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Abstract

This paper concerns with active vibration control of
non-uniform damped mass-spring systems by the wave
control. Especially, this study considers clarifying a
class of a damped mass-spring system that can be ana-
lyzed by the wave-based analysis. Because the wave
properties are determined by the propagation con-
stants, three conditions for the propagation constants
are considered. Necessary and sufficient condition for
the physical parameters to hold the three conditions
is obtained. Moreover, for this class of damped mass-
spring systems, properties of the propagation constants
and the characteristic impedances, which achieve the
impedance matching, are studied. Numerical examples
are shown to prove efficiency of the impedance match-
ing controller.

1 Introduction

In this paper, aiming to establish the wave control
of non-uniform structures, this study considers clari-
fying a class of a damped mass-spring system that can
be analyzed by the wave-based analysis. Three con-
ditions for the propagation constants are considered,
and necessary and sufficient condition for the physical
parameters of the system to hold the three condition-
s is obtained. For this class of damped mass-spring
systems, properties of the characteristic impedances,
which is an irrational function of the Laplace operator
s, on the imaginary axis are also discussed to realize
the impedance matching controller in finite dimension.
Numerical examples are shown to prove efficiency of
the obtained impedance matching controller.

2 Main Results

2.1 Damped Mass-Spring System to be Ana-
lyzed by the Wave-Based Analysis

u
Recently active vibration control of flexible structures % b mg f o megf, 2 my f; ™
has been greatly developed [1]. Observing the con- T ‘m'%‘_‘ﬁ—%‘-‘
cepts of vibration suppression of flexible structures, 4 — dyy —> dy — R —
most techniques are based on the modal analysis [2, 3]. Uy Us-1 U Uy

Control design based on the modal analysis is called
the modal control. Modal control has shown efficien-
¢y for vibration control of flexible structures, however,
if structures become more flexible, we need to control
many modes, and must devote to hard control design.
Moreover, in the modal control, control design usually
aims to reduce vibration at the loop of the structure,
however, especially for highly flexible structures, sup-
pressing vibration at the loop sometimes results in poor
performance at the other position.

The wave control that is similar concept to the
impedance matching in the electric circuit theory is

Figure 1: Non-uniform damped mass-spring system

Consider a non-uniform damped mass-spring system
shown in Fig. 1. £ represents the position from the
left end. ve(t)[m/s] is the velocity of the corresponding
mass mg[Kg] and fy(¢t)[N] is the reaction force from
the right side of the mass. d¢[Ns/m] and k,[N/m] are
the viscous damping coefficient and the spring constant
respectively. u(t)[N] is a control force acting on the
right end. The Laplace transform of vy (t) and fe(¢) are
denoted by ve(s) and fe(s) respectively.

expected to be applicable to the above problems [4]. Defining
However, because the wave control is based on the 7 _ s v - 1
wave-based analysis, most papers considered simple u- o) = dys + ky' o(s) i=mes (1)

niform structures such as uniform beams, wave guides,
ete. [, 6, 7, 8], and methodology of the wave control
for general (non-uniform) structures is still not clear
from theoretical point of view.
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then v,(s) and f¢(s) are represented by a recurrent for-
mula

Xe(s) = Ae(s)Xe-1(s), (2)



where
xo = | 53]
Ae(s) = [_yi(s) 1+}eZ(£s()Sl)’e(S)]'

Suppose there exists a transformation

Xo(s) = To(s)Xe(s), Xo:

which transforms equation (2) into

Xe(s) = To(s) " Ag(s)Tomi(5) X o1 ()
_ [Alb(s) A:(S)];@_l(s). (1)

If my, do, k¢ are independent of £ (uniform damped-
mass spring), Ay, (s) and As,(s) are defined by the roots

of
ps) =X = @+ ZEY ()AL (5)

From the relations between roots and coefficients for
(5), following properties hold.

