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The statistical mechanics of the electro-acoustic effects of liquids
T. Yamaguchi,a) T. Matsuoka, and S. Koda
Department of Molecular Design and Engineering, Graduate School of Engineering, Nagoya University,
Chikusa, Nagoya, Aichi 464-8603, Japan

~Received 5 March 2003; accepted 28 May 2003!

The ultrasonic vibration potential~UVP! and the electrokinetic sonic amplitude~ESA! are described
in terms of equilibrium time-correlation functions using the linear response theory. The reciprocal
relationship between UVP and ESA is shown based on the formulation. By introducing the
generalized Langevin theory and taking the hydrodynamic limit, it is discussed how the effective
volume of ions in the UVP measurement is related to their partial molar thermodynamic quantities.
The effective volume is proven exactly equal to the isothermal partial molar volume in the
isothermal formulation. The effect of the adiabaticity of sound wave is also investigated. ©2003
American Institute of Physics.@DOI: 10.1063/1.1592797#
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I. INTRODUCTION

The alternating electric potential is induced when t
ultrasonic wave passes through the electrolyte solution. T
phenomenon is called ‘‘ultrasonic vibrational potentia
~UVP!, and first predicted theoretically by Debye in 19331

The existence of UVP is later proven experimentally by Ye
ger et al. in 1949.2 Since the effect of the excluded volum
of ions is included in UVP, it has been utilized as the uniq
method that can divide the apparent partial molar volume
electrolytes into the contributions of individual ions witho
extrathermodynamicassumptions.3–8

The reciprocal phenomenon can also be observed.
ultrasonic wave is generated by the application of the al
nating electric field, which is called ‘‘electrokinetic son
amplitude’’ ~ESA!. The equipment to measure the ESA w
patented by Ojaet al.,9 and it is now commercially available
The reciprocal relationship exists between the UVP and E
signals as an example of the Onsager’s reciprocal relat
ship. It is proven theoretically first by O’Brienet al. for col-
loidal dispersions in terms of fluid mechanics,10,11 and later
shown experimentally for various systems including sim
ions, polyelectrolytes, and colloids.12 In this work, we use
the name of ‘‘electro-acoustic effect’’ for the coupling effe
between the sound wave and the electric potential gener
including UVP and ESA.

In spite of the great use of the electro-acoustic effec
liquids and solutions, we consider its microscopic basis
quite weak. In the formulation used by Zanaet al., the ionic
vibrational potential was treated in terms of the equation-
motion of individual ions, and the relationship between t
ionic vibrational potential and the ionic partial molar volum
has been given only in intuitive ways.1,3,13–16For instance,
some included the buoyancy term into the equation-
motion, and the excluded volume effective to the buoyan
was related to the partial molar volume. Some considered
force proportional to the pressure gradient, in which the p
portionality coefficient was taken to be the partial molar v

a!Electronic mail: tyama@nuce.nagoya-u.ac.jp
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ume. Others considered that the mass of ions areeffectively
increased because solvated solvent molecules move tog
with ions. In all the ideas, however, the meanings of t
buoyancy, the pressure gradient, or the solvation num
were not clarified at the molecular level, and the effect
volume in these ideas was not guaranteed equivalent to
thermodynamicpartial molar volume.16

In addition, the apparentisothermalpartial molar vol-
ume of electrolytes is used as the sum of the volume of i
in the analysis of UVP, whereas theadiabaticpartial molar
volume is effective to the ultrasonic relaxation. Although t
difference between the isothermal and adiabatic partial m
volumes may not be important in aqueous solution due to
small thermal expansion of water, the UVP method has a
been used to determine the partial molar volume of in
vidual ions in organic solvents.4–7

In this work, we first describe both UVP and ESA
terms of the equilibrium time-correlation functions using t
linear response theory. Since our formulation is quite g
eral, we believe our present formulation will give a theor
ical foundation of how the slow dynamics of complex sy
tems such as concentrated electrolyte solutio
polyelectrolyte ones, or electrolyte gels appears in th
electro-acoustic properties. The reciprocal relationship
tween them is proven for general systems including sim
electrolytes and polyelectrolytes. Then, the UVP signal
related to the site–site dynamic structure factor. By introd
ing the generalized Langevin equation for the site–site
namic structure factor and taking the hydrodynamic limit, w
show that the effective volume of ions in UVP is equivale
to the partial molecular volume given by the Kirkwood–Bu
theory in the isothermal case. The expression derived
Debye1 and used by Zana and Yeager3 is also reproduced for
simple ionic solutions. We consider our present result give
microscopic validation to the experimental determination
the partial molar volume of individual ions by UVP measur
ment. We further include the energy density as the slow v
able in the generalized Langevin equation, and its effect
the effective volume in UVP will be discussed.
7 © 2003 American Institute of Physics
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II. STATISTICAL MECHANICAL FORMULATION
OF UVP AND ESA

A. Ultrasonic vibrational potential

The response function of UVP in the time-domain, d
noted asFUVP(k,t), is expressed in terms of the relationsh
between the electrostatic potential,@^f(k,t)&ne/V#, and the
center-of-mass velocity field,@^ j m,z(k,t)&ne/rmV#, as

F 1

V
^f~k,t !&neG5E

2`

t

dt8FUVP~k,t2t8!

