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Energies of ultrarelativistic electrons produced by an oblique shock wave
Naoki Bessho and Yukiharu Ohsawa
Department of Physics, Nagoya University, Nagoya 464-8602, Japan
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Production of ultrarelativistic electrons in an oblique magnetosonic shock wave is studied
theoretically and numerically. First, the structure of the oblique shock wave is analytically discussed
on the basis of a relativistic, two-fluid model. Then, by use of the field strengths thus obtained, the
maximum energy of accelerated electrons is calculated as a function of the propagation speed and
angle of the shock wave. Next, a one-dimensional, relativistic, electromagnetic, particle simulation
code is used to further investigate the shock propagation and associated electron acceleration.
Lorentz factors of accelerated electrons can exceed 100. Detailed comparisons are made between the
theoretically predicted field strengths and electron energy and those obtained by the simulations.
© 2000 American Institute of Physics.@S1070-664X~00!04210-5#
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I. INTRODUCTION

The particle acceleration has been one of the major
sues in plasma physics. In an attempt to reduce the siz
future particle accelerators, Tajima and Dawson propose
beat-wave accelerator in 1979.1 Since then, various kinds o
plasma-based accelerators have been investigated by
puter simulations and laboratory experiments2 ~and refer-
ences therein!. On the other hand, it has been long know
that high-energy particles are produced in astrophysical p
mas. Observations show that in solar flares ions can be
celerated to 1–10 GeV,3 while electrons can be accelerate
to several tens of mega-electron-volts.4–6 Supernova rem-
nants can produce electrons with energies;100 TeV.7–9

Mechanisms of particle acceleration in astrophysi
plasmas have usually been discussed in terms of stoch
processes, such as Fermi acceleration,10–12 except for a few
models.13 Recently, however, it has been recognized by s
consistent simulations that particles can be accelerate
high energies in a large-amplitude plasma wave with coh
ent structure.

Indeed, particle simulations have revealed that there
several different such mechanisms of ion acceleration
magnetosonic shock waves~or pulses!. They are, for in-
stance, proton acceleration by the longitudinal elec
field,14–22 heavy ion acceleration by the transverse elec
field,23,24 and enhanced acceleration of energetic ions.25,26

Furthermore, quite recently, it has been shown by p
ticle simulations that shock waves propagating obliquely t
magnetic field can produce electrons with ultrarelativis
energies.27,28 In this phenomenon, some of the electrons
reflected near the end of a large-amplitude pulse. They
then trapped in the pulse region and have quite large e
gies.

The nonstationarity of the wave propagation is essen
to the electron reflection; and therefore to the accelerat
The large-amplitude pulse with a positive density hum
usually has a large electric potential.29–34 This positive po-
tential can reflect some ions35 but no electrons. Nonsta
tionary large-amplitude pulses, however, would have sm
4001070-664X/2000/7(10)/4004/9/$17.00
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amplitude, short-wavelength fluctuations;19 and potential
dips could be formed at certain times and locations. So
electrons could be reflected there.~For a more rigorous dis-
cussion for the electron reflection,28 we need to take accoun
of the transverse electric field as well as the longitudi
one.!

In stationary solitary waves with positive densi
humps,29–32 such electron reflection would not occur. How
ever, the magnetosonic wave tends to be more nonstatio
as the wave-amplitude is increased or the ratiovce /vpe is
increased,19,32,36 where vce is the electron cyclotron fre-
quency andvpe is the electron plasma frequency in an eq
librium state.

In the previous paper,28 it was analytically shown tha
the electron acceleration is especially strong at certain pro
gation angles~the angle between the wave normal and t
external magnetic field!. However, the theoretical expressio
for the maximum energy was not given.

In this paper, we analytically estimate the maximu
electron energy and compare with simulation results. In S
II, on the basis of a two-fluid model, we discuss the struct
of an oblique shock wave; we calculate some field quanti
and ion fluid momentum. In Sec. III, using these values,
evaluate the maximum energy of reflected electrons. In S
IV, by means of a one-dimensional~one space coordinat
and three velocity components!, relativistic, electromagnetic
particle simulation code with full ion and electron dynamic
we further study the shock propagation and electron ac
eration. It is found that the theory and simulation are qua
tatively in good agreement.