(a) A1,(s) # Az (s)
(b) /\14(5)/\25(8) —ac R-I-)
(c) A1,(s) and Ay, (s) arve independent of £,

where Ry Is the set of positive real number. Owing
to these properties, f;7(s) and f; (s) in (3) can be re-
garded as traveling waves. Physical meaning of these
conditions are as follows. (a) requires that the wave
properties of ff(s) and f; (s) are different. (b) re-
quires that f;(s) and f; (s) travel in the opposite di-
rection at the same speed. (c) requires that the wave
properties of f,f'(s), fi (s) are independent of position
¢, therefore they travel at the same speed at any po-
sition. In the electric circuit theory, A1,(s) and Ag,(s)
are called the propagation constants. See [8, 10] for
more details of the wave-based analysis of the uniform
damped-mass spring.

In the following, we characterize a class of the damped-
mass spring system to be analyzed by the wave-based
analysis from the properties of Ay,(s) and Ay, (s). Ob-
serving the analysis of the uniform case, it is probable
that only the conditions (a) and (b) are dominant to be
analyzed by the wave-based analysis, however, depen-
dency on £ makes the problem much harder to solve. In
this paper, as those in the uniform case, we also require
independency of £ in addition. Considering condition
{c), we use Ai(s), Aa(s) instead of Ay, (s), Ag,(s) here-
after. For the conditions (a), (b) and (c), the following
theorem holds.

Theorem 2.1 Consider damped mass-spring system
shown in Fig. 1. There exists a transformation (3)
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which transforms (2) into (4) and the conditions (a),
(b), (¢) are satisfied iff physical parameters of the sys-
tem satisfy

my Cl@

= ([Z_l =

me—1

Proof:) See Appendix A.1.

2.2 Properties of the Propagation Constants
and the Characteristic Impedances

In the proof of Theorem 2.1 (Appendix A.l), im-
portant variables that characterize wave properties of
f;'(s) and f; (s) appeared: the propagation constants
A1(8), Aa(s) defined by (10) and the characteristic
impedances Z; (s), Z/ (s) defined by (9). In this sub-
section, we Investigate properties of these variables on
the imaginary axis s = jw for the system which satis-
fies equation (6). Proofs are shown in Appendix A.2
and A.3.

Property 2.1 Consider Ai(s) and Ay(s), the roots of
(10). Suppose Xi(jwo) locates in the upper half-plane
of the complez plane, and Ay(jwo) locates in the low-
er half-plane for some wyg € Ry. Then, the following
statements hold.

(i) M(jw), A2(jw) are continuous with respect to
w € Ry. Moreover, for allw € Ry, Ai(jw) lo-
cates in the upper half-plane, and A2(jw) locates
in the lower half-plane.

(i1) 0 < |A(Jw)] < o < A1 (J

)<oof07" Yw € Ry.

(111) w — oo : hm/\ < >+]oo

hm A ( =0

W — O+

(a<1) lim M(jw)=1, lim A(jw)=2a
w—04 w—04

(e=1) lim A(Jw) =1, lim A(jw)=1
w—04 w04

(a>1) lim \(jw)=a, lim A(jw)=1
w—04 w—04

Figure 2 shows typical loci of A;(jw) (solid line) and
Aa(jw) (dashed line). As indicated in Property 2.1,
both starting from the real axis, A;(jw) locates outside
of the circle with radius +/a in the upper half-plane,
while As(jw) locates inside of the circle in the lower
half-plane. Using this property we can show the next
property concerns about the characteristic impedances.

Property 2.2 Consider Z; (s) and Z;(s) defined by
(9). Following statements hold.
(i) Z; (jw), Zf (jw) are continuous with respect to
wERL.

(ii) Re[Z; (jw)], RelZf(jw)] >0 forw eRY.
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Figure 2: Loci of A;(jw) (solid) and Ay(jw) (dash)
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Figure 3: Loci of Z; (jw) (solid) and Z; (jw) (dash)
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(iii) w — 0o : lim Z} (jw) = —— lim Z; (jw) = 0.
w00 w00

w — 0_|_ : "

(a< 1) lim Zf(jw):—joo , lim Z; (jw) =0,
w—04 w0,

/1
— : T —r N

(a - l) wllH)l_'_Z‘q (jw)_wl_l_,r{)l+Z£ (]w) = mn_kn)

(a>1) lirgl Z,f(jw):o ) lin(')] 77 (jw) = —joo.
WYy w—04

Figure 3 shows typical loci of Z; (jw) (solid line) and
Z; (jw) (dashed line). From the figure, we can confirm
that Z; (s), Zé"(s) has properties of the positive real
function on the imaginary axis s = jw. Note, from
Property 2. 2 (iii), that Z;(s) 1s a function with rela-
tive degree 0.

