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Electron acceleration caused by small pulses in shock waves
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A new particle acceleration mechanism is studied with theory and particle simulations. Around
small pulses that are generated in a large-amplitude shock wave in a magnetized plasma, electrons
can be accelerated to ultrarelativistic energies. Simulations demonstrate electron acceleration to
energies ␥ ⬎ 100 in weak magnetic fields such that 兩⍀e兩 / pe ⬍ 1 as well as in strong magnetic fields.
The theoretical model accounts for the basic features of the electron motion in the simulations. ©
2005 American Institute of Physics. 关DOI: 10.1063/1.1895885兴
I. INTRODUCTION

Electron acceleration to ultrarelativistic energies in an
oblique shock wave has recently been found with particle
simulations.1–3 Electrons can be reflected in the end of the
main pulse of the shock wave. The reflection takes place
when a negative dip of F is formed there, where F = 兰E储ds
with E储 being the electric field parallel to the magnetic field
B and ds the infinitesimal length along B. Negative dips are
generated in association with nonstationary behavior of the
wave. These reflected electrons are then trapped and have
very high energies near the position at which the magnetic
field has its maximum value. For a shock wave propagating
in the x direction with a speed vsh in an external magnetic
field B0 = 共Bx0 , 0 , Bz0兲, the maximum energy of accelerated
electrons is given by
Kw =

ew
,
1 − 共vsh/c兲共Bwz0/Bwx0兲

共1兲

where  is the magnitude of the electric potential formed in
the shock wave, c is the speed of light, and the subscript w
refers to quantities in the wave frame. This indicates that K
can have extremely great values when 1 − 共vsh / c兲
⫻共Bwz0 / Bwx0兲 ⬃ 0. In terms of the quantities in the laboratory
frame, this is expressed as
vsh ⬃ c cos  ,

共2兲

where  is the shock propagation angle, tan  = Bz0 / Bx0. Particle simulations have demonstrated electron acceleration to
Lorentz factors ␥ greater than 100 in a rather strong magnetic field such that 兩⍀e兩 / pe ⲏ 1, where 兩⍀e兩 and pe are the
electron gyrofrequency and plasma frequency in the upstream region, respectively. The present mechanism will be
important, for instance, in solar magnetic tubes4,5 and around
pulsars6,7 where the magnetic fields are strong.
It is also quite interesting and important to explore electron acceleration mechanisms in weak magnetic fields. In
fact, it has been reported that electrons are accelerated to
very high energies in the shock wave of supernova remnant
SN1006, where the magnetic field is thought to be quite
weak.8,9
a兲
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In this paper, we study electron acceleration that works
in weak magnetic fields as well as in strong magnetic fields.
It is found that such a mechanism does exist in largeamplitude shock waves. Strong electron acceleration can occur immediately behind small pulses generated in nonstationary shock waves.
In Sec. II, we theoretically discuss this mechanism. We
analyze electron motions inside and outside a small pulse
and obtain the amount of energy that these electrons can
gain. In a nonstationary shock wave, small-amplitude pulses
are generated. They propagate with speeds slightly lower
than the main pulse of the shock wave. The speeds of these
pulses relative to the background medium around them are
quite small, because the medium is also moving in the shock
region. Some particles therefore can stay around small pulses
for long periods of time and can gain a great amount of
energy from the electric field. In a large area behind the
shock front, there exist electric and magnetic fields. Hence,
electric fields are present inside and outside the small pulse.
Electrons obtain energy mainly from the electric field behind
the small pulse. In Sec. III, we perform one-dimensional
共one space coordinate and three velocities兲 electromagnetic
particle simulations and show that electrons can be accelerated to ultrarelativistic energies with ␥ ⬎ 100 in a shock
wave with this mechanism. An interesting feature of this
mechanism is that the region where the acceleration takes
place slowly moves away from the shock front to the downstream region, which results from the fact that the propagation speeds of the small pulses are slightly lower than that of
the main pulse. The present mechanism works when the external magnetic field is either weak, 兩⍀e兩 / pe ⬍ 1, or strong.
Also, it does not require the condition 共2兲. We summarize our
work in Sec. IV.

II. THEORY OF ELECTRON ACCELERATION
A. Perpendicular pulse

First, we analytically discuss the electron acceleration in
a perpendicular wave. Oblique waves will be discussed in
Sec. II G. We consider a shock wave propagating in the x
direction with a velocity vsh共⬎0兲 in an external magnetic
field
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Eb = 共0,Eb,0兲,

共11兲

Bb = 共0,0,Bb兲.

共12兲

The fields are stronger inside the pulse than outside,

FIG. 1. Electric and magnetic fields in and behind a small pulse. Schematic
orbit of an electron crossing the rear edge of the pulse, x = xr, is also shown.

B0 = 共0,0,Bz0兲.