If a strong disturbance is given to a magnetized plasm
then large-amplitude magnetosonic pulses~and other plasma
waves! would be excited. These pulses could cause
strong electron acceleration discussed in this paper as we
the ion acceleration discussed in the previous papers.14–26 In
a plasma with a rather strong magnetic field such t
vce /vpe*1, the kinetic energies of the particles thus acc
erated can be relativistic.19,36 Therefore, if large-amplitude
magnetosonic pulses~or shock waves! are excited in corona
magnetic tubes in association with solar flares, these pu
4 © 2000 American Institute of Physics
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could promptly accelerate ions and electrons to relativi
energies.3–6

II. WAVE STRUCTURE

In an oblique magnetosonic shock wave, most of
electrons pass through the shock region without strong ac
eration. However, it has been shown recently by part
simulations that some electrons can be reflected and
trapped by the shock wave and that they are accelerate
ultrarelativistic energies.28 To analytically obtain their ener
gies, we need to know the structure of the shock wave
this section, we theoretically discuss the nonlinear wa
structure on the basis of a two-fluid model and derive so
expressions for electromagnetic fields and fluid quantit
which we will use later to evaluate the maximum energy
reflected electrons.@Large-amplitude magnetosonic puls
will be also called shock waves in this paper, because t
quickly steepen into~quasi! shock waves.#

We consider a magnetosonic shock wave propagatin
the x direction with a velocityvsh (]/]y5]/]z50) in an
external magnetic field in the (x,z) plane. The angle betwee
the x axis and the magnetic field is denoted byu. In the
theory, we mainly discuss in the wave frame. Because
time derivatives are zero,]/]t50, in the frame moving with
the shock wave, the two-fluid model reads as

d

dx
~njv jx!50, ~1!

mjnjv jx

d~g jvj !

dx
5qjnjE1

qj

c
njvjÃB, ~2!

dEx

dx
54pe~ni2ne!, ~3!

dBx

dx
50, ~4!

“ÃE50, ~5!

“ÃB5
4p

c
e~nivi2neve!, ~6!

where the subscriptj refers to the ions (j 5 i ) or electrons
( j 5e); mj is the mass,nj is the number density,vj is the
fluid velocity, c is the speed of light,qj is the charge (qi

5e andqe52e), andg j is the Lorentz factor,

g j5~12v j
2/c2!21/2. ~7!

Equations~1! and ~2! represent continuity and momentu
equations, respectively, and~3!–~6! are Maxwell equations.

A. Quantities in the upstream region

In the wave frame, the fluid velocities in the far u
stream region are given byvj 05(2vsh,0,0). Here, the sub
script 0 refers to the quantities in the far upstream regi
Equation~1! then gives the density flux as

njv jx52n0vsh. ~8!
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The densityn0 in the wave frame is related to the densitynl0

in the laboratory frame through

n05gshnl0 , ~9!

wheregsh is defined as

gsh5~12vsh
2 /c2!21/2, ~10!

and the subscriptl indicates the laboratory frame.
From Eq.~4! and they andz components of Eq.~5!, we

see that the quantitiesBx , Ey , and Ez are constant;Bx

5Bx0 , Ey5Ey0 , andEz5Ez0 . The quantityEy0 is given by

Ey052vshBz0 /c, ~11!

whereBz0 is related to the laboratory magnetic fieldBlz0 as

Bz05gshBlz0 . ~12!

We choose asBx0.0, Bz0.0, andEy0,0. The quantityEz0

is zero,

Ez050. ~13!

Obviously,Blx05Bx0 , Ely050, andElz050.

B. Maximum value of B z

The magnetic field becomes much stronger in the sh
region than in the upstream region. In particular,Bz has large
values in the shock region~see the top panel of Fig. 1!. We
now obtain the maximum value ofBz .

