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Abstract— This paper is devoted to a novel characterization
of singular values of nonlinear operators. Although eigenvalue
and spectrum analysis for nonlinear operators has been stud-
ied by many researchers in mathematics literature, singular
value analysis has not been investigated so much. In this paper,
a novel framework of singular value analysis is proposed which
is closely related to the operator gain. The proposed singular
value analysis is based on the eigenvalue analysis of a special
class of nonlinear operators called differentially self-adjoint.
Some properties of those operators are clarified which are
natural generalization of the linear case results. Furthermore,
a sufficient condition for the existence of singular values is
provided. The proposed analysis tools are expected to play an
important role in nonlinear control systems theory as in the
linear case.

I. INTRODUCTION

Eigenvalue analysis with the related techniques is one
of the most beneficial tools in many scientific research
fields. In particular, eigenvalue and singular value analysis
plays a crucial role in linear control systems theory. It
is quite natural to consider how to generalize these tools
for nonlinear operators, whereas they are originally used
for linear operators. In fact, there are several papers on
eigenvalue and spectrum analysis for nonlinear operators
in mathematics literature [1], [2], [3], [4].

Let us consider a Banach space X with a field K and
a linear operator A : X — X. Its eigenvalue A\ and the
corresponding eigenvector x are obtained by solving

Az =Xz, M€K, z(#0)eX.

Here X rendering A — A\I non-invertible is called a spectrum
of A. The nonlinear version of this eigenvalue problem is
formulated in a similar way as follows. Consider a nonlinear
operator f : Xo — X with Xy C X. Its eigenvalue A and
the corresponding eigenvector x are obtained by solving

flx)=Xz, XeK, z(#0)eX.

Here A rendering f — AI non-invertible is called a spectrum
of f. The above nonlinear eigenvalue problem is a natural
generalization of the linear case.

On the other hand, nonlinear versions of singular value
problems were not investigated so much. This is because
the definition of a nonlinear version of adjoint operators are
not clear. In the linear case, singular vectors z’s of a linear
operator A are characterized by the eigenvectors of A*A
with A* the adjoint of A, and the corresponding singular
values are given by square roots of the eigenvalues of A*A.
See e.g. [5]. Although there are some research on adjoints
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of nonlinear operators [6], [7], [8], [9], its direct application
does not derive any framework for singular value analysis
so profitable as that in the linear case.

The objective of this paper is to provide a natural
definition of singular values of nonlinear operators and to
clarify some of their properties. First of all, recall that
singular values in the linear case has a close relationship
to the operator gain. A new definition of singular values
of nonlinear operators is proposed based on their gain
analysis. Then it is shown that thus defined singular values
can be calculated by solving a special class of nonlinear
eigenvalue problems with respect to a differentially self-
adjoint operator which is a nonlinear counterpart of a self-
adjoint operator in the linear case. Furthermore, some of
their properties related to the existence of singular values
are clarified.

In this paper, K € {R,C} denotes a field where R and
C denote the space of real numbers and that of complex
numbers, respectively. The symbol N denotes the space
of natural numbers. The operators d(-) and d(-) denote
Fréchet derivative (for conventional operators) and exterior
derivative (for differential forms), respectively, and the
word ‘differentiable’ stands for ‘Fréchet differentiable’. The
symbols Re(z) and Im(z) with a complex number =z € C
denote its real part and the imaginary part, respectively. The
product (-, -) denotes the inner product for the correspond-
ing Hilbert space with the field K. The symbols .S, and D,
denote a sphere S,.(X) := {x € X | ||z|| = r} and a disk
D, (X) :={x € X | ||z|| < r}, respectively. The symbol
T, M denotes the tangent space of M at zx.