共3兲

For definiteness, we assume that Bz0 ⬎ 0. In the laboratory
frame, the electric field Ey formed in the shock wave is
positive.10–15 Macroscopic electric fields do not exist in the
upstream region. The x component of the E ⫻ B drift velocity
is
Ey共x兲
.
vdx共x兲 = c
Bz共x兲

共4兲

Since Ey and Bz are both positive, vdx is also positive. Faraday’s law gives
Ey共x兲 =

vsh
关Bz共x兲 − Bz0兴
c

共5兲

for a stationary wave. Equation 共4兲 can then be written as
vdx共x兲 = vsh

冉

冊

Bz0
1−
.
Bz共x兲

共6兲

Since Bz in the shock wave is greater than Bz0, vdx is in the
range 0 ⬍ vdx ⬍ vsh; electron positions move to the downstream region of the shock wave.
The propagation of large-amplitude shock waves is not
perfectly stationary.1,16,17 For instance, nonstationary behavior of a shock wave created by the ion reflection has been
discussed in detail in Ref. 17. Owing to such nonstationary
behavior, small-amplitude pulses can be produced behind the
front of a large-amplitude shock wave.1,17 As will be shown
with particle simulations later in Sec. III, some of them move
with a velocity vsh2 close to the drift speed,
vsh2 ⬃ vdx .

共7兲

In the following, we develop an electron acceleration theory
assuming Eq. 共7兲.
In the discussion of electron motion, we assume, for
simplicity, that the shape of the small pulse is rectangular
with a width ⌬. Hence, in the pulse region
xr ⬍ x ⬍ xr + ⌬,

共8兲

where xr is the rear edge of the small pulse, the electric and
magnetic fields are constant and are given as
Ein = 共0,Ein,0兲,

共9兲

Bin = 共0,0,Bin兲

共10兲

共see Fig. 1兲. Behind the pulse, x ⬍ xr, the fields may be written as

Ein ⬎ Eb ,

共13兲

Bin ⬎ Bb .

共14兲

The x component of the electric field Ex will also be present
at the boundaries of the pulse.
We discuss motions of electrons that cross the rear edge,
x = xr, several times 共see Fig. 1兲.
B. Electron motion inside the small pulse

Inside the small pulse, xr ⬍ x ⬍ xr + ⌬, the relativistic
equation of motion for electrons reads as
me

d
e
共␥vx兲 = − vyBin ,
dt
c

共15兲

me

d
e
共␥vy兲 = − eEin + vxBin .
dt
c

共16兲

The z component of the momentum is constant because Ez
= 0,
共17兲

pz = const.
From Eqs. 共15兲 and 共16兲, we obtain
mec2共␥ − ␥0in兲 = − eEin共y − y 0in兲,

共18兲

where ␥0in, which is defined as
2
␥0in = 关1 + 共px0
+ p2y0 + pz2兲/共m2e c2兲兴1/2 ,

共19兲

and y 0in are constant. Integrating Eq. 共15兲, we find
me␥vx − me␥0invx0in = −

eBin
共y − y 0in兲.
c

共20兲

Combining Eqs. 共18兲 and 共20兲, and using the relation
␥ = 关1 + p2 / 共m2e c2兲兴1/2, we obtain an elliptic equation for p,
共px − Pin兲2
a2in

+

p2y
= 1,
共ain/␥din兲2

共21兲

2
/ c2兲−1/2 with
where ␥din = 共1 − vdin

vdin = c

Ein
.
Bin

共22兲

Also, Pin and ain are defined as
2
Pin = me␥din
vdin␥0in共1 − vdinvx0in/c2兲,

共23兲

2
2
兲P2in − 共m2e c2 + pz2兲␥din
.
a2in = 共c2/vdin

共24兲

The quantity Pin is positive because vdin ⬎ 0. Also, it is
proved in Appendix A that a2in 艌 0. We take ain to be positive.
C. Electron motion behind the small pulse

Behind the small pulse, x ⬍ xr, electrons also make elliptic motions in the momentum space,
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vx0in = vx0b = vx共t0兲,

共33兲

we find ⌬P0 as
2
2
2 2
⌬P0 = mec␥共t0兲共␥din
␤din
− ␥db
␤db兲

⫻
FIG. 2. Change in elliptic motion in the momentum space.

共px − Pb兲

p2y

2

a2b

+

共ab/␥db兲2

= 1,

冉

共1 − ␤din兲共1 − ␤db兲
vx共t0兲
− 1+
c
␤db + ␤din

冊册

,

共25兲

␤din = vdin/c,

共35兲

␤db = vdb/c.

共36兲

It is shown in Appendix C that if the propagation of the
small pulse is nearly stationary, the relation

2
Pb = me␥db
vdb␥0b共1 − vdbvx0b/c2兲,

共26兲

2
2
a2b = 共c2/vdb
兲P2b − 共m2e c2 + pz2兲␥db
,

共27兲

with
共28兲

2
/ c2兲−1/2. As in Sec. II B, one can show that
and ␥db = 共1 − vdb

Pb 艌 0,

共29兲

a2b 艌 0.

共30兲

We take ab to be positive.

vdb ⬎ vdin ⬎ vsh2

共37兲

vdb ⬍ vdin ⬍ vsh2

共38兲

or
must be satisfied. The latter, Eq. 共38兲, is an ordinary relation
for nonlinear pulses propagating in an equilibrium
plasma.10–15 In the present situation, the small pulse is in a
large-amplitude shock wave and is propagating with a
slightly lower speed than the shock wave. Hence, we here
assume the former relation, Eq. 共37兲, with the speeds vdb,
vdin, and vsh2 being very close. Then, since the relation
2
2
2 2
␥din
␤din
− ␥db
␤db ⬍ 0

共39兲

holds, we find that the shift is positive,
⌬P0 ⬎ 0.

