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Field strengths in oblique shock waves
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Large-amplitude oblique shock waves are studied with theory and particle simulations, with
particular attention paid to electric and magnetic field strengths. First, by use of a two-fluid model,
field strengths in a shock wave propagating obliquely to an external magnetic field are analytically
obtained as functions of the Alfvén speed, shock speed, and propagation angle. Then,
one-dimensional, relativistic, electromagnetic particle simulations are performed to test the
theoretical prediction. The theory and simulation are found to be in good agreement for a wide range
of angles. © 2003 American Institute of Physics. 关DOI: 10.1063/1.1526090兴

In this paper, we extend the above theory21,22 to oblique
shock waves and discuss the field strengths in the waves. In
Sec. II, we analytically obtain the maximum values of electromagnetic fields and electric potential in large-amplitude,
oblique shock waves with M ⲏ2. In Sec. III, we carry out
one-dimensional, relativistic, electromagnetic, particle simulations and measure the field strengths of shock waves. We
make comparisons with theoretically obtained field strengths
and simulation results. It is found that the theory and simulation are in good agreement for a wide range of propagation
angles. In Sec. IV, we summarize our work.

I. INTRODUCTION

It has been long known that the Korteweg–de Vries
共KdV兲 equation describes the evolution of small-amplitude
magnetosonic waves; either perpendicular1 or oblique
waves.2,3 Also, on the basis of a two-fluid model, exact solutions showing stationary perpendicular propagation of
finite-amplitude pulses 共or wave trains兲 have been found.4 – 6
For a stationary, perpendicular solitary pulse, the maximum
value of the magnetic field, B m , is related to the Alfvén
Mach number M through
B m /B 0 ⫽2M ⫺1,

共1兲
II. ESTIMATE OF FIELD STRENGTHS

where B 0 is the magnetic field strength in the far upstream
region. This theory is valid for 1⬍M ⬍2. Later, this theory
was improved so that we can deal with a relativistic regime
where the electron fluid velocity is comparable to the speed
of light c; 7 the electron velocity parallel to the wave front is
especially high in a perpendicular magnetosonic wave. We
have the same relation 共1兲 in this case, and M is also in the
region 1⬍M ⬍2.
On the other hand, particle simulations have shown that
a magnetosonic shock wave can accelerate particles with
nonstochastic mechanisms.8 –20 These studies prompted us to
investigate large-amplitude magnetosonic waves; the study
of particle acceleration requires the knowledge of the structure of nonlinear magnetosonic waves. Nakazawa and
Ohsawa21,22 then discussed the field strengths in perpendicular shock waves with M ⲏ2 and obtained the magnetic field
strength as
2
B m /B 0 ⫽1⫹ ␥ sh
关共 1⫹2M 2 兲 1/2⫺1 兴 ,

We consider a shock wave propagating in the x direction
with a propagation speed v sh in an external magnetic field
that is in the (x,z) plane 共see Fig. 1兲:
Bl0 ⫽B l0 共 cos  ,0,sin  兲 ,

where the subscript l refers to the quantities in the laboratory
frame, and the subscript 0 indicates the far upstream region.
The wave is assumed to be stationary. In the wave frame,
therefore, the time derivatives in the fluid equations are zero,
 /  t⫽0. Accordingly, the y component of the electric field is
constant,
E wy ⫽E wy0 ⫽⫺ 共 v sh /c 兲 B wz0 ,

共4兲

where the subscript w denotes the wave frame. The z component is zero; E wz ⫽0. For one-dimensional propagation
with  /  y⫽  /  z⫽0, the x component of the magnetic field
is constant,

共2兲

B wx ⫽B wx0 ⫽B lx0 .

where ␥ sh is the Lorentz factor for the shock propagation
speed v sh .
We would also like to know field strengths in oblique
shock waves. We would then be able to theoretically estimate
particle energies accelerated in these waves. For instance, the
maximum energy of ultrarelativistic electrons is expressed in
terms of the maximum value of the electric potential.19,20
The magnitude of energy jump of incessantly accelerated fast
ions is proportional to the transverse electric field.17,18
1070-664X/2003/10(1)/98/5/$20.00

共3兲

共5兲

In the upstream region, we have the relation
B wz0 ⫽ ␥ shB lz0 ,

共6兲

2
␥ sh⫽(1⫺ v sh
/c 2 ) ⫺1/2.

The upstream plasma velocity
where
has a component parallel to the magnetic field given as
v w 储 0 ⫽⫺ v shB wx0 /B w0 .