II. SINGULAR VALUES OF NONLINEAR OPERATORS

First of all, recall the definition of singular values in
the linear case in order to show the line of thinking in
the nonlinear case. In the linear case, singular values and
singular vectors of a linear (compact) operator A : X — Y
with Hilbert spaces X and Y are characterized by the
eigenvalue problem of A*A: X — X

A*Az =Xz, XeK, z(#0)eX. (1
Here the solution z is called a (right) singular vector
of A. The eigenvalue A is always real and non-negative

because A*A is self-adjoint and positive semi-definite. So
the corresponding singular value can be defined by

=V (_ |A$”). )

[l
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Singular values are important because it characterizes the
operator gain by

[|A]] := sup | A] = | Az] =sup 0. (3)
a0 Izl jzp=1 N
How can we define singular values for nonlinear oper-
ators? Recall also that, when z is a singular vector corre-
sponding to a nonzero singular value, then it is a critical
point of the square of the input-output ratio || Az||?/||z||?
under the constraint z € S;(X) [5], that is,

a (141 (dz) =0, Vdz st. (z,dz) € TySi (X
T2 x) =0, z st (z,dr) € TpS1(X).
Here we adopt this relationship as the starting point to define
singular vectors of nonlinear operators. Consider a nonlinear
operator g : Xo — Y with an open set Xy C X containing
0. Take an arbitrary positive constant > 0 and consider a
similar problem finding critical points of the square of the
input-output ratio under a constraint € S, (X) N Xo.

llg(a)? _
d( EE >(d“””)‘0
Vdz s.t. (z,dz) € T,(S-(X) N Xo). 4)

Here an additional parameter 7 is introduced because the
input-output ratio of a nonlinear operator varies according
to the input magnitude r, differently from the linear case.

In the nonlinear case, the singular vectors satisfying
(4) is characterized by the following nonlinear eigenvalue
problem.

Theorem 1: Consider Hilbert spaces X and Y with a
field K, and a bounded nonlinear operator g : Xg — Y
with an open set X satisfying 0 € Xo C X. Suppose that
g is differentiable. Then x is a solution of (4) if and only if
it satisfies

(dg(2))"g(x) = Az, AeR, z(#0) € Xo. (5

Proof: The problem (4) is to find a critical point of
llg(z)|I?/||z||* under a constraint ||z|| = r. We start from

(25) o

_ (9(x),dg(z)(dz)) + (dg(z)(dz), g(x))

r
2 *
= T—QRe((dg(m)) g(x),dz) = 0.
By differentiating the constraint ||z|| = r of S.(X), we
obtain
Re(z,dz) = 0.

Hence Equation (4) is equivalent to
Re((dg(z))"g(x),§) =0, Ve X st. Re(r,§) =0
Sufficiency of the theorem is proved first. If A € R and
x € Xy satisfy Equation (5), then
Re((dg(z))"g(z),§) = Re(Az, &) =Re(A- (x,¢))
ReX - Re(z, &) — Im\ - Im(x;, &)
= 0.

This proves the sufficiency.
Necessity is proved then. Note that X can be decomposed
into two orthogonal subspaces

Xo {vz | v € K}
X1 = {£eX [ (z,§) =0}

Further, using an expression v = A+iu, X, can be divided
into two sets

Xz Xrz U XiRz
{0} = XgeN Xige
Xry = {Az| AeR}
Xige = {ipz [ p€R}
Then we obtain a unique decomposition
(dg(x))*g(z) = Az+ipz+a 1.,

AT € X]Ram i,ux S Xi]Rz, Ty € XL:&-
This yields

Re((dg(z))"g(x), &)

=Re(Az +ipx +x14,8)

= Re(A\z, &) — ilm{ux, &) + Re(x 1 4, &)
= —p-Im(x, &) + Re(z 4, &)

=0, V¢ st. Re(z, &) =0.

Since Im(x, £) can be an arbitrary (non-zero) value, u = 0.
Moreover, we have

Ty € Xlx C {5 €X | Re<l‘7£> = 0}7

that is, ., can be taken as £. Therefore x,, = 0 has to
hold, which proves the necessity. This completes the proof.
|
This property motivates us to characterize singular values
and singular vectors of nonlinear operators as follows.
Definition 1: Consider Hilbert spaces X and Y with a
field K, and a differentiable bounded nonlinear operator
g : Xo — Y with an open set X satisfying 0 € Xy C X.
An eigenvector of the operator x — (dg(z))*g(x) corre-
sponding to a real eigenvalue, that is, x € X satisfying
(5) is called a singular vector of g and the corresponding
input-output ratio defined by

lg(@)