D. Connection between the motions inside
and outside the small pulse

共31兲

Taking the constants in Eqs. 共23兲 and 共26兲 to be

␥0in = ␥0b = ␥共t0兲,

共40兲

In the same way, we obtain the shift of the ellipse center
at t = t1 as

As an electron moves from inside to outside the small
pulse, crossing its rear boundary, the elliptic motion in the
momentum space continuously changes from the one represented by Eq. 共21兲 to the one by Eq. 共25兲. Also, when the
electron returns to the pulse region, the elliptic motion
changes again. Some electrons would repeat these processes
several times.
We consider an electron that goes out to the outside region crossing the rear boundary x = xr at t = t0 and, after a half
gyration, goes into the pulse at t = t1 共see Fig. 1兲. Because
Ey ⬎ 0, the electron gains energy during this time. It obtains
the greatest amount of energy when py共t0兲 and py共t1兲 are both
zero. That is, for a given initial energy, the shift in the y
direction, 兩y共t1兲 − y共t0兲兩, becomes the largest when py共t0兲
= py共t1兲 = 0. This type of motion can occur when vdb = vsh2
共see Appendix B兲. In the following, the relation py共t0兲
⬃ py共t1兲 ⬃ 0 is assumed.
Figure 2 shows a schematic electron orbit in the momentum space. When the particle goes out to the region behind
the pulse at t = t0 with py共t0兲 = 0, the center of the ellipse is
shifted along the px axis by
⌬P0 = Pb − Pin .

共34兲

where ␤din and ␤db are defined as

where

Eb
vdb = c ,
Bb

冋

共32兲

2 2
2
2
⌬P1 = Pin − Pb = mec␥共t1兲共␥db
␤db − ␥din
␤din
兲

⫻

冋

冉

共1 − ␤db兲共1 − ␤din兲
vx共t1兲
− 1+
c
␤din + ␤db

冊册

.

共41兲
Under the condition 共37兲, this is negative
⌬P1 ⬍ 0.

共42兲

E. Energy change

We now discuss the energy change in these elliptic motions. If we know the momentum px共t0兲, then by substituting
it in Eqs. 共26兲 and 共27兲, we obtain the momentum at t = t1,
px共t1兲 = Pb关px共t0兲兴 + ab关px共t0兲兴.

共43兲

Similarly, using px共t1兲, we find the momentum at t = t2 as
px共t2兲 = Pin关px共t1兲兴 − ain关px共t1兲兴.

共44兲

In this way, we can successively obtain the momentum at the
lth crossing 共l = 1 , 2 , 3 , . . . 兲 from the initial px共t0兲. When l
= 2n with n an integer, i.e., when the particle goes out from
the small pulse to the downstream region, px共t2n兲 is negative
and is given as
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px共t2n兲 = Pin关px共t2n−1兲兴 − ain关px共t2n−1兲兴.

共45兲

When l = 2n + 1, i.e., when the particle goes into the small
pulse from the downstream region, px共t2n+1兲 is positive,
px共t2n+1兲 = Pb关px共t2n兲兴 + ab关px共t2n兲兴.

共46兲

For ␥ Ⰷ 1 with

␥共t2n兲 ⬃ − px共t2n兲/共mec兲,

共47兲

i.e., px共t2n兲 is much greater than py and pz in magnitude, we
have
a2b

⬃ 共c

2

2
/vdb
兲P2b ,

共48兲

2
Pb ⬃ me␥db
vdb␥共t2n兲共1 + vdb/c兲.

We therefore have
2
␥共t2n+1兲 ⬃ ␥db

冉

vdb
vdb
1+
c
c

冊冉

1+

共49兲

冊

c
␥共t2n兲.
vdb

共50兲

2
2
= 共1 − vdb
/ c2兲−1, Eq. 共50兲 can
On account of the relation ␥db
be further simplified as

␥共t2n+1兲 ⬃

1 + Eb/Bb
␥共t2n兲.
1 − Eb/Bb

共51兲

The ratio ␥共t2n+1兲 / ␥共t2n兲 is independent of n, only dependent
on the ratio Eb / Bb. If Eb / Bb is close to unity behind the small
pulse, the energy enhancement should be significant.
In the same way, under the assumption

␥共t2n−1兲 ⬃ px共t2n−1兲/共mec兲,

共52兲

we find that
a2in ⬃

共c

2

2
/vdin
兲P2in ,

共53兲

2
Pin ⬃ me␥din
vdin␥共t2n−1兲共1 − vdin/c兲.

It then follows that
2
␥共t2n兲 ⬃ ␥din

冉

vdin
vdin
1−
c
c

冊冉

−1+

共54兲

c
vdin

冊

冊


vdin px共t2n−1兲
.
m ec
c
兩⍀ein兩

共58兲

For large ␥, they become
t2n+1 − t2n ⬃

␥db

␥共t2n兲,
共1 − Eb/Bb兲 兩⍀eb兩

共59兲

t2n − t2n−1 ⬃

␥din

␥共t2n−1兲.
共1 + Ein/Bin兲 兩⍀ein兩

共60兲

The particle spends much longer time in the region behind
the small pulse than in the small pulse,
t2n+1 − t2n ⬎ t2n − t2n−1 .