Adding the x component of Eq.~2! over the particle
species and using Eq.~8!, we have

FIG. 1. Schematic diagram ofBz , F, and ion momentapix and piz in the
wave frame. The positionx1 indicates the leading edge of the shock wav
andxm is the point whereBz takes its maximum value.
icense or copyright, see http://pop.aip.org/pop/copyright.jsp
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2n0vshS mi

d~g iv ix!

dx
1me

d~gevex!

dx D
5e~ni2ne!Ex1

e

c
~niv iy2nevey!Bz

2
e

c
~niv iz2nevez!By . ~14!

Furthermore, with the aid of Eq.~3! and they andz compo-
nents of Eq.~6!, we obtain

2n0vshS mi

d~g iv ix!

dx
1me

d~gevex!

dx D
5

1

4p S Ex

dEx

dx
2Bz

dBz

dx
2By

dBy

dx D . ~15!

Let the pointx5xm be the position whereBz has its maxi-
mum value. Then, integrating Eq.~15! from x5` to x
5xm , we find

2n0vsh@mig imv ixm1megemvexm1~mi1me!gshvsh#

5@Exm
2 2~Bzm

2 1Bym
2 2Bz0

2 !#/~8p!, ~16!

where the subscriptm refers to the quantities atx5xm .
Equation~16! shows a relation between the quantities in t
far upstream region and those atx5xm .

Now, following the method of Ref. 36, we obtainBzm

from Eq. ~16!. We assume that the magnitudes ofv jxm are
much smaller thanvsh,

uv jxmu!vsh, ~17!

and thatExm andBym are nearly equal to zero,

Exm;0, ~18!

Bym;0. ~19!

We can assume Eq.~17! because the plasma density mu
be quite high atx5xm ; njm@nj 0 . Also, if the magnetic
field Bz , the electric potentialf, and the z component
of the vector potentialAz , have similar profiles, thenEx

(52df/dx) andBy (52dAz /dx) become zero at the po
sition whereBz , f, andAz take their maximum values, i.e
at x5xm . For small-amplitude magnetosonic waves, we c
analytically show thatEx and By are proportional to
dBz /dx.33,34 Strictly speaking, this has not been mathema
cally proved yet for large-amplitude waves. However, sim
lations indicate that, even in such waves,Ex and By have
quite small values atx5xm .28 Thus, in the theoretical analy
sis we will assume that the profiles off andAz are propor-
tional to (Bz2Bz0) and henceEx andBy are proportional to
dBz /dx; accordingly, we assume Eqs.~18! and ~19!.

Then, neglecting the termsmjg jmv jxm , Exm
2 , andBym

2 in
Eq. ~16!, we findBzm as

Bzm5@8pn0~mi1me!gshvsh
2 1Bz0

2 #1/2. ~20!

In the laboratory frame, we have

Blzm5gshS Bzm1
vsh

c
Ey0D . ~21!
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If gem becomes quite large so that

gem>~mi /me!gshvsh/uvexmu, ~22!

then we would not be able to neglect the termmegemvexm in
Eq. ~16!. As can be confirmed in the simulations, howev
passing electrons~fluid electron! do not have such huge en
ergy. We can therefore neglect this term.

C. Quantity F

Let us define a quantityF ~Ref. 28! as

F52E Ei
B

Bx0
dx, ~23!

whereEi is the electric field parallel to the magnetic fiel
Ei5(E•B)/B. This will be used when we estimate thez
component of the ion momentum and the maximum ene
of reflected electrons. In the wave frame,F is calculated as

F5f1
Ey0

Bx0
Az . ~24!

Equation~24! indicates thatF has a profile similar tof and
Az ~and thus toBz ; see the second panel of Fig. 1!.

If we also define a functionFl as Eq.~23! using the
quantities in the laboratory frame,F andFl are related as

F5gshFl . ~25!

We now calculate the maximum value ofF. From the
momentum equation for ions, Eq.~2!, and the definition of
g i , Eq. ~7!, we have an equation forg i ,

mic
2v ix

dg i

dx
5eExv ix1eEy0v iy . ~26!

The velocityv iy is obtained from thez component of Eq.~2!
as

v iy52
mic

eBx0
v ix

dg iv iz

dx
1v ix

By

Bx0
. ~27!

