arithmetic　operations･　This

is　discussed,　for　example,　in[32].Decreasing　the　number　of　interprocessor　data　transfer
can　be　achieved　by　collecting　together　several　transfers/We　can　see　an　example　of　this　in

subsection　3.2,2.

2.3　0ptimization　techniques

ln　this　sedion,　we　summarize　basic　techniques　to　improve　the　performance　of　a　program

on　a　single　processor　【26H27L　Dchniques　for　SMPs　and　distributed-memory　paral】e]
machines　are　more　problem-dependent　and　win　be　treated　in　the　following　chapters･

2.3.1　Loop　exchange

On　vector　processors,　one　of　the　key　factors　that　determine　the　performance　is　the　in-

nermost　loop　length･　ln　some　casesjt　is　possible　to　increase　this　length　by　exchanging
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the　innermost　loop　with　another　loop　outside　it,　For　example,　we　show　here　Stockha�s

algorithm　forcolnputing　1-dimensionaHast　R)urier　transform　(FFT)of　yV　=y　points

f97],

[Algorithm　21　Stockha�sa】gorithm]
do£=0,p-1

　a£=2£

　&=2p‾£‾1

　do&=0,a£-i

　　doj=0,&-1

　　　×41(j,£)=XI(j,&)+xz｡(j+βt,Å;)y&

　　　xz41(jj+a1)=xμj,£)-xμj+&､£)yβ1
　　end　do

　end　do

end　do

　　Here,XI(j,&)is　a　two-dim･ensional　array　of　size　2βj;×4　and　ω=exp(-27rl/y),The
algorithm　consists　of　a　three-foldjoop　and　the　1(mgth　of　the　innermost　loop　changes　as

2F‾1,y‾29‥,1　as　£increases.

　　lf　we　notiee　that　the　computation　of　xn.1(jj))are　independent　with　respeet　to　j
an,d&and　that　the　length　of　the　second　innermost　loop　increases　as　£increases,　we　know

we　can　exchange　the　innermost　and　thesecond　innermost　loops　at　the　value　of£where

a£≫β£holds,　This　will　keep　the　length　of　the　innermost　loop　always　over　O(yy),

　　Loop　exchange　is　also　useful　for　reducing　the　ratio　of　load/store　to　arithnletic　op-
erations,R》r　instance,　Aigorithm　2,2　and　2,3　below　both　compute　the　matrix　produd

C:=C+AR　and　on】y　the　order　onoop　nesting　is　dif1rent.　XVhile　Algorithm　2,2　(outer-

produd　R)rm)requires　two　load　operations　(C(ij)and　40j))and　one　store　operation

(C(ij))in　the　innermost　loop,　Algorithm　2,3　(inner-Produd　form)require　only　two　load

operations･　So　from　the　viewpoint　of　minimizing　load/store,　we　can　say　that　Algorithm

2･2　is　superior･

[Algorithm　2,2　Matrix　multiphcation　(outer-product　form)|

do&=1,£

　doi=1,M

　　doj=1jV

　　　C(0):=C(0)+,4(i､&)*j(&,j)

　　end　do

　end　do

end　do
　♂〃　　　　　　　　　　　　　　　　　　　　〃　　　j　　　　　　r%
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[Ålgorithm　2　3　Matrix　multiphcation　(1nner-product　16rm)|
dol=1,M

　doj=1,y

　　do£=11£

　　　C(0):=C(0)+4(i,£)*S(0)
　　end　do

　end　do

end　do

2.3.2　Loop　merging

Suppose　that　there　are　two　distind　loops　and　the　same　array　variable　/1　is　accessed　in

both　of　the　loops,　ln　that　case,we　have　a　possibility　to　be　able　to　reduce　the　load/store
of　/t　by　merging　these　two　loops,

　　As　an　examplejet's　consider　matrix-vector　multiphcation　y　=Axl　where　A　18　a　y

by　y　symmetric　matrix,　By　using　the　symmetry　of　A,　the　program　can　be　written　a8

fonows｡

[Algorithm　24　Matrix-vedor　multiplication　(I)】
doi=1,y

　O)=λ(○)*φ)
en.ddo

doi=1,y

　doj=1j-1

　　W):=y(i)+.4(○)*z(j)
　end　do

end　do

doj=1,y

　doi=1j-1

　　W):=y(i)+,4(jj)*z(j)

　end　do

end　do

　　By　noting　that　the　second　loop　accesses　the　same　element　of.4(○)if　the　notation　of

Dmd　j　is　interdlanged,we　can　merge　these　two　loops　and　get　the　following　code,　This

code　reduces　the　load　of　j　by　hald　and　therefore　should　mn　faster　than　the　original　co&
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[Algorithm　2j　Matrix-vector　multiplication　(II)]
doi=1,y

　O)=4(○)*φ)
end　do

dol=1,y

　doj=1j-1

　　0):=y(0+.4(○)*z(j)

　　y(j):=!/(j)+λ(0)*φ)
　end　do

end　do

　　IOs　also　possible　to　collapse　a　double　loop　into　a　single　loop･　This　is　sometimes　usefu1

fOr　inCreaSing　the　】ength　Of　the　innermOSt　100p,　See　[917]fOr　an　examPle　in　the　CaSe　Of

FFT.

2.3.3　Loop　unromng

The　technique　most　commonly　used　to　decrease　the　ratio　of　load/store　is　lθ9　unml&11

As　an　example,　we　show　a　code　obtained　by　unrolling　the　loops　of　i　and　j　in　Algorithm

2,3.

[Algorithm　2･6　Matrix　multiplication　(1nller゛product　form,　(2･2)un‘

rolled)|
doi=1,M､2

　doj=1μ,2

　　do&=1,£

　　　C(○)　　:=C(0)+y1(μ)*j(&j)

　　　C(○+1)　:=C(○+1)+λ(i,&)*3(&,j+1)

　　　C(i+1j)　:=C(1+1,j)+Å(i+1,&)*s(&,j)

　　　C(i+1j+1):=C(i+1j+1)+y1(1+1,&)*ZE?(&,j+1)
　　end　do

　end　do

end　do

　　This　is　caned　(2,2)unrolhng　because　the　increments　of　both　i　and　j　loops　are　increased

to　2　and　the　equations　in　the　loop　are　copied　4　(=2×2)times,　As　a　resu】t,　the　number　of
arithmetic　operations　for　each　iteration　of　the　innermost　loop　is　increased　tot　However,

the　number　of　load　operation　is　hlcreased　only　twice,　because　each　ofA(i,&),j(i+1,&),
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3(&j)and　S(£j+1)can　be　used　twice,Hence,　the　ratio　onoad/store　to　aithmetic
operation　is　reduced　by　half　and　this　code　is　expeded　to　run　at　a　faster　speed　than　the

oriμnaJolle,　Note　however　that　in　the　above　reasoning,　it　is　assumed　that　all　the　Cs

ca,abe　stored　in　the　register,　ln　general,　the　larger　the　size　of　unrolhng,　the　higher　the

performance,　on　condition　that　variables　do　not　spill　out　of　the　register,　Note　also　that

unromng　of　the　innermost　loop　is　sometimes　ehctive　because　it　decreases　the　nuniber　of

iterations　of　the　innermost　loop　and　thereby　reduces　the　overheads,　The　perR)rmance　of

matrix　multiphcation　on　a　single　processor　of　the　SR2201　as　a　fundion　of　unrolhng　size

is　shown　in　Table･　2.2･This　dearly　demonstrates　the　great　impact　of　unromng　on　the

per6rmance.

Table　2.2:　EHed　of

Unrolling　of(0,&)

Un

Performance(MFLOPS)

on　the erR)mlance　of　matrix　mult1 1cation

(1,1,1)(1,i､5)(2,2,1)(2,2,2)(5,2,2)
67 110 180 210 250

2.3.4　:Blocking

Blocking　nleans　to　partition　the　data　into　small　size　of　b】ocks　that　can　be　nt　into　the　cache,

and　change　the　order　of　arithmetic　operations　so　that　as　many　operations　as　possible　can

be　performed　on　each　block　while　it　is　in　the　cach(E　This　increases　the　locality　of　data

reference　and　makes　it　possible　to　use　the　cache　emcient】y,

　　lnnulnerical　linear　algebra　computations,　this　corresponds　to　partition　the　matrix

into(usually　square)submatrices　of　a　size　ntting　into　the　cache　[37H46],Then,　in　many
cases,it　is　possible　to　reR)rmulate　the　algorithm　so　that　the　operations　are　done　not

on　the　individual　matrix　elements　but　on　the　submatrices,　For　example,　1n　the　matrix

multiplication　C　=AB　shown　in　Algorithm　2,3jf　we　partition　the　matrices　A,　B　and

C　into　submatrices　of　size　P　X?and　denote　the　submatrices　by　AJX,　:BKj　and　Cμ,

respectively,　we　can　derive　the　following　b】ocked　version　of　the　aJgorithm･

[AlgorithnT1　2,7　Matrix　nlultiplication　(blocked　form)]

do7=1,Af/?

　doJ=1,μ/?

　　　doK=1,£/7)
　　　　Cμ:=Cμ+A/XBXJ

　　　end　do

　end　do

end　do
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　　ln　this　algorithm,　the　scalar　multiphcations　and　additions　are　replaced　b･y　matrix

multiplications　and　additions　of　?　X　P　matrices,　Because　a　matrix　multiplication　performs

O(7)3)operations　on　O(P2)data,　eax〕h　data　is　used　O(P)times,and　the　locality　of　data
reference　is　greatly　enhanced,

　　Similar　a】gorithms　can　be　derived　for　Gaussian　elimination　to　solve　li11ear　simultaneous

equations　and　tri-diagonalization　for　eigenvalue/eigenvector　computation　as　wen　and　w111
be　described　in　Chapters　3　and　6,　r･espectively,

2.4　The　basic　linear　algebra　subprograms

By　combining　the　above-mentioned　techniques　with　optimized　algorithms,　one　can　max-

imize　ae　perfornlanceof　linear　algebra　programs　on　a　single　processor,However,　it　is

too　laborious　to　apply　these　techniques　to　each　of　the　loops　that　constitute　a　linear　a1-

gebra　algorithm.　Fortunately,　most　of　the　hnear　algebra　algorithmscanbe　decomposed

into　basic　linear　algebra　operations　such　as　inner　product　of　two　vectors　or　matrix-vector

multiplication.　So　if　optimized　subroutines　which　performs　these　basic　operations　are

provided　for　each　machine,　they　can　be　used　in　common　for　many　types　of　linear　algebra

computations,

　　Based　on　this　ideaμhe　BLAS,　or　B･asic　Linear　Algebra　Subprograms　have　been　pro-

posed【34][35][46]and　are　widely　used,　There　are　three　levels　of　BLAS　as　follows:

　　1.Leve1　1　BLAS

　　　These　are　operations　on　one　or　two　vectors　and　include　inner　product　c　=x･y,

　　　AXPY　operation　y　=ax+y　and　£2nonn　c　=|lx　l　l　2　,　Typically,　these　BLAS

　　　1　routines　perform　O(y)operations　on　O(y)data　when　the　length　of　the　input
　　　vector　is　M

2.Leve1　2　BLAS

　　These　are　operations　on　a　matrix　and　one　or　two　vectors　and　include　matrix-vector

　　multiplication　y　=Ax　and　rank-l　modifcation　of　a　nl･atrix　A　=A+xyy　Here,

　　the　l　on　the　right　shoulder　denotes　transPose　of　a　matrix　or　a　vector,　Solution　of

　　linear　simultaneous　equation　with　a,n　upper　(or　lower)triangular　coemcient　matrtx
　　x=U‾lb　is　also　regarded　as　a　member　of　BLAS2,VVhen　the　size　of　matrix　is

　　yxy,BLAS　2　routines　perform　O(y2)operations　on　O(jv2)data.　From　the

　　viewpoint　of　data　Teuse,BLAS2　1s　superior　to　BLASl　because　the　input　vectors

　　are　used　many　times,But　the　reduction　o･f　the　number　oHoad/store　is　at　nlost
　　by　a　fador　of　two,　because　each　element　of　the　input　matrix　is　accessed　only　once,

　　Regarding　paranelization　on　the　SMP　machines,　BLAS　2　are　much　preferable　to
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BLAS　1,　because　bot･h　matrix-vedor　multiphcation　a.nd　rank-l　modincation　of　a

matrix　needs　only　one　synchronization　for　O(y2)arithmetic　operation,　ln　contrast,

BLAS　1　routines　needonesynchronization　for　O(y)operation　and　the　overhead
due　to　it　is　far　bigger,

3.Leve13BLAS

　These　ale　operations　on　one,　two　or　three　matrices　and　indude　rnatrix　multipli-

　cation　C　=AB,　LU　decomposition　A　=LU　and　solution　of　linear　simultaneous

　with　an　upper　(or　iower)trian&ular　coemdent　matrix　and　muitiple　right-hand-sides

　x=U‾1B,　Xvhen　the　size　of　matrix　is　y　x　y,　BLAS　3　routines　perform　O(y3)

　operations　on　O(yv2)data,　So,　each　data　can　be　reused　O(yv)times　in　average,
　This　is　much　better　than　the　data　reuse　of　BLASl　and　BLAS2,　With　regard　to

　paraHelization,matrix　multiphcation　has　an　ideal　property,　because　involves　only

　onesynchronization　for　O(Ⅳ3)operations,

　　Rom　what　we　havestated　above,　we　know　that　higher-1evel　BLAS,　espedally　BLAS

3,have　much　more　desirable　properties　than　lower-level　BLAS,　both　in　terms　of　data

reuse　and　parjle11MmorL　Consequentlyjf　a　linear　algebra　algorithm　construded　from

lower-leve1　BLAS　can　be　rewritten　by　higher-1eveI　BLAS　by　blocking　or　other　meansjt

w111　have　a　nluch　greater　chanceof　achieving　both　high　single-processor　performance　an(jL

parallel　emciency/We　will　show　examples　of　thiLs　in　Chapters　3,　6　and　7,

　　The　BLAS　routines　can　be　made　from　scratch　according　to　the　functional　and　interface

spedncation　given　in　[341[35]･But　many　vendors　provide　a　complete　8et　of　optimized

BLAS　for　their　machines∠【n　addition,　a　variant　of　BLAS　ca.Iled　ATLAS　(Automatically

Tuned　Linear　Algebra　Software){11],which　automatically　optimizes　itself　for　a　given
machine,　has　been　developed　and　distributed　freely‥ATLAS　is　reported　to　give　better

performance　than　vendor-suPphed　BLAS　i　some　cases,　and　is　therefore　maybe　the　routine

of　choice　when　the　latter　is　not　fast　enough,
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Chapter　3

Direct　SOlution　of　Linear

Simultaneous　Equations　with　Dense

Coemcielllt　M〕aabs

3.1　　1ntroduction

ln　this　chapter,　we　deal　with　the　Problem　of　solving　linear　simultaneous　equations

　　　　　　　　　　　　　　　　　　　　　AX=b,　　　　　　　　　　　　　　　　(3j)

where　A　is　a　dense　unsymmetric　matrix　of　order　y　and　x　and　b　ale　vectors　of　length

yV,　This　problem　arises,　for　examplejn　the　solution　of　partial　diarential　equations　with

the　boundary　el･ement　method　and　in　the　scattering　problem　of　electromagnetic　waves･

ln　addition,　this　is　the　most　basic　problem　in　numerjcal　linear　algebra　and　techniques

developed　for　this　problem　can　be　applied　to　many　other　problelm.

　　The　most　common　procedure　for　solving　eqj31)is　the　Gausjm　e&m4dimor£G

μcMhzdn　method　[46][891[101].ln　this　method,　one　nrst　fattorizes　A　as　A　=LU,
where　L　and　u　are　a　lower　trjangular　matrix　wjth　unit　diagona】and　an　upper　triangular

matrix,　respectively,　0ne　then　solves　two　equations　Ly　=b　and　ux　z　y　in　this　order

and　nnally　obtain　the　solution　x,　BecauseLU　fa£torization　involves　∂(y3)computations

and　solution　of　two　triangular　equations　require　O(y2)computations,　we　treat　only　the

LU　factorization　Part　in　this　chapter,

3.1.1　The　basic　algorithm　n)rLUfactorization

The　basie　algorithm　of　LU　factorization　is　shown　below　[4G],Here,a{)denotes　the　(lj)-th
element　of　A　at　the　λ:-th　stage,
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[Algorithm　3　1　LU　factorization　(0-form)】
do£=1,y

　doi=&+1,Ⅳ

jμI)={)/aW
　　　doj=&+1,Ⅳ

　　　　aj+1)=a?)-aa+1)*a2)
　　　end　do

　end　do

end　do

　　This　algorithm　requires　about　ly3　arithmetic　operations,　When　the　computation
is　nnished,　the　upper　triangular　part　of　matrix　A　constitutes　U,　The　strictly　lower

triangular　part　of　A　constitutes　the　strictly　lower　triangular　part　of　L,The　element

aa)･the　column　{jt+1)}j‰+1　and　the　row　{αS)}y&+1　are　called　the　μM)lelemenl,μm)1
ca&mn　and　pad　mg　at　the　A;-th　stage,　respectively,　This　algorithm　is　known　as　the

&φμΓm(or　oMer-pmdudμΓm)of　LU　factorization　because　the　triple　looPs　are　nested

in　this　order｡

　　The&j4orm　has　the　advantage　that　it　has　O((Ⅳ-&)2)parallelism　for　each　stage
&.　lt　is　thereR)re　used　as　a　basis　of　parallel　algorithms　which　we　will　introduce　in　the

subsequent　sections.　Howeverjt　has　the　disadvantage　that　the　innermost　two　loops　have

the　forrnof　rank-2　modincation　(outer　product　of　two　vectors)and　need　two　loads　and

one　store　lor　each　iteration｡

3.1.2　variants　of　the　LU　factorization　algorithm

The　triple　loops　in　Algorithm　3j　can　be　nested　in　any　order,　so　th･ere　are　six　possibinties

in　tota1.　For　example,　the　ja-form　can　be　written　as　follows,

[Aigorithm　3,2　LU　fEtorization　(j&-form)】

doj=1μV

　doi=2jV

　　do&=1,min(i-1,j―i)

　　　　aij　:゛　%‾ai&*a&j

　　end　do

　end　do

　doi=j+1,y

　　aij　:=a4/ajj
　end　do

end　do
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　　This　foml　does　not　possess　as　much　Parallehsm　as　the　&ij-form,because　the･innermost

loop　about&has　a　form　of　inner　produd　and　each　iteration　cannot　be　executedcon1-

pletely　independently,　However,　becauseof　the　structure　of　inner　productjt　requ1res　only

two　loads　for　each　iteration,　Hence　this　form　is　preferable　when　the　ratio　oHoad/store

to　arithmetic　operation　has　a　great　impact　on　the　performance,　0ther　forms　of　LU　fac-

torization　jso　have　the1r　own　advantages　and　disadvantages　aJld　may　be　the　algorithm

of　choice　for　certain　type　of　machines,　see　【37H46}for　detaik

　　There　is　another　variant　of　LU　fadorization　called　(■θ/6£?/μdorizaliot　lt　can　be

used　when　the　matrix　A　is　symmetric　positive　ddnite　and　factorizes　AasA=LLt,

where　L　is　a　lower　triangular　matrix,　lt　has　the　advantage　that　it　requires　on】y　half　the

computationj　work　and　memory　compared　with　the　LU　fa£torization,The　Cho】esky

factorization　win　be　treated　in　more　detaihn　the　next　chapter,

3.1.3　Pivoting　for　accuracy　and　numerical　stabmty

During　the　course　of　LU　factorization　denned　by　Algorithm　3j,　lt　may　occur　that　the

pivot　e】ementaa)becomes　zero　or　very　sma]1　1n　modulus,　ln　that　case,　we　cannot　continue
the　calculation　any　more,　orevenif　we　canμhe　subsequent　matrix　elements　might　iose

accuracy･　To　prevent　this,one　usually　incorporates　parh�p&θ1417[46H56H99]into　the

algorithm,　This　means　that　beR)re　computing　aa+1)=a2)/aW,　one　chooses　the　element
with　the　maximummodulus,　say　alμΓom{aa)}1&and　exchange　the　μ“th　row　of　the
matrix　with　the　&-th　row,　lt　can　be　shown　that　in　exa£t　arithmetic,aa=O　if　and　only
if　the　matrix　A　is　singular,　Hencethis　Procedure　guarantees　that　the　algorithm　does　not

break　down　if　A　is　nonsingulaJ≒Moreover,lt　ensures　that　all　the　eiements　of　the　pivot

column　have　modulus　smaner　than　l,　This　is　essential　in　retaining　numerical　accuracy　in

th･e　solution　of　the　hnear　simultaneous　equations,　see　[46][56H99]for　detai】s,
　　Although　partial　pivoting　is　hnportant　in　computing　the　LU　decomposition　of　a　gen-

erj　unsymmetric　matrix　A,　we　will　not　mention　it　explicitly　in　the　description　of　high

performance　algorithms　to　be　treated.　This　is　because　it　is　straightforward　to　incorporate

partial　pivoting　in　the　case　of　dense　algorithms･　ln　the　case　of　sparse　algorithlnsjn　con-

trast,incorporation　of　partiaj　pivoting　needs　development　of　new　techniques,　This　wjl1

be　the　subject　of　Chapter　5,
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3.2　Conventional　high-perR)rmance　algorithms

3.2.1　Blocked　Gaussian　elimination　method

ln　this　section,　we　introduce　conventional　high　performance　algorithms　for　LU　factor-

izationμheMθd�Gau5jan　dminaa4[37H46]and　its　parallelization　on　distributed-
memory　ParaJlel　machines,

　　The　blocked　Gaussian　elimination　is　designed　for　processors　with　hierarchical　memory･

ln　this　methodμhe　input　matrix　A　is　partitioned　into　submatrices　of　size　£×£,Here,

£is　determined　so　that　three　such　submatrices　can　be　stored　in　the　cache｡Then　the

algorithm　of　LU　factorization　ddned　in　Algorithm　3,1　is　applied　to　these　submatrices,

instead　of　individual　matrix　elements,　The　resulting　algorithm　can　be　written　as　follows,

Here,AW)denotes　the　(7,J)-th　submatrix　of　A　at　thex-th　stage　and　we　assumed　for
simplicity　that　y　is　divisible　by　£,

[Algorithm　3,3　Blocked　Gaussian　ehmination]

do　A7=1,y/£

　AZ=LXUX　(LU　faetorization　of　A‰)
　do7z=AT+1,y/£
　　A(x+1)_A(x)U-1
　　　　/,g　‾　jK　X

　end　do

　doJ=X+1,Ⅳ/£
　　A(K+1)-L-1A(x)
　　　　Kj　　-　　　　KJ

　end　do

　do7=f+1,y/£

　　doj=K+1､Ⅳ/£
　　　　A(X+1)_A(K)A(K+1)A(x+1)
　　　　　JJ　　-　　μ　‾　∫£　　　KJ

　　end　do

　end　do

end　do

　　The　submatrixASa,　the　column　of　submatrices　{AW+1)}1£+l　and　the　row　of　sub'
mMrices{Aμ1)}lj£+1　are　called　the　a'dμw£eZeme�,Modμt'�co&mn　and　Mθd
μt�mu　at　the　K-th　stage,　respectively･　Note　that　in　this　algorithm,　division　by　aW
is　replaced　with　LUfadorization　ofA%and　multiplication　by　Lj　and　uj/We　can
prove　that　this　algorithm　actuany　computes　the　LU　factorization　of　A　by　noting　that

the　matrix　at　each　stage　R　the　leading　x　by　K　blocks　of　A　form　an　upper　triangular

matrices　and　that　the　matrices　used　at　each　stage　to　transform　A　is　a　lowertriangular

matrix｡See【37][46]f6r　detils､
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　　This　algorithm　is　optimal　for　machines　with　hierarchical　memory　because　it　is　com-

posed　entirely　of　BLAS　3　oPerations　such　as　the　LU　factorization　of　a　diagonal　submatrix

and　nlatrix　multiphcations｡　Rom　the　ddnition　of　the　block　size　£,all　of　these　operation

can　be　done　within　the　cache　and　access　to　the　main　memory　can　be　reduced　by　a　fador

ofO(£)･

3.2.2　Parallel　blocked　Gaussian　elimination　method

The　blocked　Gaussian　ehmination　method　can　be　naturally　extended　to　execute　on

distributed-menlory　parallel　machines　【37L　suppose　that　there　are　P　processing　nodes
and　F　can　be　factorized　as　μ=97≒ln　the　parallel　blocked　Gaussian　elin7lination　method,

the　blocks　are　aHo･cated　to　nodes　periodically　in　both　directions　(row　and　column),More

specincally,the(7,j)-th　block　is　allocated　to　node　MOD(7　-　1,9)*r+MOD(j-Iμ}

The　allocation　in　the　case　of　9　=r=4　is　shown　in　Fig,　3↓
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of　the　proces8ing　node　which　t･{e8　charge　or　the　block

The　figure　6how8　the　ca86　where　there　are　16　nodet

　　　Figure　3,1:　AHocation　of　nodes　in　the　blocked　Gaussian　elimination　method,

　　Before　going　into　the　algorithm,　we　need　some　dennitions.Let　dJf　denote　the　node

that　has　the　block　pivot　element　A‰at　the　x-th　stage,　Let　RK　and　(¥denote　the
group　of　nodes　that　have　the　block　pivot　row　and　block　pivot　column　at　the　x-th　stage,

respectively･　Then　the　algorithm　can　be　stated　as　in　Algorithm　3.4,

　　Becausethis　algorithm　is　based　on　the　blocked　Gaussian　elimination,　each　interPro-

cessor　data　transfer　appearing　in　Algorithnl　3,4　occurs　only　once　lor　each　value　of　K･　On

the　other　handjf　parallelization　is　based　on　the　basic　algorithm　shown　in　Algorithm　3,1,

data　transfer　wm　occur　once　for　each　value　of&,This　means　that　blocking　reduces　the

number　of　data　transfers　by　a　factor　of　£.This　advantage,　combined　with　the　ability　to

use　cache　memory　emciently,　makes　the　parallel　blocked　Gaussian　dmination　an　ideal

method　for　large　scale　problems　such　as　the　LINPACK　benchmark　[66]both　from　the
viewpoint　of　single-processor　perfo･rmance　and　Parallel　emciency,
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[Algorithm　3　4　Parallel　blocked　Gaussian　enminationj

doK=1,yV/£

　Node　dx　performs　the　LU　factorization　A%=LXUX,
　Node　dx　broadcasts　LK　in　the　row　d1rection　(toμx)｡

　Node　4　broadcasts　ux　in　the　column　direction　(to　CA･).