共61兲

From these relations, we can estimate the increase rate of
the peak values of ␥, 关␥共t2n+1兲 − ␥共t2n−1兲兴 / 共t2n+1 − t2n−1兲. From
Eqs. 共51兲 and 共56兲, it follows that

␥共t2n+1兲 − ␥共t2n−1兲 =

冋冉

1 + Eb/Bb
1 − Eb/Bb

冊冉

冊 册

1 − Ein/Bin
−1
1 + Ein/Bin

⫻␥共t2n−1兲.

共62兲

Also, from Eqs. 共59兲 and 共60兲, we have
t2n+1 − t2n−1 =

冉

␥db共1 − Ein/Bin兲
共1 − Eb/Bb兲共1 + Ein/Bin兲

+

␥din
Bb 
␥共t2n−1兲.
共1 + Ein/Bin兲 Bin 兩⍀eb兩

冊

共63兲

We therefore find the average time rate of change of the
maxima as
d␥ ␥共t2n+1兲 − ␥共t2n−1兲
=
dt
t2n+1 − t2n−1
⯝

2兩⍀eb兩
共Eb/Bb − Ein/Bin兲
.
 关␥db共1 − Ein/Bin兲 + ␥din共Bb/Bin兲共1 − Eb/Bb兲兴
共64兲

␥共t2n−1兲,

共55兲

which can be simplified as

␥共t2n兲 ⬃

冉

3
t2n − t2n−1 = ␥din
␥共t2n−1兲 −

1 − Ein/Bin
␥共t2n−1兲.
1 + Ein/Bin

共56兲

Similarly, we obtain the average time rate of change of the
minima
d␥ ␥共t2n兲 − ␥共t2n−2兲
=
dt
t2n − t2n−2
⯝

2兩⍀eb兩
共Eb/Bb − Ein/Bin兲
.
 关␥db共1 + Ein/Bin兲 + ␥din共Bb/Bin兲共1 + Eb/Bb兲兴
共65兲

F. Energy increase rate

The energy takes its maxima at t = t2n+1 and minima at
t = t2n. We calculate the increase rate of the maxima and that
of the minima. For an odd number 2n + 1, the time period
t2n+1 − t2n is calculated as

冉

3
␥共t2n兲 −
t2n+1 − t2n = ␥db

冊

vdb px共t2n兲 
,
c mec 兩⍀eb兩

共57兲

where 兩⍀eb兩 is the nonrelativistic electron gyrofrequency in
the region behind the small pulse 共see Appendix B兲. For an
even number 2n, the time period is

Equations 共64兲 and 共65兲 are both independent of n. The increase rate of the maxima is greater than that of the minima.

G. Oblique waves

For an oblique pulse, we have a constant magnetic field
Bx0 in addition to Bz. We may write the magnetic field in the
small pulse as
Bin = 共Bx0,0,Binz兲,

共66兲

and that behind the pulse as
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v⬙y = v⬘y ,

共77兲

vz⬙ = v⬘x sin共in − b兲 + vz⬘ cos共in − b兲.

共78兲

For particles with

⬙ cos关共/2兲 − b兴 + vz⬙ cos b ⯝ vsh2 ,
vdb

FIG. 3. Coordinate systems 共x , y , z兲 and 共x⬘ , y ⬘ , z⬘兲. The z⬘ axis is parallel to
Bin.

Bb = 共Bx0,0,Bbz兲.

共67兲

Here, By is neglected. It could be comparable to Bz in largeamplitude shock front. Behind the shock front, however, it
should be weak because it is proportional to Bz / x.14,15 The
electric fields are taken to be Ein = 共0 , Ein , 0兲 and Eb
= 共0 , Eb , 0兲. Because the electric field parallel to the magnetic
field is weak in magnetohydrodynamic waves, Ey is the
dominant component. Hence, the parallel momentum is assumed to be constant in each region. The motion perpendicular to B will then be elliptic in the momentum space.
We introduce a new coordinate system 共x⬘ , y ⬘ , z⬘兲, where
the y ⬘ axis is parallel to the y axis and the z⬘ axis is parallel
to Bin 共see Fig. 3兲. In this coordinate system, the particle
motion in the momentum space can be written as

⬘ 兲2
共px⬘ − Pin
⬘2
ain

+

p⬘y 2

⬘ 兲2
⬘ /␥din
共ain

共68兲

= 1,

the x component of the guiding center velocity is nearly
equal to vsh2 in the region behind the small pulse. These
particles can have the momentum py ⯝ 0 at both t = t0 and t
= t1. Substituting Eq. 共78兲 in Eq. 共79兲 yields
vz⬘共t0兲 =