共7兲

We discuss the field strengths of the shock wave on the
basis of the two-fluid model:
98
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x w ⫽x wm . 共We are concerned with large-amplitude waves.兲
We therefore obtain the maximum value of B wz as

冉

2
m i n w0 ␥ shv sh
B wzm
⫽ 1⫹ 2
B wz0
B wz0 / 共 8  兲

冊

1/2

共16兲

,

where the electron term has been neglected.
FIG. 1. Geometory of shock wave and magnetic field.

B. Maximum value of  w

n j
⫹ⵜ• 共 n j v j 兲 ⫽0,
t
mj

冉

共8兲

冊


qj
⫹ 共 v j •ⵜ 兲 共 ␥ j v j 兲 ⫽q j E⫹ v j ⫻B,
t
c

共9兲

1 B
⫽⫺ⵜ⫻E,
c t

共10兲

4
1 E
⫽ⵜ⫻B⫺
c t
c

兺j n j q j v j ,

共11兲

where the subscript j refers to ions ( j⫽i) or electrons ( j
⫽e); m j is the mass, q j is the charge, n j is the number
density, and v j is the velocity.
We assume that B z and electric potential  have their
maximum values at the same point, x⫽x m , and that the y
component of the magnetic field is nearly zero there. In
small-amplitude magnetosonic waves, this is mathematically
proved.2,3 We suppose that this is also valid for largeamplitude waves; simulation results are consistent with this
assumption.19,20
A. Maximum value of B wz

Since the time derivatives are zero in the wave frame,
the continuity equation, 共8兲, gives
n w j v w jx ⫽⫺n w j0 v sh .

共12兲

We multiply the x component of Eq. 共9兲 by n w j and sum over
particle species to have

兺j m j n w j v w jx
⫽

d 共 ␥ w j v w jx 兲
dx

兺j q j n w j

冉

E wx ⫹

冊

v w jy
v w jz
B wz ⫺
B wy .
c
c

共13兲

Combining Eqs. 共11兲, 共12兲, 共13兲, and Gauss’ law, we find that

冉

d
⫺
dx

兺j

m j n w0 v sh␥ w j v w jx ⫹

2
2
⫺E wx
B 2wy ⫹B wz

8

冊

⫽0,
共14兲

which is integrated to give
2
2
2
⫺B wz0
⫺E wx
B 2wy ⫹B wz

8

⫽

兺j m j n w0 v sh共 ␥ shv sh
⫹ ␥ w j v w jx 兲 .

共15兲

Around the point x wm , both B wy and E wx are small. Furthermore, v w jx must be small in magnitude compared with the
far upstream speed v sh , because the plasma density is high at

If we neglect the electron inertia in the momentum equation, 共9兲, we may express the electron fluid velocity as
v wex ⫽

cE wy0 B wz
B w2

v wey ⫽⫺
v wez ⫽

⫹

cE wx B wz
B w2

v we 储 B wx0
,
Bw

共17兲

v we 储 B wy
,
Bw

共18兲

⫹

c 共 E wx B wy ⫺E wy0 B wx0 兲
B w2

⫹

v we 储 B wz
,
Bw

共19兲

where v we 储 is the electron fluid velocity parallel to the magnetic field. Substituting Eq. 共18兲 in the y component of Eq.
共11兲 yields
4  n wi e v wiy 4  n we e
dB wz
⫽⫺
⫹
dx
c
c

冉

⫻ ⫺

cE wx B wz
B w2

⫹

冊

v we 储 B wy
.
Bw

共20兲

We eliminate the electron density n we using Eq. 共12兲. By
virtue of Eqs. 共4兲 and 共17兲, we then have the longitudinal
electric field (E wx ⫽⫺   w /  x) as

冉

w
v we 储 B wx0 B w
⫽ B wz0 ⫺
x
v sh B wz
⫹

冊

冊冉

1
dB wz
4  n we0 e dx

n wi v wiy
v we 储 B wy B w
⫺
.
n we0 c
c
B wz

共21兲

The first and second terms in the first parentheses on the
right-hand side of Eq. 共21兲 arise from the E⫻B drift and
parallel velocity terms in Eq. 共17兲, respectively.
Because the shock width is of the order of c/  pi , where
 pi is the ion plasma frequency, the ratio of the second term
to the first one in the second parentheses on the right-hand
side of Eq. 共21兲 is estimated to be ⬃B wx0 B wy / 关 B w0 (B wzm
⫺B wz0 ) 兴 , which will be much smaller than unity if B wz0
ⲏB wx0 共see the Appendix兲. The second term is thus neglected. Also, we neglect the last term, because B wy is small
compared with the other magnetic field components; B wy is
zero in the upstream region and at x w ⫽x wm , while B wz is
greatly enhanced in the shock region.
Neglecting the change in v we 储 , we substitute Eq. 共7兲 for
electrons in Eq. 共21兲 and integrate it from x⫽⬁ to x⫽x m .
We may then express the maximum value of the potential as