3 Numerical Example

In this section, efficiency of the impedance matching
controller for the system satisfying (6) is discussed.
In numerical example, we consider 10-mass {n = 10)
system shown in Fig. 4 with parameters me = m,, *
at~1[Kg], dp = dp*a'~'°[Ns/m], k¢ = ky +a*~1°[N/m]
and m,, = 1[Kg], d,, = 1/300[Ns/m], k,, = 1[N/m] and
a =2/3. In this case, m; is 2/37° =~ 38.4 times bigger
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Figure 4: Damped mass-spring for numerical example

than m1g. u is a control force acting on the right end
and given by u(s) = K(s)vn(s). w is a disturbance at
position 1.

First, we derive the impedance matching controller
for this system. Similar to the uniform case [8, 10],
suppose Ai(s) is the root whose imaginary part is
positive, then f;(s) and f;(s) in (3) are traveling
waves towards the positive direction and negative direc-
tion respectively. Defining v} (s) := Z}(s)f; (s) and
vy (s) = Z;(s)f; (s), vf (s) and v (s) are also trav-
eling waves. The velocity ve(s) is represented by the
sum of these waves. The reflection coefficient of the
velocity, the ratio of the reflected wave to the incident
wave, is given by

() _ Zis)
HONZELD

Un

a+ ZF(s)K(s)
a—Zn(s)K(s)

(7)

pr(s) ==
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Figure 5: Bode plots of [T,i’(s) (solid) and K (s) (dash)

From (7), the impedance matching controller which
renders p¥(s) = 0 is given by

ZI0)
Because Z;t(s) defined by (9) includes As(s), K (s) is
an irrational function of s, therefore, we can not use

the impedance matching controller directly in finite di-
mension. In fact,

(8)

dys+k, [1—a 1 m,s?
],,_*_ — n n - 7
n (5) s ( 5t Sdus +kn
14+a 1 mys? 2
2 T 2dns 1 kn ¢

Fortunately, from Property 2.2, —K(s) is well ap-
proximated by a proper rational positive real function
through complex-curve fitting [9] as those in [8]. Closed
loop stability is guaranteed by the positive real prop-
erty of the controller. Figure 5 shows the Bode plots
of KF(s) (dashed line) and an approximation Kf(s)
(solid line) with degree 14. K7 (s) and K;F(s) coincide
in this figure.

Figure 6 shows impulse response of the system dis-
turbed by w. Solid lines represent the response with
control and dashed lines represent the response without
control. vy, vs, v1g are the velocity of the corresponding
masses and u is the control force. From the response
with control in Fig.6, reflection is suppressed at posi-
tion 10 where controller exists, and vibration vanishes
rapidly compare to the response without control.

4 Conclusion
In this paper, aiming to establish the wave control of

non-uniform structures, this study considered clarify-
ing a class of a damped mass-spring system that can
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Figure 6: Impulse response with control (solid) and with-
out control (dash)

be analyzed by the wave-based analysis. Three con-
ditions for the propagation constants were considered,
and necessary and sufficient condition for the physical
parameters to hold the three conditions was obtained.
Properties of the characteristic impedances were also
discussed, and numerical examples were shown to prove
efficiency of the impedance matching controller.

To loosen the conditions and formulation of the wave
control as an impedance matching problem is our future
work.