冉

⬙ sin b
1
vsh2 − vdb
cos共in − b兲
cos b

共69兲

⬘ vdin
⬘ ␥0in共1 − vdin
⬘ vx0in
⬘ /c 兲,
⬘ = me␥din
Pin

共70兲

⬘ 2兲Pin
⬘ 2.
⬘ 2 = 共c2/vdin
⬘ 2 − 共m2e c2 + pz⬘2兲␥din
ain

共71兲

2

2

Also, in the coordinate system 共x⬙ , y ⬙ , z⬙兲, where the y ⬙
and z⬙ axes are parallel to the y axis and to Bb, respectively,
the particle motion is given as
共px⬙ − Pb⬙兲2
ab⬙2

+

p⬙y 2

⬙ 兲2
共ab⬙/␥db

= 1,

共72兲

where

⬙ =c
vdb

Eb
,
Bb

共73兲

⬙ 2vdb
⬙ ␥0b共1 − vdb
⬙ vx0b
⬙ /c2兲,
Pb⬙ = me␥db

共74兲

⬙ 2兲Pb⬙2 − 共m2e c2 + pz⬙2兲␥db
⬙ 2.
ab⬙2 = 共c2/vdb

共75兲

At the moment t = t0, when a particle crosses the boundary between the regions in and behind the small pulse, the
velocities in these regions are related through
v⬙x = vx⬘ cos共in − b兲 − vz⬘ sin共in − b兲,

共76兲

冊

− vx⬘共t0兲sin共in − b兲 .

共80兲

From Eq. 共76兲, then, we find v⬙x 共t0兲 as a function of v⬘x 共t0兲
v⬙x 共t0兲 =

⬙ sin b兲
共vsh2 − vdb
vx⬘共t0兲
−
tan共in − b兲.
cos共in − b兲
cos b
共81兲

Since vx0in
⬘ = vx⬘共t0兲, vx0b
⬘ = vx⬙共t0兲, and ␥0b = ␥0in, the quantities
Pb⬙ and ab⬙ are given as functions of vx⬘共t0兲 and ␥共t0兲; we thus
obtain the momentum at t = t1,
px⬙共t1兲 = Pb⬙关p⬘x 共t0兲兴 + a⬙b关px⬘共t0兲兴.

共82兲

Hence, we have results similar to those in Sec. II E and
II F. For large ␥, for instance, the maximum energy gain is
given as

where
E
⬘ = c in ,
vdin
Bin

共79兲

␥共t2n+1兲 ⬃

1 + Eb/Bb
␥共t2n兲,
1 − Eb/Bb

共83兲

which is the same form as Eq. 共51兲. The energy difference
␥共t2n+1兲 − ␥共t2n−1兲 and average time rate of change of the
maxima are given by Eqs. 共62兲 and 共64兲, respectively. One
can use Eq. 共65兲 for the average time rate of change of the
minima.
In Appendix C, it is shown that the relation vdbx ⬎ vdinx
⬎ vsh2 or vdbx ⬍ vdinx ⬍ vsh2 must hold. Here, the latter is assumed. Hence, particles satisfying the relation 共79兲 can exist.
We also note that, when an electron crosses the rear
boundary of the small pulse, its parallel momentum always
decreases. With calculations similar to those in Ref. 18, we
obtain the change in the parallel momentum, ␦ p储 = 关p共t1兲
− p共t0兲兴 · Bin as

␦ p储 = 关p⬙x 共t1兲 − px⬙共t0兲兴sin共b − in兲.

共84兲

Since px⬙共t1兲 ⬎ p⬙x 共t0兲 and b ⬍ in, we see that ␦ p储 ⬍ 0. After a
gyration, p储 always decreases. Hence, even if the x component of the particle velocity is slightly greater than the propagation speed of the small pulse,

⬙ cos关共/2兲 − b兴 + vz⬙ cos b ⬎ vsh2 ,
vdb

共85兲

the particle cannot easily take over the pulse. This suggests
that some particles move with the small pulse for long periods of time.
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FIG. 4. Profiles of Bz at various times. The solid and dotted oblique lines
indicate the trajectories of the shock front and the small pulse, respectively.

III. SIMULATIONS

We now study the present acceleration mechanism with
one dimension 共one space coordinate and three velocity components兲, relativistic, electromagnetic particle simulations.19
We mainly discuss weak magnetic field cases, 兩⍀e兩 / pe ⬍ 1.
The system length is L = 8192⌬g, where ⌬g is the grid
spacing. The number of simulation particles is Ne = Ni
= 524 288. The ion-to-electron mass ratio is mi / me = 100; the
thermal speeds are vTi / 共pe⌬g兲 = 2.8⫻ 10−2 and vTe / 共pe⌬g兲
= 0.28. The electron skin depth is c / pe = 4⌬g. The time step
is pe⌬t = 0.02. The external magnetic field has x and z components, B0 = B0共cos  , 0 , sin 兲, and the waves propagate in
the x direction 共for more details of the method of shock
simulation, see Refs. 1 and 20兲.
Figure 4 displays profiles of Bs of a shock wave. Here,
the magnetic field strength is 兩⍀e兩 / pe = 0.4 in the upstream
region; accordingly, the Alfvén speed is vA / 共pe / ⌬g兲 = 0.16.
The propagation angle is  = 60°. The main pulse propagates
with a speed vsh = 18.8vA. The oblique straight line indicates
the trajectory of the shock front; the cross points between
this and horizontal lines show the x positions of the shock
front. Behind the main pulse, we also find a small pulse
propagating with a lower speed vsh2 = 15.0vA. The dotted line
shows the trajectory of the small pulse. Figure 5 displays
phase space plots 共x , ␥兲 of electrons. As in Fig. 4, the solid
and dotted oblique lines show the trajectories of the shock
front and small pulse, respectively. It is found that highenergy electrons are produced behind the small pulse. Their
maximum energy is ␥ ⬃ 100. Because the small-pulse speed
is slightly lower than the speed of the main pulse, the region
where high-energy electrons are generated slowly moves
away from the shock front to the downstream region.
Figure 6 shows a snapshot of field profiles and electron
phase space 共x , ␥兲 near the small pulse at pet = 800 共the main
pulse is outside of these panels兲. The dotted vertical line
indicates the x position of the maximum Bz in the small