Substituting Eq.~27! to Eq. ~26! and integrating fromx5`
to x5xm , we find

mic
2~g im2gsh!52eS fm1

Ey0

Bx0
AzmD2mic

Ey0

Bx0
g imv izm ,

~28!

where we have chosen asf050 and Az050. Combining
Eqs.~11!, ~24!, and~28!, we obtain the maximum value ofF
as

eFm5mic
2~gsh2g im!1

Bz0

Bx0
vshpizm , ~29!

where pizm is the z component of the ion momentum atx
5xm , pizm5mig imv izm . Becausef05Az050, F0 is zero.

From Eq.~25!, we have the maximum value in the labo
ratory frame as

Flm5Fm /gsh. ~30!
icense or copyright, see http://pop.aip.org/pop/copyright.jsp
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D. Ion momentum p iz at xÄx m

Equation~29! shows that we need to estimate the qua
tities g im and pizm to calculate the maximum value ofeF.
However, it is difficult to analytically obtaing im andpizm for
large-amplitude waves in a mathematically rigorous w
Here, we derive their expressions in heuristic terms.

We multiply the ion component of Eq.~2! by b/v ix ,
whereb is the unit vector given byb5B/B, and integrate
over x from the leading edge of the shock wave,x1 , to xm .
Then, we have

E
x1

xm
b•

dpi

dx
dx5E

x1

xm eEi

v ix
dx, ~31!

where pi is the ion momentum. To estimate the left-ha
side, we use an approximation,

E
x1

xm
b•

dpi

dx
dx;

1

2
~bm1b0!•~pim2pi0!. ~32!

Here, (bm1b0)/2 is a mean value ofb, and pi0

5(2migshvsh,0,0). The shock profile just begins to rise
the pointx5x1 ; hence,b(x1)5b0 andpi(x1)5pi0 . A sche-
matic diagram forpix and piz is shown in the bottom pane
of Fig. 1.

As shown by Eq.~17!, pix becomes small in magnitud
at the pointx5xm . When the ions penetrate the shock r
gion, they are decelerated by the electric potential. Also
substantial part of the momentum has been converted to
z component by the Lorentz force by the time they reach
point x5xm . We therefore neglectpixm in Eq. ~32! and ob-
tain
e
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x1

xm
b•

dpi

dx
dx;

1

2 S Bzm

Bm
1

Bz0

B0
D pizm2

1

2 S Bx0

Bm
1

Bx0

B0
D pix0 .

~33!

With the aid of Eq.~8! and Eq.~23!, the right-hand side of
Eq. ~31! can be written as

E
x1

xm eEi

v ix
dx5

eBx0

n0vsh
E

x1

xm ni

B

dF

dx
dx. ~34!

The right-hand side of Eq.~34! is again approximated as

E
x1

xm ni

B

dF

dx
dx; K ni

B L E
x1

xm dF

dx
dx. ~35!

Here,^ni /B& is a mean value ofni /B and can be estimate
by

K ni

B L ;
1

2 S nim

Bm
1

n0

B0
D . ~36!

One way of calculating the quantitynim /Bm is given in the
Appendix; we may expect that̂ ni /B&5(1;2)n0 /B0 .
Combining Eqs.~31! to ~35!, we have

1

2 S Bzm

Bm
1

Bz0

B0
D pizm2

1

2 S Bx0

Bm
1

Bx0

B0
D pix05e

Bx0

n0vsh
K ni

B L Fm .

~37!

Sincepix0 is given bypix052migshvsh, we find pizm , the
value atx5xm , as
pizm5
2migshvsh~Bx0 /Bm1Bx0 /B0!12e@Bx0 /~n0vsh!#^ni /B&Fm

~Bzm/Bm1Bz0 /B0!
. ~38!
i-
ven

he
thus
Because we have neglectedpixm , the Lorentz factorg im

can be expressed as

g im;@11pizm
2 /~mi

2c2!#1/2. ~39!

Here, we have also neglectedpiym . BecausedBz /dx50 at
x5xm , the plasma currentj y is also zero there. It is therefor
expected thatv iym andveym are both small.