 wm ⫽  wmd ⫹  wm 储 ,

共22兲

where  wmd indicates the potential related to the E⫻B drift
关the first term in the first parentheses on the right-hand side
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of 共21兲兴, while  wm 储 is due to the electron motion parallel to
the magnetic field 共the second term in the same parentheses兲.
They are given as
B wz0 共 B wzm ⫺B wz0 兲
 wmd ⫽
,
4  n we0 e

 wm 储 ⫽

2
B wx0

4  n we0 eB w0

冕

xm

⬁

共23兲

B w dB wz
dx.
B wz dx

共24兲

We then show that, for propagation angles such that
2
2
/B wz0
⬍1,  wmd is larger than  wm 储 . Moreover,  wmd
B wx0
would predominate over  wm 储 in large-amplitude waves
even for B wz0 /B wx0 ⬃1. For small amplitude waves, B w /B wz
in Eq. 共24兲 can be approximated as B w0 /B wz0 , and Eq. 共24兲
is integrated as

 wm 储 ⫽

2
B wx0
共 B wzm ⫺B wz0 兲

4  n we0 eB wz0

共25兲

.

On the other hand, the z component of the magnetic field is
greatly increased in the shock region. Therefore, if the angle
is not so small, i.e., if B wz0 /B wx0 ⲏ1, large-amplitude waves
would have the relation B w /B wz ⬃1 in the shock region.
Then, Eq. 共24兲 gives

 wm 储 ⫽

2
B wx0
共 B wzm ⫺B wz0 兲

4  n we0 eB w0

共26兲

.

2
2
/B wz0
, while the
The ratio of Eq. 共25兲 to Eq. 共23兲 is B wx0
2
ratio of 共26兲 to 共23兲 is B wx0 /(B w0 B wz0 ). The latter is thus
B wz0 /B w0 times as small as the former. Hence, we see that
 wmd is much larger than  wm 储 in both small- and large2
2
/B wz0
Ⰶ1. Furthermore,  wm 储
amplitude waves, when B wx0
becomes less important than  wmd as the wave-amplitude
increases.

C. Maximum field values in the laboratory frame

We now obtain the field strengths in the laboratory
frame. From Eqs. 共4兲, 共6兲, and the relation
B lz ⫽ ␥ sh关 B wz ⫹ 共 v sh /c 兲 E wy0 兴 ,
it follows that

冉

共27兲

冊

B wzm
B lzm
2
⫽1⫹ ␥ sh
⫺1 .
B lz0
B wz0

共28兲

Substituting Eq. 共16兲 in Eq. 共28兲 and then using the relations
n w0 ⫽ ␥ shn l0 and B wz0 ⫽ ␥ shB lz0 , we find the maximum value
of B z in the laboratory frame as

冋冉

B lzm
2
⫽1⫹ ␥ sh
B lz0

1⫹

2
2 v sh
2
sin2 
vA

冊 册
1/2

⫺1 ,

共29兲

where v A is the Alfvén speed defined in the laboratory frame,
v A⫽B l0 / 共 4  n l0 m i 兲 1/2,

共30兲

and  is the angle introduced by Eq. 共3兲; i.e., tan 
⫽Blz0 /Blx0 .
In the laboratory frame, the maximum value of the transverse electric field E y is related to the magnetic field through
E lym ⫽ 共 v sh /c 兲共 B lzm ⫺B lz0 兲 .

共31兲

Substitution of Eq. 共29兲 in 共31兲 gives
2
v sh
E lym ␥ sh
⫽
B lz0
c

冋冉

1⫹

2
2 v sh

冊 册
1/2

2
sin2 
vA

⫺1 .

共32兲

The potential in the Lorentz gauge in the laboratory
frame,  lL , may be given as

 lL⫽ ␥ sh w ,

共33兲

since the x component of the vector potential in the wave
frame can be taken to be zero; A wx ⫽0. For a stationary wave
propagating with the speed v sh , the potential in the Coulomb
gage is thus given as22

 lC⫽  w / ␥ sh .