Phys. Plasmas 12, 052308 共2005兲

FIG. 5. Phase space plots 共x , ␥兲 of electrons. The solid and dotted oblique
lines show the trajectories of the shock front and the small pulse, respectively. High-energy electrons are found behind the small pulse.

pulse; Bz and Ey have large values in the region −5
⬍ 共x − vsh2t兲 / 共c / pe兲 ⬍ 5. Energetic electrons are present behind this pulse.
The top panel in Fig. 7 shows the time variation of x
− vsh2t of an accelerated electron. For comparison, the time
variation of an electron that was not accelerated is also depicted. The oscillations are due to the gyromotion in both
cases; hence, the oscillation period of the nonaccelerated
electron is much shorter than that of the accelerated one. The
dotted horizontal line in the top panel indicates the position
共x − vsh2t兲 / 共c / pe兲 = −5; roughly, the rear edge of the small
pulse. The accelerated particle stays around this position for
a long time. The second panel shows Bz关x共t兲兴, where x共t兲 is
the position of the accelerated particle. The magnetic field is
strong when the particle is above the dotted horizontal line in
the top panel, i.e., when the particle is in the small-pulse
region. The third panel shows the work W done by the
electric field E, where  = x, y, or z. The bottom panel

FIG. 6. Snapshot of field profiles and electron phase space 共x , ␥兲 near the
small pulse at pet = 800. The field values are normalized to Bz0.
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FIG. 9. Trajectory of the accelerated electron in the 共px , py兲 plane.

FIG. 7. Time variations of x, Bz, W, and ␥ of an accelerated electron. The
values of Bz are the ones at electron positions, and W is the work done by
the electric field E 共 = x, y, or z兲. For comparison, the time variations of x
and ␥ of a nonaccelerated electron are also plotted.

shows the time variations of ␥; the lines with long- and
short-period oscillations represent the accelerated and nonaccelerated particles, respectively. We find that Wy and ␥ of the
accelerated particle have quite similar profiles. This indicates
that the energy increase is mainly due to Ey, which is consistent with the physical picture presented in Sec. II. 共For
pet ⲏ 950, Wx goes down and the energy increase saturates.
This is caused by the perturbation of Ex.兲 These panels
clearly show that ␥ increases when the particle is in the
downstream region while ␥ decreases when it is in the small
pulse region.
The theoretical estimate of energy increase is of the
same order of magnitude as the simulation result. The increase in ␥ from, for instance, time t2 to t3 is ␦␥ = 55. On the
other hand, the theoretical estimate 共83兲 gives the energy
increase ␦␥ = 57 for the present simulation parameters. The
average time rate of change of the maxima from time t1 to t5
is observed to be 具d␥ / d共pet兲典 = 0.15, while Eq. 共64兲 gives
具d␥ / d共pet兲典 = 0.2 关where the field values observed in the

FIG. 8. Time variations of velocities v储x and v⬜x of an accelerated electron.

simulation from t2 to t3 were substituted in Eq. 共64兲兴. Also,
具d␥ / d共pet兲典 for the minima is 具d␥ / d共pet兲典 = 0.065 in the
simulation, while Eq. 共65兲 gives 具d␥ / d共pet兲典 = 0.04.
Figure 8 shows the time variations of the x components
of the parallel and perpendicular velocities of the accelerated
electron; v储x = 共v · B兲Bx0 / B2 and v⬜x = 关v − 共v · B兲B / B2兴 · ex,
where ex is the unit vector in the x direction. The perpendicular velocity consists of gyration and drift velocities. The dotted horizontal lines indicate the propagation speed of the
small pulse, vsh2 = 0.61c. The velocity v储x is much slower
than vsh2. The sum of the average values of v储x and v⬜x is,
however, close to the propagation speed of the small pulse;
具v储x典 + 具v⬜x典 ⯝ vsh2, with 具v储x典 / c = −0.03 and 具v⬜x典 / c = 0.64.
Figure 9 shows the particle orbit projected on the 共px , py兲
plane. As predicted by the theory, the orbit is ellipse type and
its radius grows with time.
We now discuss parameter dependence of this acceleration. Figure 10 shows the maximum energy ␥ as a function
of the Alfvén Mach number M A for three different propagation angles;  = 45° 共closed circles兲,  = 60° 共white circles兲,
and  = 80° 共closed squares兲. The magnetic field strength is
兩⍀e兩 / pe = 0.3, and hence the Alfvén speed is vA / 共pe⌬g兲
= 0.12. The dotted vertical line indicates the shock speed
vsh = c cos  for  = 45. Unlike the electron acceleration discussed by Bessho and Ohsawa,1–3 the present acceleration
mechanism is free from the condition vsh ⬃ c cos .
Finally, we mention strong magnetic field cases,
兩⍀e兩 / pe ⬎ 1. Figure 11 shows ␥ versus M A for 兩⍀e兩 / pe = 2
共closed triangles兲 and 兩⍀e兩 / pe = 3 共white triangles兲. The
propagation angle is  = 60°. The left and right dotted vertical