　Node　group　Cg　computes　ASy″1)=AW)Uj
　　　for　x+1≦7≦yv/£,

　Node　group　CW　broadcasts　AZy1)in　the　row　direction,
　Node　group　Rx　computes　Aμ1)=L‾IAW
　　　fbr　x+1≪j≪y£.　　　　　　　-　-

　Node　group　Rg　broadcasts　Aμ1}in　the　column　direction｡
　Each　node　computes　Aj+l)=AW)-A5+1)Aμ1)
for　the　blocks　AW)anocated　to　it｡

end　do

　　There　are　additional　techniques　to　further　enhance　the　performance　of　this　method

by,for　example,　overlapping　the　data　transfer　with　conlputation　and　hiding　the　overhead

of　the　former｡See[32]for　details.

3.3　The　double　blocked　Gaussian　elimination　method

&3.1　Dimculties　with　the　conventional　algorithm

ln　the　preceding　section,　we　concluded　that　the　parallel　blocked　Gaussian　ehmination

is　efrective　for　solving　large　problems　on　distributed-memory　machines　with　hieralchica1

memory.　ln　the　reasoning,　we　implicitly　assumed　that　the　blocks　are　distributed　to　the

nodes　evenly,　because　the　problem　is　large　and　there　are　a　plenty　number　of　blocks.

　　VVhen　the　ma,trix　is　small　or　has　inherently　small　parallelism,　however,　the　above

reasoning　hils　and　the　paranel　blocked　Gaussian　ehmination　method　cannot　perform　wen

on　these　machines,　This　is　because　smaner　matrix　size　or　smaner　parallehsm　demands

smaller　block　size　for　achieving　good　load　valance,　and　as　a　result,　the　block　size　£optima1

for　single-processor　performallce　dlHers　from　that　optimal　for　high　parallel　emciency,

　　E)be　･concretejet's　consider　a　situation　where　we　want　to4actorize　a　dense　matrix　of

order　1000　on　a　distributed　memory　parailel　machine　with　64　nodes　alld　suppose　that　each

node　has　256K　Bytes　of　cache　memory∠lo　attain　maximum　sin�e-proc6ssor　performance,

£should　be　8　1arge　as　possible　under　the　condition　that　three　£》《£blocks　can　be　stored

in　the=cache　memory,　So　£should　be　a,round　80　from　this　criterion∠n)attain　maximum

concurrent　emdency,　on　the　other　hand,　one　must　dloose　£by　considering　two　fadors,
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namely,the　frequency　of　interprocessor　communications　and　the　load　baヽlance　among

the　nodes.　lncreasing　£wi11　reduce　the　frequency　of　communication　but　will　nmke　it

more　difncult　to　bjance　the　load　because　it　wm　decrease　the　number　of　blocks　to　be

distributed　among　the　nodes,　Decreasing£win　give　rise　to　an　opposite　efrect,　Usuany,

for　the　case　under　consideration,　the　value　of£that　gives　the　highest　parallel　emciency

is　less　than　10,　So　in　this　caseμhe　value　of£optimal　R)r　single-processor　performance

is　very　diHerent　from　that　optimal　for　PManel　emciency　(See　Fig,　3,2)and　one　cannot
exploit　the　potentially　high　performance　of　the　parallel　machine　no　matter　what　value　of

£one　may　choose,
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Figure　3,2:　Single-processor　performance　and　parallel　emciency　as　functions　of　the　distri-

bution　block　size　£､

　　The　above　discussion　applies　not　only　small　to　dense　matrices　but　also　to　large　skyline

or　band　matrices　arising　from　nnite　element　calculations,　These　matrices　often　have　a　size

of　more　than　one　million,　but　it　is　not　rare　that　their　skyline　】ength　or　bandwidth　is　only

one　or　two　thousand,　Because　the　inherent　paranehsm　of　such　matrices　is　determined　by

the　skyline　length　or　bandwidth　rather　than　dimension,　the　conventional　blocked　Gaussian

elimination　can　perform　only　poorly　when　apphed　to　these　problems,　Actually,　this

has　been　one　of　the　obstacles　to　applying　distributed-memory　paranel　machines　with

hierarchical　memory　to　nnite　element　problems,

3,3.2　The　double　blocked　Gaussian　elimination　method

To　overcome　this　dimculty､　we　propose　an　extension　of　the　conventional　blocked　Gaussian

elimination,　the　double　blocked　Gaussian　elimination　method{104H1051,1n　this　method,
we　use　two　block　sizes:　the　distribution　block　size　£,which　is　used　for　distributing　the

coemdent　matrix　among　the　processing　nodes^and　the　algorithmic　block　size　M,　which　is

used　for　matrix　multiplication　arising　in　the　elimination　operatiolL　The　values　of£and

　　　　　　　　　　　　　　　　　　　　　　25



M　are　determined　so　a8　to　maximize　concurrent　emciency　and　single-processor　pern)r-

mance,respectively,　under　the　condition　that　M　is　divisible　by　£,Using　two　block　sizes

makes　it　possible　to　fully　exploit　the　potential　performance　of　distributed-nlelnory　paralle1

machines　with　hierarchical　memory　even　for　problems　with　small　inherent　concurrency,

ln　order　to　use　difkrent　block　size　for　elimination,　after　calculating　a　block　pivot　row

{A4+1)}y£+1　and　a　block　pivot　column　{Aμl)}y1+1,　0ne　postpones　the　elimination
until　M/£pivot　rows　and　columns　are　completed･　After　thatμhe　elimination　operations

corresponding　to　M/£block　stages　are　performed　at　once　using　these　block　pivot　rows

and　columns,　This　nlethod　is　an　extension　of　the　multistage　elimination　method　[68]de-
velol)ed　for　vedor　supercomputers　to　a　case　where　each　element　of　the　coemdent　matrix

is　not　a　real　number　but　is　itself　an　£×£submatrix.

　　To　describe　the　dou])le　blocked　Gaussian　elimination　m･ethod　in　detai1,　we　assume

that　yV　is　a　multiple　of　M　and　that　M　is　a　multiple　of£and　set　m　=M/£Then　the

algorithm　can　be　stated　as　in　Algorithm　3,5,

　　1n　this　algorithmμhe　allocation　of　the　blocks　(of　size　£×£)to　no･des,　the　frequency　of
interprocessor　communication,　and　the　amount　of　data　to　be　trans&rred　between　proces-

sors　are　the　same　as　in　the　case　of　the　conventional　parallel　blocked　Gaussian　elimination

method　with　block　size　£,The　concurrent　emciency　of　the　both　nlethods　can　thus　be

considered　almost　the　8ame,　0n　the　other　hand,　the　single-processor　performance　of　the

algorithm　is　govemed　by　the　performance　of　the　main　body　of　elimination　(the　last　oper-

ation　in　the　above　algorithm)･As　can　be　seen　from　Fig･　3,3,　in　the　double　block　method,

this　operation　can　be　cast　into　matrix　multiphcation　with　inner-product　length　M/We

can　thus　expect　this　method　to　make　use　of　the　potential　performance　of　distributed-

nTlernory　parallel　machines　with　hierarchical　memory　if　we　optimize　the　distribution　block

size£to　maximize　concurrent　emciency　and　optimize　the　jgorithmic　block　size　M　to

maxlmlze　smgle　processor　performance.
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[Algorithm　3j　Double　Blocked　Gaussian　Elimination　Method】

do　K'=1,y/M

　do£=(X″-1)*m+1,A9*m

　　【LU　factorization　of　the　diagonal　bloek]

　　Node　dK　performs　the　LU　factorization　A%=LKUK･
　　[Broadcast　of　L£and　ux]

　　Node　dx　broadcasts　LK　in　the　row　diredion　(toμgE

　　Node　dK　broadcasts　UK　in　the　column　direction　(to　CKE

　　[Formation　of　the　x-th　block　pivot　column]

　　Node　group　CW　computes　AZy‾1)=AW)Uμ
　　　　for　K　+1<7≪Λy£　　　　　　　　　-　-

　　[Broadcast　of　the　K-th　block　pivot　column]

　　Node　group　CW　broadcasts　A4゛1)in　the　rowdirection,
　　【R)rmation　of　the　x-th　block　pivot　row]

　　Node　group　μg　computes　Aμ1)=LjAW
　　　　for　K+1<j<jV/£　　　　　　　　　-　-

　　[Broadcast　of　the　K-th　block　pivot　row】

　　Node　group　μg　broadcasts　AI+1)in　the　column　diTection,
　　【Partial　elimination　to　R)rm　next　block　pivot　rows]
　　A(K+1)_A(K)A(K+1)A(K+1)
　　　jj　　-　μ　‾　　7K　　　XJ

　　　　for　K　+1≪/≪y″*m　and　x　+1≪j≪y/£｡　　　　　　　　　-　-　　　　　　　　　　-　-

　　【Partial　elimination　to　form　next　block　pivot　columns]
　　A(K+1)_A(K)A(K+1)A(K+1)
　　　μ　　　-　　jJ　‾　　7X　　　XJ

　　　　for　K″*m+1<7≪y/£and　x+1≪J≪X″*m　　　　　　　　　　　　-　-　　　　　　　　　　―　-

　end　do

　[Nlain　body　of　the　ennlination　operation]
A(x'･m+1)_A((K'-1)･m+1)A((K'-1)･m+2)A(
　ZJ　　　　‾　jJ　　　　　　　　‾　　/,(K″-1)*m+1　(

(Kcl)*m+2)

R″-1)*m+1,j
　A((x'-1)*m+3)A((x'-I)*m+3)
‾　7,(K″-1)･m+2(X'-1)･m+2,j

　　　　　　　　　　　　　　　　　　　(g″･m+1)(K'･m+1}
　　　　　　　　　　　　　　‾゛゛゛‾Az,r*m　Ar*m,j

　　　　for　x'*m+1≦j,J≦y/£｡
end,do

3･.3.3　Analytical　model　for　performance　prediction

n)evaluate　the　performance　of　the　double　blocked　Gaussian　ehmination　method,　we　nrst

construct　a　model　to　predict　pe&)rmance　when　the　dimension　of　the　matrix,　the　number

of　processors,　single-processor　performance,　hlterprocessor　communication　performance,

and　the　two　block　sizes　are　given,Thenjn　the　next　subsedion,　we　will　predict　the
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performance　on　two　kinds　of　parallel　computers,　the　nCUBE2　and　the　Hitachi　SR2001,

and　connrm　the　prediction　experimentally,

　　ln　construding　the　model,　we　make　the　following　four　assumptions　for　simphcity:

　　1.　Single‘processor　performance　remains　constant　O　FLOPS)throughout　the　algo-
　　　rithm,

2･　The　time　4･mmjsec)needed　for　interprocessor　communication　is　a　linear　function

　of　theanlount　of　data　(n　bytes)to　be　transferred:

　　　　　　　　　　　　　　　　　Gamm　°‰19+n/R　　　　　　　　　　　(3,2)

　where　4elup　(sec)andt'(bytes/sec)are　setup　time　and　throughput,　respedively･

3,　0nly　time　for　computationμ1me　n)r　communication,　and　idle　time　is　taken　into

　　consideration｡

4,　The　total　execution　time　is　divided　illto　two　kind　of　phases,　the　commullication

　　phase　and　the　computation　phase.ln　the　former　phase,　each　processor　either　joins

　　in　interprocessor　communication　or　waits　in　an　idle　state.　ln　the　latter　phase,　each

　　processor　either　perfomls　computation　orjf　it　has　finished　its　computation,　waits

　　in　an　id】e　state｡

Because　of　the　assumption　4,　the　length　of　ead　computation　phase　is　governed　by　a　node

with　the　heaviest　load,　Under　these　assumptions,　the　time　needed　to　perform　one　stage

of　the　conventional　blocked　Gaussian　elimination　can　be　illustrated　as　in　Fig,　3,4.

　　Under　these　assumptions,　the　concurrent　emciency　of　the　double　blocked　Gaussian

ehmination　method　with　distribution　block　size£can　be　considered　almost　the　same　as

that　of　the　conventional　method　with　block　size　£,provided　that　the　single-processor

performance　is　the　same,　This　is　because　the　former　difr6rs　from　the　latter　only　in　that

it　postpones　pa21`t　of　the　elimination　untiLM/£block　pivots　are　completed,　Therefore,
we　construct　a　model　for　the　conventional　method　and　estimate　the　performance　of　the

double　blocked　nylethod　by　using　a　formula　for　block　size　£but　substituting　the　measured

single-processor　performance　at　block　size　Mjor　the　variable　s　in　assumption　i,

　　ln　this　model,　the　total　execution　time　is　given　as　the　sum　of　the　computation　time

and　the　communication　time,　The　computation　time　consists　of　the　fbllowing:

(a)jj　:　Time　f6r　the　LU　factorization　of　the　diagonal　block,

(b)7MVc　:　Time　for　formation　of　the　block　pivot　column,

　　　　　　　　　　　　　　28



Node　3㎜●●●

Node　o

|

1
1

Execution　time　f6r　the　K-th　block　stage

decomp.lbcastof　l　n)rm　the　lkast　of　l　form　the　l　bcast　of

of　dillg｡Fhe　diag,　l　block　pivot　i　the　block　l　block　pivot　μhe　block
lblock

-
-

Node1　-,|
　　　　　　　　|

Node　2　=･|

block　　l　column
●●●●●●●l

l●l l

lpivot　coL
●●1●●●●

rOW

l

the　block　l　　ehmination　　l
pivot　row　l　　　　　　　　　　　l

|

〃|
ゝ　|　　　　　　　　　|

●●●

1
ー

1●●●1●●●･

-
1

4

-
1

●●●●1●s●IJI●●●●●●1
　　　　　1
　　　　　1‐

‐
ー

●●●●●1●● ･}I●●1●ll●●

●●●●

●I●●

●1●●●●●l● ･･4

(3.3)

‐
ー

J
I

1
4

1
-
t
t

●lllll●●●●

-
1
ー
9
‐

●●●●●●●●●1

　　|

　　I
,･d

1
-

●●●●●●ll●●

ー
ー
ー
ー
1

●●1●●●●●●●●●

}●●1●●●●●●●1●

The　aboveis　a　timing　diagram　for　4　nodes,　The　abscissa　denotes　time　and　solid　lines

8how　computation　time｡　Dotted　line8　show　communication　time　or　idle　time｡　Arrow8

denote　data　transfer　between　processing　node8.

Figure　3.4:　Execution　time　of　the　biocked　Gaussian　elimination　method

　(c)tl/R　:　Time　for　formation　of　the　block　pivot　row,　and

　(d)μ;‰):Time　for　the　main　body　of　the　elimination･

The　communication　time　consists　of　the　following:

　(e)jj　:　Time　for　broadcasting　the　diagonal　biock,

　(0{yc　:　Time　R)r　broadcasting　the　block　pivot　co】umn,　and

　(g)tyR　:　Time　R)r　broadcasting　the　block　pivot　row.

Let　the　dinlension　of　the　matrix,　the　block　size,　and　the　number　of　processing　nodes　be

y,£,and　R　resPective】y,and　assume　that　nodes　are　anocated　to　blocks　periodically

in　both　d1rections　with　period　?1/2.　For　simplicityjet　y　be　a　multiple　of£*P1/2　and

setΛμ=y/£and　y″　゛=y/(£*P1/2)･Then,　for　example,　{E£)can　be　calculated　as
follows｡

　Th･e　number　of　noating　point　operations　needed　to　eHminate　on･e　block　is　2£3,　and　the

maximu,ln　nurnber　of　blocks　taken　charge　of　by　one　node　is　7V″2　for　the　first　?1/2　block

stages,　and　(yv″　-　1)2　for　the　second　j)1/2　block　stages,　and　so　on･　Therefore,　the　tota1

time　needed　for　this　part　of　ca】culation　becomes

{‰=1£3*Ⅳ″*(y+1)*(2y+1)*P1/2/s
　　Times　for　other　parts　can　be　calculated　in　a　similar　way　and　the　results　are　summa-

rized　in　Table　?　?　｡　The　total　execution　time　of　the　blocked　Gaussian　enmination　can　be
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expressed　as　the　sum　of　these　times:

1.｡=7j+μ‰c+{‰a+{‰+m+myc+m9

Table　3j:　Execution　time　ior　each t　of　the　blocked　Ga､ussian　elimination.rjxecuuon　ulne　lor　eacn　pan　ol　tne　DlocKe(1　Uausslan　e1

ltem Time

m (2/3)£3*y/s

{‰ (1/2)£3*y″*(y″+1)･?1/2/s

7‰ (1/2)£3*y″*(y″+1)*?1/2/s
μ‰ (1/3)£3*y″*(y″+1)*(2y″+1)*PI/2/s

m y″*Get9+£2*y″/uJ

myc Λμ*Gd9+(1/2)£2*y″*(Ⅳ″+1)*P1/2/w
m9 y″*4e19+(1/2)£2*y″*(Ⅳ″+1)*?1/2/t

(3,4)

3.3.4　Experimental　results

ln　this　sedion,　we　evaluate　the　performance　of　our　double　blocked　Gaussian　elimination

method　using　two　types　of　distributed-memory　parallel　machines,　namely,　the　nCUBE2

and　the　Hitachi　SR20ol　[104]11o5L
　　First,　we　predict　the　performance　by　using　the　model　developed　in　subsedion　3λ3,

The　example　problem　is　to　solve　linear　simultaneous　equations　of　size　y=1024　with　64

nodes/We　used　‰lup　°　120　(μs)and　g　゛　o･85　(Mbytes/s))whicharevalues　obtained　by
approximating　the　measured　communication　time　by　a　linear　function,　As　single-processor

ped&mance､we　used4neasured　vaJue　listed　in　Table　3,2,

Table　3.2:　S erformance　on　the　nCUBE2,1aDle　J･z:　5mgle-processor　Perlormance　on　tne　nuujjt;2･

M 4 8 16 32 64

Perfornlance(MFLOPS) 1.16 1,39 L51 1.57 1.58

　　We　estimated　the　performance　for　two　series　of　parameters:(a)Af　is　set　equal　to

£and　the　both　are　varied　from　4　to　64　(this　corresponds　to　the　conventionaI　Parane1

blocked　Gaussiall　elimination　nlethod),and(b)£ls　nxed　to　4　and　M　is　varied　from　4　to
64,　The　results　of　predidion　are　shown　in　Fig.　3･5　by　dotted　hnes,　lt　is　estimated　that　by

setting£゜4　and　jf=64,　the　new　method　can　attain　performance　higher　than　the　highest

performance　of　the　conventional　method,
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3,5:　Parallel　performance　on　the　nCUBE2.

　　The　measured　performance　is　shown　in　Fig,　3,5　by　sohd　lines,　As　estimated,　the　new

method　actually　attained　77j4　MFLOPS　when　£=4　and　M=64,which　is　12%faster　than

the　fastest　conventional　method　(68.47　MFLOPS　when　£=M=8).

　　We　also　evaluated　the　PerR)rmance　of　the　new　method　on　the　HITACHI　SR2001,

Again,we　nrst　predicted　the　Performance　based　on　the　model　developed　in　subsed･1on

3,3,3,　The　example　problem　is　to　solve　hnear　simultaneous　equations　of　size　y=512　with

16　nodes･　As　‰t9　and　g,　we　used　values　in　the　hardwarecatalo&　As　single‘processor

perR)nnance,we　used　measured　values　listed　in　Table　3,3.

Table　3,3:　Single-Processor　performance　on　the　SR200L

M 4 8 16 32 64

PeHormance(MFLOPS) 12,86 24.04 36.09 4L96 38,57

　　We　estimated　perR)rmance　for　two　series　of　parameters:　(a)M　is　set　equal　to　£and

the　both　are　varied　from　4　to　32　(this　corresponds　to　the　conventional　rnethod),and(b)
£1s　nxed　to　16　and　M　is　vaJied　from　16　to　32.　The　result　of　estimation　are　shown　in

Fig,　3j　by　dotted　nnes,　lt　is　estimated　that　by　setting　£゛16　and　M°32,　the　new　method

can　attain　perfomlance　higher　than　the　highest　PerR)rmance　of　the　traditiona】nlethod,

　　The　measured　perfomlance　is　shown　in　Fig,　3,6　by　sohd　lines,As　estimated,　the

new　method　actually　attained　338　MFLOPS　when　£=16　and　M=32,which　is　19%�ster

than　the　fastest　conventional　method　(283　MFLOPS　when£=M=16y　These　results

connrm　the　efrectiveness　of　our　new　method　on　distributed'memory　paranel　machines

with　hierarchical　nylemory,
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Figure　3,6:　Parallel　performance　on　the　SR2001,

3,3.5　Appiication　to　other　linear　algebra　algorithms

7rhe　idea　�≒JJg　two　di6rent　block　sizes　for　data　distribution　and　algorithmic　blocking

can　be　apphed　to　other　linear　algebra　jgorithms　as　we11,For　example,　the　algorithm

presented　in　subsection　3,3.2　can　be　extended　quite　straightforwardly　to　incorporate　par-

tial　pivothlg,　ln　fact,　this　extend･ed　algorithm　has　been　implemented　on　CP-PACS　[191,
a　massively　paranel　distributed-memory　machine　with　2048　processors,　and　contributed

to　winning　the　world's　fastest　record　in　the　LINPACK　benchmark　{66]in　1996.
　　Another　appkation　is　tri-diagonaiization　of　real　symmetric　or　colnplex　Hermitian

matrices　by　the　Householder　method　[46][76].ln　this　case,the　frequency　of　interprocessor
communications　does　not　del)end　on　the　distrib･ution　block　size　£and　therefore　the　choice

of£=1　is　the　best　fronl　the　viewpoint　of　parallel　emciency,0n　the　other　hand,　the

algorithmic　block　size　that　attains　the　highest　single-processor　perfbrmance　is　determined

from　the　capadty　of　the　cache　memory　and　is　usually　much　larger　than　l.Hence,　the

idea　of　double　blocking　is　expeded　to　work　welL　The　readers　are　referred　to　[55H59]for
more　details｡

　　Other　potentij　applications　include　the　QR　fadorization,　reduction　to　the　Hessenberg

form　of　a　unsymmetric　matrix　and　bi-diagonjization　for　conlputing　the　singular　value

decomposition[46H89][90],Application　to　sparse　direct　solvers　[41]{44H45]should　also　be
explored　as　a　future　work.
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Chapter　4

Direct　SOlution　of　Sparse　Symmetr

Positive　Dennite　JX/latrices　on

Distributed-]X/lemory　Parallel

]X/lachines

　
C

I
･
1
-
･
･

4.1　　introductio･n

Structural　ana】ysis　based　on　the　Finite　Element　Methods　is　one　of　the　most　frequently

used　applications　in　the　neld　of　sdentinc　computing,　Recently,　as　the　size　of　the　prob-

lems　increases,　there　is　a　growing　need　for　using　distributed-memory　parallel　machines

which　have　high　computational　power　and　large　memory　spaces,　and　many　software　pack-

ages　such　as　MARC　and　NASTRAN　have　been　ported　to　this　type　of　machines,　in　the

structural　analysis,　much　of　the　computation　time　is　consumed　to　solve　hnear　8imulta-

neous　equations.　lt　is　therefore　crucial　to　develop　an　emcient　hnear　equation　solver　for

distributed-memory　paral】ehna£hines,

　　ln　many　structural　analysis　calculations,　the　coemcient　matrix　is　a　large　sparse　sym-

metric　positive　dennite　matrix　with　a　large　condition　numl)er/n)solve　linear　simultane‘

ous　equations　with　such　a　coemdent　nlatrix,　sparse　direct　solvers　have　been　widely　used

[41H44H45]｡The　sparse　direct　solver　stores　and　computes　only　nonzero　elements　in　the
factorized　matrix　and　thereby　reduces　theanT10unt　of　memory　and　noating　point　operation

compared　with　the　skyline　solvers,

　　There　have　been　many　studies　to　paraHehe　the　sparse　direct　solver,　and　emdent

distributed-memory　parallel　algorithms　have　been　proposed　for　each　part　of　the　solverjn-

cluding　reordering　[20]E58]〔77],symbohc　factorization　【441,cholesky　fa£torization[6H9][49]

【82]【831,and　forward　and　backward　substitution　[48]･　However,　there　are　not　many
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distributed-memory　parallel　sparse　so】ver　programs　which　perR)rms　all　of　these　phases;

some　examples　of　sudl　solvers　are　CAPSS　[511,which　was　developed　as　a　part　of　the

ScaLAPACK　project,　MUMPS[4H51,which　was　developed　in　a　European　joint　projed

PARASOL[751,PSPACES[781,which　was　developed　by　Kurrlaret　al｡at　Minnesota
university,

　　We　developed　a　comPlete　sparse　direct　solver　which　performs　all　of　the　above　fbur

steps[106H107],The　features　of　our　solver　are　as　R)11ows:

L　lt　can　solve　linear　simultaneous　equations　whose　coemdent　nlatrix　is　symmetric

　positive　ddnite　and　has　a　3　×3　block　nonzero　structure,　Such　matrices　arise　in

　3‘dimensional　structural　analysis　problems,

2,　1t　performs　the　reordering　step　on　one　processing　node　and　performs　the　following

　steps　on　multiple　nodes,　By　adopting　this　strategy,　1t　can　utilize　the　large　mem-

　ory　space　of　a　distributed-memory　pajralld　machine､　while　retaining　an　easy-to-use

　interface.

3,　The　single‘processor　perlormance　in　the　Cholesky　factorization　part　is　enhanced　us-

　　ing　a　locany　oPtimized　loop　unromng　technique,　This　is　made　possible　by　exploiting

　　the　block　nonzero　strudure　of　the　matrix.