]

g =

with the singular vector z is called a singular value of g.
Note that Equation (5) is a natural nonlinear general-
ization of the singular value problem in the linear case
(1). The reason why we adopt the second equation of (2)
as the definition of singular values of nonlinear operators
instead of the first one, is because A in (5) can be negative.
Furthermore, this definition yields the property

ls@l _

]

lgll := sup
zeXo
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as in the linear case (3), because the input maximizing
the input-output ratio argsup(||g(x)||/||z||) has to satisfy
Equation (4). Namely, nonlinear singular values are also
closely related to the operator gain.

Remark 1: The author has provided a similar definition
of singular values for nonlinear Hankel operators in [10].
This definition works quite nicely for Hankel operators,
and nonlinear balanced realization and model reduction
procedure are obtained consequently [11], [12]. Another
important example of the proposed singular values can be
found in Lo gain analysis [13]. In fact, investigating the
singular values for L stable nonlinear input-output systems
is equivalent to analyzing the solution of the corresponding
Hamiltonian extension giving the solution of Ly gain anal-
ysis of the original operator [12].

III. DIFFERENTIALLY SELF-ADJOINT OPERATORS

In order to investigate the solution of (5), we need to
characterize a nonlinear version of a self-adjoint operator,
since the eigenstructure of such operators play an important
role in investigating singular values of linear operators. Let
us define differentially self-adjoint operators as follows.

Definition 2: Consider a Hilbert space X with a field K,
and a bounded nonlinear operator f : Xg — X with an
open set X satisfying 0 € X C X. The operator f is said
to be differentially self-adjoint if it is differentiable and if
df(x): X — X is self-adjoint for all z € Xj.

An intuitive motivation of this definition is explained by
the following lemma and corollary.

Lemma 1: Consider a Hilbert space X with a field K,
and a bounded nonlinear operator h : Xo — R with an
open set X satisfying 0 € Xo C X. Suppose that h is
continuously differentiable and that there there exists an
operator f: Xog — X satisfying

dh(z)(dz) = Re(f(x), dz). ©)
Then the operator f is differentially self-adjoint.

Proof: First of all, the second order derivative of h is
given by
d*h(z)(dx)(dz)
(dh(z)(dz))(dz)
(Re(f(x), dz))(dx)

d({f(2), dz) + (dz, f(2)))(dz)
= 5 ({df(2)(dz), dz) + (dz, df(z)(dz)))
= Re(df(x)(dz), dx).
The definition of Fréchet derivative implies that the second

order derivative d?h(z) : X x X — R is symmetric with
respect to the two variables, that is,

d?h(zx)(€)(n) = d*h(z)(n)(E),

Therefore, we obtain

Re(df(z)(n),) = Re(df(z)(§),n) =Re(n,df(@)(&))
= Re<777df(x)(€)>7 r € Xo, §me X

[T TESE

=N =

x € Xp, &,neX.

because d?h(z)(¢)(n) € R. Further, substituting 7 = i(,
(e X,

Im(df(2)(€), &) = Im(C, df () (£))-

Namely, df(z) is self-adjoint for all z € X,. This proves
the lemma. [ ]

Corollary 1: Consider Hilbert spaces X and Y with a
field K, and a bounded nonlinear operator g : Xo — Y with
an open set X satisfying 0 € Xo C X. Suppose that g is
continuously differentiable. Then the operator | : Xog — X
defined by

f(z) == (dg(x))"g(x) @

is differentially self-adjoint.
Proof: Corollary follows directly from Lemma 1 by
defining h : Xg — R as

h(z) =
because

dh(x)(dx)
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(
= Re(g(z),dg(x)(dx
= Re((dg(2))"g(z), dz)

which implies (6). |

Therefore, any singular value problem reduces down to
an eigenvalue problem with respect to a special class of
operators called differentially self-adjoint.

The final objective of this section is to provide a converse
result of of Lemma 1. To this end, let us state the following
lemma.