We thus have coupled equations, Eqs.~29! and~38!, for
pizm andFm . If we Taylor-expand Eq.~39! as

g im;11pizm
2 /~2mi

2c2!, ~40!

then we obtain

pizm5
mivsh

a2
H S Bz0

Bx0
a221D2F S Bz0

Bx0
a221D 2

12a2
2 c2

vsh
2 ~gsh21!22gsha1a2G1/2J , ~41!
eFm5mic
2S gsh212

pizm
2

2mi
2c2D 1

Bz0

Bx0
vshpizm . ~42!

Here, we have chosen the negativepizm in Eq. ~41!. The
quantitiesa1 anda2 are defined as

a15
Bx0 /Bm1Bx0 /B0

Bzm/Bm1Bz0 /B0
, ~43!

a25
2~Bx0 /n0!^ni /B&
Bzm/Bm1Bz0 /B0

. ~44!

Even if we use Eq.~39!, instead of Eq.~40!, we can
solve forpizm andFm . However, their equations are compl
cated, and their values are not so different from those gi
by Eqs. ~41! and ~42!, if upizmu/(mic),,1. The quantity
upizmu/(mic) should be smaller than unity as long as t
shock speed is much smaller than the speed of light. We
use Eq.~40! in this paper.
icense or copyright, see http://pop.aip.org/pop/copyright.jsp
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III. MAXIMUM ENERGY OF REFLECTED ELECTRONS

We now discuss ultrarelativistic electrons produced i
shock wave. Large-amplitude shock waves are not perfe
stationary. There are always small-amplitude fluctuations
the profiles off, Bz , F, etc. If, owing to the fluctuation, the
quantity F at a certain time and location becomes sma
than, roughly speaking, its upstream valueF0 , then the elec-
trons that have just arrived there would be reflected.28 In-
deed, simulations demonstrate that some of the electrons
be reflected near the end of the main pulse of an obli
shock wave.27,28 They are then trapped by the shock wav
These electrons have ultrarelativistic energies; their ener
are especially high when they are at the pointx5xm where
the electric potentialf, magnetic fieldBz , F, etc. take their
maximum values. We show in Fig. 2 a schematic diagram
guiding-center orbits in the (x,y) plane. Point A is in the
upstream region; points C and E are atx5xm ; and point D is
near the end of the main pulse. The trajectory of a pass
electron after point D is indicated by the dotted line. T
solid line D to E shows the trajectory of a reflected electr

We estimate the maximum energy of reflected electro
We again consider in the wave frame. From the equation
motion,

me

d~gv!

dt
52eE2

e

c
vÃB, ~45!

we have

mec
2

dg

dt
52eE•v. ~46!

These are the equations for an electron particle, not for
fluid. The subscripte is omitted forv andg. The z compo-
nent of Eq.~45! givesvy as

vy5
mec

eBx0

d~gvz!

dt
1vx

By

Bx0
. ~47!

Using Eq.~47!, we eliminatevy in Eq. ~46! to have

mec
2

dg

dt
52eS Ex1

Ey0

Bx0
ByD vx2

Ey0

Bx0
mec

d~gvz!

dt
.

~48!

Further, we substitute the relationsEx52df/dx, By

52dAz /dx, andvx5dx/dt in Eq. ~48! and integrate over

FIG. 2. Schematic diagram of electron guiding-center orbits in the (x,y)
plane in the wave frame. Point A is in the upstream region. Thex positions
of points C and E are x5xm . Passing electrons move a
A→B→C→D→dashed line. Some electrons can be reflected at point D
then trapped.
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time from t50 to t5tm (t50 is a certain time when the
electron is in the far upstream region, andtm is the time
when it reaches the pointx5xm after the reflection near the
end of the pulse!. With the aid of Eq.~24!, we obtain

mec
2~gm2g0!5eFm2mec

Ey0

Bx0
~gmvzm2g0vz0!. ~49!

The quantityvzm can be approximated by

vzm;cBzm/Bm , ~50!

because the electron velocity should be nearly parallel to
magnetic field atx5xm .28 We recall that theEÃB drift
speed is rather small there and the electric potential is m
mum; hence the electron velocity is relativistic and the p
allel component is dominant. The velocityvzm is positive,
because reflected electrons are moving back in the positix
direction att5tm .