　　Compared　with　the　sparse　solver　programs　listed　above,　advantages　and　disadvantages

of　our　solver　can　be　stated　as　follows:

●Comparison　with　MUMPS

　ln　MUMPS　[4H51,0ne　of　the　processing　nodes　is　designated　as　the　host　node　and
　the　user　is　required　to　store　the　whole　coemcient　matrix　on　the　memory　of　the　host

　node　when　caHing　the　solver･　This　interface　has　the　advantage　that　it　is　easy　to　use,

　because　it　is　the　same　interface　as　that　of　the　sequential　sparse　solver,　However,

　it　has　the　disadvantage　that　the　size　of　problems　that　can　be　solved　is　limited　by

　the　memory　size　of　the　host　node.　ln　contrast,　our　solver　accepts　a　coemcient

　nlatrix　that　is　scattered　among　the　processing　nodes,allowing　the　user　to　solve

　larger　matricesy【n　addition,　our　solver　has　an　optional　matrix　distribution　routine

　which　provides　the　user　with　the　same　interface　as　that　of　MUMPS,

･Comparison　with　CAPSS

　ln　CAPSS　{51】,an　the　four　steps　of　the　sparse　solver　including　reordering　are　exe-

　cuted　on　distributed　memory.　As　an　reordering　algorithmjt　adopts　the　Carlej㎝

　μe4d　Z)&ec6n　md/t�[511,which　is　simple　and　easy　to　parallelize　on　distributed
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memory,　Howeverjt　is　known　that　this　algorithm　is　not　as　e‰ctive　a,s　other　popu-

lar　reordering　algorithms　{20H58][77Dn　reducing　the　n11ヽins.　ln　contrast,　our　solver
utihzes　a　more　eHedive　reordering　algorithm　called　the　M�IWwlyeμ�p4sedi(m

(MND)｢20H58].Because　MND　is　hard　to　parallelize,　we　chose　to　execute　only　the
reordering　step　on　a　single　nodeヽThough　this　causes　the　possibihty　of　limiting　the

size　of　solvable　problenls,　we　drcumvent　it　by　exploiting　the　3　×　3　nonzero　struc‘

ture　of　the　coemcient　matrix　and　Perform　reordering　on　a　smal】er　matrix　with　l/3

columns　and　1/3rows｡This　reducesthe　memory　required　for　reordering　by　1/9　and

contributes　to　extending　the　hmit　of　solvable　problemsヽ

●ComParison　with　PSPACES

　ln　PSPACES　[781,asin　CAPSS,all　the　four　steps　of　the　sparsesolver　are　executed　on
　distributed　mJmory,　As　an　reordering　algorithnljt　uses　a　newly　deveioped　variant

　of　the　Multilevel　Nested　Dissedion　[78}which　is　designed　to　be　both　eactive　and
　easy　to　parallehze.　This　would　be　an　ideal　solution　if　the　new　reordering　method

　is　as　powerful　as　the　current　one,　ln　this　study,　however,　we　take　a　conservative

　approach　and　use　a　current　version　of　the　MND　method　that　has　Proved　dedive

　for　many　types　of　problems.

　　The　rest　of　this　chaPter　is　strudured　as　fo1】ows:　we　exp】ain　basic　concePts　of　the　sparse

direct　solver　in　section　4,2　and　detajls　of　parallelization　in　sedion　4.3Jn　sections　4,4　and

4.5,we　will　explajn　optimization　techniques　for　enhancing　single'processor　perfomlance

and　the　result　of　performance　evaiuation　on　the　SR2201　distributed　memory　parallel

computer,　respectively,　Finany,　we　will　condude　our　study　in　section　4.6.

4.2　Basics　of　the　sparse　dlrect　solver

4.2.1　Components　of　a　sparse　direct　solver

A　sparse　d1rect　solver　finds　a　solution　to　a　system　oflinear　simultaneous　equations　AX　=b

by　Performing　the　four　stePs,　namely　reordering,　symbolic　factorization,　Cholesky　factor-

ization,　and　forward　and　backward　sub･stitution　in　this　order,　We　w111　explain　bridy　each

of　the　four　phases　[41H44],

(1)Reordering

ln　the　reordering　phase,　the　rows　and　co】umns　of　the　coemdent　matrix　A　are　permuted

simultaneously　using　a　permutation　matrix　P,　and　A　is　transR)rmed　into　A'　=PAP',

The　permutation　matrix　P　is　dlosen　so　that　the　number　of　nll-ins　after　the　Cholesky
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=decomposition　A´=LLz　is　as　smal】as　possible,　and　at　the　same　time,　parallelism　in　the

Cholesky　decomposition　is　as　high　as　possible.　Popular　methods　for　reordering　indudes

the　Mi7jm7zm£)99eμfL㈹md&)d[291,which　is　based　on　the　idea　of　locally　nlinimizing

the　number　of　fill-ins　generated　at　each　step,　and　the　yV6£�Z)igedionμZ)jmd&�

[45][20][58H771,which　is　based　on　recursive　partitioning　of　the　underlying　mesh.

　　ln　the　ND　methodμhe　FEM　mesh　is　partitioned　into　two　subregions　Aandβbya

vertex　set　called　s9aMlo7≒The　separators　are　chosen　so　that　4　and　βcontain　roughly

equal　number　of　vertices　and　there　is　no　edge　that　connects　a　vertex　belonging　to　4　and

that　belonging　to　R　After　the　partition,　the　vertices　are　renumbered　so　that　the　vertices

in　j　are　numbered　nrst,　those　in　βnext,and　those　in　the　separator　last,Fronl　the

dennitio･n　of　the　separator,　thereare　no　rnatrix　elenlents　whose　column　belongs　to　set

.4　and　whose　row　belongs　to　set　β,or　vice　veTsa,and　the　matrix　is　transfornTled　into　a

&o�er�MQd&9∂n�μΓm.　By　repeating　this　partitioning　and　renunlbering　recursively

for　each　subregionμhe　matrix　is　transformed　into　a　recursive　bordered　block　diagona1

matrix,　A　matrix　arising　from　the　nve-point　nnite　diflerence　fk)rmula　on　a　5　by　5　lattice

shown　in　Fig.　4j　and　reordered　using　Ge　ND　method　is　shown　in　Fi&4.2.
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Figure　4　1　:　An　example　of　nnite　element　mesh　and　the　separators,
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Figure　4,2:　A　matrix　generated　by　the　FEM　and　reordered　by　t･he　ND　method･

(2)Symbolic　fhctorization

ln　this　stepμhe　positions　of　Rn-ins　are　ca】culated　prior　to　the　Cholesky　decomposition,

and　the　storage　area　to　store　them　is　allocated,　At　the　same　timeμhe　index　hst　to　access

the　nonzero　elements　is　generated,

(3)Cholesky　factorization

The　Cholesky　decomposition　Aj　=LLl　is　calculated　using　the　index　list　generated　in

the　symbohc　factorization　phase,ln　this　phase,　the　central　oPeration　of　the　Gaussian

elimination

aij=aij‾aaa&j/aa (4.1)

is　performed　only　for　the　lower　triangular　part,　using　the　symmetry　of　the　matrix,　Also,

only　those　elements　which　beconle　nonzeroafter　fadorization　are　calculated｡　variants　of

the　algorithm　illclude　the　Mφ1-lodi㎎a㈲･4&m(also　reRrred　to　as　&ij-μmJr　aler-

F∂&dμml)､where　the　outermost　loop　index　is　&μhe　le/M㈲h9�p�/zm[91(also

referred　to　as　jiA;jθΓm　or　17mer-F�udμΓm),where　the　outermost　loop　index　is　j,　and

the　mu11φθ��a4o7jam[40H67],which　is　similar　to　the　right　looking　algorithm,　excePt

that　it　accumulates　the　updates　to　the　matrix　in　a　small　full　matrix　caned　the　μθ㎡�

mafr≒and　perform　the　update　later,　Consult　[10][44][81]for　comparison　of　these　three

approades,

(4)Forward　and　backward　substitution

The　solution　of　the　linear　simultaneous　equation　is　calculated　by　solving　Ly　=b　and

Ltx=y　su'ccessively
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　　The　now　chart　of　the　sparse　direct　so】ver　is　shown　in　Fig,　4,3,　By　separating　the　sym-

bohc　fa£torization　phase　from　the　Cholesky　fa£torization　phasejt　becomes　unnecessary

to　repeatedly　calculate　thesallleindex　list,　whenlnany　sets　of　equations　with　thesanle

nonzero　structure　are　to　be　solved､　as　in　the　case　of　Newton　iteration　in　the　nonhnear

problems,　Also,by　separating　the　R)rward　and　backward　substitution　phase,　when　many

sets　of　equations　with　the　same　coemdent　matrix　are　to　be　solved,　as　in　the　case　of

time　dependent　problems,　only　the　forward　and　backward　substitution　phase　needs　to　be

repeated,

A:　X¥hen　only　the　values　of　nonzero　elements　change.

B:　'When　only　the　right゛hand'side　vector　ehange,

Figure4,3:　Flow　chart　of　the　sparse　solver.

4.2.2　The　elimination　tree　and　the　parallelism　in　the　Cholesky

　　　　decomposition

Dennition　of　the　elimination　tree

Next　we　win　explain　the　concept　of　the　e&mi7laliθn　lree　{441whkh　p14ys　an　important
role　in　parallelizing　the　sparse　solver,　The　ehmination　tree　is　a　rooted　tree　denned　using

the　nonzero　structure　of　the　Cholesky　factor　L　and　eadl　vertex　of　the　tree　corresponds　to

a　column　of　L,　For　two　vertices　4nd　j　(i>j)of　the　tree,　Hs　denned　as　the　parent　of　j　if

i=min{&≫jμj≠0}and　is　denoted　as　i　=p({When　the　matrix　is　irreducible,　i,e､if

it　cannot　be　transformed　illto　a　block　diagonal　nlatrix　with　the　simultaneous　permutation

of　its　rows　and　columns,　there　is　only　one　tree　that　has　the　vertex　y　as　its　root,　The

nonzero　structure　of　the　Cholesky　fador　of　the　matrix　shown　in　Fig　4j　is　nlustrated　in

Fig.　4,4,　while　the　corresponding　elimination　tree　is　shown　in　Fig,　4,5.　The　number　hl　the

circle　denotes　the　column　nunlber｡　The　recursive　strudure　of　the　tree　renects　the　recursive
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bordered　block-diagonal　structure　of　the　matrix;　the　subtrees　correspond　to　the　dia14onal

blocks,while　the　chjns　between　brallches　correspond　to　t,he　border　of　the　matrk
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Figure　4,4:　The　nonzero　structure　of　the　nlatrix　in　Fig,　4,2　after　factorization,
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Figure　4.5:　The　elimination　tree　corresponding　to　the　matrix　in　Fig･　4･4

Parallelization　of　Cholesky　decomposition　using　the　elimination　tree

One　of　the　important　Properties　of　the　ehmination　tree　is　that　enmination　by　column

j　aflects　column　i　only　if　node　i　is　an　ancestor　of　node　j　in　the　tree,　Consequently,　if

the　left-1ooking　algorithm　is　used,　alHhe　columns　used　in　the　elimination　of　column　i　are

descendants　of　node　l.　'I`his　me㎜μhnnwo　nodes　belong　to　two　diSrent　subtrees　which

do　not　share　any　nodes,　the　elimination　operations　for　them　can　be　done　independently,
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　　Using　this　fkt,　a　matrix　partitioning　strategy　called　5uMra4θ-s6cu6e　m9μ㎎[44]
has　been　proposed　and　is　widely　used,　ln　this　strategy,　thenulnber　of　processing　nodes

is　assumed　to　be　a　power　of　two,　and　the　nodes　are　allocated　cychcally　to　the　vertices　of

the　tree　from　the　root　downwards,　At　the　nrst　branch,　half　of　the　Processing　nodes　aJe

allocated　to　th,e　left　subtree,　while　the　other　half　are　allocated　to　the　right　subtree,　This

process　is　continued　recursively　until　there　is　only　one　processing　node　in　each　group,　and

then　the　whole　subtree　is　allocated　to　that　node,　ln　Fig,　4,5,　we　show　the　node　number

of　the　processing　node　allocated　to　each　vertex　when　the　subtree-to-subcube　mapping　is

applied　to　the　elimination　tree,

　　By　using　this　mapping,　the　elimination　operation　for　a　subtree　allocated　to　a　processing

node　can　be　done　without　interprocessor　communication.　Consequently,　to　maximize　the

paranehsmjt　is　necessary　to　reorder　the　matrix　so　that　the　number　of　vertices　in　these

subtrees　is　maximized　(namely,the　number　of　vertices　in　the　separators　are　minimized)

and　at　the　same　time,　the　diHerence　in　the　sizes　of　the　subtrees　is　minimized,

4.2.3　Data　structures

The　partial　matrLx　data　anocated　to　each　processing　node　by　t･he　subtree-to　subcube

mapping　is　stored　using　the　fonowing　three　arrays,

　1,　A　1-dimensional　array　containing　all　the　nonzero　elements　of　the　partial　matrix,

　　　The　elements　are　stored　in　the　ascending　order　of　the　column　number､　and　within

　　　each　columnjn　the　ascending　order　of　the　row　numbeL

　2,A　1-dimensionalarray　containing　the　row　numbers　of　all　the　nonzero　elements　of

　　　the　partial　matrix,　The　elementsarestored　in　the　ascending　order　of　the　column

　　　number,　and　within　each　column,　in　the　ascending　order　of　the　row　number.

　3,　AI-dimensional　aTray　of　size　y　+l　containing　pointers　to　the　nrst　elements　of　each

　　　column　in　alTays　l　and　2,

1n　addition　to　these,　we　use　a　1-dimensional　alray　of　size　y　which　stores　a　mapping　from

a　column　numbeTto　the　node　number　which　takes　charge　of　it,　and　another　l-dimensiona1

array　which　stores　a　nTlapping　from　a　column　number　to　the　column　number　of　its　parent.

A11　the　processing　nodes　have　copies　of　these　two　arrays,

4.3　Paralleizati9n　of　the　sparse　dlrect　solver

4.3･I　The　target　of　parallelization

ln　this　subsection,　we　win　describe　how　to　parallelize　each　part　of　the　sparse　direct　solver,
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　　Among　the　four　phases　of　the　sparse　direct　solver,　our　program　executes　only　the

reordering　phaseon　one　processing　node.　lt　th£n　distributes　the　reordered　matrix　to

nodes　using　a･　utihty　routine　and　executes　therenlajning　phases　on　all　the　nodes･　The

reason　for　adopting　this　strategy　is　as　fonows:

L　lt　is　more　convenient　for　the　user　to　pass　the　whole　matrix　to　the　solver,　espe‘

　cially　because　the　standard　interface　for　passing　partitioned　matrices　from　the　FEM

　I)rogram　to　the　soiver　has　not　yet　been　established,

2.Because　the　number　of　nonzero　elements　in　the　coemcient　matrix　is　about　an　order

　　of　magnitude　smaner　than　that　in　the　factorized　matrix,　storing　the　whole　coemcient

　　matrix　does　not　beconle　a　severeconstraint　on　the　size　of　the　problem　that　can　be

　　solved,　as　long　as　thenuinber　of　nodes　is　ten　or　so｡

　　By　adopting　this　strategy,　it　becomes　Possible　to　eMciently　use　theJarge　address　space

of　a　distributed-memory　paranel　machine,　while　retaining　an　easyヽto‘use　interface,

4,3.2　Parallelization　of　each　part

(1)Reordering

We　used　a　variant　of　the　ND　method　called　the　Multilevel　ND　method　[20]【58]｡This
algorithm　apProximates　the　input　mesh　by　a　coarser　mesh,　partitions　it,　and　maps　the

partjtioning　again　to　the　origina】mesh,　The　partitioning　of　the　coarser　mesh　is　done

recursively　using　the　same　procedure,　The　MND　method　has　a　desirable　property　that　a

high　quahty　partitioning　with　small　separator　and　equally-81zed　subtrees　can　be　obtained

at　a　relatively　small　cost,　compared　with　other　methods　based　on　the　ND　approach,　such

as　the　spectraI　ND　method　[77]･

　　After　partitioning　the　mesh　using　the　MND　method,　our　program　reorders　the　nodes

within　each　subregion　using　the　Approximate　Minimum　Degree　method　[29L　By　doing
this,　the　number　of　operatjons　needed　for　the　Cholesky　decomposjtjon　can　be　further

reduced｡

(2)Partitioning　of　the　matrix

ln　this　part,　an　ehmination　tree　for　the　reordered　coemdent　matrix　is　generated,　and

the　columns　of　the　matrix　are　£located　to　processing　nodes　using　the　subtree-to'subcube

mapping.For　the　colunms　corresponding　to　the　chains　of　the　tree,　a　block　cydic　mapping

is　used,　ln　determin→ing　the　block　size　£,we　have　to　consider　two　fktors:　lncreasing　£

wnl　reduce　the　frequency　of　interprocessor　communication　and　the　overhead　due　to　it,　but
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may　cause　load　imbalance　among　the　nodes,　DecTeasing£wm　give　rise'to　the　opposite

ehd,　ln　our　study,　we　chose　£=12　from　the　result　of　prehminary　experiments,

(3)syrnbolic　nlctorization

The　position　of　nonzero　elements　after　decomposition　is　calculated,　and　an　index　list　to

access　the　nonzero　elements　of　the　decomposed　matrix　is　generated.　The　index　list　is

expressed　as　a　list　of　row　numbers　of　nonzero　elements　in　each　row,

(4)Cholesky　actorization

The　leR-looking　algorithm　is　used　for　the　Cholesky　decomposition　due　to　its　relatively

small　communication　requirement,　ln　this　algorithm,　as　we　stated　in　subsedion　4,2.2,

ehmination　operation　within　a　subtree　allocated　to　one　processing　node　can　be　done

without　communication,As　the　processing　proceeds,　the　number　of　nodes　which　work

together　increases　to　two,　four,　eight,　and　so　on,　For　calculation　above　the　uppermost

branch,all　the　nodes　cooperate,

(5)Forward　and　backward　substitution

ln　terms　of　the　elimination　tree,　the　lorward　elimination　is　a　process　in　which　the　elements

of　8olution　corresponding　to　the　leaves　are　calculated　nrst,and　the　other　solution　are

calculated　upward,　While　the　backward　substitution　is　a　process　in　which　the　elements

of　the　solution　corresponding　to　the　root　is　calculated　nrst,　and　the　other　solutions　are

calculated　downward.

　　There　are　two　varia･nts　of　the　forward　elimination,　depending　on　whether　the　index

of　the　inner　loop　is　i　or　j,　in　the　calculation　of　yi　=t･i　‐　μj!/j,　Here,because　the　index

list　expresses　the　row　mlmber　i　of　nonzero　elements　in　each　row　j,　the　outer-product

algorithmjn　which　the　inner　loop　index　is　i,　is　more　desirable.　Butjf　the　outer-product

algorithm　is　applied　straightforwardlyjt　win　incur　much　interprocessor　communication,

because　even　when　yjs　in　a　subtree　allocated　to　one　node,　the　ys,　which　is　to　be　modmed

by　W,　is　in　general　allocated　to　other　processors,

　　ln　our　program,　we　solve　this　problem　by　accumulating　thenlodincation　by　yi　in　a

temporary　array　within　the　processor,　and　make　a　update　to　yj　allocated　to　another

node　only　afteTthe　processing　of　the　subtree　allocated　to　the　R)rmer　processor　has　been

nnished,Thus,the　processing　of　subtrees･allocated　to　each　node　can　be　done　without

communicatiom

　　On　the　other　halid,　in　the　backward　substitution　step,　the　inner-produd　form,　in

which　the　inner　loop　index　in　the　calculation　of　yi　°　yi　-　μd4　is　jjs　more　preferable,　ln
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this　algorithm,　to　calculate　‰the　l/j's　corresponding　to　the　ancestors　o9/iarerequired,

So,by　makingsurethat　all　the　solutions　obtalned　so　hr　have　been　sent　to　the　processor

prior　to　the　calculation　of　the　subtree,　the　calculation　within　that　subtree　can　be　done

without　communication｡

4.4　0ptimization　R)r　enhancing　the　single-processor

　　　perR)rmance

Among　the　nve　phases　of　the　parallel　sparse　solver　stated　in　the　last　section,　the　most

time-consunling　part　is　the　Cholesky　deconlposition､whose　central　operation　is　a　matrix-

vector　multiphcation　(4°c&-A£b&as　shown　in　Fig　4t　Actually,　because　the　algorithm

is　blocked,　b&and　c&are　also　matrices　whose　width　is　equal　to　the　block　size　£,and　the

operation　becomes　a　matrix　multiplication　C&=C&-Aj3F

N
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　　　　　　　　Figure　4,6:　Kernel　operation　of　the　Cholesky　fadorization,

　　ln　this　operation,　becaus･e　all　the　matrices　A&,8&and　C&are　spar8ejt　is　nece8sary　to

access　the　elements　using　the　index　hst.　This　lowers　the　single-processor　perR)rlnanceiG

as　is　the　case　with　most　nTlicroprocessors,　the　processor　has　no　special　hardware　for　index

list　addressing,　Moreover,　the　loop　unrolling　technique　used　to　reduce　the　load/store　and
increase　the　performance　cannot　be　applied　straightforwardly,　because　the　number　and

the　position　of　nonzero　elements　di6rs　lor　each　iteration,　A　straightforward　application

would　reduce　the　performance,　for　it　would　increase　the　operation　count　by　operating　also

on　zero　elements｡

　　�)solve　these　problems,　we　use　locally　optimal　loop　unrolling　pattems　for　each　part　of

the　matrix.　ln　case　of　three-dimensional　structural　analysis　problem,　the　nonzero　elements

appear　in　a　3　by　3･　block,　So,　we　decompose　thenonzeropattern　of　the　matrix　jBOnto

　　　　　　　　　　　　　　　　　　　　　　　43



a　direct　sum　of　the　three　kind　of　blocks,　whose　sizes　are　6　by　2,　3　by　3,　alld　6　by　l　each,

as　shown　in　F1&4.7,　Thenweapply　loop　unrolling　of　(6,　2),(3,　3),or(6,　1)to(J,I)of
Fig,　4.7,　according　to　the　chosen　block･　ln　this　wayμhe　loop　unromng　technique　canbe

apphed　without　increasing　the　oPeration　count.　Becausethe(6,　2)unromng　attains　the
highest　speed　for　the　machine　we　used　in　the　experiment,　we　deconTlpose　lB&so　that　the

number　of　6　by　2　blocks　is　nlaximized,　The　decomposition　of　the　nonzero　structure　into

these　blocks　is　done　in　the　symbohc　factorization　step,　so　its　overhead　is　negligible　when

many　sets　of　equations　with　the　same　nonzero　structure　are　to　be　solved,
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Figure　47:　Optimized　loop　unroning　R)r　the　localnonzerostructure　of　the　matrix.

4.5　Performance　evaluation

We　evaluated　the　performance　of　our　parallel　sparse　solver　on　the　Hitachl　SR2201　distributed-

menlory　parallelcornputer,　W6　used　a　three-dimensional　structural　analysis　problenl　of

size　7V=70,032　as　a　test　problem　and　varied　the　number　of　processing　nodes　?　from　4

to　16/We　also　measured　the　performance　for　?=1　and　2,　but　in　these　cases,　we　used　a

smaller　problem　of　jV=32,274　due　to　memory　limitation,

4.5.1　Parallel　speedup

The　execution　tinles　for　the　symbohc　factorization,　Cholesky　fktorization　and　forward/backward
substitution　are　shown　in　Table　4,1　as　a　function　of　R　Here,　we　used　the　technique　intro-

duced　in　the　previous　section　to　enhance　the　single-processor　performance　in　the　Cholesky

factorization　part,
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　　From　the　tablejt　can　be　seen　that　the　Cholesky　factorization　part　is　sped　up･　by　2j

times　when　F　is　increased　froln4　to　16,　while　the　speedup　of　the　symbolic　ta£torizatioll

and　forward/backward　substitution　parts　is　less　than　twice,　This　is　because　the　latter

two　parts　require　the　same　nuniber　of　interprocessor　communication　as　the　Cholesky

factorization　part,　although　they　have　far　less　computational　work　to　distribute　among

the　processing　nodes.　Note,　howeverμhat　the　relatively　small　speedup　of　these　two　parts

does　not　afrect　the　total　parjlel　performance　severely,　for　the1r　contribution　to　the　tota1

execution　time　is　sman｡

Table　41:　Execution　time　for　each　part　of　the　sparse　solver1:　Execution　time　for　each　part　of　the　sparse　solver　(in　s･
P=4 P=8 P=16

Symbohc　factorization

Cholesky　factorization

)rward/backward　substitution

Oj5

23.86

j5

O｡48

6.17

j7

O｡29

j8

｡35

7ITX)tal 25.06 17.22 10.32

in　seconds),

　　We　can　further　analyze　the　parallel　performance　of　the　Cholesky　factorization　part

by　using　the　ehmination　tree･The　ehmination　tree　corresponding　to　this　problem　is

mustrated　in　Fig,　4t　ln　the　Figure,　we　show　only　branching　vertices　and　omjtted　vertjces

below　the　fourth　leve1,　where　the　tree　is　divided　into　16　subtrees｡　The　numbers　to　the

right　and　left　of　a　branching　vertex　denote　the　number　of　vertices　belonging　to　the　right

and　left　subtrees,　respedively,　right　below　the　branching　vertex,

　　From　these　numbers,　we　kl】ow　that　t】〕e　distribution　of　vertices　among　the　subtrees　is

highly　equal　up　to　these･cond　level　(which　corresponds　to　Parallehzation　with　4　Processing

nodes),but　a　severe　imbalance　occurs　at　the　third　level,　at　a　vertex　n7iarked　as　a,　Asa

result,one　of　the　nodes　has　to　take　charge　of　16　thousand　vertices,　which　is　about　twice　the

number　allocated　to　other　nodes/We　can　deduce　that　this　is　the　re8on　why　the　speedup

from　P=4to?=8　is　modest　(23,86/16,17=L48),hl　contrast,　vertices　are　distributed
relatively　equany　at　the　fourth　leveL　This　is　in　accordance　with　the　observation　that　the

speed　up　from　?=8to?=16　is　higher　(16.17/9j8=L67),
　　The　imbalance　at　vertex　a　is　caused　because　the　nnite　element　mesh　in　thjs　problem　is

irregular　and　is　dimcu】t　to　partition　automatically　by　the　MND　method,　lt　remains　our

future　work　to　improve　the　MND　method　so　that　it　can　generate　high　quality　partitioning

R)r　such　irregular　prob】ems,Another　possjbj】jty　j8　to　modify　the　subtree-to-subcube

mapping　strategy　so　that　it　can　allocate　equal　number　of　vertices　to　each　node　even　if　the

elimination　tree　is　unbalanced,　by　exploiting　tree　structures　at　nn･er　】eve】s,
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　　Figure　4,8:　The　elimination　tree　for　the　3‘dimensional　structural　analysis　problem,

4.5.2　　1Efrect　of　optimization

Next　we　compared　the　performance　of　the　Cholesky　factorization　part　with　and　without

optimization　explained　in　the　section　4.4,　The　result　of　measurement　is　shown　in　Fig,　4j,

Here　we　used　the　problem　of　y=32,274　for　the　cases　of　j)=1　and　2　and　the　problem

ofy=70,032　for　the　cases　of　?=4,8　and　16.　The　single-Processor　performance　with

oμ1mtzation　is　about　100MFLOPS､which　is　20%hi§her　than　that　without　optimization,

When　the　number　of　nodes　is　increased　to　16,　speedup　of　about　10　times　was　obtained,
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4.6　Conclusion

We　developed　a　sparse　direct　solver　for　distributed-memory　parallel　nlachines　and　evalu-

ated　its　performance　on　the　Hitach1　SR2201　parjlel　computer,　This　solver　is　designed　to

dej　with　sparse　synlmetric　positive　dennite　nlatrices　with　3　×3　block　nonzero　strudure,

and　adopts　a　locally　optinylized　loop　unrolling　technique　in　the　Cholesky　factorization

part　for　enhandng　single-processor　performance.　For　a　strudural　analysis　problem　of　size

y=70,032,0urprogram　attained　100MFLOPS　on　one　processing　node　and　speedup　of

about　10　times　when　the　number　nodes　is　16.