共34兲

With the aid of Eqs. 共16兲, 共23兲, 共26兲, and 共34兲, we obtain the
maximum value of the potential as

冉

2
sin2  ⫹
e  lCm ⫽m i v A

⫻

冋冉

1⫹

sin  cos 
2
␥ sh共 1⫹ ␥ sh
tan2  兲 1/2

2
2 v sh
2
sin2 
vA

冊 册

冊

1/2

⫺1 .

共35兲

2
The term proportional to 1/(1⫹ ␥ sh
tan2 )1/2 in Eq. 共35兲
arises from  we 储 , Eq. 共26兲. 关Here, we did not use Eq. 共25兲,
but used Eq. 共26兲, because we are interested in largeamplitude waves.兴 The other part is due to  wmd ,
2
e  lCmd ⫽m i v A
sin2 

冋冉

1⫹

2
2 v sh
2
sin2 
vA

冊 册
1/2

⫺1 .

共36兲

This is the main part of the potential for  ⲏ45°.
In the limit of  ⫽90°, Eqs. 共29兲, 共32兲, and 共35兲 reduce
to the ones obtained for perpendicular waves; Eqs. 共17兲 and
共20兲 in Ref. 21 and Eq. 共1兲 in Ref. 22, respectively.
The obtained field strengths are valid when the propagation angles are not small. We here summarize the reasons for
this. First, we have explicitly used this assumption in the
above calculations. For instance, if B wz0 is much smaller
than B wx0 , then the value of 共A4兲 may be of the order of
unity; accordingly, the term proportional to v wiy in Eq. 共21兲
cannot be neglected. Also, in deriving  wm 储 , Eq. 共26兲, we
assumed that B wz0 /B wx0 ⲏ1. Second, the density perturbation n 1 in the magnetosonic wave becomes small compared
with the magnetic perturbation B z1 as the propagation angle
 decreases; for small-amplitude waves, we have a relation
n 1 /n 0 ⯝sin (Bz1 /B0).2,3 If the density perturbation is small,
then v w jx at x⫽x wm will not be sufficiently small. Hence, it
will not be a good approximation to neglect the term ␥ w j v w jx
compared with ␥ shv sh in Eq. 共15兲. Third, for small propagation angles, the dispersion effect would violate the assumption of stationary propagation. When  is small, shortwavelength perturbations can propagate faster than the shock
wave, going away ahead of the shock wave; thus, the region
in front of the main pulse will not be stationary.
III. COMPARISON OF THEORY AND PARTICLE
SIMULATION

We now test the theory developed in Sec. II, by using a
one-dimensional, relativistic, electromagnetic, particle simu-
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FIG. 4. Field strength versus Alfvén Mach number for  ⫽60° and for 
⫽45°. The dotted lines show  md .

FIG. 2. Snapshots of field profiles of an oblique shock wave with  ⫽60°.

lation code with full ion and electron dynamics.23 In the
simulations, we observe self-consistent evolution of shock
waves and measure the field strengths in the waves. The
details of the simulation method can be found in Refs. 11,
19, and 23. The simulation parameters are as follows: The
numbers of simulation particles are N i ⫽N e ⫽262, 144, and
the grid size is L x ⫽4096⌬ g , where ⌬ g is the grid spacing.
The ion-to-electron mass ratio is m i /m e ⫽100. The ratio of
the electron cyclotron frequency  ce to the electron plasma
frequency  pe is  ce /  pe ⫽3.0 in the upstream region. The
light speed is c⫽4.0, where the velocity is normalized to
 pe ⌬ g . The Alfvén speed is v A⫽1.2. The electron and ion
thermal velocities are v Te 关 ⫽(T e /m e ) 1/2兴 ⫽0.46 and v Ti
⫽0.046, respectively. Because all the simulation results are
shown in the laboratory frame, we omit the subscript l in this
section.

FIG. 3. Field strength versus Alfvén Mach number for  ⫽90° and for 
⫽80°. Theory 共solid lines兲 and simulations 共dots兲 for B z , E y , and  are
shown.