A Appendix

A.1l: Proof of Theorem 2.1

In the proof, s is omitted for notational simplicity.
Sufficiency) Suppose (6) holds, then, from the definitions,

1

Ag: 1 _ae—” Zn s Yg = az_"Yn, Zg = ﬂZn
—at Y, 14 Z,.Y, a
Define
_ | Zc Zf
Tﬁ—l — I: -1 1 )
n—~¢
77 = aly _ta L
)\1 — a )\1 —a (9)
P aZy a-a""Z,
¢ - /\2 — - /\2 —a ’
where X, and Az are the roots of
pe = /\2—(a+1+ZnYn)/\—|—a, (10)

which is independent of £. From (9},

Il

Qe , Qei=[a (1)

Zy
~1

2
1

1/a
0

Zy
—1

l
|

Tea T &= [



—

therefore, from (4),

Xe=T,  ATe1 Xy = Te—l_leAzTequ—L (11)

Noting that (10) is the characteristic polynomial of

a
—gt=ndn |
14+ Z,Y,
and [Z; — 117, [Z} 1]T are the eigenvectors of QA cor-

responding to A1, A2 respectively, we can confirm that (11)
is transformed into

""_ Al O
X"_[ 0 X

a

—a'="y,

QeAe = I:

} Xo1. (12)

Since A; and Ay are the roots of (10), from the relations
between roots and coeflicients, (a), (b), (c) are satisfied.
This proves the sufficiency.

Necessity) Suppose Tp in (3) exists, then we can define

Qe = l: :ﬁ fﬁ ] = Ton T,

and equation (4) becomes
X =T QAT X
Note that A1, Az are eigenvalues of

ap—Yef

Yo — Yebe

—Zear+ (1 + Z¢Ye)Be
~Zeve+ (14 ZeYe)be |’

QeAr = [
that is, the roots of
pe=X = {ac—Vife~Zeve + (14206 fA
+ by = Beve. (13)
In the following, we try to find a condition for my, de, ke

such that the eigenvalues of @A, satisfy (a), (b), (¢).

From the condition (a), the transformation matrix Te—;
which diagonalize QgA, is described by using different
eigenvalues A1, Az as

-1 1

- +
Té-—l = { Z£ ZZ :I 3

where

- M = A{=Zeve + (1 + ZeY1)be}
¢ Ye — Yééé ' (14)
Ao = {~Zeve + (1 + ZeYo)be}

Ye — Yebe

Zj' =

Using this T¢r—;, and from the definition Q¢ := Te—1Te™?,
we obtain

e Be Z; + 7} —Z[Z?H + ZZ+Z€—+1

e o b }_ Zin + 24 Zi + 23 - (15)
0 1

Therefore,

(16)
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Using (16), (14) is simplified as

— M= (1 4+ ZeYe) . A —(142Y)
Z; = vy, Zy == v .
Noting that
v =t
I
—Z;ZZH +Ze_+1Zj=m()\1 — X )(ZeYe — ZegaYeqn),
(1, 1) and (1, 2) elements in (15) become
_ Yeq1
ae = Y, (18)
ZeYe — Zog1 Yo
B = WZZZ_QZZHL (19)
[

Moreover, from (16), since the characteristic polynomial
(13) is simplified as
pe=A —(ac—YiBe+ 1+ ZeY)A+ar,  (20)

therefore, from the relations between roots and coefficients
of (20) and the condition (b), we get

(21)

oy = a.

Combining (18), (21) and Yz := m¢s, we get

me

=a. (22)
mMe—1

Finally, since the condition (c) requires pet1 = pe, from (20)
with o¢ = @ and B¢ = Z¢ — aZ ey,

)\2 - (a+1+aZ(+1Y())\+(L = /\2 - (a+1+CLZ@+2Yg+1)A+a,

namely,
Yey1  Zea
Y, Zoge
Because 7, := —s———, the above equation means,
des + ke
_de = ke — (23)
de-y ke

(22) and (23) prove the necessity. m

A.2: Proof of Property 2.1

(i) From the definition (1), Z,(jw) and Y, (jw) are contin-
nous with respect to w € R4. Therefore, according to con-
tinuity of the roots with respect to the coefficients, A1 (jw),
Az2(jw) are continuous with respect to w € Ry.. Moreover,
from the relations between roots and coefficients for (10),
we get

M(@ha(iv) = a (24)
M(jw) +Ae(jo) = at 1+ Za(gw)¥n(iw)
Wrmnkn CwPmad,
_ 3 (25
a+1 w2d%+k%+3w2d%+k%( )

From (24), if A (jw) moves from the upper half-plane to
the lower half-plane, there must exist w. € R4 such that
A(Jwe), A2 (Jwe) € Ry. However, from (25), since

wlmnd,
sE e >0 T ERs (26)

Im{/\](jw)+>\2(]w)} = > 0,



such w. does not exist. This proves (i).