Lemma 2: Consider a Hilbert space X with a field K,
and a bounded nonlinear operator f : Xo — X with any
simply connected open set X satisfying 0 € Xo C X.
Suppose that f is differentially self-adjoint. Then

(f(z),z) €R, Vz e X,.

Proof: Suppose that X is convex without loss of
generality, since a simply connected set is homeomorphic
to a convex one. Hence we can define an operator F' :
XoxX — X by

1
F(z)(€) == / af (t)(€) dt.

F(z) : X — X is linear and self-adjoint for all x € X,
because

(n, F(2)(€)) / (@f(t)(€), m)dt

1
/0 (&, df (tx)(n))dt
(€. F(@)(n)).

Then we have

1 T 1
f@) = /O dféz )dt+f(0):/0 df (tz) (z)dt
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Here we use the relation f(0) = 0, which is implied by
boundedness of f. Since F'(x) is self-adjoint,

(f(2),2) (F(x)(2),x) = (z, F(z)(x))
= (@ f(z) = (f(2),2)

holds for all z € X. Thatis, (f(z), z) is real forall z € X
which is the claim of the lemma. ]
Using this lemma, we can prove a converse result of
Lemma 1, which is a variation of Stokes’s theorem.
Theorem 2: Consider a Hilbert space X with a field K,
and a bounded nonlinear operator f : Xo — X with a
simply connected open set X satisfying 0 € Xo C X.
Suppose that f is differentiable. Then f is differentially self-
adjoint if and only if there exists an operator h : Xg — R
satisfying
dh(z)(dz) = Re(f(z),dx). (8)
Proof:  Since sufficiency is proved in Lemma 1,

only necessity is proved here. Consider a curve C' in X
connecting 0 and z. Define an operator i : X — R by

he(x) IZ/CRe<f(l’),dl‘> 9)

which depends on the choice of the curve C. Let {ey},
k € N denote a set of orthonormal basis of the space X.
Here let us define a sequence of sets { K}, I € N as follows

K = {1}
Ky = {2,... k)
Ks = {ko+1,... ks}

such that each set K contains finite elements and U;2, K; =
N. Take an arbitrary curve C' = {c(t) | ¢ € [0,1]} in X,
connecting 0 and x

c(t) = cxlt)ex.
k

Here we suppose that e; = a/||z|| holds without loss of
generality. Then the following relations hold.

e (0) 0, keN
01(1) = 1
(1) = 0, k(£1)eN

Define a set of curves C; = {c!(t) | t € [0,1]},

d(t) =Y cklt)ex.

keEK,

Then we have a relation

/CRe<f(x),dm> = ;/Cl Re(f(z),dx)

because C)’s are contained in X due to its convexity (which
can be assumed without loss of generality as in the proof

of Lemma 2). Let us represent f(z) using the basis {ey}
as

fl@) =" fu(@)ex
k=1
which yields

/Cl Re(f(z),dz) = /Cl Re Z fr(z) day

keEK)

where © = Y7 xpey. Since [ is differentially self-
adjoint, gradient of the vector { fx(x)}, k € K; with respect
the variables {zy}, k¥ € K, is symmetric, that is, the
differential 1-form >,y fi(z) doy is closed

d{mk}kexl Z fk(x) dxr =0
keK,;

where dy;,}, . Ky denotes the exterior derivative for differ-
ential forms with respect to {z}, k € K. Furthermore, for
[ > 2, C; is a closed curve because each set K; contains
a finite number of the basis. Hence we can define compact
connected sets C’l’s such that

9C, =G,
holds. Stokes’s theorem implies that

/Cl Re > fi(w) day,

keK;

= /~ Re d{wk}kexl
Cy

=0

keK,;

for any [ > 2. Finally we obtain

/CRe<f(z),d:z:>_/Cl Re fi(z) da:

which implies that the integral h¢ in (9) does not depend on
the choice of the curve C'. (It depends only on the terminal
point z.) It is obvious that h = h¢ satisfies (8). This proves
the theorem. [ ]

(10)

IV. EIGENVALUE ANALYSIS OF DIFFERENTIALLY
SELF-ADJOINT OPERATORS

This section investigates the solution structure of the
eigenvalue problems of differentially self-adjoint operators
based on the results derived in the previous sections, which
is particularly useful for singular value analysis of nonlinear
operators as explained in Theorem 1.