From Eqs.~11!, ~49!, and ~50!, we find the maximum
Lorentz factor of a reflected electron as

gm5
eFm1meg0c22mec~vshBz0 /cBx0!g0vz0

mec
2@12~vshBz0 /cBx0!~Bzm/Bm!#

. ~51!

It is noted that the denominator in Eq.~51! becomes nearly
zero when the shock speed is given by

vsh/c;~Bx0 /Bz0!~Bm /Bzm!. ~52!

When the shock speed is around this value, the electron
ergy gm can become especially large.

The maximum value ofg in the laboratory frame is
given by the Lorentz transformation as

g lm5gsh~11vxmvsh/c2!gm;gshgm. ~53!

Here, we have neglected the termvxmvsh/c2 in the second
equation.

IV. SIMULATION RESULTS

We now use one-dimensional~one spatial coordinate
and three velocity components!, fully electromagnetic par-
ticle code with full ion and electron dynamics18,37 to inves-
tigate the electron acceleration in oblique magnetoso
shock waves. The total grid size is 4096Dg , whereDg is the
grid spacing. All lengths and velocities in the simulatio
were normalized toDg andvpeDg , respectively.

We use a bounded plasma model. The plasma is c
fined in the region 400,x,3696; at the plasma boundarie
x5400 andx53696, the simulation particles are specula
reflected. Outside the plasma region, 0,x,400 and 3696
,x,4096, electromagnetic radiation is absorbed; he
there is no interaction between the left and right bounda
of the plasma region.

The numbers of simulation particles areNi5Ne

5262,144. The ion-to-electron mass ratio ismi /me5100.
The electron cyclotron frequency isvce /vpe53.0 in the up-
stream region. The light speed isc54.0, and the Alfve´n
speed isvA51.2. The electron and ion thermal velocities a
vTe50.40 and vTi50.04, respectively. The propagatio
angleu is 45°.

d
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The simulation results are shown in the laborato
frame; however, the subscriptl is omitted.

We show in Fig. 3 snapshots of field profiles for a sho
wave propagating in the positivex direction with a speed
vsh52.28vA . From the top panel to the bottom one, plott
are the longitudinal electric fieldEx , magnetic fieldsBy and
Bz , electric fieldEi parallel to the magnetic field, electri
potentialf, and quantityF. The fieldsEx , By , Bz , andEi
are normalized toB0 , and f and F are normalized to
mec

2/e. The potentialf was obtained by

f~x!52Ex

Exdx. ~54!

Figure 3 indicates that, around the pointx5xm where Bz

takes its maximum value,f also takes its maximum value
andEx andBy are nearly zero. In the main pulse region, t
parallel electric fieldEi is positive in the regionxm,x and is
negative inx,xm . The quantityF therefore takes its maxi
mum value atx5xm . These are consistent with the assum
tions made in the theory.~These properties are unchanged
one moves to the wave frame.!

Figure 4 shows phase space plots of electrons (x,pex),
(x,pey), (x,pez), and (x,ge) in the shock wave. We observ
a number of trapped electrons in the main pulse region. T
are reflected near the end of the pulse. After the reflect
their pex , pez, and ge take their maximum values atx
5xm . They then reach the shock front region and move b
again, relative to the shock wave, with small values ofpex ,
pez, and ge . Near the end of the main pulse, they are
flected again. They repeat this oscillatory motion; they
trapped. On the other hand, passing electrons pass thr

FIG. 3. Snapshots of field profiles atvpet5900. Electric and magnetic
fields are normalized toB0 , while f andF are normalized tomec

2/e. The
quantitiesBz , f, andF take their maximum values atx5xm .
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the shock region without strong interactions; the assump
in the theory that the termmegemvexm in Eq. ~16! is small is
therefore valid.

Figure 5 displays ion phase space plots. The first a
second panels show that the ion orbits are significantly d
ated in the shock region, and the fourth panel shows

FIG. 4. Phase space plots (x, pex), (x, pey), (x, pez), and (x, g) of elec-
trons. The momenta are normalized tomec. High-energy electrons are foun
at x;xm .