　　0ur　future　work　win　indude　optimization　of　the　other　phases　of　the　solver　induding

the　symbolic　factorization　and　forward　and　backward　substitution　jmprovement　of　the

reordering　and　allocation　algorithms,　and　periorniance　collnparison　with　other　parallel

sparse　so】ver　algorithms　such　as　th･e　paranel　multifrontal　method･
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Chapter　5

Direct　SOlution　of　unsymmetric

Tridiagona1]X/latrices　on

Shared-〕MLemory]V[achines

5.1　　1ntroduction

Th,e　problem　of　solving　linear　simultaneous　equations　with　a　tridiagonal　coemcient　matrbc

arises　in　many　areas　of　scientinc　computing,　Typical　applications　indude　computation

of　eigenvedors　of　a　tridiagonal　matrix　by　the　inverse　iteration　method　[46][iOI],solution

of　a　partial　difrerential　equation　by　the　ADl　method　{98]and　interpolation　by　spline

fundions[791,　When　the　size　of　the　matrix　is　large,　lt　is　appropriate　to　accelerate　the
solution　with　the　use　of　parallel　computers,　Many　approaches　for　the　parallel　solution　of

tridiagonal　matrices　have　been　proposed　so　farjnduding　the　dissedioll　method　[50],the

cydic　reduction　method　[54H91]and　a　method　based　on　the　QR　deeomposition　【7L
　　in　th,e　cychc　redudion　nlethod,　the　odd-numbered　variables　in　the　equations　are　elim-

inated　nrst　and　the　number　of　equations　is　reduced　by　ha1£This　procedure　is　repeated

until　the　number　of　equations　is　sumciently　sma1L　This　method　has　a　large　degree　of

parallensm　and　has　been　success�ny　implemented　on　vector　Processors　[92],Also,　exten-

sions　to　block　tridiagonal　nlatrices　[54]and　band　matrices　〔39]ha;ve　been　proposed.　ln

this　method,　however,　the　order　in　which　the　variables　are　eliminated　is　predetermined

and　pivoting　for　numerical　stabilization　cannot　be　hlcorporated､.This　makes　it　dimcult

to　apply　this　method　to　general　unsymmetric　tridiagonal　matrices･

　　The　dissedion　method　is　based　on　the　Cholesky　decomposition　and　extracts　the　Par-

allelism　in　the　ehmination　operation　by　renumbering　the　variables　and　equations　[45H501,

1t　can　be　extended　to　unsymmetric　tridiagonal　matrices　by　using　the　LU　decomposition

instead　of　the　Cholesky　decomposition,　However,　because　the　order　of　variable　elimina-
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tion　is　nxed　also　in　this　method,　the　type　of　matrices　to　which　it　is　apphcable　is　linlited

to　symmetric　positive　dennite　matrices　or　diagonal　dominant　matrices.

　　The　approach　based　on　the　QR　decomposition　【71,0n　the　other　hand,　can　be　apphed

to　general　unsymmetric　tridiagonal　matrices.　Howeverjt　is　known　that　the　QR　decompo-

sition　4lso　needs　pivoting　to　produce　accurate　solution　when　the　matrix　is　nearly　singular

[30L　Hence,　the　applicabmty　of　this　method　without　pivoting　is　also　limited.
　　ln　this　chapter,　we　propose　a　new　paraliel　direct　solver　for　unsymmetric　tridiagona1

matriceS[1091][111],0ur　method　iS　a　varia】71t　Of　the　diSSectiOn　methOd　that　Can　incOrPOrate
partial　pivoting　and　can　solve　linear　simultaneous　equations　with　general　unsymmetric

tridiagonal　coemdent　matrices　on　parjlel　machines　emciently　and　accurately･

　　A　parallel　direct　solver　for　unsymmetric　tridiagonal　matrices　with　pivoting　has　also

been　proposed　in　[52],Howeverjn　this　n71ethod,　there　is　a　tradeof　between　the　ratio　of　the
sequential　part　in　the　algorithm　and　the　number　of　interprocessor　synchronizations.　More

spednca】lyjf　we　denote　the　number　of　columns　that　have　to　be　ehminated　sequentiany

by2μand　the　number　of　interprocessor　synchronizations　by　Q,　PQ　is　equal　to　the　matrix

size　y.　ln　contrast,　our　method　has　the　advantage　that　it　needs　only　one　interprocessor

synchronization　and　the　numbeTof　columns　that　have　to　be　ehminated　sequentiany　is

㎞dependent　of　y,

　　This　chapter　is　organized　as　fonows:　ln　section　5,2,　we　brieny　review　theconventiona1

dissection　method　applied　to　tridiagonal　matrices　along　with　the　dimculty　arising　in　the

ca8e　of　unsymmetric　matrices･　Our　new　parallel　direct　solver　which　incorporates　partial

pivoting　is　introduced　in　section　5.3,　Numerical　results　on　the　Hitachi　SR8000,　a　shared-

memory　parallel　computer　with　8　processors,　can　be　found　㎞section　5　4　Concluding

remarks　are　given　in　the　nnal　section･

5.2　The　Dissection]X/lethod　and　lts　Limitation

5.2.1　　Tridiagonal　solver　based　on　the　dissection　method

We　consider　a　problem　of　solving　a　linear　simultaneous　equation　TX　=b,　where　T　is

a　unsymmetric　tridiagonal　matrix　of　order　y,　ln　the　dissection　method,　we　first　trans-

form　T　to　T'　=PTP'　with　a　permutation　matrix　P　and　then　solve　a　new　equation

(PTPt)(PX)=Pb　by　Cholesky　decomposition,　P　is　determined　so　that　the　paranelism
in　the　decomposition　phase　is　maximized.

　　As　is　well　known　[45H50],a　matrix　A　with　symmetric　nonzero　pattern　can　be　repre-
sented　by　a　non-directed　graph　GA,　GA　has　jV　vertices　that　correspond　to　rows　of　A

nd　GA　has　an　edge　between　two　vertices　i　and　j　if　and　only　if　Aj　≠0.　The　graph　GT
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corresponding　to　T　is　a　dlain､　as　shown　in　Fig,　51(aE　XX4　can　identifly　the　simultalleous
permutation　of　rows　and　columns　T´　=　PTP゛　with　renumbering　of　GT･

　　To　solve　TX　=b　on　a　palallel　computer　with　P　processors　using　the　dissedion　method,

we　divide　GT　into　?　subregions　and　P　-　1　boundary　vertices,Then　we　renumb･er　the

vertices　so　that　the　vertices　in　the　nrst　subrejon　are　numbered　nrst,　those　in　the　second

subregion　are　numbered　second,　and　so　on,　and　the　P　-　1　boundary　vertices　are　given

numbers　from　y　-　P+2　to　y,　The　gTaph　GT　with　new　vertex　numbers　is　shown　in

Fig,　5j(b)for　the　case　of　P　=3,　Here,　the　boundary　vertices　are　represented　by　shaded
drcles｡

1 2　3　4　5　6　7　8　9　1011121314151617181920

|

　　　　　　　　　(a)natUralOrldering

2　3　4　5　6　19　7　8　9　10111220131415161?18

(b)reoTrdering　by　the　dis8ection　method

Figure　51:　A　graph　assodated　with　a　tridiagonj　matrix,

　　By　applying　the　corresponding　permutation　of　rows　and　columns　to　T,　we　obtain　a

matrix　shown　in　Fi&5j,　lt　can　be　seen　from　the　figure　that　the　original　tridiagonal　matrLX

T　is　transformed　into　a　bordered　block　diagonal　matrix　with　three　diagonal　blocks,　When

pivoting　is　not　usedμhe　Cho】esky　decomposition　of　each　diagonal　block　can　b･e　performed

independently.　Thヽus　we　can　solve　the　tridiagonal　equation　TX　=b　in　parailel　using　p

processors･

5.2.2　Problems　in　the　case　of　unsymmetric　matrices

W'hen　solving　hnear　simultaneous　equations　with　unsynlmetric　coemdent　matrix　using

d1rect　methods,　it　is　in　generai　necessary　to　perlorm　pivoting　to　ensure　accuracy　and

numerical　stabihty　[30H46].The　nTlost　commonly　used　method　f6r　pivoting　is　the　partia1
pivoting,　which　chooses　the　element　in　the　pivot　colun71n　with　the　largest　modulus　as　the

pivot　element,　ln　this　subsection,　we　study　how　the　parallelism　in　the　dissection　nlethod

for　TX　=b　is　aflected　when　the　partial　pivoting　is　introduced.

　　Assume　we　aPPly　Gaussian　ehmination　with　Partial　pivoting　to　a　matrix　shown　in

Fig,　5.2,　The　nonzero　pattenl　after　the　nrst　6　column8　(which　corresponds　to　the　vertjces

in　the　nrst　subregion　in　the　graph　of　Fi&5d(b))have　been　ehminated　is　shown　in　Fig,　5j･
The　actual　nonzero　pattem　depends　on　the　sequence　of　the　row　numbers　of　the　pivot
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elements　chosen;　(7=(n1,n2.‥,n6),where　l　≦7li≦M　The　nonzero　pattern　displayed
in　the　ngure　is　the　union　ofnonzeropatterns　over　all　possible　♂s･　ln　the　ngure,the

element8　modined　by　the　elimination　operation　are　denoted　by　squares　with　obhque　lines,

while　the　elements　generated　by　fil1-ins　are　denoted　by　black　squares,
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Figure　5,3:　A　tridiagonj　matrix　reoldered　by　the　dissection　method

　　Ftom　the　ngure,　we　can　see　that　the　element　in　the　7th　colunm　and　the　2nd　row　from

the　iast　has　been　modified　due　to　the　eliltlination.　However,hl　the　ehmination　of　the　7th
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column,this　element　is　one　of　the　candida･tes　of　the　pivot　element,　because　we　choose

the　Pivot　elenlent　&om　all　the　elements　in　the　column　below　the　diagonj･　This　means

that　we　cannot　start　the　elimination　of　the　7th　column　until　the　value　of　this　element

has　been　determined,　that　is,　until　the　nrst　six　columns　have　been　ehminated,　Hence

introduction　of　partial　pivotin,g　causes　dependence　of　the　ehn7lination　operations　in　t･he

second　subregiononthose　in　the　nrst　subregion,　thereby　destroying　the　paralle】ism,

5.3　A　ParalleI　Tr

　　　mg

idiagonaI　Solver　with　PartiaI　Pivot-

5.3.1　The　basic　idea

ln　this　section,　we　propose　a　new　parallel　direct　so】ver　for　unsymmetric　tridiagonal　ma-

trices　that　can　incorporate　partial　pivoting　[109][11]↓XVe　a£hieve　this　by　modi4ing　the
reordering　scheme　in　the　conventional　dissection　nlethod,

　　ln　the　example　shown　in　the　previous　subsedion,　the　dependence　of　the　elimination

oPerations　was　caused　due　to　the　existence　of　the　nonzero　element　in　the　7th　column　ahd

the　2nd　row　from　the　last｡　This　element　isnonzerobecause　the　rightmost　vertex　in　the

nrst　subregion　is　connected　with　the　leftmost　vertex　in　the　second　subregion　through　a

boundary　vertex　(vertex　19　in　Fig･　51(b)).ln　our　algorithm,　we　dissolve　this　dependence

by　renumbering　the　vertices　again　in　each　subregion　of　Fig.5.1(b).　More　specincally,
in　each　sub･region,　the　vertex　numbers　of　all　the　"　purely　inner"　vertices,　which　are　not

adjacent　to　any　boundary　vertices,　are　decremented　by　one,　and　the　len;most　vertex　in

the　subregion　is　given　the　second　largest　number　in　the　subregion･　By　reordering　al】the

subregions　hl　this　manner,　we　obtain　the　numbering　of　the　vertices　shown　in　Fi&5.4.

I 2　3　4　5　6　191i　7　8　9　101220181314】.5　16　17

Figure　5,4:　Reordering　of　the　nodes　by　the　proposed　method,

　　The　new　lnatrb(amt9n�r4　this　renumbering　is　8hown　in　Fig･　5j,Because　the

leftmost　vertex�each　8ubregion　is　given　the　seco】ld　largest　number　in　the　suhregion,　the

element　thM　caused　the　dependence　of　eUmination　operation　is　moved　to　the　second　last

column　in　the　subregion.
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Figure　5,5:　A　tridiagonal　matrix　reordered　by　the　proposed　method,

5.3.2　Parallelism　in　the　elimination　operation

ln　Fig,　5,6,　we　show　the　block　strudure　of　the　nonzero　pattern　of　the　matrix　shown　in

Fig,　5t　Here,　the　columns　of　the　matrix　are　divided　into　sets　that　correspond　to　purely

inner　vertices　(.4,βand　C)jnner　vertices　that　are　connected　to　boundary　vertices　(the

thin　column　sets　right　after　the　sets　A　βand　c)and　the　bou,ndary　vertices　(the　last

set)･Likewise,　the　rows　are　divided　into　sets　that　correspond　to　three　subregions　and　the
boundary　vertices,Each　block　of　the　matrix　is　shaded　if　there　are　at　least　on~e　nonzero

element　in　the　block,　and　is　white　otherwise.

　　Now　we　focus　on　the　column　set　R　Among　the　lour　blocks　in　β,only　the　second　one

contains　nonzero　elements　and　the　blocks　l,eft　to　this　block　contain　no　nonzero　elements｡

As　a　result,　the　columns　in　βaJe　not　modined　by　the　ehmination　of　columns　left　to

3,even　if　partij　pivoting　is　introduced･　This　means　that　we　can　start　elimination　of

columns　in　3　bek)re　eliminatioll　of　columns　in　yl　has　been　completed,　Similarly,　because

the　only　nonzero　block　in　C　is　the　thlrd　one　and　all　the　blocks　left　to　this　block　is　zero,

the　coiumns　in　C　is　not　modined　by　the　elimination　of　columns　left　to　C　So　we　can

start　eliminating　columns　in　C　without　waiting　for　the　conlpletion　of　the　ehmination　of

columns　in　Aandβ,

　　Fi1　5,7　mustrates　the　nonzero　structure　of　the　matrix　shown　in　Fig.　5,5　after　elimi-

nation　by　the　6th　column,　As　we　have　explained　now,　the　columns　in　β(the　7th　to　the

10th　column)have　not　b･een　modined　by　the　elimination　of　the　lst　to　the　6th　columns｡

By　using　this　new　renumberLng,　we　can　ehminate　the　columns　in　A,βand　C　in　paralle1
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using　3　processors･
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Figure　5･7:　Nonzero　structure　after　elimination　by　the　6th　column.

　　ln　Fig,　5,8,　we　show　the　nonzero　structure　of　the　second　block　in　β　during　ehmination,

Here､we　consider　the　situation　where　there　are　12　columns　in　th.e　set　βand　the　elimination

by　the　5th　column　in　the　set　have　been　completed･　When　we　apply　Gaussian　elimination

with　partial　pivoting　to　a　tridiagonal　matrixjt　can　be　easilyseenthat　n11-1ns　appear　at

positions　two　elements　above　the　diagonaL　ln　our　method,　in　addition　to　these,　we　also

have　ml,ins　in　the　second　last　rows　and　columns　in　the　block.　As　a　result,　the　number　of
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elements　involved　in　the　elimination　in　each　step　increases　from　6　to　12　and　the　number

of　pivot　candidates　increase8　from　two　to　three,This　almost　doubles　the　number　of

arithmetic　operatk)ns　and　it　is　the　price　we　have　to　pay　for　parallelization,
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Figure　5･8:　Nonzero　structure　of　block　B　during　elimination,

　　So　far,　we　have　described　our　aigorithm　fy)r　the　case　of　?　=3,　However,it　can　be

easily　generalized　to　use　any　number　of　processors,　0ur　algorithm　needs　onlyoneinter-

processor　synchronization,　which　occurs　when　all　the　"　purely　inner"　columns　anocated　to

eadl　processor　have　been　eliminated,　The　remaining　columns,　which　colrespond　to　the

boundary　vertices　and　vertices　adjacent　to　them,　needs　to　be　eliminated　sequentially,　but

the　number　of　such　columns　is　3(P-1)and　is　independent　of　the　matrix　size　7V.

5.4　NumericaI　Results

We　inlplemented　our　method　on　the　Hitachi　SR8000/F1,　a　shared　nlemory　parallel　ma-

chine　with　8　processors　[95],and　compared　its　performance　and　nunllerical　accuracy　with
that　of　the　conventional　methods､

5.4.1　Parallel　performance

Tb　evaluate　the　parallel　perR)rmance,　we　used　random　tridiagonal　matrices　whose　elements

were　extracted　from　uniform　random　numbers　in　{O,11(matrices　of　type　(a)),The　matrix
size　y　was　varied　&om　500　to　8,000　and　the　numbe‘r　of　processors　JP　was　varied　from　1

to8/W6　used　a　sequential　tridiagonal　solver　based　on　Gaussian　elimination　with　partial

pivoting　when　P　=1　and　used　our　method　when　P　≧2.

　　The　execution　times　for　the　LU　decomposition　Part　are　shown　hl　Table　5,1　and　Fig,　5,9.

As　can　be　seen　from　the　table､　our　method　achieves　speedup　of　5.5　times　compared　with
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the　sequential　method　when　jv　=　8000　and　P　=8,　1t　is　also　hster　than　the　sequential

method　when　?=2or?=4.

　　Fig･　5,10　showsthe　details　of　the　execution　time　R)r　the　case　of　μ=8､'T`he　whitmMu1

and　the　shaded　area　denote　theexecution　time　for　the　paranel　part　(elimination　of　the

purely　inner　columns)and　the　sequential　paJt　(ehmination　of　the　remaining　columns),
respectively,　XVe　can　see　from　the　graph　that　the　execution　time　for　the　latter　is　almost

constant　and　its　percentage　decreases　as　Ⅳincreases･　This　is　in　consistent　with　the

observation　we　made　at　the　end　of　subsection　5,3.2　andlneansthat　the　paranel　emdency

of　our　method　increases　with　y｡

　　We　also　measured　the　execution　times　for　matrices　of　type　(b)and(c)which　we　win

define　in　the　next　subsection.　But　here　we　omit　the　results　because　they　were　almost　the

same　as　those　lor　nlatrices　of　type　(a),

Table　5.1:　Execution　time　of　the　LU　decom

Matrix　size

7V
―

500

1000

2000

4000

8000

Sequential　Ours　　　Ours　　　Ours

(1PU)
-

3.26E-4

6.24&4

L21&3

2.44Ey3

4.79E-3

(2PU)(4PU)(8PU)
2.04E,4

3.49&4

6.63E-4

1.32E-3

2.59E-3

Exeeution　time　(see.)
6×10-3

5×10゛3

4×10“3

3×10-3

2×10'3

1×10‘3

0

L85E4　2j8E4

2.66&4　3.05E,4

4j2&4　3.84E4

7.42E-4　5.48E,4

1.38&3　8.75&4

osition｡
--

―

　Speedup

　(8PU)
-

　L26

　2.04

　3.15

　4,45

　5.47

→-Sequential　method　(IPU)

}-Our　method　(2PU)

-･-　Our　method　(4PU)

-o--Our　meth･d,(8PU)
/
/

/

//
∠/⊇

l　　　　　j　　　　　1　　　　　･

N=500　N=1000　M=2000　N=4000　M=8000

　　　　　　　　Matrix　81ze　N

Fjgure　5　j):Execution　time　of　the　LU　d･ecomposition,
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Execution　time　(sec)
1×10‘3

9×10‘4

8×10‾4

7×10‘'4

6×10‘4

5×10“4

4　×　10゛4

3×10-4

2×10‘4

1×10゛4

　　　　0

□Parallel　part

　sequential　part

｢1

§| | §|
N=500　N=1000　N=2000　N=4000　N=8000

　　　　　　Matrix　size　N

Figure　5･10:　Details　of　the　execution　time,

5.4.2　Numerical　accuracy

Next　we　compared　the　accuracy　of　our　method　with　that　of　the　sequential　tridiagona1

solver　with　partial　pivoting　and　that　of　the　dissection　method　without　pivotin&　The

problems　we　used　are　(a)the　random　matrices　which　we　used　in　the　previous　subsection,

(b)random　matrices　whkh　are　the　same　as　(a),except　that　the　diagonal　e】ements　are

mu】tiplied　by　10‾4,　and　(c)nlatrices　obtained　by　tridiagonalizing　the　Frank　matrices

Aj　°　min(lj)and　subtra£ting　their　smjlest　eigenvalue　from　the　diagonal　elements,

Matrices　of　type　(c)arise　in　the　computation　of　eigenvectors　using　the　inverse　iteration
method,　The　matrix　size　Ⅳwas　varied　from　500　to　8000　as　in　the　Previous　subsection,

and　the　accuracy　was　measured　in　terms　of　the　residual　ll　TX　-　b　lμ.

　　The　residual　R)r　the　nlatrices　(a),(b)and(c)are　shown　in　Figs,　5,11,　5.12　and　5,13,
respedively,lt　can　be　seen　from　the　ngures　that　our　method　achieves　higher　accura£y

than　the　dissection　nlethod　in　all　cases　except　for　one,　which　is　the　y　=2000　case　for

matrix(c).The　accuracy　of　our　method　is　up'　to　two　orders　of　magnitude　higher　than　the

dissection　method　for　matrices　of　type　(b),This　suggests　that　pivoting　is　indispensable
for　matrices　which　do　not　have　dia･gonal　dominance,　VVhen　compared　with　the　sequential

Gaussian　ehmination　with　partial　pivoting,　our　method　attains　much　the　same　accuracy,

The　results　shown　in　ngures　5j　l　and　5.　12　are　for　a　specinc　seed　of　the　random　number

generator,　but　the　diflerence　of　the　accuracy　of　the　three　methods　showed　almost　thesarne

tendency　R)r　other　values　of　the　seed,ln　Fig,　5,14,　we　show　how　the　residual　changes
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when　the　seed　of　therandonl　number　generator　is　changed　for　the　case　ofμ　=2000　and

matrix　type　(b),As　can　beseenfrom　the　graphμhe　accuracy　of　our　method　is　almost

thesanle　asthat　of　the　sequential　method　and　about　two　orders　of　magnitude　better　than

that　of　the　dissection　metho･d･　This　agrees　with　the　results　shown　in　Fig･　5j2･

　　From　these　numerical　results,　we　can　say　that　our　method　is　a　good　choice　when　one

wants　to　solve　general　unsymmetri･c　tridiagonj　matrices　on　parjlel　conlputers　emdently

and　accuratey

　　　　　　　　　　　　　　Residual　il　TX-b　l{
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10-16
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-C}--Our　method

●r-　Dissection　method

l　　　　　　l　　　　　　l　　　　　　l

N=500　N=1000　N=2000　N=4{)00　N=8000

　　　　　　Matrbc　size　N

Figure　5.11:　Residual　of　the　three　methods　for　random　matrices･

5.5　Conclusion

ln　this　chapter,　we　Proposed　a　new　parallel　direct　solver　for　unsymmetric　tridiagona1

matrices　that　can　incorporate　partial　pivoting･　We　inlplemented　our　algorithnl　on　one

node　of　the　Hitachi　SR,8000/Fl　and　obtained　speedup　of　5,5　times　compared　with　the

sequential　tridiagonal　solver　with　partial　pivoting　when　the　matrix　size　is　8000　and　the

nurnber　of　processor　is　8,　The　accuracy　of　our　method　is　almost　the　same　as　that　of　the

sequential　solver　and　is　up　to　two　orders　of　magnitude　better　than　that　of　the　paralle1

solver　bas･ed　on　the　dissection　method　without　pivoting,0ur　future　work　will　indude

implementation　olf　thiS　algorithm　on　distributedrnellnory　parallel　machines　and　incorpo-

ration　of　this　algorithm　into　real　aPphcations　such　as　the　inverse　iteration　method　for

eigenvalue　computation･
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Figure　5j3:　Residual　of　the　three　methods　for　matrices　obtained　by　tridiagonalizing　the

Frank　matrices.
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Chapter　6

Computation　of　Eigenvalues　of　Real

Symmetric]Vlatrices　on　Processors

with　Hierarchical　]V[emory

6.1　　1ntroduction

ln　this　chapter　and　the　next,　we　deal　with　the　problem　of　computing　the　eigenvalues

and　the　corresPonding　eigenvectors　of　an　Ⅳby　y　real　symmetric　or　complex　Hermitian

matrix　A,　that　is,　a　set　of　a　scajar　ei　and　a　vector　xi　that　satisfly

Axi=eixF ㈲1)

lt　is　well　known　that　A　has　y　eigenvalues　induding　multiphcity　and　we　are　interested　in

computing　all　or　part　of　the　eigenvalues　andjn　some　cases,　the　corresponding　eigenvedors.

This　isoneof　the　most　basic　linear　algebra　calculations　and　has　wide　applications　to

scientinc　computing　such　as　structural　analy8is　and　eledronic　structure　calculation　[103】･

　　The　standard　procedure　for　this　problem　consists　of　the　R)11owing　four　step8　146][76H100]

[lo1]:

L　Reduction　of　A　to　a　real　symmetric　tridiagonal　matrix　T　by　Householder　transn)r-

　mations｡

2,　Computation　of　the　eigenvalues　{eb　e2,　‥9　ejv}of　T.

3.Computation　of　the　dgenvectors　{yl,y29‥,yy}of　T.