FIG. 10. Observed ␥ vs Alfvén Mach number M A. The maximum energies
observed in the simulations are plotted for three different propagation
angles:  = 45° 共closed circles兲,  = 60° 共white circles兲, and  = 80° 共closed
squares兲. The frequency ratio is 兩⍀e兩 / pe = 0.3. The dotted vertical line indicates the shock speed vsh = c cos  for  = 45°.
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As future work, it is important to study the properties of
these pulses as well as to further investigate this acceleration
mechanism.
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APPENDIX A: SIGN OF a2in
FIG. 11. Observed ␥ vs Alfvén Mach number M A for strong magnetic field
cases. The maximum energies for 兩⍀e兩 / pe = 2 共closed triangles兲 and
兩⍀e兩 / pe = 3 共white triangles兲 are plotted as functions of M A. The propagation angle is  = 60°. The left and right dotted vertical lines indicate the
shock speed vsh = c cos  for 兩⍀e兩 / pe = 3 and 兩⍀e兩 / pe = 2, respectively.

We show here that a2in 艌 0. Noting that

␥0in 艌 ␥xz ,

共A1兲

where
2
␥xz = 关1 + 共px0
+ pz2兲/共m2e c2兲兴1/2 ,

lines indicate M A at which the condition vsh = c cos  is satisfied for 兩⍀e兩 / pe = 3 and 兩⍀e兩 / pe = 2, respectively. For
shock speeds with vsh ⬃ c cos , strong acceleration occurs; it
is due to the mechanism discussed by Bessho and Ohsawa.1–3
For higher shock speeds, we also observe strong electron
acceleration; this is due to the present mechanism.

we find that
a2in
2
␥din

冉

2 2
艌 m2e c2␥xz
␥din 1 −

vdinvx0
c2

共A2兲

冊

2

− 共m2e c2 + pz2兲.

共A3兲

Substituting the relation
2
2
2
2
2
− ␥0in
/c2兲 艋 m2e c2␥xz
共1 − vx0
/c2兲
m2e c2 + pz2 = m2e c2共␥xz
vx0

共A4兲
IV. SUMMARY

With theory and particle simulations, we have found a
new particle acceleration mechanism in shock waves. In this
mechanism, electrons can be accelerated to ultrarelativistic
energies in weak magnetic fields such that 兩⍀e兩 / pe ⬍ 1 as
well as in strong magnetic field 兩⍀e兩 / pe ⬎ 1. The acceleration occurs in the vicinity of small pulses that are generated
in a nonstationary large-amplitude shock wave. Because the
propagation speeds of these small pulses are slightly lower
than that of the main pulse, the acceleration region slowly
moves away from the shock front to the downstream region.
We have analytically discussed the electron motion inside and outside such small pulses and obtained the amount
of energy that electrons can gain from the wave field. With
particle simulations, then, we have demonstrated the electron
acceleration to energies ␥ ⬎ 100 in both 兩⍀e兩 / pe ⬍ 1 and
兩⍀e兩 / pe ⬎ 1. The features of the accelerated electron motion
in the simulations are consistent with the theoretical model.
Small pulses play an essential role in the present acceleration mechanism in large-amplitude shock waves. In the
present simulation, the small pulse causing electron acceleration was generated by the ion reflection. The ion reflection
gives rise to the oscillation of the shock amplitude, which
then produces small pulses. Because the shock amplitude
decreases with time owing to dissipation processes such as
particle acceleration, small pulses generated at later times
tend to have smaller amplitudes. Hence, the acceleration in
those small pulses have not been observed. It is expected,
however, that such pulses would be produced repeatedly in
very large-amplitude shock waves such as supernova remnants or in large-amplitude magnetosonic waves in a turbulent plasma such as in solar flares. Also, it would be interesting to explore other mechanisms generating small pulses.

in Eq. 共A3兲 yields
a2in
2
␥din

2
艌 m2e c2␥xz
F共vx0兲,

where

冉

vdinvx0
c2

2
1−
F共vx0兲 = ␥din

共A5兲

冊 冉
2

− 1−

冊

2
vx0
.
c2

共A6兲

Its derivative is given as

␥2
dF
= 2 din
共vx0 − vdin兲.
dvx0
c2

共A7兲

We then see that F共vx0兲 has its minimum value F共vx0兲 = 0 at
vx0 = vdin. Equation 共A5兲 therefore indicates that a2in 艌 0.
APPENDIX B: ELLIPTIC MOTION FOR THE MAXIMUM
ENERGY GAIN

Here, we show that accelerated electrons gain the maximum energy when py共t0兲 ⬃ py共t1兲 ⬃ 0. Also, we obtain the
time periods t1 − t0 and t2 − t1.
We discuss electron motion in the frame moving with the
velocity vdb relative to the laboratory frame. In this frame,
the electric field vanishes behind the small pulse, E*b = 0,
where the asterisk * denotes this frame, and the magnetic
field is given as
B*b = 关0,0, ␥db共Bb − vdbEb/c兲兴.