FIG. 5. Phase space plots of ions. The momenta are normalized tomic. As
the ions penetrate the shock region,piz decreases.
icense or copyright, see http://pop.aip.org/pop/copyright.jsp
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some ions are accelerated to energiesg*2.0. This process is
mainly caused by the positive electric potential and was
cussed in many papers;18–20,35–36thus we will not go into
details of this phenomenon. We find in the third panel th
as predicted by the theory,piz of the bulk ions appreciably
decreases in the shock ramp.

In Figs. 6–8, we compare theoretical values ofBzm,
pizm , and Fm with the simulation results. It will be found
that the results of the theory and simulation qualitativ
agree. Figure 6 shows the maximum value ofBz as a func-
tion of the shock propagation speedvsh. To obtain this set of
data, we carried out simulations with different values ofvsh

with other parameters unchanged;vsh was changed by
changing the shock amplitude. The solid line represents
theory, Blzm given by Eq.~21!. The closed symbols show
simulation results with the electron thermal speedvTe50.4;
we have also tested the case withvTe51.5, which is shown
by the open symbols.~This is also the case in the followin
figures.! The circles, triangles, and squares show values
eraged over time fromvpet50 to vpet5300, from vpet
5300 tovpet5600, and fromvpet5600 tovpet5900, re-
spectively. We show in Fig. 7 the ion momentumpizm as a
function of the shock speedvsh. The solid line represents th

FIG. 7. Ion momentumpiz at x5xm , pizm , versus shock speedvsh. The
closed and open symbols refer to the results withvTe50.4 andvTe51.5,
respectively. The circles, triangles, and squares show measuremen
vpet5300, 600, and 900, respectively.

FIG. 6. The maximum value ofBz versus shock speedvsh. The solid line
shows the theory. The closed and open symbols denote simulation re
with vTe50.4 andvTe51.5, respectively. The circles, triangles, and squa
show values averaged over time fromvpet50 to vpet5300, from 300 to
600, and from 600 to 900, respectively.
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theory, Eq. ~41!; here, we have taken̂ni /B& as ;(1/2)
3(nim /Bm1n0 /B0) and substituted Eq.~A6! in nim . The
symbols show the simulation results; the circles, triang
and squares show the measurements atvpet5300, 600, and
900, respectively. We show in Fig. 8 the maximum value
F versus the propagation speedvsh. The solid line represents
the theory,Flm given by Eq.~30!, and the symbols show th
simulation results. The meanings of the symbols are
same as those in Fig. 6. For comparison, we show by
curved dotted line the theory given in the previous pap
Eq. ~B12! in Ref. 28, in which in the estimation ofFm the z
component of the ion velocity,v iz , was neglected compare
with v ix at x5xm in the wave frame. If we neglectpizm in
the present theory, Eq.~42!, we have a line similar to the
dotted curve.

Figure 9 shows the maximum Lorentz factorgm of
trapped electrons as a function of the shock speedvsh. The
symbols represent the observed maximum values in
simulations; the closed circles are forvTe50.4 and the open
circles are forvTe51.5. The solid line shows the theory,g lm

given by Eq.~53!; the third term in the numerator in Eq.~51!
was neglected, because it is quite small. The vertical das
line indicates the shock speed~52!, around which the de-
nominator in Eq.~51! takes values close to zero. In bo

at

FIG. 8. The maximum value ofF versus shock speedvsh. The solid line
shows the theory. The closed and open symbols denote simulation re
with vTe50.4 andvTe51.5, respectively. The circles, triangles, and squa
show values averaged over time fromvpet50 to vpet5300, from 300 to
600, and from 600 to 900, respectively.

FIG. 9. The maximum Lorentz factor of electrons as a function of the sh
speedvsh. The closed and open circles show the simulation results forvTe

50.4 andvTe51.5, respectively.
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4011Phys. Plasmas, Vol. 7, No. 10, October 2000 Energies of ultrarelativistic electrons produced . . .
theory and simulation,gm increases withvsh and has grea
values near the vertical line. We again show by the cur
dotted line the theory given in the previous paper; we s
stituted the maximum value ofF, Eq. ~B12! in Ref. 28, in
Eq. ~51! in the present paper. The theory has been gre
improved.