4.　Back-transformation　of　these　eigenvedors　into　those　of　the　original　matrix,

　　{xb　x2,　‥･,xyE
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The　steps　are　shown　in　Fig,　6j　in　more　detaiL　ln　this　chapter,　we　deal　with　the　compu-

tation　of　eigenvalues　(steps　l　and　2)on　high　performance　architectules･　Computation　of
eigenvedors　w1Il　be　covered　in　the　next　chapter･

　　Of　the　two　steps　for　computing　the　eigenvalues,　we　focus　on　the　tri-diagonalization

step.　This　is　because　it　requires　O(yV3)computational　work　and　dominates　the　computing
time　in　large　scale　problems,　0n　the　other　hand,　computation　of　the　eigenvalues　of　tri-

diagonal　matrix　T　by,　for　exarnple,　the　bisedion　method　requires　only　O(y2)computation

[46][76],

　　T¥i-diagonalization　by　the　Householder　transformations　has　inherently　large　para1-

lelism　of　O(7V2)and　its　emcient　imp】ementations　on　paral】elcolTlputers　have　been　we11

8tudied,ln　fact,　there　are　jgorithnls　for　shared'memoTy　paranel　conlputers　[84]and

distributed-memory　parallel　computers　[22][23][36][59H60HI63H70]･

　　Optimizing　the　single-processor　perfornlanceof　this　algorithm　on　processors　with　hi-

erarchical　memory　is　more　dimcult,　however,　because　it　consists　mainly　of　matrix-vector

multiphcations　and　rank-2　updates　of　a　matrix　[46H76],both　of　whichareBLAS　2　opera-
tions　that　provide　only　sma11　opportunity　for　reusing　the　matrix　data.　To　solve　the　Prob-

lem,　Dongarra　and　van　de　Geijn　[36]proposed　a　blocked　algorithm　for　tri-diagonahzation.
By　deferring　the　appncation　of　the　Householder　transformations　and　applying　£trans-

formations　at　once,　they　show　that　the　rank-2　update　operation,　which　occupies　half

of　the　computational　work,　can　be　replaced　with　rank-2£update,　a　BLAS　3　oPeration,

Howeverjn　their　algorithm,　the　data　reuse　rate　in　the　other　half　of　the　algorithm　re-

mains　low≒　Bishof　et　ai,116H171　,　0n　the　other　hand,　devised　a　two-step　algorithnl　for
tri-diagonalization　which　nrst　transR)rms　the　matrix　into　a　band　matrix　of　half　band-

width£and　then　reduces　it　into　a　tridiagonal　matrk　Their　algorithm　has　the　advantage

that　the　former　step　can　be　done　using　entirely　BLAS　3　operations,　while　the　latter　step

requires　only　O(y2£)work,　Neverthelessμt　still　has　the　dimculty　that　ifonechooses

£so　that　the　cadle　memory　can　be　fully　utilized　in　the　former　step,　£tends　to　become

large　and　the　computational　work　of　the　latter　step　becomes　not　neglijble,

　　ln　this　chapter,　we　improve　BishoPs　algorithm　by　combining　it　with　Dongarra　el　al･　's

blocking　technique,　By　de1rring　the　apphcation　of　transf6rmations　in　the　R)rmer　step　of

BishoPs　algorithnl　and　applying　£'transformations　at　once,　we　can　eflectively　increase

the　size　of　matrix　nlultiplications　and　use　the　cache　emciently　without　increasing　the　work

in　the　latter　step,　ln　addition,　we　employ　loop　merging　techniques　to　further　enhance

data　reuse,

　　The　rest　of　this　chapter　is　organized　as　follows･　ln　section　&2,we　describe　the　basic

algorithm　of　Householder　tri‘d14onalization　and　its　bloded　version　due　to　Dongarra　et

al,　ln　section　6,3,　we　explain　the　two-step　algorithnl　of　Bishof　et　al,　0ur　improvement　on
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this　algorithnTl　is　introduced　in　section　6j　and　the　results　of　numerical　experiments　are

given　in　6,5,　Finallyxve　conclude　with　some　prosped　of　future　work,

　Real　symmetric　matrix　j

　　　　↓

Householder　transformation

↓Tridiagonal　matrix　r
Bisection　method

↓IEigenvahlsd77:{e,}
lnverse　iteration　method

↓Eigenvectors　of　7'　:　{y,}
]Back-transformation

　　　↓
Eigenvectors　of　j:　{x/}

QmRMb

et4e=r(2:　orthogonal　matrix)

irーQ71°0

7yj　゛　eiy/

x,゜　e,

Figure　61:　Standard　procedure　for　computing　the　eigenvalues　and　eigenvectors　of　a　real

symmetric　matrix,

6.2　The　conventionaI　Householder　tri-diagonalization

　　　and　its　blocked　variant

6.2.1　Basic　algorithm　for　}louseholder　tri-diagonalization

The　basic　algorithm　for　Householder　tri-diagonahzation　is　shown　in　Algorithm　6,1.　The

computationconsists　of　y　-2　stages,　Let's　denote　the　matrix　at　the　£-th　stage　(1≦&≦

y-2)byA㈲,the　column　vector　which　consists　of　the　(&+1,&)-th　through　(yj)-th
elements　of　A㈲byd㈲and　the　lower-right　y　-&byy-&submatrix　of　A㈲byC㈲,as

shown　in　Fig.　6,2,　At　the　&-thstage,we　nrst　generate　the　reμedθΓ9d∂ru㈲from　d㈲

and,　by　multiPlying　it　with　C㈲,obtain　vectors　p((and　q(&)･u㈲and　q㈲are　called　the

μwla)&mn　and　μwz9tμ,respectivelyyFinally､we　update　C㈲using　the　pivot　column

and　the　pivot　row,　This　operation　is　called　m4'2　m�jc�lm　of　the　matrix,　See　【46H76]

for　the　proof　that　this　algorithm　actually　tri-diagonalizes　the　input　matrix　A.
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[Algorithm　61　Tri-diagonalization　by　the　Householder　transforma-

tions]
do4=1,Ⅳ-2

　[Generation　of　the　renector　vector　u(k)]
　�&)=V/a794jμy

u㈲=({)-sgn(々))y゛),々),‥｡μ≒)
　a(゛)=2/　|l　u(㈹12

　[R/latrix-vector　multiplication]
　p(&)=a㈲C㈲u(&)

　β㈲ta㈲u㈲£p(&)/2

　q㈲=p㈲‐β㈲u㈲

　[Rank-2　update　of　the　matrix]
　C㈲:=C(&)-u(&)q(o-q㈲u(&)t

end　do,

£

Figure　61:　The&-th　stage　of　Householder　tr1-diagonjization.

6.2.2　Blocked　version　of　the　Householder　tri-diagonalization

ln　Algorithm　G.I,　each　of　the　matrix-vector　multiplication　and　the　rank-2　update　of　the

matrix　requlre　2/3y3　noating　point　operations　and　these　two　constitute　most　of　the　total
computational　work.　However,　both　of　these　are　BLAS　2　operations　that　provide　only

sman　opportunity　for　data　reuse,　As　a　result,　it　cannot　attain　high　perfomlance　on

processors　with　hierarchical　memory,

　　!ITb　overcome　this　dimculty,.　D'ongarra　et　j,proposed　a　blocked　algorithm　f6r　the

Householder　trl-diagonanzation　[36].This　is　shown　as　Algorithm　6,2.Here,(X)i　denotes
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the　l-th　column　vedor　of　matrix　x･　ln　the　μth　stage　of　this　algorithm,　after　computing

the　pivot　column　u(&〕and　pivot　row　q㈲,we　defer　the　rank-2　update　and　instead　store

u㈲and　q(&)as　a　columnof　matrixU(&)and　q㈲,respectively,　ARer£pivot　colunlns

and　rows　have　been　generated,　we　perform　£updates　at　once,　Hence　the　rank-2　update

is　replaced　by　rank-2£update　or　matrix　multipncation,　8　mustrated　in　Fig,　6.3,　and　the

ratio　of　data　reuse　of　C(&)ls　increased　by　a　factor　of　£･This　algorithm　is　adopted　in　the

LAPACK　routine　&yl�[81,

[Algorithm　6,2　Tri-diagonalization　by　the　blocked　Householder

transformations】

dox=1,y/£

　U((x‾1)゛£)=φ,q((K‾1)゛£)=･β

　do&=(K-1)*£+1,K*£

　　[Partia1　Householder　transformation]
　　d((=d(゛)-U(ol)(Q(61)i)E(x-1),1

　　　　　　　-q(61)(U(61)'‰(x-1),1

　　[Generation　of　the　rdector　vector　u(k)]

　　y)=φF9w

　　u(゛)=(々)-sgn(())�゛),{)､…､μ≒)
　　y)=2/　|l　u㈲|12

　　[Matrix-vector　multipncation]
　　p㈲｡a㈲(C㈲_U(1-1)q(1-1)t_q(k-1)U(1-1)tu㈲

　　β㈲=a(゛)u(゛)zp(゛)/2

　　q(゛)=p㈲―β㈲u(゛)

　　U(o=[U(゛-1)lu㈲],q㈲=[Q(゛-1)lq㈲]

　end　do

　[Rank-2£update　of　the　matrix]
　C(g*£):=C((x-1)*£)-U(/f*£)q(x‘£)t-q(x゛£)U(x゛£)1

end　do

　　Although　this　algorithm　can　replace　half　of　the　BLAS　2　operations　with　BLAS　3,　the

=other　half,　the　matrix-vector　multiplication　part,　st111　has　to　be　done　with　BLAS　2,　The

algorithm　of　Bishof　et　aL　【16][171which　we　w111　explain　in　the　next　sedion　was　proposed

to　remedy　this　problem,
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　　　Figure　6,3:　Blocked　Householder　tri-diagonalization　with　block　size　£=4,

6.3　The　two-step　algorithm　n〕r　tri-diagonalization

6.3.1　The　basic　idea

BishoPs　algorithm　of　transfoTms　the　input　matrix　A,　to　a　tridiagonj　matrix　T　in　two

steps,namely,　redudion　of　A　to　a　band　matrix　B　of　half　bandwidth　£and　reduction　of

8　to　a　tridiagonj　matrix　T,　as　mustrated　in　Fi&6λ

Mahix　sizc　y

j

●●

Halfbandwidth£

　　4-→･

ZI

4

7'

Figure　6j:　The　two-step　algorithnl　for　tri-diagonalization,

　　Of　the　two　stepsμhe　former　step　can　be　done　entlrely　with　BLAS　3　operations　and

requlres　about　(4/3)y3　noating　point　operations　[16H171,　while　the　latter　can　be　done
with　about　6yV2£operations.　Accordingly,when　y≫£,the　algorithm　needs　almost　the

samenumber　of　operations　as　the　basic　algorithm　(Algorithm　6j)and　most　of　them　are

done　with　BLAS　3　routines,
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6.3.2　Reduction　of　the　input　matrix　to　a　band　matrix

We　show　the　algorithm　for　reducing　the　input　matrix　to　a　band　matrix　as　Algorithm

6,3,　Herejt　is　assumed　for　simplicity　that　y　is　divisible　by　the　half　bandwidth　£TO

describe　the　algorithm,　we　dividematrices　into　blo,cks　of　size　£×£alld　use　these　biocks

and　rows/columns　of　the　blocks　as　the　basic　components,

　　The　algorithmconsists　ofⅣ/£-1　stages,　lt　is　very　similar　to　the　basic　Householder
tri-diagonalization　algorithm　shown　in　Algorithn1　61,　except　that　the　vedors　are　replaced

with　block　vectors　of　width　£and　the　scalars　are　replaced　with　£x£matrices,　Specincany,

vedors　d(&),u㈲,p(&),q(&)arerePlaced　with　block　vectors　D(K),U(K),P(£),q(£)of

width£,while　scalars　a㈲andβ(&)are　replaced　with　£×£matrices　a(K)andβ(g),

　　At　the　x-th　stage,　wefocus　on　the　block　vectorD(x)which　consists　of　the　(X+1,X)-th

to(Ⅳ/£,K)-th　block　elements　of　A(KE　ln　a　sp1rit　similaTto　that　of　the　basic　Householder
tri-diagonahzation,we　try　tonnd　a　block　Householder　transformation　l-U(x)a(K)U(x)

that　transR)rms　D(x)into　a　block　vector　whose　first　block　is　an　upper　triangular　matrix

and　the　following　blocksare　zero　(Fig,　6,5),Wecarlobtain　such　a　block　Householder
transformation　easily　by　computing　the　QR　decomposition　of　D(x)using　Householder

transformations[46]and　combining　these　transformations　using　the　Wy　79Rse�dim

[15]㈲H87],Next,by　multiplying　it　with　C(g),we　obtain　bloek　veetors　P㈲and　q(n

U(″)and　Q(゛)　arecalled　the　6Zo･d　p&ol　c�7£mn　and　&lodμ･ol　muJat　the　λ7-thstage,

respedively,　Finally,　we　update　C(K)using　the　block　pivot　column　and　the　block　pivot

row,　This　is　a　rank-2£update　of　C(K),This(fompletes　the　transfonnation　of　the　leading

(K+1)£by(X+1)£submatrix　of　A　to　a　band　matrix,

[Algorithm　6,3　Reduction　of　the　input　matrix　to　a　band　matrix]

dox=1,y/£-1

　[Generation　of　a　block　Householder　transf6rmation]
　Compute　a　block　Householder　transformation

　l-U(x)a(K)U(K)that　transforms　the　block　vector　D(K)

　into　a　block　vector　whose　nrst　block　is　an　upper　triangular

　matrix　and　the　following　blocks　are　zero,

　[Matrix-block　vector　multiplication]
　P(x)=C(K)U(K)a(AT)

　β㈲=a㈲U(g)fP(g)/2

　q㈹=P(″)ーU㈲β(″)

　[Rank-2£update　of　the　matrix]
　c(x):=c(n-U㈲q(o-q㈲U(4

end　do
　　　㎜　　　　　　㎜r　　=　　　　　　　　　　　　　　〃　　　　　=
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　　　　　　Figure　6･5{Reduction　of　the　matrix　at　the　second　(X=2)stage･

　　ln　this　algorithm,　both　the　matrix-block　vedor　multiplication　and　the　rank-2£update

account　for　nearly　half　of　the　total　computational　work.　As　is　dear　from　the　algorithm,

both　of　these　operation　are　matrix　mult1P11cations　and　their　rate　of　data　reuse　increases

with　the　half　bandwidth　£lt　is　therefore　optimal　for　maximizing　the　single-processor

performance　in　this　step　to　make　£as　large　as　possible　under　the　condition　that　all　the

blocks　used　in　the　matrix　multiplications　can　be　stored　in　the　cache.

6.3.3　Reduction　of　the　band　matrix　to　a　tridiagonal　matrix

ln　the　second　step　of　the　Bi8hof's　a】gorithm,　the　band　matrix　obtained　in　the　first　step

is　further　reduced　to　a　tridiagonal　matrix,This　can　be　achieved　using　the　algorithm

explained　in　[681o(101}and　requires　about　6jV2£noating　point　operations,　Note　that
the　computational　work　of　this　step　increases　proportionally　with　£.

6.4　1mprovement　on　the　two-step　algorithm

6.4.1　Limitations　of　the　two-step　algorithm

As　we　have゛stated　in　subsection　&3,2,　we　have　to　use　moderately　lal゛ge　£to　achieve

high　single-processor　performance　in　the　nrst,0n　the　other　hand,　the　computationa1

work　in　the　second　step　increases　with　£.To　be　concrete,　let's　consider　a　situation　of

tri-diagonalizing　a　matrix　ofⅣ゜7200　on　a　processor　with　64KB　of　cache　memory.　lf

we　dloose　£=12,　the　computational　work　in　the　second　step　is　kept　to　less　than　3%

of　the　total　work,　but　we　cannot　funy　exploit　the　cache　in　the　nrst　step　because　matrix

multiplication　C=AB　ofsize　£×£require　only　3,5KB　of　memory,　ln　contrast,　if　we

choose£=48,　we　can　fu11y　utihe　the　cache　and　icrease　the　rate　of　data　reuse　by　four

times,but　the　computational　cost　of　the　second　step　increases　to　about　10‰As　can　be
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seen　from　thisexamplejt　is　sometimes　dimcult　to　choose　£properly､especially　when　7V

is　not　large　enough,

　　'R)solve　this　problem,　we　propose　two　techniques　to　enhance　data　reuse　in　the　nrst

step　of　BishoFs　algorithm　without　increasing　£One　of　the　tedniques　is　R)r　the　n7latrix-

block　vector　multiplication　part　and　the　other　is　R)r　the　rank-2£update　part,　These　two

techniques　can　be　used　together　to　improve　the　overan　performanc･e　of　BishoPs　algorithm･

6.4.2　1mprovement　of　the　matrix-block　vector　multiplication

M7e　consider　the　computation　of　C(K)U(g)in　Algorithm　6､3.Because　the　original　matrix

A　is　symmetric　and　the　rank-2£　updates　keep　the　symmetry,　we　know　that　C(jO　is

symmetric　for　every　x,　Let's　assume　tht　the　multiplication　is　performed　block-by-block

and　focus　on　two　blocks　Fl　and　F2　of　C(K)which　are　at　mirror　positions　of　each　other

with　resped　to　the　diagona1　(Fig,　6j).As　can　be　seen　from　the　Figure,　Fl　is　multiplied

with　Gl　and　added　to　HI,　while　F2　is　multiphed　with　G2　and　added　to　H2.　in　the

standard　implementation,　these　two　operations　are　do･ne　in　separate　loops,　Howeverjf

we　merge　them,　we　can　ehminate　the　load　of　F2　by　exploiting　the　fact　that　F2　=FF　This
increases　the　data　reuse　rate　for　C(x)twice｡
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Figure　6,6:　Exploiting　the　symmetry　of　C(K)

6.4.3　1mprovement　of　the　rank-2£update

For　the　rank-2£update　part,　we　can　apply　the　idea　of　the　blocked　Householder　trans-

formation　introduced　in　subsection　6,2,2,　The　algorithm　based　on　this　idea　is　shown　as

Algorithm　6,4,　Here,　F　is　some　integer　and　Q“　and　U“are　matriees　whose　columns
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are　b】oek　vectors,　((y)･and(U%denote　the　i-th　column　(block　vector)of　Q゛　and　U‘(,
respedively,

　　ln　this　algorithm,　after　computing　theblock　Householder　transformation　l-U(K)a(g)U(K)

and　generating　the　block　pivot　rows　and　columns,　we　defer　the　ranjk-2£upd,ate　and　in-

stead　store　the　block　pivot　rows　and　columns　as　a　block　column　of　matrices　QK　and　UK｡

After£/block　pivot　rows/columns　have　been　generated,　we　aPply　these£″rank-£updates
as　a　rank-2£7y　update　on　matrix　C(x),This　modification　increases　the　data　reuse　rate

ofC(x)in　this　part　by　£″times　without　increasing　the　computationalwork　in　the　second

step　of　BishoFs　algorithm,

[Algorithm　6,4　1mproved　version　of　BishoFs　algorithm]

doK=1,y/(n')-1
　U((K‾1)゛££')=4,Q((K‾1)*££')=･β

　doK=(K-1)*£″+1,K*£

　　[PartiaI　Householder　transn)rmation]

　　D㈲:゜D㈲-U(x‾1)(Q(Jo1)t)x-(,《-1)4･

　　　　　　　　-Q(゛`゛1)(U(″‾1)‘)g-(x-1)4'

　　[Generation　of　a　block　}{ouseholder　transa)rmationJ
　　Compute　a　block　Householder　transformation

　　l-U(x)a(g)U(K)that　transforms　the　block　vedor　D(x)

　　into　a　block　vector　whose　nrst　block　is　an　upper　triangular

　　matrix　and　the　n)11owing　blocks　are　zero,

　　[Matrix-block　vector　multiplication]

　　P㈲=(C㈲ーU(゛(-1)Q(g-1)'―Q(g-1)U(j(-1)゛)U㈲a㈲

　　β㈲=a㈲U(゛)゛P(J゛)/2

　　Q(″)=P㈲-β(″)U(″)

　　U㈲=[U(g-1)IU(g)1,Q㈲=[Q(7(-1)IQ㈲]

　end　do

　fRank-2££″update　of　the　matrix】
　C(K゛£″):=C((K-1)゛£')-U(K*£')Q(K゛£')1-Q(K゛£')U(K゛£')゛

end　do

6.5　Numerical　results

6.5.1　Performance　on　a　processor　with　hierarchica】1　nTlenlory

We　implemented　the　following　three　methods　on　the　Hitach1　EP8000　and　evaluated　thelr

perfomlance,
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●Dongarra　et　aljs　blocked　Householder　tri-diagonahzation　described　in　subsection

　6.2.2.

　　●Bishof　et　alys　two-step　tr1-diagonanzation　algorithm　described　in　sedjon　6.3

　　●Our　improvement　on　Bishof　et　aljs　algorithm　proposed　in　sedion　6λ

The　EP8000　uses　IBM　Power　4　as　its　processor　and　have　a　peak　perR)rmance　of　5,2GFLOPS,

As　a　compner,　we　used　Hitachi　FORTRAN90　01-01　version,

　　F1rst,we　show　the　performance　comparison　of　Dongarra's　algorithm　and　BishoPs

algorithm　in　Table　6･1　and　Fig.6･7･　ln　the　latter　algorithm,　we　chose　the　maximum　value

of　the　hjf　bandwidth　as　£=48　so　that　all　the　data　used　in　the　jgorithm　can　be　stored

in　the　nrst　cache,　From　these　results,　we　can　make　following　observatioils:

L　Dongarra's　aJgorithm,　whichusesBLAS　3　for　only　half　of　the　total　computationa1

　　work　and　uses　BLAS2　for　the　rest,　can　attain　at　most　20%of　the　peak　performance､

2,　Bishof's　;11gorithfl　can　attajn　L6　to　L9　times　the　performance　of　Dongarra's　algo‘

　　rithm｡

3,　The　performance　of　Bishof's　jgorithm　is　highest　when　£=12&nd　decreases　as　£

　increases｡

The　last　point　is　due　to　the　fa£t　that　the　computational　work　in　the　second　step　increases

proportionjly　with　£･
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　　　Figure　6,7:　Performance　comParison　of　Dongarra's　and　Bishof's　algorithm,

　　Next,we　investigated　the　dect　of　our　improvements　proposed　in　section　64　The

results　are　given　in　Table　6,2,　Here,　we　used　£″=4,　The　results　show　that　our　im-

provements　increase　the　pelformance　of　Bishof's　algorithm　by　10　to　15%and　achieve　L7
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Table　6,1:　Performance　comparison　of　Dongarra゛s　and　BishoFs　algorithm･

Algorithm £ 7V Execution　Performance　%of　peak　Relative

ime(sec,)(MFLOPS)　　　　　　　performance
Dongarra

t　aL

1 2400

3600

7200

15.87　　　　1162　　　　　22.3　　　　1.0

3.35　　　　1166　　　　　22.4　　　　LO

92.18　　　1011　　　　　19.4　　　　1.0

Bishof

t　al｡

12 2400

600

7200

9.91　　　　1860　　　　　35.8　　　　L60

2,02　　　　1943　　　　　37.4　　　　L67

65.33　　　1875　　　　　36j　　　　L86

24 2400

600

200･

10.17　　　　1813　　　　　34.9　　　　L56

3.24　　　　1872　　　　　36.0　　　　1.61

275.75　　　1808　　　　　34.8　　　　1.80

48 2400

3600

7200

12,02　　　　1534　　　　　29.5　　　　1.32

2.77　　　　1455　　　　　28.0　　　　1.25

298.55　　　1667　　　　　32j　　　　1,65

to　2j　times　the　performance　compared　with　Dongarra's　algorithm,　or　about　40%of　the

peak　performance,　Thus　we　can　say　that　these　improvements　are　efrective　for　enhandng

the　single-processor　performance　of　Householder　tri-diagonalization　on　processors　with

hierarchical　memory,

Table　6,2:　Performance　comparison　of　the　original　and　improved　version　of　Bishof's　algo-

rithm｡

Algorithnl μ Execution　Performance　%of　peak　Relative

time(secj(MFLOPS)　　　　　　　　performance
Origina1

£=12

2400

600

200

9.91　　　　1860　　　　　35.8　　　　LO

2.02　　　　1943　　　　　37.4　　　　1.0

265.33　　　1875　　　　　36.1　　　　1.0

lmproved

=12

£″=4

2400

3600

200

9.01　　　　2047　　　　　39.4　　　　1､10

8.37　　　　2192　　　　　422　　　　1,13

230.80　　　2155　　　　　41.5　　　　L15

6.5.2　Numerical　accuracy

7ro　study　the　numerical　accuracy　of　the　three　algorithms,　we　used　a　problem　of　computing

jl　eigenvalues　of　a　symmetric　matrix　and　compared　the　accuracy　of　eigenvalues　obtained

by　Dongarra's　tmd　Bishof's　algorithm,　The　a£cura£yofouralgorithm　is　considered　al-
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most　the　same　as　that　of　BishoFs,　becauseit　is　known　that　the　blocking　of　Householder

transformations,which　we　used　in　subsection　6λ3,　does　not　dect　numericj　accuracy

[46],0f　course,　the　loop　merging　technique　introduced　in　subsedion　6λ2　does　not　change
nunlerical　properties,

　　As　test　matrices,　we　used　Frank　matrices　of　y=2400,3600　and　7200　which　are　denned

by　Aj　°　nlin(ij).This　type　of　nTlatrices　are　frequently　used　to　evaluate　the　accuracy　of

eigensolvers[63H71Hn21because　thek　eigenvalues　can　be　computed　analyticany,　Asan
indicator　of　the　accuracy,　we　used　the　sum　of　relative　errors　of　computed　eigenvalues:

y

Σ
i=1

ei-e;
ei

1 (6,2)

where　ei　and　e;　are　the　i-th　exact　and　computed　eigenvalues,　respectively,

　　The　results　are　given　in　Table　6,3,　They　show　that　the　accuracy　of　these　two　algorithms

are　almost　the　same　and　dividing　the　tri-diagonahzation　into　two　steps　has　little　impad

on　numerical　accuracy,

Table　6j:　Accur

y
―

2400

3600

7200

Corn of　Don

Dongarra's　algorithm

O｡399　×　10-6

0.199　×　10-5

0193×10-4

a's　and　BishoFs　algorithm,

BishoPs　algorithm

0,440×10-6

0.217×10-5

0.116×10-4

6.6　Conclusion

ln　this　chapter,　we　dealt　with　the　problem　of　computing　the　eigenvalues　of　real　symmetric

matrices/W6　studied　three　algorithms　developed　for　processors　with　hierarchical　memory,

namely,　Dongarra　et　aL's　blocked　Householder　trl-diagon.alization,　Bishof　et　a1,'s　two-step

algorithnl　and　our　improvement　on　it,　and　evaluated　their　performance　on　the　Power　4

processor,　The　results　we　have　obtained　can　be　summarized　as　fonows:

　　1.　Dongarra)s　algorithm　can　attain　at　nlost　20%of　the　peak　performance　on　the　Power

　　　4,　because　half　of　the　computation　has　to　be　done　with　BLAS　2,

　　2,　Bishof's　algorithm,　which　consists　entirely　of　BLAS　3　routines,　can　attain　L6　to　1,9

　　　times　the　performance　of　Dongarra's　algorithm,

　　3.　0ur　improvements　on　BishoPs　algorithm　can　increase　the　performance　by　10　to　15%

　　　and　achieves　40%of　the　peak　performance｡
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　4,　Numerical　experiments　on　the　Frank　matrices　show　that　BishoFs　algorithm　can

　　　attain　the　same　level　of　accuracy　as　Do･ngarra's　algorithm,

From　these　results,　we　can　say　that　BishoFs　algorithm　and　our　improvements　on　it　are

a　good　alternative　to　the　widely　used　Dongarra's　algorithm　when　computing　eigenvalues

on　Processors　with　hierarchical　memory,

　When　it　comes　to　computing　the　eigenvectors,　however,　it　is　known　that　BishoFs

algorithm　requ1res　twice　the　computational　work　of　Dongarrajs　ilgorithm　for　each　eigen-

vector･　This　is　because　in　the　former　case,　the　back-transformation　of　the　eigenvectors　of

the　tridiagonal　matrix　also　consists　of　two　steps　and　each　step　requires　the　same　amount

of　work　as　that　of　the　back-transfbrmation　in　Dongarra's　algorithm,　As　a　result,　BishoFs

algorithm　loses　competitiveness　when　a　largenurnber(et,　more　than　7v/2)eigenvectors
are　necessary,　lt　remains　our　future　work　to　develop　a　moreemcient　way　for　computing

the　eigenvectors　in　this　case,　Also,　a　paral】el　version　of　BishoPs　algorithm　for　distributed-

memory　paranel　machines　is　under　development･
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Chapter　7

Computation　of　Eigenvectors　of　Rea1

Symmetric　Tridiagonal]V【atrices　on

Shared-]N/lemory]V[achines

7.1　　1ntroduction

ln　this　chapter,　we　study　algorithms　for　computing　the　eigenvedors　of　a　real　symm･etric

tridiagonal　matrix　when　the　corresponding　eigenvalues　are　given･Combined　with　the

other　three　steps　shown　in　Fig,　6j,　narnely,　tri-diagonahzation　by　Householder　trans-

formations,computation　of　the　eigenvalues　of　the　tridiagonal　matrix　by　the　bisection

method　and　back-transformation,　this　jgorithm　can　be　used　to　compute　the　eigenvalues

and　eigenvectors　of　a　general　real　symmetric　matrix,

　　0f　these　four　steps,　the　tri-diagonahzation　step　can　easily　be　parallelized　both　on

shared-memory　and　distributed-memory　parallel　madlines,　The　reader　is　referred　to　the

literature　cited　in　section　6　1　for　details.　lt　is　also　easy　to　nnd　the　eigenvalues　of　the　tri-

diagonal　matrtx　in　parallel　by,　lor　example,　using　the　bisection　or　multi‘section　method8,

Back-transformation　also　poses　nodimculty　in　parallelization,　because　each　eigenvector

can　be　back‘transformed　independently,

　　Calculation　of　the　eigenvedors　of　the　tri-diagonal　nlatrix　is　more　dimcult　to　paral-

lelize,however,because　onヽe　has　to　ensure　orthogonality　of　the　calculated　eigenvectors,

Many　new　algorithms　have　been　developed　to　address　this　problem,　induding　the　divide

and　conquer　method　【28][47],Dhillon's　algorithm　【311,and　the　multicolor　inverse　iteration

method[71],Among　them,　the　divide　and　conquer　method　is　very　emcient　and　outper-

forms　conventional　methods　such　as　the　QL　nlethod　and　the　inver8e　iteration　method

even　on　a　sequential　computer,　But　it　is　suitable　only　fk)r　the　case　where　all　the　eigen-

values　and　eigenvectors　are　needed,　Dhillon's　method,　which　is　an　improvement　over　the
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conventional　inverse　iteration,　obviates　the　need　for　exPhcit　orthogonahzation　and　still

can　produce　orthogonal　eigenvedors･　This　algorithm　is　implemented　in　the　latest　version

ofLAPACK(version　3,0)as　a　subroutine　&19r　But　it　does　not　always　work　wen　when
the　relative　gaps　of　the　eigenvalues　are　very　sma11,1n　such　cases,　one　has　to　use　the

subroutine　dMe4,　which　uses　the　conventional　inverse　iteration｡　The　multicolor　inverse

iteration　method　reducesthe　number　of　orthogonalization　to　a　minimum｡　and　thereby

extracts　parallensm　in　the　computation　of　the　eigenvectors.　But　it　has　the　hmitation　that

the　level　of　available　parallelism　becomes　quite　low　when　the　eigenvalues　are　dustered,

　　ln　this　chapter,　we　proPose　anotheTaPproach　for　computing　the　orthogonal　eigenvec-

tors　of　a　real　symmetric　tri-diagonal　matrix　based　on　the　idea　given　in　[108],Like　Dhillon's
method　and　the　multicolor　inverse　iteration,　our　method　is　based　on　the　conventional　in-

verse　iteration,　But　instead　of　elimin　ating　or　reducing　the　orthogonalization,　we　choose　to

parallehze　the　orthogonalization　process　itself/R)this　end,　we　abandon　using　the　mod-

med　Gram‘Schmidt　orthogonalization　procedure,　which　is　the　bottleneck　in　paralldizing

the　conventional　method,　and　instead,　choose　to　hold　the　basis　of　the　orthogonal　comple-

mentary　subspace　of　the　calculated　eigenvectors　explicitly　and　successively　modify　it　by

the　Householder　transR)rmations.　When　implemented　on　shared-memory　multiprocessors､

our　method　needs　only　O(y)interprocessor　synchronization　to　compute　all　eigenvectors
of　an　y　by　y　matrix,　Moreover,　in　our　method,　two　thirds　of　the　total　arithmetic　op-

eration　can　be　performed　with　the　BLAS-3　(matrix-matrix　multiphcation)routines.　lt　is

therefore　especiany　suited　for　modern　SMP　nlachines　with　hierarchical　memory,

　　The　paper　is　organizd　as　follows:　h7l　section　2,　we　brieny　review　the　conventional

inverse　iteration　method　along　with　the　dimculty　in　parallelizing　it,　We　also　give　some

assuml)tions　and　notations,　The　basic　idea　ofour　neNvalgorithm,　the　Householder　inverse

iteration　methodjs　given　hl　sedion　3･The　blocked　version　of　this　jgorithm,　which

allows　the　use　of　the　BLAS-3　routines,　is　discussed　in　section　4,　Result･s　of　performance

evaluation　on　the　Hitachi　SR8000,.a　shared-memory　multiprocessor　system,　can　be　found

in　sedion　5,　Concludig　remarks　are　given　in　the　nnal　section,

7.2　Review　of　the　conventional　inverse　iteration　method

7.2.1　The　conventional　inverse　iteration　method

Given　ajn　jv　by　y　real　symmetric　tri'diagonal　matrix　T　jong　with　approximations　to

its　eigenvalues　{ei}ZI㈲≦e2≦…≦ejv),we　consider　the　problem　of　computing

the　eigenvectors　{vd　corresponding　to　the　eigenvalues　{4}･ln　the　conventional　inverse
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iteration　method　(IINI)､we　perf6rm　the　iteration

Qj
､ :=(T　-　e:I)‾1vy‾1) (7,1)

for　each　i　starting　from　the　approximate　eigenvalue　e:　and　some　initial　vedor　vlo)･lt　is
expected　that　if　eDs　sumciently　close　to　elμhe　component　of　vlo)which　is　parallel　to　vi
is　amplihd　during　the　iteration　and　vy)converges　to　vi･

　　But　in　nnite　predsion　arithmetic,　the　component　parallel　to　other　eigenvectors,　say

v£,remains　in　the　calculated　vector　due　to　numerical　errors,　This　causes　the　problem　that

orthogonality　of　the　eigenvectors,　one　of　the　basic　properties　that　the　exact　eigenved∽li

of　a　real　symmetric　】Tlatrix　should　have､　is　not　guaranteed　sumdently,　To　remedy　this

problem,in　the　conventional　inverse　iteration　method,　V9)is　orthogonalized　against　pre-
viously　calculated　eigenvectors　after　each　iteration,　This　is　usually　done　with　the　modined

Gram-Schmidt(MGS)nlethod[101][100],Because　the　magnitude　of　v&component　re-

maining　in　the　calculated　vector　vjs　shown　to　be　proportional　to　(4-q)4a£cording　to

error　analysis　[101H100]､orthogonalization　is　usually　done　only　agjnst　thoseeigenvedors
which　belong　to　eigenvalues　dose　to　ei,

　　The　algorithm　of　the　conventional　inverse　iteration　with　orthogonalization　by　the

MGS　method　is　shown　as　Algorithm　7↓Here,the　dot　denotes　the　inner　product　of　two

vedors,　and　ll　*|12　denotes　the　£2-norm　of　a　vector･　ln　the　practical　algorithnT1,　additional
processesarenecessary　to　deal　with　degenerate　or　tightly　clustered　eigenvalues,　such　as

changing　the　initial　vector　or　･slisplaci41some　of　the　eigenvalues　snghtly,　But　these　are

omitted　in　the　shown　algorithm,

　　ln　Algorithm　7jμhe　innernlost　loop　over　&corresponds　to　the　MGS　orthogonjiza-

tion,　in　which　the　newly　calculated　vector　vP)is　orthogonalized　against　the　previously
calculated　eigenvectors　v&within　the　same　group　G(i)･An　example　ofgrouping　of　the

eigenvalues　is　shown　in　Fig,　7↓

el　e2､ e3 e5　e6　e7　e8 e9　　e10　ell　　　e↑2　e13　e14

-○･-○- -○- W
⌒　AA

-○-○･○--

‾`'‾‾∩‾゛‾

｡£　.､
-　　-

Fi,gure　7y1:　Groupin,g　of　the　eigenvalues　in　the　conventional　inverse　iteration　method,
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【Algorithm　71　Conventionj　inverse　iteration　methodl

[Grouping　of　the　eigenvalues]
Denne　two　eigenvalues　as　belonging　to　the　same　group　when　their

distance　is　smaller　than　or　equal　tosornecriterion　c　Let　the　group

to　which　the　i‘th　eigenvalue　belongs　be　denoted　by　G({

R)ri=1:y

　Set　some　initial　vector　vfo),
　m:=1

　until　vP)converges
　　　vj゛):=(Tーe;I)-1v?‾1)
　　　Sr　an　hΞG(0(&≪i)do

　　　　vP):=VP)-(vP)tv&)v&
　　　end

VP):=vj)/HV9)H2
end

vl　:=vP)
end

7.2.2　Dimculty　with　the　conventional　algorithm

ln　the　conve】ltion　al　IIM　,　the　eigenvectors　belonging　to　di5rent　groups　can　be　cjculated

independently,for　the　orthogonjization　of　the　calculated　vectors　is　done　only　within

each　group,　lt　is　therefore　natural　in　paranehzing　this　algorithm　to　exploit　the　group-

level　paralielism　by　allocating　each　group　to　one　processor.　ln　fact,　the　ScaLAPACK

routine　pdM&l　adopts　this　strategy･

　　But　as　the　size　of　the　matrix　grows,　the　distance　between　adjacent　eigenvalues　becomes

smaller,　alld　the　number　of　eigenvalues　belonging　to　a　group　becomes　large,　ln　palticular,

it　has　been　observed　in　many　problems　that　if　the　criterion　for　grouping　is　set　at　6　=

10‾3　11　T　Hb　which　is　a　widely　accepted　value　[1011,　most　of　the　eigenvalues　belong　to　one
group　when　jV　is　greater　than　1000Jf　this　is　the　case,　most　of　the　calculation　has　to　be

perfornled　b･y　one　processor,　and　th9re　is　vlrtually　no　eflect　of　paraHelization,

　　When　the　group-1evel　p･arallensm　is　not　avjlable,　the　modined　Gram-Sdlmidt　method

itself　has　to　be　pManelized,　Because　the　method　is　sequential　about　index　&,the　only

possibihty　is　to　paranehze　the　BLAS-1　(vector‘vector　oPeration)rout㎞es　that　appear

in　the　innermost　loopj　such　as　the　inner　product　c　=vP)lv&and　the　AXPY　operation
v9)≒=VP)-cv&､　But　this　would　cause　as　many　as　o(jv2)1nterprocessor　synchro-
nization　to　compute　aU　the　eigenvectors,　when　most　of　the　eigenvalues　belong　to　the
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same　group.　Considering　the　fad　that　other　Parts　of　the　eigenvalue　solver　such　as　the

tri-diagonalization　and　back-transformation　need　only　O(y)synchronization,this　is　pro-

hibitively　expensive,

　　From　the　above　discussion,　we　can　say　that　there　is　no　enedive　scheme　for　paranelizing

the　conventional　inverseiteration　method,　when　most　of　the　eigenvjues　belong　to　the

same　group,

7.3　The}louseholder　inverse　iteration　method

ln　this　sedion,　we　give　the　basic　idea　and　the　algorithnl　of　the　Householder　inverse

iteration　method　[1081　,　which　is　a　new　eigenvector　solver　suited　for　a　shared-memory　colF
current　computeL　VVe　also　compare　the　arithmetic　operation　count　of　the　new　algorithm

with　that　of　the　conventional　method｡

7.3.1　The　basic　idea

ln　the　conventional　inverse　iteration　method,　the　components　of　the　newly　computed　vec,

tor　that　are　parallel　to　the　previously　computed　eigenvectors　are　removed　by　the　modined

Gram-Schmidt　orthogonalization,　However,　because　the　MGS　method　is　sequential　about

index&,the　BLAS-1　operations　such　asc°　V?)tvA,　and　vP):=vy)-cv&have　to　be
parallelized　when　the　group‘level　paranelism　is　not　avjlable･This　brings　about　8man

granularity　of∂(Ⅳ)and　extremely　large　amount　of　synchronization　of　O(y2)･
　　To　avoid　this　problem,　we　abandon　using　the　MGS　method　for　orthogonahzation,

lnstead,we　choose　to　hold　the　basis　of　the　orthogonal　comPlementary　subspace　of　the

previously　calculated　eigenvedors　explicitly･Then　we　can　make　the　newly　calculated

vector　orthogonal　to　the　previous　eigenvectors　by　projecting　it　onto　this　subspace,　After

that,the　orthogonal　complementary　subspaceis　updated　so　that　it　is　orthogonal　also　to

the　newly　calculated　eigenvector,

　　Let　v;　be　the　newly　calculated　(i-th)eigenvector(before　orthogonalization),K-l　be　the

subspacespanned　by　the　lst　to　(F1)-th　eigenvectors,　namely,　R-1=sμm{V1,V2,…,vi-l},

K£l　be　the　orthogonal　complementary　subspace　of　K-l　in　R″,　q,-1,anybyy-i+1

matrix,　be　the　orthonormal　basis　of　K≒,and　ej　be　an　Ⅳ-i+1　dimensional　vector　whose

j-th　component　is　one　and　all　the　other　components　are　zero,　Then　the　orthogonahation

process　for　v;　can　be　described　as　f611ows:

　(1)calculate　pi　=QLlvF

　(2)Find　a　Householder　transformation　Hi　=　ly_41-aiwiwj　which　dears　the　second

　　　and　the　following　components　of　pi,
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(3)Calculate　Q,-IHf

(4)Adopt　the　nrst　column　of　qi-1Hi　as　the　orthogonalized　new　eigenvector　v6　and

　　adopt　the　matrix　that　consists　of　thesecond　and　the　following　colun7lnsof　Qi-1Hi

　　as　q,,

ln　the　step　(1)above,　vμs　projected　onto　K11　and　the　resulting　vector　is　expanded　using

the　orthonormal　basis　qi-F　The　vector　of　coemcients　in　this　expansion　is　given　by　pi　,

ln　step　(3),The　Householder　transformation　Hjs　appned　to　QI-l　from　the　rigk　Then,

the　first　column　of　Qi-IHjs　parallel　to　the　projedion　of　v;　onto　K{because

　　　　　　　　　(ql-IHI)e1　=(1/a)q,-1H,Hip,

　　　　　　　　　　　　　　　　=(1/㈲qi-1p,=(1/㈲qi-lq:_lvy　　　　　(7,2)

Here　we　used　the　fad　that　Hipi　=βiel　for　some　βi,　and　assumed　that　μis　not　zero

becauseβ1=2　0　would　imply　that　v;　consists　only　of　the　components　which　are　parane1
to　the　previously　calculated　eigenvedors/We　can　also　show　that　all　the　other　columns　of

qi-1Hi　are　orthogonal　to　v;　because

v7(Q,-1Hi)ej
―

― p:Hiej
-

- Mμ ej =0 for　j≫1 (7,3)

So　we　can　adopt　the　former　as　the　orthogonaiized　eigenvector　vi　and　the　latter　as　Qi,　an

orthonormal　basis　of　thenelvorthogonal　complementary　subspace　Kljn　step　(4),

　　As　an　initial　orthonormal　basis,　we　use　the　unit　matrix　of　order　Ⅳ.ln　our　algorithm,

this　initial　matrix　qo　=ly　is　successive】y　updated　by　the　Householder　transformations,

and　is　nnany　transf6rmed　to　a　matrix　whose　column　vectors　are　the　eigenvectors　of　T,

Considering　that　the　Householder　transforl°nation,s　keep　the　orthogonality　of　a　matrix　to

high　accuracy　【461jt　can　be　expected　that　the　eigenvectors　obtained　by　this　algorithm

are　highly　orthogona1,Moreover,　the　main　operations　of　this　algorithm　are　projedion

ofvμoK≒1n　step　(1)and　the　Householder　transR)rmation　of　qi-1　1n　step　(2)､both
of　which　are　the　BLAS-2　(matrix-vector)operations.　The　number　of　interprocessor　syn-

chronization　needed　to　parallelize　the　a】gorithm　on　SMP　machines　is　thereR)re　O(1)for

oTthogonajlization　of　one　eigenvector　and　O(y)for　an　eigenvectors.

7.3,2　The　algorithm

DetaUs　of　the　Householder　inverse　iteration　method　are　shown　as　Algorithm　7,2,　The

additional　procedures　for　degenerate　or　tightly　clustered　eigenvalues　are　not　shown　in　the

ngure,　but　are　the　same　as　for　the　conventional　method,
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[Algorithm　7.2　Householder　inverse　iteration　method]

Qo:=IN

vo:=φ(an　y　by　O　matrix)

for　i=1:　y

Set　sonTle　initial　vector　vio)
m:=1

untn　v9)converges
　vy=(T　-　e:I)-1VP‾1)
　pi　:=q:_1V:(p,　is　a　vedor　oHength　y　-　i　+1,)(A.1)

　Find　a　Householder　transformation　Hi　=ly-i+1　-　aiwiwj
　which　clears　thesecond　and　the　followingcc)lnponents　of　pi

　(wjs　a　vector　oHength　y　-i+1.)

qi

'
y

゛aiqi-1wi(qi　is　a　vector　oHength　y⇒
mh_
　　- (Q,-l)1-ql(wj)1

((A)i　denotes　the　i-th　colunln　of　matrix　A⇒
　m:=m+1

end

Q:-1　:=qi-1　-　qiw;

(update　qi-1　by　the　Householder　transR)rmation)

vi:=【vi-11(Q:-1)1]

(A,2)

(A,3)

　set　Qμo　be　the　matrix　obtajned　by　e】iminating　the　nrst　column

　of　q;-E

end

7.3.3　Arithmetic　operation　count

The　main　operations　of　the　Householder　inverse　iteration　are　equations　(A.1),(A,2)and

(A.3)in　Algorithm　7,2,Th,e　equation　(A.1)projects　the　c･omputed　veetor　vμo　the

orthogonal　subspace　K≒,whne(A･2)and(A･3)perfonTs　the　Householder　transfonnation｡
Assuming　that　the　inverse　iteration　converges　with　single　iteration,　eEh　of(AI),(A,2)

and(A,3)needs　2μ(y-i+1)operations　for　the　i‘th　eigenvector,　and　about　yV3　operations
fk)r　all　eigenvectors,　The　total　operation　count　is　therek)re　3y3･　On　the　other　hand,　the

conventionj　IIM　needs　2yv3　arithmetic　operations　when　aH　the　eigenvalues　belong　to　the

same　group,　This　means　that　our　method　requjres　L5　times　the　operation　count　of　the

conventionjrnethod｡

　　Howeverjn　contrast　to　the　conventional　algorithm,　where　almost　all　the　operations

are　do･ne　in　BLAS-1　routines　such　as　inner-produd　and　AXPY､　our　algorithm　is　based　on
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BLAS-2　routines　such　as　matrix-vector　multiplication　and　rank-1　update　of　a　matrix,　0u『

method　therefore　leaves　room　for　code　optimization　such　as　loop　unromng,　By　combining

such　techniques　with　reduced　interprocessor　synchronization,　our　new　method　has　the

potential　to　outperform　the　conventional　method　on　shared-memory　machines,

　　When　the　number　of　wanted　eigenvectors　is　smaller　than　Ⅳ,say　7V≒the　number　of

operations　needed　to　perform　each　of(A,1),(A,2)and(A,3)is
y

Σ2y(y-f+1)=Ⅳ2y-jyy'(y+1)+yy
l=1

(7,4)

So　we　need　about　3y2Λμー(3/2)y%V　total　operations｡　Becausethe　conventiona1　IIM
needs　about　2yy'2　operations,　our　current　algorithnl　is　not　competitive　when　y≒s

considerably　smaller　than　y,　However,　by　using　the　xvY-representationjt　is　in　prindple

possible　to　construct　a　modined　algorithm　which　requ1res　only　O(7vy″2)operations･　We
are　now　developing　such　an　algorithm･

7.4　The　blocked　algorithnl

To　attain　high　perlorlnance　on　a　lnodern　computer　with　hierarchical　memoryjt　is　impor-

tant　to　increase　the　locaHty　of　data　reference　and　use　the　data　as　many　times　as　possible

while　it　is　in　the　cache｡　Such　consideration　becomes　more　important　in　shared-memory

multiprocessor　environment,　because　it　helps　preventing　performance　degradation　due　to

bus　contention　between　the　processors,　by　enabling　nlost　of　the　data　accesses　to　be　done

in　the　local　cache　associated　with　each　processor,

　　ln　numerical　hnear　algebra　algorithms,　locahty　of　data　reference　can　usually　be　in-

creased　by　blocking,　that　is,　by　reconstructing　the　algorithm　so　that　nlost　of　the　com-

putation　is　performed　in　BLAS-3　routines,The　BLAS-3　routines　can　perfonnO(£3)

operations　on　O(£2)data　when　the　size　of　blocking　is　£,and　thereby　reduce　the　memory
access　by　a　factor　of£when£is　chosen　so　that　all　the　necessaJy　blocks　can　be　stored　in

the　cache｡

　　ln　our　algorithm　described　in　the　previous　section,　blocking　is　possible　by　deferring

application　of　the　Householder　transformation　on　q　until　several　transf6rmations　are

available,　and　then　applying　these　successive　transformations　at　once　using　the　H/y　rep‘

76eMaaθn【46],Let£be　the　size　of　blocking　and　i　be　an　hlteger　such　that　1　≦i≦jV

and　mod(1､£)t　1,Then,1n　the　i-th　step　of　the　blocked　algorithm,　after　generating

the　Householder　transformation　Hi　==17v-i+1　-　aiwiwl,　we　skip　its　application　on　qi-1

and　instead　accumulate　it　as　WY　representation　for　block　Householder　transformation　as

fonows:

　　　　　　　　　　　　　　　　　Y㈲=wi　　　　　　　　　　　　(7,5)
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VV(o) ー

― -aiMZi (7,6)

The　R)nowing£-1　steps　are　executed　in　a　sinlilar　way･　At　the　i+j“th　step　(1≦j≦£-1)･
the　matrices　Y　and　W　are　updated　as　follows:

　　Z

VV(j)

YO)

゜-ai+j(I+XV(j‾1)Y(j‾1))wi+j

=[W(j-1)lz]

゜【Y(FI)lwi+j】,

(7

(7

(7

7)

8)

9)

where[AIB]denotes　concatenation　of　two　matrices｡　At　the　end　of　the　i　+£-1-th　step,
the　block　Householder　transforlTlation　is　applied　to　QI-1,generating　qi+£-1　directly:

q,4-1 =qol(I+W(1‘‾1)Y(1″‾1))i (7jO)

As　is　clearly　seen　from　eq･　(710),application　of　the　block　Householder　transformation
can　be　done　using　only　nlatrix-matrix　multiplications,　or　BLAS-3　routines･

　　Of　course,　we　also　have　to　change　eq,(A,1)in　the　non-blocked　algorithm,　because

the　matrix　qi+j-l　has　not　received　necessary　transfonnation　at　intermediate　stages　i+j

(1≦j≦£-1),The　correct　fomlula　to　calculate　p4j　is

pi+j =(I+W(j‾1)Y(FI))q:-lvμ

゜q:-1V･+j-W(j‾1)Y(E1)q‰゛:+j (7.11)

Though　the　additional　terms　in　eqj7.11)increase　the　number　of　arithmetic　ol)erations
slightly,the　performance　improvement　due　to　the　use　of　BLAS-3　will　more　than　compen-

sate　for　it｡

　　We　summarize　the　blocked　version　of　our　Householder　lnverse　lteration　method　as

Algorithm　7j,　Here･,　we　assume　for　simplicity　that　7V　is　divisible　by　£,ln　this　algorithm,

two　thirds　of　the　total　operation　can　be　done　in　BLAS-3,　and　the　locahty　of　data　reference

is　greatly　improved　compared　with　the　original　algorithm　given　in　the　previous　section･
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fAlgorithm　7j　Blocked　version　of　the　Householder　inverse　iteration

method}

Qo:=ly

vo:=φ(an　y　by　O　matrix)

fbr　a=1:　yv/£

　i:=㈲-1)*£+1

　for　j=o:£-1

　　Set　some　initial　vector　vjt｡
　　m:=1

　　until　vlW　converges
　　　vμ:=(T-e≒I)‾lvjWI)
　　　ifj=0

　　　　p,　:=qS-1V;
　　　else

　　　　p･+j　:゛　QEI゛:+j-゛W(j‾1)Y(j‾1)Qμ1V4j

　　　　(pi+j　is　a　vedor　of　length　y　-　i　+　L)
　　　end　if

　　　Find　a　Householder　transformation

　　　】Rli+j°ly-ol‾ai+jwi+jwj+j
　　　which　clears　the　second　and　the　foHowing　components

　　　of　pi+j･

　　　ifj=0

　　　　Y(o):=wl

　　　　VV(o):=-aiwi

　　　else

　　　　z:゛-ai+j(I+IV(j‾1)Y(j‾1))wi+j
　VV(j)

　Y(j)

end　if

=[W(j-1)lz]
4W〃㎝

|&㎜W

　m:=m+1

end

{Y(j-1)lw4jl

qy1　:=q,-1(I+w(1-1)Y(l-1))゛

　　Partition　q:_1　as　Q:-1　=[Qyllq11],where　qyl　consists

　　of　the　nrst　£colunTlnsofqμ,

　　viu-1:=[VIJqyll

　　q41-1　:=q11,
　end

end



7.5　Numerical　results

7.5.1　Computing　envlronments

We　evaluated　the　perR)rmance　and　numerical　accuracy　of　our　Householder　lnverse　lter-

ation　method　on　one　node　of　the　Hitachi　SR8000,　an　SMP　(shared-memory　processors)

machine　with　8　processors　per　node　{95],Each　processor　has　a　peak　performance　of　1

GFLOPS　and　the　total　performance　per　node　is　8　GFLOPS｡　We　also　used　SR8000/G1,

which　has　14,4GFLOPS　of　total　peak　performance,　For　parallehzation　of　the　prograJn,

we　used　an　automatically　parallelizing　FORTRAN　compiler　and　specined　the　loops　to　be

parallelized　using　compiler　directives,　As　test　matrices,　we　used　the　fonowing　two　kinds

of　matrices:

(a)The　Frank　matrix:　Aij　°min(○)

(b)Matrices　obtained　from　a　generjized　eigenvalue　problem　AV　=cl3V,　Here　A　and　13
　　are　random　matrices　whose　elements　were　extra£ted　from　uniform　random　numbers

　　in[0,1],The　diagonal　elements　of　lB　were　then　replaced　with　104　to　ensure　l)ositive

　　ddniteness.