共B1兲

Since there is no electric field, particles make circular motions; x* and p*y may then be written as
x* = −

*
v⬜
*
⍀eb
/␥*

冉

sin

冊

*
⍀eb
共t* − t*0兲 + x*共t*0兲,
␥*

共B2兲
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冉

*
p*y = − p⬜
sin

冊

*
⍀eb
共t* − t*0兲 ,
␥*

*
is the nonrelativistic
for particles with p*y 共t*0兲 = 0, where ⍀eb
electron gyrofrequency,
*
⍀eb

=−

eB*b
m ec

2
t1 − t0 = ␥*␥db

共B3兲

where

共B4兲

,

冊

vdb p共t0兲
·
.
c m ec

2
t2 − t1 = ␥†␥din

with

vsh2 − vdb
=
.
1 − vdbvsh2/c2

共B5兲

*
xr* = vsh2
共t* − t*0兲 + x*共t*0兲.

共B6兲

One can obtain the time t*1 from the equation x*
*
= vsh2
共t* − t*0兲,

冉

冊

⍀* * *
*
共t − t0兲 = vsh2
共t* − t*0兲.
− * * sin eb
␥*
⍀eb/␥

共B7兲

Assuming the solution in the form
*
*
⍀eb
⍀eb
*
*
共t
−
t
兲
=

+
␦t* ,
0
␥*
␥*

共B8兲

共B16兲

*
vsh2
*
* .
+ v⬜
vsh2

vsh2
共Bin − Bb兲 = Ein − Eb .
c

vdb − vdin =

共B10兲

With the aid of Eqs. 共B1兲 and 共B12兲, we find that

共C2兲

共C3兲

We therefore have the relations among the drift velocities
and shock speed
vdbx ⬎ vdinx ⬎ vsh2

共C4兲

vdbx ⬍ vdinx ⬍ vsh2 ,

共C5兲

or

where vdbx = cEbBbz / Bb and vdinx = cEinBinz / Bin.
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共B13兲

and the equation vdb · 共r*1 − r*0兲 = 0, it follows that
t1 − t0 = ␥db共t*1 − t*0兲.

共Bin − Bb兲
共vdb − vsh2兲.
Bin

vsh2
共Binz − Bbz兲 = Ein − Eb .
c

共B12兲

holds. From the Lorentz transformation of time
t0 = ␥db共t*0 − vdb · r*0/c2兲,

共C1兲

Since Bin ⬎ Bb, Eq. 共C2兲 indicates that either Eq. 共37兲 or Eq.
共38兲 must hold. The former shows that vdb can become larger
than vdin when a small pulse propagates with a speed lower
than the original large-amplitude pulse, which is the background of the small pulse.
Also, for oblique propagation where the magnetic field
has the x component as well as the z components, the z
component of Faraday’s law gives

共B11兲

*
= 0, i.e., when vsh2
This indicates that p*y 共t*1兲 = 0 when vsh2
= vdb. Evidently, electrons gain the maximum energy when
p*y 共t*1兲 = 0. We thus have py共t1兲 = 0.
Next, we obtain the laboratory time period t1 − t0 when
the relation
*
⍀eb
共t* − t*兲 = 
␥* 1 0

共B18兲

We then find the relation

Since we consider relativistic particles, v* ⬃ c, the assumption 共B9兲 is satisfied. Substituting Eqs. 共B8兲 and 共B10兲 in Eq.
共B3兲 yields p*y at t* = t*1 when the particle reenters the smallpulse region
*
p*y 共t*1兲 ⯝ − p⬜

冊

vdin p共t1兲
·
.
c
m ec

We compare the magnitude of vdb and vdin. The small
pulse is assumed to steadily propagate with a speed vsh2.
Hence, integrating the z component of Faraday’s law in the
region surrounding the rear boundary x = xr, we obtain

共B9兲

we find that
*
*
⍀eb
vsh2
*
␦
t
⯝
*
* .
␥*
+ v⬜
vsh2

共B17兲

APPENDIX C: COMPARISON OF vdb AND vdin

where the time ␦t is much shorter than the gyroperiod,
*
⍀eb
␦t* ⬍ 1,
␥*


,
兩⍀ein兩

For oblique waves, we also have the relations
共B15兲–共B18兲.

*

冏 冏

冉

␥† = ␥din ␥ −

Its rear boundary is then

*
v⬜

共B15兲

Similarly, we obtain the time period t2 − t1 as

*
*
␥* is the Lorentz factor of this particle. Also, v⬜
and p⬜
are
the magnitudes of the velocity and momentum perpendicular
to B*b, respectively. The speed of the small pulse is given by
*
vsh2

冉

␥* = ␥db ␥ −


,
兩⍀eb兩

共B14兲

2
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