V. SUMMARY AND DISCUSSION

We have theoretically and numerically studied the str
ture of magnetosonic shock waves propagating obliquely
magnetic field and the production of ultrarelativistic ele
trons by these waves.

First, on the basis of the relativistic two-fluid model, w
have analytically obtained the maximum value of the m
netic fieldBz in a shock wave. Also, we have calculated t
ion momentumpiz at the pointxm whereBz has its maxi-
mum value. We then estimated the maximum value of
quantityF. Using these values, we found the maximum e
ergy of the electrons that are trapped in the shock region

Next, we used a one-dimensional, relativistic, elect
magnetic particle code with full ion and electron dynamics
investigate the shock propagation and electron accelera
in a self-consistent manner. We have compared the theo
ical estimates for the wave quantities and the maximum e
tron energy with the simulation results. The theory and sim
lation were qualitatively in good agreement.

The theory for the maximum electron energy has be
greatly improved. However, it still has some limitations. F
instance, we have neglected the effect ofBy on the particle
motion. In a small-amplitude wave,By is much smaller in
magnitude thanBx0 and Bz .29–34 However, the simulations
show that in large-amplitude waves it is not very small; F
3 indicates that the maximum value ofBy is about 25% that
of Bz . Hence,By may give some influence on the partic
motion. The influence ofBy may be even more significant i
the waves with much larger amplitudes than the waves in
present simulations. The effect of trapped electrons may
be important. Electron trapping takes place whenF becomes
small in the end of a large pulse. The number of trapp
electrons can thus increase with time, and it can be com
rable to the number of passing electrons in the pulse reg
These trapped electrons could affect the wave structure
could change values ofF. This would modify the maximum
value of electron energy. Further development of the qua
tative theory of large-amplitude waves is desired.

APPENDIX: MAXIMUM VALUE OF ION DENSITY

For small-amplitude waves, one can analytically find
lations among physical quantities.33,34 However, for large-
amplitude oblique magnetosonic waves, it is quite difficult
do it in a mathematically rigorous way. We here show o
heuristic way of estimatingnim /Bm .

As we have mentioned, thez component of the magneti
field predominates over other magnetic components in
shock region, if the wave amplitude is large. The sho
structure thereby becomes similar to that of a qua
Downloaded 18 Oct 2006 to 133.6.32.11. Redistribution subject to AIP l
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perpendicular shock wave. Hence we apply the theory
large-amplitude perpendicular shock waves36 to estimate
nim /Bm .

The electron velocityvex is quickly decreased in magni
tude in the shock region if the electrons move withEÃB
drift; note thatEy is constant in the wave frame andB is
strong in the shock region. In a quasi-perpendicular sh
wave,36 the electron density is given by

ne5~B/B0!n0 . ~A1!

It increases with an increasing magnetic field.
On the other hand, because the ions have great ine

they are not quickly decelerated when they enter the sh
region. The difference between the electron and ion moti
produces a large electric potentialf. This potential will then
significantly decelerate the ions. LetD be the width of the
shock ramp; thus,x15xm1D is the leading edge of the
shock wave~see Fig. 1!. Roughly speaking, we can assum
that, in the regionxm1D/2,x,xm1D, the change in the
ion density is rather small,

ni;n0 , ~A2!

while, as one moves fromx5xm1D/2 to x5xm , ni in-
creases rather rapidly tonim ;36 therefore,ni may be approxi-
mated by

ni;n02~nim2n0!@x2~xm1D/2!#/~D/2!, ~A3!

for xm,x,xm1D/2.
Because the values ofEx at x5xm and atx5xm1D are

both zero, it follows from Gauss’ law~3! that

05E
xm

xm1D

nidx2E
xm

xm1D

nedx. ~A4!

For the density profiles assumed above, Eq.~A4! gives

05@~nim1n0!/2#~D/2!1n0~D/2!2@~nem1n0!/2#D.
~A5!

From Eqs.~A1! and~A5!, we find the maximum ion density
nim as

nim

Bm
52

n0

B0
2

n0

Bm
, ~A6!

which indicates thatnim /Bm is around 2n0 /B0 .
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