Both　types　of　matrices　were　nrst　trl-diagonalized　by　orthogonal　transformations　and　then

used　as　an　input　matrix　for　our　algorithm.

7.5.2　Performance

First　we　show　in　Table　7.1　the　execution　times　of　the　conventional　inverse　iteration　method

and　the　non-blocked　version　of　the　Ho･useholder　inverse　iteration　method　on　the　SR8000.

The　input　nlatrices　we　used　here　are　of　type　(a),but　th･e　execution　times　for　matrices

of　type　(b)were　almost　the　same.　The　numbers　in　the　parentheses　show　the　execution
time　R)r　computing　the　eigenvectors　only,　while　those　outside　also　indude　the　time　to

compute　the　eigenvalues　by　the　bisection　method,　We　also　show　the　execution　time　of

the　conventionaI　IIM　on　the　Hitach1　S3800,　a　vector　supercomputer　that　has　the　same

peak　performance　of　8GFLOPS,　Here,　the　time　is　for　computing　both　the　eigenvalues　and

eigenvectors,　because　thellunlerical　library　we　used　fbr　this　measurement　did　not　have

the　function　to　compute　only　t･he　eigenvectors･

　　The　nguresshow　that　the　Householder　inverse　iteration　nTlethod　is　more　emcient　than

the　conventional　ones,　especially　when　y　is　sma11,　and　achieves　2.4　times　the　performance

when　computing　the　eigenvedors　of　a　matrix　of　order　1000,　When　comparing　the　execu-

tion　time　on　the　SR8000　and　the　S3800,　0ne　can　see　that　while　the　conventional　method
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Table　7↓Performance　com

Problem　size

y=1000

y=2000

y=4000

lson　of　the　Householder　and　the　conventiona1　HM

Conventional　llM　Householder　IIM　Conventiona1　IIM

(SR8000)

4.21s(U2s)

18,84s(17,61s)

98,46s(94jls)

(SR8000)

2,06s(L64s)

12,05s(10,68s)

83,37s(78,68s)

(S3800)
215S

12.40S

80.65S

fails　to　exploit　the　perfomlance　of　the　SMP　machine　due　to　a　large　number　of　interpro-

cessor　synchronization,　our　new　method　solves　this　problem　and　succeeds　in　attaining　the

same　level　of　Performance　as　that　of　the　vector　supercomputer　even　on　the　SMP　machine,

　　Table　7.2　shows　the　execution　thes　of　the　conventional　and　the　Householder　IIM　on

the　SR8000/GL　ln　this　case,　the　execution　times　of　the　blocked　algorithm　described　in
sedion　4　are　also　shown.　lt　is　apparent　from　the　table　that　the　blocking　works　w6H　and

inereases　the　performance　by　about　50‰For　the　ease　of　yv　=1000,the　blocked　version

of　the　Householder　IIM　achieves　more　than　31　times　the　perfbrmance　of　the　conventiona1

method｡

　　As　can　be　seen　from　tables　7.1　and　7,2,　the　superiority　ofour　algorithm　over　the

conventional　IIM　is　large　when　Ⅳ1s　small　and　decreases　as　jv　grows,　This　is　natura1

considering　that　our　algorithm　reducesinterprocessor　synchronization　at　the　cost　of　in-

creased　operation　count,　Note,　howeverμhat　the　cost　of　interprocessor　synchronization

is　relativdy　low　on　the　SR8000　【95],For　other　SMP　machines　that　have　higher　interpro-
cessor　synchronization　cost,　the　ehct　of　reducing　the　synchronization　is　larger　and　the

efrediveness　of　our　algorithm　win　remain　for　much　larger　value　of　yV,

Table　7.2:　PerfoTmance　comparison　of　the　Householder　and　the　conventiona1　11M

(SR8000 G　I　,　execution　time　for　the　inverse　iteration　part,

Problem　size

y=1000

y=2000

y=4000

Conventional　IIM　Householder　IIM

　　　　　　　　　　　(non-blocked)

2,20S

9.93S

49.84S

O｡98S

6.81S

49,11S

Householder　IIM

(blocked)
O｡70S

4.36S

30.76s

7.5.3　Numerical　accuracy

7n)dleck　the　numerical　accuracy　of　the　new　method,　we　evaluated　the　residuai　and　or-

thogonajity　of　the　computed　eigenvectors　for　the　new　and　the　conventional　method･　Here,

the　residuai　is　denned　as　the　maximum　of　the　£2-no･rm　of　Tvi　-　eivi　over　all　i,　where　ei
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is　the　comPuted　i　th　eigenvalue　and　vjs　the　computed　corresponding　eigenvector,　The

orthogonahty　is　denned　as　the　modulus　of　the　element　of　vtv　-　17v　with　the　maximum

modulus､where　v　=[VI,V2,…,vN],
　　The　results　for　the　Rank　matrices　and　the　matrices　from　generahzed　eigenvalue　prob-

lems　are　shown　in　Tables　7j,　7.4　and　Tables　7,5,　7,6,　respectively,　As　can　be　seen　n゛om

the　tables,　the　residual　for　the　non-blocked　version　of　the　Householder　IIM　is　as　good　as

that　for　the　conventionalone.　As　for　the　orthogonality　of　the　compded　eigenvectors,　the

method　gives　results　that　are　better　thailorat　least　as　good　as　those　for　the　conventional

method,　lt　is　also　dear　that　blocking　does　not　deteriorate　the　numerical　accuracy　either

in　terms　of　residual　or　orthogonality,

1[4ble　7,3:　Comparison　of　the　accura£y　of　the　Householder　and　the　conventiona1　IIM

(Residual,Frank　matrices
Problem　size

y=1000

jV=2000

y=4000

Conventiona1　IIM

Oj64　×　10-7

0j11》《10-6

0j28×10-6

Householder　HM､

(bloeked)
Oj64×10-7

0.111　×　10-6

0.528×10-6

Householder　IIM

(non-blocked)
0164×10-7

0111×10-6

0j28×10-6

Table　7,4:　Comparison　of　the　accuracy　of　the　Householder　and　the　conventiona1　IIM

(Orthogonality,　Frank　matrices
Problem　size

yV=1000

y=2000

y=4000

Conventiona1　IIM

Oj38×10-12

0,945×10-13

0.821×10-13

Householder　IIM

(non-blocked)
0.400×10-14

0.622　×　10-14

0.124×10-13

Householder　IIM

(blocked)
0.433　×　10-14

0.644　×　10-14

0,127〉《10-13

Table　7,5:　Comparison　of　the　accuracy　of　the　Householder　and　the　conventionaI　IIM

(Residual,Matrices　from　generahzed　eigenvalue　problems
Problem　size

Ⅳ=1000

yV=2000

Ⅳ=4000

Conventiona1　11M　Householder　IIM

　　　　　　　　　　(non-blocked)
0.881XIO-12

0.478×10-11

0.195　×　10-10

o｡858×10-12

0.475　×　10-11

0.197　×　10-lo
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Householder　IIM

(bloeked)
0.895　×　10-12

0,478　×　10-H

0,196×10-lo



Table　7,6:　Comparison　of　the　accuracy　of　the　Householder　and　the　conventional　IIM

(Ortho onali ,Matrices　from

Problem　size

yv=1000

yV=2000

y=4000

neralized

Conventiona1　IIM

O｡824×10-11

0.932　×　10-U

0.119×10-10

7.6　Conclusion

igenvalue　problems)
Householder　IIM　Householder　IIM

(non-blocked)(blocked)
O｡867×10-11　　0.837×10-11

U76　×　10-11　　0.892×10-11

0j18×10-1o　　0155×10-10

ln　this　artide,　we　proposed　a　new　algorithm　f6r　computing　the　eigenvectors　of　a　rea1

symmetric　nlatrix　on　shared-memory　concurrent　computers,　ln　our　algorithm,　we　chose

to　hold　the　basis　of　the　orthogonal　complementary　subspace　of　the　previously　cjculated

eigenvectors　and　successively　update　it　by　the　Householder　transfomlatio･ns,　This　obvi-

ates　the　need　for　the　modined　Gram-Schmidt　orthogonalization,　which　is　the　bottleneck

in　parallenzing　the　conventional　inverse　iterationμnd　reduces　the　number　of　interproces-

sorsynchronization　from　O(y2)toO(jvE　The　performanceof　the　a】gorithm　is　further

enhanced　with　the　blocking　technique,　which　allows　the　use　of　BLAS-3　routines,　Theor-

thogonahty　of　the　computed　eigenvectors　is　expected　to　be　good　because　the　Householder

transformations　keep　the　orthogonjity　to　high　accuracy,

　　We　evaluated　our　method　on　one　node　of　the　Hitadli　SR8000,　an　SMP　machine　with

8　processors,　and　obtained　up　to　3.1　times　the　pedormance　of　the　conventional　method

when　computing　all　the　eigenvectors　of　matrices　of　order　1000　to　4000,　The　orthogonality

of　the　eigenvectors　is　better　than　or　at　least　as　good　as　that　of　the　conventional　method.

　　0ur　future　work　w111　indude　application　of　this　algorithm　to　distributed-memory　par-

alle】computers.
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Chapter　8

Fast　Fourier　Transf6rm　on

Distributed-〕Memory　vector　Parallei

M〕achines

8.1　　1ntroduction

The　fast　Fourier　transform　(FFT)is　one　of　the　most　widely　used　algorithms　in　the　neld
of　scientinc　con7lputin&　lt　can　reduce　the　computational　work　needed　to　compute　the

Fourier　transform　of　an　7V-point　complex　sequence　from　O(Ⅳ2)toO(7V　log　7V)and　has
played　an　important　role　in　areas　as　diverse　as　signal　processing,　computational　nuid

dynamics,　solid　state　physics　and　nnancial　engineering,　etc,

　　The　FFT　has　a　large　degree　of　paranelism　in　each　stage　of　the　computation,　and

accordingly)ts　implementations　on　parallel　machines　have　been　well　studied･　See,　for

example,[12][21][93]for　implementations　on　shared-memory　parallel　rna£hines　and　[2]

[38][53]【57][93][94]for　implementations　on　distributed-memory　parallel　machines,　Re-

cently,　distributed-memory　machines　with　(pseudo-)vector　processing　nodes　have　become
increasingly　popular　in　high-end　applications･　The　machines　dassined　in　this　category

include　NEC　SX-7,　Fujitsu　vPP5000　and　Hitachi　SR2201　and　SR8000',　To　attain　high

performance　on　this　type　of　machines,　one　has　to　achieve　both　high　single-processor

performance　and　high　parallel　emdency　at　the　same　time･　The　former　is　realized　by　max-

imjzing　the　length　of　the　inn･ermost　loops,　while　the　latter　is　realized　when　the　volume

of　inter-processor　communication　is　minimizedJmplementations　based　on　the　transpose

algorithm[42]164]whid　satisfly　both　of　these　requirements　are　given　in　[2H53H94],

　　While　there　have　been　considerable　eflorts　towards　a　high　perfbrmance　paranel　im-

plementation　of　the　FFT,　the　prob】em　of　Providing　the　user　with　nllore　nexibility　of　data

distribution　has　attracted　relatively　little　attention/]『o　compute　the　FFT　in　a　distributed-
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memory　environment,　the　user　need　to　distribute　the　input　data　among　processors　in　a

manner　spedned　by　the　FFT　routine,　call　the　routine,　and　receive　the　output　data　again

in　a　manner　specined　by　the　routine.　ln　nlany　cases,　the　data　distribution　scheme　used　by

the　FFT　routine　is　nxed,　so　if　it　is　difrerent　from　that　used　in　other　parts　of　the　program,

the　user　has　to　rearrange　the　data　beR)re　or　after　calhng　the　routine.　This　problem　could

be　mitigated　if　data　redistribution　routines　are　provided　along　with　the　FFT　routine.

However,because　the　FFT　requires　only　O(yVlog　y)computation　when　the　number　of
data　points　is　y,　the　additional　overhead　incurred　by　the　redistribution　routines　is　often

too　costly,

　　'lb　solve　the　problem,　Dubey　et　a1･　[38]propose　a　general-purpose　subroutine　for　1-
dimensional　FFT,　Their　routine　is　quite　nexible　in　thesensethat　it　can　accept　genera1

block　cyclic　data　distributio･ns,Here,　block　cychc　distribution　is　a　data　distribution　in

which　the　data　is　divided　into　blocks　of　equal　size,　say£,and　the　i-th　block　is　allocated　to

node　mod(i,?),where　P　is　the　number　of　nodes･　Their　routine　has　a　marked　advantage

that　the　amount　of　inter-processor　communication　needed　for　performing　the　FFT　is

independent　of　the　b】ock　size　£･Howeverjt　has　several　shortcomings･　Firstjt　is　based

on　the　binary　exchange　algorithm　[42][641,which　requires　O((7V/P)log　P)inter-processor
communication　R)r　each　node.　This　is　much　greater　than　the　communication　volume　of

O(y/j))required　by　the　transpose　algorithm.　Second)t　is　not　se1Fsorting,　so　if　one
needs　a　sorted　output,　additional　inter-processor　communication　is　necessary,　Finally､　no

consideration　on　vedorization　has　been　given,

　　ln　this　dlapter,　we　propose　another　general-purpose　l-dimensiona1　FFT　routine　for

distributed-memory　vedor‘parjlel　m&chines.　0ur　method　is　an　extension　o.Lan　FFT

algorithm　proposed　by　Tahhashi　[94],whid　is　based　on　the　transpose　ajgorithm,　His

algorithm　has　the　advantage　that　it　requires　only　one　global　transpositionjs　selfLsorting,

and　can　iuput/output　data　scattered　with　cyclic　(£=1)distribution.　We　extend　this
algorithm　to　accept　input　data　8cattered　with　a　block　cyclic　distribution　of　block　size　£1

and　to　output　the　result　using　a　block　cychc　distribution　of　another　block　size,　say£2･

£1　and　£2　are　arbitrary　as　long　as　y　is　a　multiple　of　?2　*£1*£}This　nexibihty　can　be

realized　without　increasing　the　amount　of　inter-processor　communicationjn　contrast　to

the　approaches　that　rely　on　redistributiol1　routines｡

　　lf　our　nlethod　is　implemented　in　a　strightforward　manner,　however,　the　length　of　the

innermost　loops　tends　to　become　shorter　as　the　block　sizes　grow,　causing　degradation　of

single-Processor　performance,　We　solve　this　problem　by　adopting　the　Stockham's　FFT　[97]
suited　to　vector　processors　as　the　FFT　kernlels　and　employing　loop　merging　techniques,　We

implemented　our　nlethod　on　the　Hitachi　SR2201,　a　distributed-melTnory　parallel　nlachine

with　l)seudo-vector　processing　nodes､and　measured　its　performance　using　l　to　16　nodes,
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　　The　rest　of　this　chapt･er　is　organized　as　follows:　ln　sedion　&2　we　describe　the　colF

ventional　FFT　algorithms　for　vedor-parallel　machijles,　0ur　new　implementation　is　㎞-

troduced　in　section　8j　along　with　several　considerations　to　attain　high　per6rmance　on

vedor-PaTjlel　machinesヽSection　8j　shoMrsthe　performance　of　our　routine　on　the　Hitachi

SR220L　Conclusions　are　given　in　the　final　section.

8.2　ConventionaI　FFT　algorithms　R)r　vector-paraliel

　　　machines

8.2.1　1-D　FFT　algorithms　for　vector　machines

ln　this　section,　we　will　explain　conventional　algorithms　for　l‘dimensional　FFT　on　vector

and　vector-paranel　machines　fonowing　【2H131[94L　The　discrete　Fourier　transform　of　a

1-dimensional　complex　sequence　{j},/1,‥,,y/v-l}1s　delined　as　fonows:

　　　　　　　　　　　　　　μ~1

　　　　　　　　　　　　Q=Σ£{　(£=0,1.‥,y-1),　　　　　　(81)
j=0

whereω/v=exP(-2h/7V)and　i　=v/ΣjT,

　　when　y　can　be　hctored　as　yv　=MM,the　indices　j　and　&ean　be　expressed　in　a
two-dimensionaj　form:

j
　
1
£

―

-

―

―

£M+jl/

&+VV｡

(jz=0,‥｡yvj　-　1､

(≒=O｡‥,yvz　-　1

jy=0.‥

≒゜O,‥

M-1),

,X-1)

Accordingly,{£}and{q}can　be　regarded　as　two-dimensional　arrays

£,4　=

C&z4　=

£,M+jl,･

qz+4jvz･

Using　these　notations,　we　can　rewrite　eq,　(8,1)as　follows:

　　　　　　　　　　　　　　4-1　jVz-1

　　　　　　　　　Qμy°ΣΣ4J9ωMμv“+j″)(&'+4s)
　　　　　　　　　　　　　　λ,=0μ=0

―

―
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Σ
jlFO

/
t
x
､

/
!
1
y
､
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Σ£z,jy
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ヽ
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‐
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4
j
j
'
　
y

(8,2)

(8,3)

(8,4)

(8j)

(8j)

This　shows　that　the　Fourier　transform　of{£}can　be　computed　by　the　f6Ilowing　algorithm

proposed　by　Bailey　[13}:
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　　fAlgorithm　8,1】

　　L　Coq)11te　4､S°Σg§)1μjμj'　by　lrepe゛tillg　Λ9poillt　FFT　M　tl“es･

　　2.　Multiply　4Jy　byωyy

　　3.　Co°pllte‰,4°ΣIS14J/y″　by　lepeMi“g　M'poillt　FFT　yμi“les･

The　fa£torωj4　appearing　in　step2　is　called　sijdZeμdθΓ　and　the　step2　is　called　ld�Ze
μdor　m�1φkahm,　This　algoTithm　requires　about　the　same　amount　of　computationa1

em)rt　as　the　FFT　of　y　data　Points,　lt　is　especial】y　suited　to･　vector　machines　if　the　loops

about£and≒are　used　as　the　innermost　loops　in　steps　l　and　3･　respedively･　Then

the　innermosooops　will　have　anxed　length　of　M　and　M　and　the　fador　ω,which　is　a
constant　within　these　loops,　can　be　loaded　outside　the　loops｡

8.2.2　1-D　FFT　algorithms　for　distributed-memory　vector-parallel

　　　　machines

ln　the　algorithm　explained　in　the　previou､s　subsection,　we　decompose　the　1-D　FFT　into

multiple　FFTs　of　smjler　size　and　use　this　multiplicity　for　ve･ctorization.　ln　the　case　of

distributed,memory　vector-parallel　machines,　we　need　another　dimension　to　use　for　par-

allehzation.To　this　end,　we　factor　y　as　y　=ΛWvl/M　and　introduce　a　three-dimensiona1

notation　for　the　indices　j　and　&:

j=jjvyM+£M+j｡

　　　(£゜0,‥9　yvz　-　1,Å=Oi…･M-1i　jz°Op‥yM‾1)･

&　=　≒+&φ4+&βV4M

　　　(≒=O,‥9M-1,≒゜o,‥･,M-1･λ:z=O･･‥･M-1)

(8,7)

(8､8)

By　re9rding　the　input　and　output　sequences　as　three'dimensional　arrays　j,　jμ,and

Qμμ,･we　can　rewrite　eqj8.1)asR)11ows:
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This　suggests　the　fonowing　five‘step　FFT　proposed　by　Tikahashi　{941
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[Algorithm　8.2:　Five-step　FFTI

L　Co°pllte{4£゜Σ1‰1£｡jμyyl　by　repeating　x-point　FFT　Myvμimes｡

2‘　Twiddle　fador　nlultiPhcation　(I):multiPly　ck&j,　byω‰y

3'　Co°plte　4μμ゜Σ1‰‰k　jJyy‘'　by　lrepeMillg　M-point　FFT　Mμμimes,

4`Twiddle　factor　multiphcation　(II):multiply　4μμ,byωg(&'+4ME

5‘　Compute　qμμ,
-

- Σ1‰%L4jyy'　by　lepe“tillg　M‘poi“t　FFT　Mμμhes･

Becausethe　operation　in　step　l　consists　of　MM　hidependent　FFTs,　we　can,　for　example,

use　the　index　Afor　vectorization　and　the　index　j2　for　parallehzation.　Steps　3　and　5　can
be　executed　㎞a　similar　way｡

8.2.3　1mplementations　based　on　the　nve-step　algorithm

Therearernany　Possible　ways　to　exploit　the　parane】ism　in　Algorithm　2　for　vedoriza-

tionand　parallelization,Forexajnple,Agarwai　et　aL　[21propose　to　scatter　the　three-
dimensional　array　along　the　z-dlrection　in　steps　l　and　2,　and　along　the　･-direction　in

steps　3゛5,　both　using　block　distribution･　ln　this　casejndices　jy,　jz　and　£canbe　used　for

vedorization　in　steps　l,　a　and　5,　respectively･　Takahash1　L94]suggests　to　scatter　the　data
along　the　z-direction　in　steps　1-4,and　along　the　J‘d1redion　in　step　5,both　in　a　cychc

lnanner,　�this　case,　vectorization　can　be　done　with　resped　to　indices　jl/,　jz　and　jl/　in

steps　1､3　and　5,　respective¥These　methods　are　cjassified　as　the　£mnt㈲ea4θμMm･9,

because　all　the　inter-processor　data　transfers　are　done　in　the　form　of　joMHm719θj-

&)71､i,e,,redistribution　of　a　multi-dimensional　array　scattered　along　one　direction　along

another　direction.

　　These　methods　have　several　advantages:　nrst,　they　require　only　one　global　transposi‘

tion,　The　volume　of　inter-proces8or　communication　due　to　this　is　∂(μ/P)per　node　and

is　much　Smaller　than　O((y/j)I)IOg　j)),whiCh　would　be　required　by　the　binary　exChange

algorithms[42H641､second,the　innermost　loops　have　a　axed　length　ofμ｡,MorM
in　steps　1,　3　and　5,　respectively･　Takahashi　also　notes　that　it　is　possible　to　extend　the

length　of　the　innermost　loops　to　y2/3/7)by　setting　M　=M=M=yl/3　and　using　loop

mer㈹lg　techniques　[94].ln　addition,　his　implementation　has　a　natural　user　interface　in
the　sense　that　both　the　input　and　outPut　data　are　ordered　and　djstributed　in　a　cycHc

fashion[941,
　　However,some　users　may　need　more　nexibility　of　data　distribution.　Forexarnple,

block　cydic　distribution　is　frequently　used　when　solving　linear　simultaneous　equations
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or　eigenvalue　prob】ems　on　distributed-memory　machines　【18L　so　if　the　user　wants　to

connect　the　FFT　routine　with　these　routinesjt　is　more　convenient　that　the　FFT　routine

can　input/output　data　using　block　cyclic　data　distribution　with　user-specined　block　sizes,
Note　that　the　block　sizes　suitabie　for　input　and　outPut　data　may　not　be　the　same,　so　it

is　more　deslrable　if　they　can　be　spedfied　independently,　ln　the　following　sedion,　we　wil1

propose　an　algorithm　that　satisfies　these　requirements,

8.3　A　vector-paralleI　FFT　with　nexible　data　distri-

　　　bution

8.3.1　Conditions　on　the　block　sizes

ln　this　section,　we　propose　a1-D　parallel　FFT　algorithm　with　the　following　two　properties:

　　L　The　input　and　output　data　are　scattered　with　block　cychc　distributions　with　user-

　　　specined　block　sizes　£1　and　£2,respectively,

　　2,0nly　one　global　transposition　is　needed　throughout　the　algorithm,

And　we　optimize　the　algorithm　for　vector-parallel　machines,

　　Before　explaining　our　algorithm,　we　will　establish　a　necessary　and　sumcient　condition

on£l　and　£2R)r　the　existence　of　such　an　algorithm,　For　simplicity,　here　we　dej　only

with　the　radix-2　FFT　and　assume　that　P,　£1　and　£2　are　powers　of　two.