(ii) From (24), arg [A1(jw)] = —arg[A2(jw)]. Combining
this fact with (26), modulus of A;(jw) should be greater
than Az(jw). Moreover, since A1 (jw)A2(jw) = a,

A2 (3w)] < Va < [Ai(jw)l.

0 < [A2(jw)] < o0, 0 < |A1(jw)| < oo are obvious from (24)
and the continuity.

(iii) [w = co]: From (25),

Tim i) + da(ie)} = (a1

(27)

Mnkn
dz
Since A;(jw) locates in the upper half plane and Az(jw)

locates in the lower half plane satisfying (24),

(a+1—— )+joo,

lim Az(jw) = 0.

: From (25), wlir&{)\l(jw) + A (jw)} =

a+ 1. Since A1 (jw)A2(jw) = @, the roots of (10) are a and
1. Because |Az(jw)| < |A1(jw)|, we get the property. m

) + joo.

Mnkn
dn?

Jim A1 (jw) (28)

A.3: Proof of Property 2.2

(i) From (9), continuity of Z,(jw) and A1(jw), A2(jw) ¢
R4, continuity of Z; (jw), Z;} (jw) are obvious.

(ii) Since A1 (jw) and Az (jw) are the roots of (10),

M (juw)? — {a+1+Zn(jw)Yn(jw)}/\i(jw)+a —0(i=1,2),

therefore,

_ Qi) = D) — o)
VaGwhGe)

From (9), by using (24) and (29) with ¢ = 2, we get
_ M@ (jw) - a" " Qe (jw) = D(Re(iw) — a)

Zn(jw) 1=1, 2.

(29)

+oy =
a4 w) = A2(jw) —a V() ha (j)
= igoy Ml - (30)
Because 0 < arg[\i(jw)—a] < m (Property 2.1 (i)

and arg[l/Y,(jw)] = arg[1/jwmy,] = —7/2, we get
n—l1

Yn(jw)

namely, Re[Z;} (jw)] > 0. We can also prove Re[Z,; (jw)] >

0 in similar way.

(i) (=21
n— n—=¢

. . . —a-a Jw @
wlgg@Zj(]w)zwlgr})o A2(Jw) —a jwdn + K =

From (9), by using (24) and (29) with i =1,

™
—— < arg

. (M (jw) —a)| < g

From (9) and Property 2.1 (iii),

£

(31)

. e Aw) e (Jw) e (M (Gw) = DA (w) — a)
Jim 2o Gw) = lim = —a YolGo)h ()
n—4{
= lim ;:)mn (¢ = A2 (jw)) = 0. (32)
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w— 04 [: From (9), (24) and (29),
7 ) = e 8 () ) (33)
¢ w _)\g(j'w)—ajwdn—i—kn T jwmg 1w ¢
n—I . n-—~4
. a-a Jjw a .
z - _ _ ,
i) = g I (o ). (09

In the case of @ < 1 and a > 1, we can confirm the property
by using the above equations with w — 04.

In the case of a = 1, noting from (33) that {Zj(jw)}2 =
1 1 Jw 1

Ao (Jw) jwmy jwdn + kn’ Mnkny

owing to Re[Z;} (jw)] > 0. Moreover, from (9) and (24),

Z (4w)

we get lim Z) (jw)
w—04

Ae(jw) —1 Ai(jw) —1

78 0) ~ halw) =1 20N ey 1 T )
. . ; N - ) 1
Since WILIOH+)\2(]W) = a, we get wlirngZg (Jw) = p—— ]
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