Theorem 3: Consider a Hilbert space X with a field K,
and a bounded nonlinear operator f : Xog — X with
a simply connected open set X satisfying 0 € Xog C
X. Suppose that f is differentially self-adjoint. Then all
eigenvalues of f are real. Furthermore, if f satisfies (7),
then all eigenvectors of f are singular vectors of g.

Proof: Former part is proved first. If A € K is an
eigenvalue of f, then Lemma 2 implies that

Mlzl* = (ha,z) = (f(2),2) € R
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holds with the corresponding eigenvector z. Since x # 0,
the eigenvalue A has to be real, which is the claim of the
former part. The latter part follows readily from the former
part and Definition 1. [ ]

This theorem allows us to concentrate on real eigenvalues
when we treat differentially self-adjoint nonlinear operators,
as in the linear case.

The final objective of this paper is to obtain a some
conditions on the existence of singular values of nonlinear
operators (i.e., eigenvectors of differentially self-adjoint
operators).

Theorem 4: Consider the Hilbert space X = R"™ with the
field K = R, and a bounded nonlinear operator f : Xg —
X with a simply connected open set X satisfying 0 €
Xo C X. Suppose that f is differentially self-adjoint, and
that df(0) : X — X has n distinct eigenvalues. Then there
exists a set D,.(R) C R satisfying {z | |z|| € D,(R)} C
Xo, and a set of differentiable operators \; : D, (R) — R’s
and z; : D.(R) — Xo’s satisfying

f(xi(s)) = Ails) wi(s), zi(s)] = |sl, s € Dr(R). (11)
Proof: Theorem 2 implies that there exists a differen-
tiable operator h : Xy — R satisfying

dh(z)(dz) = Re(f(z), dx).

The operator h also satisfies

d*h(x)(dz)(dz) = (df(x)(dz), dz)
Therefore we have

h(z) = (f(0),2) + (df(0)(2), ) + o(l|z[*)
= (df(0)(x),z) +oll=]*)
h(x) + o(|lz]?)

with A(z) := (df(0)(z),z) a quadratic approximation of

h(z). Now let Al > ... > A, denote the eigenvalues
of df(0) : X — X and Zi,...,%p, ||Z]] = 1 denote
the corresponding normalized eigenvectors. Since df(0) :
X — X is self-adjoint, the upper and lower bounds of the
ratio h/||z|? on a sphere S,.(X) coincide with \; and X,
respectively.

T B 1t
= A1
zes, (x) [17]? €S, (X) [|z]?

In fact, we have

dh(+ri;)(dz) = 0, Vdz s.t. (z,dz) € TS, (X)
A2h(£rd))(dz)(dz) < 0, Vdz s.t. (z,dz) € T8, (X)
d2h(xriy,)(dz)(dz) > 0, Vdz s.t. (z,dz) € TpS,.(X).
Namely, the operator h( )/||z||? restricted to the set S, (X)

has its maximum value /\1 at x = +rzy and its minimum )\

at © = +ri,,. Recall that the set S,.(X) is compact, so the
operator h(z)/||z||? also have its maximum and minimum
on each set S,.(X). Since his a quadratic approximation
of h at 0, there exists a neighborhood of 0 on which

the operator h(z)/||z||* restricted to the set S,(X) has
its (local) maximum at the points = z1(r) ~ ri; and
x = x1(—r) ~ —rZ, and its minimum at the points
x = xp(r) = ri, and © = x,(—r) &~ —ri,. This proves
the theorem in the case n = 2 indeed.

As h is continuously differentiable, x1(s) and z,(s)
smoothly depends on s (in a neighborhood of 0). Since
there exists an isometric diffeomorphism converting x1(s)
and x,,(s) into the coordinate axes [11], we can assume that
x1(s) and ,(s) coincide with the coordinate axes without
loss of generality.