Proposition　8.1　j　neceMan/　and　jM5de�co71&MonμΓ　ae　eMμence　j　a　j-JD　pamlld

FFra47∂HI/1m　14�s�1φes　l&ea&w　Sapmμerhe5　i5　P2　*£1*£2≦7V,

Proor　#e7tuJe　o㈲/4ouμ&d㈲s&a　necejjan/c∂ndmon,　We　Fow　l&e　midency　4

aeμμ∂�9　s6sediθns&y　ac4a㈲c㎝Mruca㈲a4　a4θ7jam,

　　ykμ-μIM　mdi}2　FLF7　conjslj　θf　p　°　log2　jV　μ9e£R/emmini9　6　j17naZβotμ

gmμβ7/,yho9aaOadoμ&dMemldde　9uMma　aM/ze　9-IEs19GT1≦9≦μ

iH｡mpl�μo771　e77en/2゛94&mGMoμ&d9uada{£}μ1,　n6e&ma£sr�&
n　ae　same　n�eVodolyg2"‾9≧£1*7)μsa�9P≧2j.　ni5　mas　lhl　w

7le�a　9ioU　lmn46i㈲71≒㈲4er&e　slaμ

　　　　　　　　　　　　　　　91=p-logμ1*P)　　　　　　　　　　　　　　　　(8,10)

or　a4er｡

　　∂nae�&er&and,　tzje　a19Å;nθtzE/m7n　l&e≒μl�βouJ　yr9/d&�ead¥aei�er771e-

di�e　9ua�ai6　a1　1&e　9-a　Ma9e　a)711ri&u16　1o　ewrl/　294/z　eleme�sjj&e　atz¥㎡jala
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{Q}nl/n6e　deme㎡s　rej&o7μ&esa7n｡en�eVa�nly　g29　≧£2*Rm477?,eans
μzalge　ne�aμ&�lm7lspsmon　riμ1&e/θ9&e　jaF

　　　　　　　　　　　　　　92=log2(£2*P)　　　　　　　　(811)

θHmr｡

　5&�μ1o�y∂neμ)knmt96mon,uJe　ne�

　　　　　　　　　　　　　　　　91≧92,　　　　　　　　　　　　　　　　　(8j2)

�id　imμaF2*£1*£2≦y　□

A　similar　result　holds　when　y　is　not　a　power　of　two　and　we　can　construd　an　FFT

algorithm　with　only　one　global　transposition　when　yV　is　a　multiple　of　P2　*£1*£2･

8.3.2　The　basic　idea　of　the　algorithm

To　realize　an　FFT　algorithm　which　has　the　two　properties　mentioned　in　the　previous

subsedion,we　use　Algorithm　2　as　a　basis.　Assume　that　y　is　a　multiple　ofμ2*£1*£2,

and　ehoose　μi,M　and　jv｡　so　that　M　and　y｡　are　divisible　by　£14j)･and£2･j),respeetively､
Now　we　scatter　the　three-dimensional　array　along　the　z‘diredion　in　steps　l　and　2　using

block　cyclic　distribution　of　block　size　£h　and　along　the　z-d1rection　in　stel)s　3‘5　using

block　cychc　distribution　of　block　size　£2,　Then,　from　eqj8.7),we　know　that　the　whole
input　sequence　of　length　Ⅳis　scattered　with　a　block　cyclic　distribution　of　block　size　£E

Likewise,　the　whole　output　sequence　is　scattered　with　a　block　cyclic　distribution　of　block

size£2,　This　method　requires　only　one　global　transposition　like　the　implementations

discussed　in　the　previous　subsection,　and　leaves　the　room　for　vectorization　using　indices

jp　jz　and　jlμn　steps　1,　3　and　5･　respectively･

　　However,a　straightR)rward　implementation　of　this　idea　may　not　guarantee　sumcient

innermost　loop　length　to　achieve　high　single-processor　perlormance･　This　is　because　M

and　M　need　to　be　large　enough　to　be　multiples　ofμ*P　and　£2*R　respectively,　and

therefore　M,　which　is　the　length　of　the　innermost　loops　in　steps　l　and　5,　tends　to　beconle

smaller.　For　example,　when　y　=22o,,P=16　and　£1=゛£2　°　16,　M　must　be　less　than

or　equal　to　4.　We　solve　this　problem　by　adopting　Stockhamls　algorithm　[97]suited　to
vector　processors　in　the　FFTs　in　steps　1,　3　and　5,　and　merging　as　many　loops　as　possible.

We　win　explain　the　algorithm　and　storage　scheme　for　our　implementation　in　the　next

subsection　and　discuss　loop　merjng　techniques　in　subsection　8,3,4,

8.3.3　The　detailed　algorithm　and　the　storage　scheme

7n)describe　our　implementation,　we　nrst　introducesome　notations,　Let　xJ?)denote　the

partial　array　allocated　to　node　p　at　step　i.　The　dimension　of　jyy)varies　depending　on　E
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We　also　denne　the　indices　and　their　ranges　as　follows:

　　　　　　jz=o,…,M,£゛O,‥nM-1,£゛O,‥‥,M-11　　　(8.13)

　　　　,≒=O,…,M,≒゜OE‥,M-1,&z=O･‥,M-I,　　(8j4)

　　　　　　　　　　　　　　　p=OE‥j)-1,9=0,‥μ)-1,　　　　　(8j5)

　　　　　　　　　　　£=0,…,M/(£1P)-1,j7=0,…,£l-1,　　　(816)

　　　　　　　　　　　K=o､‥､jvμ(£2P)-1,g=o､‥｡£2-1,　　(817)

Here,j;　and　4　are　local　block　numbers　within　a　node　and　jr　and　{are　indices　within

a　block.They　are　related　to　jz　and　≒in　the　following　way:

　　　　　　　　　　　　　　j｡=jμ1P+μ1+j7､　　　　　　　　　　　　　　(8j8)

　　　　　　　　　　　　　　&=K£2P+μ2+g,　　　　　　　　　　　　　　(8j9)

where　p　is　the　node　number,

　　Using　these　notations,0urFFT　can　be･　described　as　follows:

　　[Algorithm　8,31

　　L　Data　input:　Xμ)(jy,£,(£)=μ4y｡fSM+jμIP+P£1+j}

　　2.FFT　in　the　}direction:

　　j2)(jl/,£､£,&｡)=Σ£Wjl)(£,{£,£)ωyJ≒

　3,　Twiddle　factor　multiplication　(I):

　　j3)(jJD;λ)=M2)(λjDμ｡)ω‰E

　4,　Data　packing　for　global　transposition:

　　,;xj4)(Aj%ZXIX,μD=(3)(£,£j1Xφ2F+9£2+&;),

　5,　Global　transposition:　(5)(jμD;,{X,9)=M4)(jμD:,t&;,p),

　6,　Data　unpacking:

　　j6)(jμIP+9£1+{{{jy)=N5)(jJDμμD),

　7,　FFT　in　the　y-direction:

y7‰X,&μy)=Σj%l々6‰jμn4)ωt

&Twiddle　ktor　multiphcation　(II):

　(8)({,‰4£)=M7)(jJ:;j;,4)ωP゛μ2゛o1242μA)
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9.FFT　in　the　2-d1rection:

　M9)㈲､(≒λ)=Σlw(8)(c&μμ｡){y

10･　Data　output:　Qμ2P+μ2+4+≒M+Å･,sM°Xμ)(gj;･≒jz)

ln　this　algorithm,　the　most　computationjly　intensive　parts　are　the　FFTs　in　steps　2,　7

and　9,　The　indexing　scheme　for　array　xj?)is　designed　so　that　the　index　with　resped　to
which　the　Fourier　transform　is　perforlTled　comes　last　and　the　loop　merging　techniques　to

be　described　in　the　next　subsection　can　be　applied　easi¥

8.3.4　Loop　merging　techniques　for　achieving　high　single-processor

　　　　　performance

FronTl　algorithm　8,3jt　is　apparent　that　we　can　merge　the　loops　about　the　nrst　three　indices

in　the　FFTs　in　steps　2､　7　and　9,　and　use　the　resulting　loop　as　the　innermost　loop,　Thus

the　length　of　the　innermost　loops　can　be　extended　to　MM/R　M7V｡/P　and　AQM/P　in
steps　2,　7　and　9､　respectively･

　　TORIrther　extend　the　innermost　loop　length,　we　use　Stockha�s　algorithm　[97Dn
performing　these　FFTs,Let　n　=2p　and　assume　we　want　to　compute　the　FFT　of　an

n-point　sequencen(0,0),n(1,0),…,n(71　-　1,0).This　can　be　done　with　the　following

algorithm.

[Algorithm&4　Stockham　FFT]
do£=0,p-1

　a£=2£

　&=2p‾£‾1

　do&=0,a£-1

　　doj=0,&-1

　　　nn(z,m)=n(/､m)+n(1+&,m)♂1β`

　　　nf1(Z,m+az,)=U(1,m)-n(Z+&､m)♂lβ1
　　end　do

　end　do

end　do

　　The　result　is　stored　in　4(0,0),4(1,0),…,4(n-i,0).｡

　　Notice　that　the　ω･　the　innermost　loop　does　not　depend　on　E　This　means　that　if　we

use　this　algorithm　to　compute　the　yv,-point　FFT　in　step　2,　we　can　merge　the　loops　about

£,1,j;　andβz,,thereby　extending　the　length　of　the　innermost　loop　to　MM&/R
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Because　the　】oop　oHength　β£appears　a£times　in　Stockham's　algorithm,　the　average

length　of　the　innermost　loops　in　step　2　is

MM　ΣM々‾‰1&
　･P　　　Σn々‾‰4　　‾

XM
― ×
¥log2X
　M-1

~MMlog2M/2R (8,20)

Hence,　the　loop　length　can　be　increased　by　a　factor　of　log2　7Vz　/2･　Similarlyμhe　innermost

loop　length　in　steps　7　and　9　can　be　extended　to　7vjvjog2　M/2P　and　yvW‰log2　7v,/2P,
respedively,

　　Asan　exarnple,　consider　thecaseof　yV　=22o,　P　=16　and　£1=£2=16　which　we

mentioned　in　subsection　8λ2.vve　can　choose　yvi　=M=256　and　M　=4,and　then
the　length　of　the　innermost　loops　is　256,　4096　and　256　in　steps　2,　7　and　9,　respectively,

This　i8　enough　for　many　vector　machines　to　attain　near-peak　performance,　Thus　we　can

expect　our　FFT　routine　to　attain　high　single-processor　performance　even　when　£l　and　£2

are　large　and　M　is　smalL

　｡Because　the　FFT　involves　only　O(ylogy)operations　on　y-point　data,　lt　is　also
essential　for　higher　performance　to　minimizernenloryaccess.　Thiscan　be　achieved　by

putting　together　some　of　the　steps　in　A】gorithm　8･3･　R)r　example,　data　Packing　for　global

tranSpOSitiOn　in　Step　4　Can　be　COmblined　With　Step　3/We　adOpt　thiS　kind　Of　OptimiZatiOn

techniques　in　the　implementation　described　in　the　next　sedion,

8.4　Experimental　results

We　impiemented　our　method　on　the　Hita£hi　SR2201　[43]and　evaluated　its　perfornTlance｡
The　SR2201　1s　a　distributed-memory　parallel　machine　with　pseudo-vector　processing

nodes.　Each　node　consists　of　a　RjISC　processo･r　with　a　pseudo-vector　mechanism　[691,
which　preloads　the　data　from　pipelined　nlain　memory　to　on-chip　special　register　bank　at

a　rate　of　l　word　per　cyde,　0ne　node　has　peak　periormance　of　300MFLOPS　and　256MB

of　main　memory,　The　nodes　are　connected　via　a　mult1-dimensional　crossbar　network,

which　enables　an-to‘jl　communication　among　7)nodes　to　be　done　in　?　-　1　steps　without

contention[114]｡

　　Our　FFT　routine　is　written　in　FORTRAN　and　inter-processor　communication　is　done

using　remote　DMA,　which　enables　data　stored　in　the　main　memory　of　one　node　to　be

transferred　dlrectly　to　the　main　nlemory　of　another　node　without　buffering,　The　FFT　in

the　a;,　y　and　2　dlrection　in　steps　2,　7　Mld　9　1s　per&rmed　using　Stockham's　radix　4　FFT

[971　,　a　variant　of　Algorithm　8,4　which　saves　both　computational　work　and　memory　access

by　computing　nf2　directly　from　n｡
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　　The　computational　steps　of　our　imPlementation　are　inustrated　in　Fig,　8j　for　the　case

ofy=512,　P　=2　and　£1°£2　゛　2.　Hereμhe　nlultl‘dimensional　arrays　in　Algorithm　&3

ale　expressed　as　three　dimensional　alrays　using　the　relationship　(818)and(8j9)･The

numbers　in　the　first　and　th1rd　three-dimensional　arrays　correspond　to　the　indices　oHnput

sequence£and　output　sequence　Q,　respectively,　The　shaded　area　represents　elements

which　are　jlocated　to　node　0,　and　the　area　enclosed　by　a　thick　line　represents　a　set　of

elements　used　to　perlorm　a　single　FFT　in　the　z,　1/　or　z-diredion,　lt　is　apparent　from　the

ngure　that　(i)the　FFTs　in　each　direction　can　be　computed　within　ea£h　node,　(ii)theTe

is　only　one　global　transposition,　and　(iii)the　input　and　output　data　are　scattered　with　a
block　cyclic　distribution　of　block　size　2,　as　requlred,
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　　　　　　　Figure　8↓Computationj　steps　of　our　FFT　routine,

　lo　measure　the　performance　of　our　FFT　routine,　we　varied　the　problem　size　/v　froln

218　to　224　and　the　number　of　nodes　F　from　l　to　16,　We　set　the　output　block　size　£2

equal　to　the　input　block　size　£l　to　reduce　the　number　of　experiments　and　varied　£lt£2

from　l　to　16,　M｡a,nd　M　are　determi､ned　so　that　M　≧£2P　and　M　≧£1F　hold　and

M　is　set　to　yV/(XM),Theω's　sed　in　the　FFT　and　twiddle　fador　multiplieation　are
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pre-computed,so　the　time　for　computing　them　is　not　induded　in　the　exe･cution　time　to

be　reported　below,

　　Table　8j　shows　the　execution　time　and　the　perforrnanceobtained　when　jV=22o/We

performed　three　experiments　for　each　set　of£1　and　P　and　took　the　best　value,　From

these　results,　we　can　see　that　(1)the　perlormance　on　a　single　node　is　130　MFLOPS,　which

is　more　than　40%of　the　peak　performance　(300　MFLOPS　for　one　node),(ii)Parallel

emciency　is　extremely　high　and　is　more　than　94%when　P　=16､and(iii)the　performance
does　not　change　signincantly　with　the　block　sizes,　The　last　point　is　due　to　the　optimization

techniques　we　have　stated　in　the　previous　subsection,

Ta,ble　8j:　PerR)rmance　results　for　the blem　of　y　=2201aDle　5,1:　rerlormance　results　lor　me　proDlem　ol　jv　=z″゛

£1==7£2 l　node　　　2　nodes　　　4　nodes　　　8　nodes　　　　16　nodes

1 O｡809　S　　　0.414　s　　　O｡205　s　　　O｡103　s　　　　O｡054　s

29.5　MF　253.3　MF　510.7　MF　1016.7　MF　1920.8MF

2 O｡809　S　　　　O｡413　S　　　1205　S　　　O｡102　S　　　　O｡054　S

29,6　MF　253,8　MF　512,1　MF　1027.9　MF　1942.7MF

4 O｡809･S　　　　O｡413　S　　　　0.205　S　　　O｡102　S　　　　O｡053　S

29j　MF　253.9　MF　512.2　MF　1027j　MF　1971.2MF

8 O､809　s　　0.413　s　　0.206　s　　oj02　s　　O｡053　s

29.6　MF　253.9　MF　509j　MF　1028.2　MF　1964.7MF

16 0.809　s　　　O｡413　s　　　O｡205　s　　　oj02　s　　　　0.053　s

29.6　MF　253.8　MF　510々MF　1027.9　MF　1965.0MF

　　The　perfomlance　results　when　y　is　vaJied　is　shown　in　Table　8,2　and　Fig,　8,2,　Note

that　we　we=re　able　to　perform　the　FFT　of　y　=222　points　only　when　P　≧2　and　that　of

Ⅳ=224　points　only　when　P　≧8　because　of　memory　limitation,　The　perfornlancedid　not

depend　on　the　block　sizes,　so　we　showed　only　the　results　for　£1=£2=16Jt　is　apparent

that　the　performance　increases　as　the　problem　size　grows　and　reaches　2152　MFLOPS　when

N=224　and　P　=16,which　is　45%of　the　peak　performance　(4800　MFLOPS　for　16　nodesy

　　From　these　results,　we　can　conclude　that　our　FFT　routine　attains　high　perforrnance　on

a(pseudo-)vector-parallel　nlachine　and　nexibility　in　data　distribution　at　the　same　time,

8.5　Co･nclusion

ln　this　paper,　we　have　proposed　a　l-dimensional　FFT　routine　for　distributed-memory

vector-parallel　machines　which　provides　the　user　with　both　high　performance　and　nex-

ibmty　in　data　distribution,0ur　routine　inputs/outputs　data　using　block　cydic　data
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Table　82:　Performance　results　for　£1=£2=16,

y 1　node　　　2　nodes　　　4　nodes　　　8　nodes　　　　16　nodes

218 OJL94　s　　　　O｡099　S　　　　0.051　S　　　　O｡026　S　　　　0.014　S

21.7　MF　237j　MF　466.2　MF　899､9　MF　1681.9　N4F

220 O｡809　s　　0.413　s　　O｡205　s　　0.102　s　　oj53　s

29j　MF　253.8　MF　510.7　MF　1027j　MF　1965.0MF

222 L761　s　　0,873　s　　0441　s　　　oj23　s

62.0　MF　5,28.3　MF　1046､7　MF　2070j　MF

224 L894　s　　0.935　s

062　.8　MF　2152j　MF

distribution,and　the　block　sizes　for　input　and　output　can　be　specined　independently　by

the　user,lt　is　based　on　the　transpose　algorithm,　whkh　requires　only　one　global　data

transposition,　and　no　additionahnter-processor　communication　is　necessary　to　realize

this　nexibi114　A　straightforward　implementation　of　our　method　can　cause　a　prob】em　of

short　innerlnost　loops　when　the　block　sizes　are　large,　but　we　have　shown　how　to　solve　this

by　employing　loop　merging　techniques,

　　We　implemented　our　method　on　the　Hitachi　SR2201,　a　distributed-memory　par-

allel　machine　with　pseudo-vector　processing　nodes,　and　obtjned　the　perfomlance　of

2152　MFLOPS,or　45%of　the　peak　Performance,　when　transforming　224　points　data　on　16

nodes,　This　result　was　unchanged　for　a　wide　range　of　block　sizes　from　l　to　16Jt　should

be　easy　to　adapt　our　method　to　other　similar　vector-paraHel　machines,
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Chaptejr9

Conclusion

9.1　Summary　of　our　study

ln　this　thesis,　we　studied　emcient　algorithms　for　numerical　linear　aigebra　on　modem

high　performance　arditectures　such　as　the　shared-memory　paralle】machine,　distrjbu,ted-

memory　parallel　nlachine　and　processors　with　hierarchical　memory･ln　palticular,　we

focused　on　three　basic　hnear　problems,　namely,　solution　of　hnear　simultaneous　equations,

eigenvalue　problems　and　the　fast　Fourier　transform,　and　aimed　at　developing　algorithms

that　can　attain　high　paralle】emdency,　high　single-processor　performance　and　high　nu-

merical　accuracy　and　stabmty,　The　achievements　of　our　study　are　as　follows:

1,　1n　Chapter　3,　we　proposed　the　jo�･/e4Zθc&�Gassjan&m&�io71　md4od　for

　　distributed-memory　parallel　machines　whose　computational　nodes　consists　of　pro-

　　cessors　with　hierarchical　memory.　Compared　with　conventional　parallel　blocked

　　Gaussian　elimination　method,　our　method　has　the　advantage　that　it　can　achieve

　　both　high　single-proce8sor　performance　and　high　parallel　emciency　a　the　same　time,

　　NVe　verined　the　effectiveness　of　our　method　on　the　nCUBE2　and　the　Hitachi　SR200L

　　The　idea　of　double　blocking　is　useful　for　other　linear　algebra　problems　sudl　as

　　Householder　trj-diagonalization　and　the　QR　fa£torjzation,　and　jn　fact,　jt　has　been

　　successfully　used　for　Householder　tri-diagonahzation,

2,　1n　Chapter　4,　We　designed　a　sparse　direct　solver　for　distributed-memory　paralle1

　　machines,　This　solver　is　designed　to　deal　with　sparse　symmetric　positive　dennite

　　matrices　with　3　×3　block　nonzero　structure,　and　adopts　a　locjly　optimized　loop

　　unromng　technique　to　attain　high　sing】e-Processor　performance　in　the　Cholesky

　　factorization　part/W6　implemented　our　solver　on　the　Hitachi　SR2201　and　found　that

　　our　technique　can　a£tually　improve　the　performance　for　a　real　structural　analysis

　　problem,
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3,　1n　Chapter　5,　we　Proposed　a　new　paral】el　dlrect　solver　for　unsymmetric　tridiagonal

　　matrices.　ln　contrast　to　most　of　the　parjlel　tridiagonal　solver　proposed　so　faT,0u｢

　　solver　can　incorporate　partial　pivoting　for　numerical　accuracy　and　stabihty　without

　　sacrincing　Parallelism,　Nunlerical　experiments　on　the　Hitach1　SR80010/Fl　show　that
　　it　can　achieve　speedup　of　5･5　times　compared　with　the　sequential　tridiagonal　soiver

　　with　partial　pivoting　when　the　nlatrix　size　is　8000　and　the　number　of　processor　is

　　8,　The　experiments　also　show　that　accuracy　of　our　method　is　aJmost　the　sam･e　as

　　that　of　the　sequential　solver　and　is　up　to　two　orders　of　magnitude　better　than　that

　　of　the　paranel　solver　without　pivoting,

4,　1n　Chapter　6,　we　investigated　algorithms　for　tri-diagonalization　of　a　real　symmetric

　　matrix　on　a　processor　with　hierarchicj　memory･　We　proposed　two　improvements　R)｢

　　the　two-step　algorithm　of　Bishof　et　al･,　which　can　perfbrm　tri-diagonalization　using

　　only　BLAS　3　operations.　Numerical　experiments　on　the　lBM　Power　4　Processor

　　show　that　the　resulting　algorithm　can　attain　single-processor　performance　lO　to

　　15%higher　than　that　of　Bishof's　algorithm,　or　about　40%of　the　Peak　performance.

　　This　is　twice｡the　performance　of　widely　used　Dongarra's　algorithm･　We　also　showed

　　that　th･e　accuracy　of　the　two-step　algorithm　is　comparable　to　that　of　Dongarra's

　　algorithny}･

5,　1n　Chapter　7,　we　proposed　the　R)w&�&r　ime9e　ilem11θ7l　md&j,　a　new　a1-

　　gorithm　for　computing　the　eigenvectors　of　a　real　symmetric　matrix　on　a　shared-

　　memory　para】lel　machine,　CompaJed　with　the　paraHel　inverse　iteration　methods

　　proposed　so　farjt　can　reduce　the　number　of　interprocessor　synchronization　in　the

　　re-orthogonanzation　step　from　O(y2)toO(yV)evenwhen　fuH　re-orthogonalization
　　is　performed,　Numerical　experiments　on　the　SR8000　show　that　our　method　is　up

　　to　31　times　faster　than　the　conventional　inverse　iteration　when　computing　all　the

　　eigenvectors　of　matrices　of　order　1000　to　4000,　and　stlll　attains　the　same　level　of

　　oTthogonahty　of　computed　eigenvectors,

6,　Finan,　in　Chapter　8,　we　designed　a　1-dimensional　FFT　program　for　distributed-

　memory　vedor-paranel　machines,　0ur　program　Provides　the　user　with　both　high

　perforniance　and　nexibility　in　data　distributionjn　the　sense　that　the　distribution

　block　sizes　i6r　input　and　output　can　be　specihd　independently　by　the　user,　lt　is

　based　on　the　transpose　algorithnl,　whid1　requires　only　one　global　dat.a　transposi-

　tion,and　no　additionj　inteFprocessor　communication　is　necessaly　to　reahze　this

　nexibmty､Numericj　experiments　on　the　SR2201　shows　that　it　can　attak　45%　of

　the　peak　performancewhen　transfomling　224　points　data　on　16　nodes.　This　result

　was　unchanged　for　a　wide　range　of　block　sizes　from　l　to　16,
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　　We　believe　that　the　algorithms　we　have　developed　in　this　thesis　are　apphcable　to　a　wide

range　of　problems　arising　in　science　and　engineering　and　wiH　contribute　to　the　progress　of

these　nelds　by　providing　them　with　a　means　to　use　modem　high　performallcecomputers

more　emciently･

9.2　Future　work

xVe　are　planning　to　extend　our　study　along　the　fonowing　three　directions:

　　●Application　to　real　problems

　　　ln　this　thesis,　we　have　verified　the　effectiveness　of　our　algorithms　on　a　numb･er　of

　　　test　problems,　Howeverjt　remains　our　future　work　to　integrate　our　solvers　into　real

　　　applications　and　evaluate　their　perfomlance　there,　ln　particular,　we　are　interested

　　　in　solving】arge　eigenvalue/eigenvector　problems　arising　in　e】ectronic　structure　ca1-
　　　culations　and　information　retrievj　by　collaborating　with　researchers　in　these　nelds･

　　●Development　of　an　automatically4uned　library

　　　As　architectures　of　high　PerRrmance　computers　becomelnorecomplex　and　diverse,

　　　the　cost　of　develoPing　an　oPtimized　linear　algebra　hbrary　for　each　architecture　is

　　　growing　prohibitively　expensive/n)solve　this　problem,　several　automatically-tuned

　　　libraries　have　been　proposed　μ1H61]L62】[65].we　are　interested　in　combining　the
　　　ideas　presented　in　these　studies　withouralgorithm　to　develop　an　automaticany-

　　　tuned　library　that　can　attain　high　perfomlance　on　a　wide　range　of　machines･

　　●Guaranteeing　the　accuracy　of　solution

　　　As　the　size　of　the　problems　growsjt　becomes　more　and　nylore　important　to　guaran-

　　　tee　the　accuracy　of　the　computed　solution,　Recently,　sinlple　and　emcient　methods

　　　for　nnding　rigorous　error　bounds　have　been　proposed　for　linear　8imultaneous　equa-

　　　tions{72][73]and　eigenvalue　problems　[74],lt　will　be　rewarding　to　investigate　the
　　　applicability　of　these　ideas　to　our　algorithms,

　　By　combining　the　results　obtained　by　following　these　paths,　we　hope　to　provide　a　more

emcient,easy-to-use　and　reliable　】ibrary　for　nunTlerical　linear　algebra,
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