As an example of oblique shock waves observed in the
simulations, we show in Fig. 2 snapshots of field profiles of
a shock wave with a propagation angle  ⫽60° and propagation speed v sh⫽2.5v A . The fields B z , E y , and  take their
maximum values at nearly the same x position, while E x ,
E z , and B y have values close to zero around this position.
This is consistent with the assumption made in the theory.
Carrying out these simulations, we have measured field
strengths of various shock waves. We show in Fig. 3 the
maximum values of B z , E y , and  of shock waves with a
propagation angle  ⫽90° 共left panels兲 and with  ⫽80°
共right panels兲 as functions of the Alfvén Mach number, M
⫽ v sh / v A . The solid lines represent the theory; Eqs. 共29兲,
共32兲, and 共35兲. The dots show simulation results. We show in
Fig. 4 the same quantities for propagation angle  ⫽60° 共left
panels兲 and for  ⫽45° 共right panels兲. The dashed lines in the
panels for  indicate the magnitude of  md ; potential 共36兲
that is related to the E⫻B drift. These figures show that the
theory and simulation are in good agreement. The simulation, however, tends to give slightly smaller values than the
theoretical ones for small angles and low Mach numbers. For
the potential at  ⫽45°, the simulation values for M ⯝2 are
about 80% of the theoretical values. It is also noted that  md
is about 80% of the total potential  m in the theoretical calculations for  ⫽60°. Its ratio increases with increasing
angle ; at  ⫽90°,  md is equal to the total potential  m .
We briefly mention the waves with small . We show in
Fig. 5 a snapshot of B z for a shock wave with  ⫽30° and
v sh / v A⫽2.1. This wave profile is quite different from those
in Fig. 2. In front of the main pulse, wave trains are propagating faster than the shock wave, owing to the positive

FIG. 5. Profile of B z for  ⫽30°.

Downloaded 18 Oct 2006 to 133.6.32.11. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp

102

Phys. Plasmas, Vol. 10, No. 1, January 2003

Miyahara, Kawashima, and Ohsawa

dispersion.2,3 We do not observe a high peak near the shock
front. For such shock waves, the maximum value of B z is
much smaller than the theoretical one. In our simulations for
 ⫽30°, which are not shown here, observed values of  m
with M ⬃2 were only ⬃30% of those given by 共35兲. 关As is
evident from the derivation, Eq. 共35兲 is not supposed to be
applicable to such waves.兴 The region of angles for which
the wave trains become significant may depend on plasma
parameters such as the strength of the external magnetic field
and plasma density.

of magnitude.2,3 We therefore neglect the term of electron
momentum in 共A1兲. On account of the z component of Eq.
共11兲 and Eq. 共12兲, we find that
v wiy ⫽

冉
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APPENDIX: ION VELOCITY PARALLEL TO THE WAVE
FRONT

The ion velocity in the y direction is much smaller than
the Alfvén speed. We here estimate its magnitude. From the
y component of the equation of motion 共9兲, we have
d 共 兺 j m j ␥ w j v w jy 兲
共 v wiz ⫺ v wez 兲
⫽e
B wx0 ,
dx
c

共A1兲

where we have used the relation
v wix ⯝ v wex ⫽ v wx ,

n wi v wiy
n we0 c

冊冒冉

⬃

1
dB wz
4  n we0 e dx

冊

n wi v wAB wx0 B wy
.
n wi0 v shB w0 共 B wzm ⫺B wz0 兲

共A4兲

Because B wy is small compared with the other magnetic field
components, this is small for large-amplitude waves if B wz0
ⲏB wx0 .
In the same way, by virtue of the z component of Eq. 共9兲
and the y component of Eq. 共11兲, we obtain
v wiz 共 x m 兲 ⫽

B wx0 共 B wzm ⫺B wz0 兲
.
4  m i n w0 v sh␥ wi

共A5兲

1

ACKNOWLEDGMENTS

v wx

共A3兲

2
,
This indicates that v wiy / v wA⫽( v wA / v sh)B wx0 B wy /B w0
where v wA is the Alfvén speed in the wave frame. We thus
have

IV. SUMMARY

We have studied the field strengths in oblique shock
waves. On the basis of the two-fluid model, we theoretically
obtained the maximum values of B z , E y , and  as functions
of the Alfvén speed v A , shock speed v sh , and propagation
angle , assuming that the amplitude is large and that the
propagation angle is large,  ⲏ45°. We then performed particle simulations of perpendicular and oblique shock waves
and measured field strengths in the waves. The theoretically
obtained field values for large-amplitude waves, M ⲏ2, were
in good agreement with the simulation results for a wide
range of propagation angles.

B wx0 B wy
.
4  m i n w0 v sh␥ wi

共A2兲

which approximately holds in magnetohydrodynamic waves
because of the charge neutrality. For angles very close to 
⫽90°, v wey is much larger than v wiy in magnitude.4,5,7 In
oblique waves, however, v wey and v wiy are of the same order
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