The proof is completed by induction with respect to the
dimension n.

(i) The case n = 1 is trivial, and the case n = 2 follows
readily from the above discussion.

(ii) The case n = k > 2: Suppose that the theorem in the
case n = k—1 holds and that the coordinate axes x; and x,,
are chosen in the above way. Consider a plane x1 = t. Then
the case n = k — 1 implies that there exists a neighborhood
of 0 on which there exist £—1 independent solutions of (11),
that is, there exist functions \;(5)’s and Z;(3)’s satisfying

FEE) = MEHE), j=2...k
1Z:(3)11> 4t
with x = (2',...,2%) and f(z) = (f'(2),...,f*(x))

the expressions in local coordinates. Here what we need
to prove is the existence of ¢ and A satisfying

fle) = Mt

k
> F(@3)?
i=2

This problem reduces to the eigenvalue problem in the case
n = 2 by regarding (§,t) as local coordinates. Hence there
exists an eigenvector (8,t) = (5(s),t(s)) for each ¢ whose
corresponding eigenvalue has to coincide with A;(5(s)).
This proves the theorem in the case n = k.
The steps (i) and (ii) imply the theorem. [ |
Furthermore, we can prove a relationship between the
eigenvalues of f and the singular values of g. Recall the
linear case and let o;’s and \;’s denote the singular values
of A: X — Y and the eigenvalues of A*A : X — X.
Then clearly we have

[SE

As

N\ = o? (12)

due to the definition (2). The nonlinear counterpart of this
equation is given by the following theorem.

Theorem 5: Consider Hilbert spaces X = R™ and Y
with a field K, and a bounded nonlinear operator g :
Xo — Y with an open set X satisfying 0 € Xy C X.
Suppose that the operator f defined by (7) satisfies the
assumptions in Theorem 4. Then the singular values c;(s)’s
of g defined by oi(s) lg(zi()I/zi(s)l| and the
eigenvalues \;(s)’s of [ satisfy
do;(s)

Ni(s) = ou(5)? + 5 () 2

13)
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Further, the converse relation is given by

0i(s)? = 2 / s Ai(s)ds. (14)
0

52

Proof: First of all, the second equation in (11) is
5% = ||lzi(s)II?

which implies

2 s ds = d(||=i(s)]|*)(ds) = 2(x;, dzi(s)(ds)).  (15)
We have another relation
_ llg(ai(s)I?
7 = e

This reduces to

d(0i(s)*)(ds) )

llg(zi(s))]l )
=d|—50 | (d
(M) @
_ 2|zl *(g(=i), dg(xi)(dx)) — 2|lg (i) (@i, dx)
[l |+
_ 2((dg(@:))*g(@i) — ofwi, da)
3|2

_ 2<f(mz) B UiQxi7dx>

= =

_ 2(\i — o) (@i, dwi(s)(ds))

52
s
Here we use the relation (15). Therefore,
M) = oo + S22 (62 4 9220
(16)

which is equivalent to (13). Moreover, multiplying the above
(left) equation by s, we obtain a form

1d(s%0;(s)?)
2 ds '

Hence, integrating this equation, we obtain

oi(s)? = 3/0 s Ai(s)ds + ¢

52

with a constant c. Further, Equation (16) implies that ¢ = 0
which reduces the above equation to Equation (14). This
completes the proof. [ ]

Theorem 5 shows the fact that there is a one-to-one
relationship between A;(s) and o;(s). In the linear case,
both o;(s)’s and A;(s)’s are constant, so Equations (13)
and (14) recover the straightforward relationship (12).

V. CONCLUSION

This paper proposed a novel framework for singular value
analysis of nonlinear operators. First of all, a natural defini-
tion of nonlinear singular values is proposed. Second, it is
shown that the singular values thus defined can be obtained
by solving a special class of nonlinear eigenvalue problems
with respect to differentially self-adjoint operators. Third,
some properties of singular values are clarified. Finally, a
sufficient condition for the existence of singular values is
proved. It is expected that this framework will provide a
useful analysis tools for nonlinear control systems theory
as in the linear case.
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