3F 1

rmV
^ j m,z~k,t8!&neG , ~1!

where ne stands for the statistical average under the ap
sound field whose wave number isk. The direction of the
sound wave is taken parallel toz axis. The total volume of
the system and the mass density are denoted asV and rm ,
respectively.f(k,t) and jm(k,t) represent the electrostat
potential and the mass current, respectively.

In order to apply the linear response theory, one sho
express the applied field as the perturbative Hamilton
which is not a trivial problem in the case of ultrasonic wav
In this work, we use the expression of the perturbation a

2szz~k! f 0e2 ivt, ~2!

wheres(k) andv mean the wave-number-dependent str
tensor and the angular frequency of the applied sound,
spectively, andf 0 is the proportionality coefficient. In actua
experiments, the piezoelectric transducer changes the vo
of the liquid near its surface according to the applied alt
nating voltage. Since the pressure is the physical quan
conjugate to the volume, the change of the volume can
interpreted as the external force proportional to the press
which rationalizes our definition of the perturbation.

Based on Eq.~2!, the nonequilibrium averages of th
electrostatic potential and mass current are obtained by
linear response theory17 as follows:

^f~k,t !&ne52
f 0e2 ivt

e0kBTk4 E
0

`

dt8^r̈m* ~k!ṙe~k,t8!&eivt8, ~3!

^ j m,z~k,t !&ne5
f 0e2 ivt

ikBTk3 E
0

`

dt8^r̈m* ~k!r̈m~k,t8!&eivt8, ~4!

where e0 , kB , T denote the dielectric constant of th
vacuum, the Boltzmann constant, and the absolute temp
ture, respectively, andrm(k,t) andre(k,t) means the mass
and charge-density fields, respectively. The dots represen
derivation with respect to the time. In the derivation of t
above-mentioned equations, we used the relationships a

szz~k,t !5
1

2 ik
j̇ m,z~k,t !52

1

k2 r̈m~k,t !, ~5!

f~k!5
1

e0k2 re~k!, ~6!

which are called continuity equations and the Poisson o
respectively.
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Substituting Eqs.~3! and ~4! into Eq. ~1!, the UVP re-
sponse function in the frequency domain is given by

F̃UVP~k,v![E
0

`

dtFUVP~k,t !eivt

52
irm*0

` dt^r̈m* ~k!ṙe~k,t !&eivt

e0k*0
` dt^r̈m* ~k!r̈m~k,t !&eivt

. ~7!

B. Electrokinetic sonic amplitude

According to the phenomenological treatment describ
in Appendix A, the ESA response function in the time d
main, denoted asFESA(k,t), is given by

1

V
^ j m,z~k,t !&ne5k2E

2`

t

dt8
^ j m,z* ~k! j m,z~k,t2t8!&

^ j m,z* ~k! j m,z~k!&

3F E
2`

t8
dt9FESA~k,t82t9!K f~k,t9!

V L
ne
G .

~8!

In this section, ne stands for the average under the app
electricfield. The above-given definition means that the ele
tric field is converted into the external force on the acous
field by the ESA mechanism, and the generated sound w
travels to the detector.

The perturbative Hamiltonian of ESA is denoted as

fexre~k!e2 ivt, ~9!

wherefex stands for theexternalelectric potential. Due to
the presence of theexternalfield, the total electrostatic po
tential is given by

f~k,t !5
1

e0k2 re~k,t !1Vfexe
2 ivt. ~10!

According to the linear response theory, the mass cur
density is given by

^ j m,z~k,t !&ne52
fexe

2 ivt

ikBTk E
0

`

dt8^re* ~k!r̈m~k,t8!&eivt8.

~11!

In a similar way, the electrostatic potential is derived as

1

V
^f~k,t !&ne5

e0fexe
2 ivt

ẽ* ~k,v!
, ~12!

whereẽ(k,v) is the frequency- and wave-number-depend
dielectric function given by18

1

e0kBTk2V
^ure~k!u2&512

e0

ẽ~k,v50!
, ~13!

2
iv

e0kBTk2V E
0

`

dt^re* ~k!re~k,t !&eivt

5
e0

ẽ* ~k,v!
2

e0

ẽ~k,v50!
. ~14!

The self-correlation functions of mass–current density
easily calculated as
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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^u j m,z~k!u2&5rmkBTV, ~15!

^ j m,z* ~k! j m,z~k,t !&5
1

k2 ^ṙm* ~k!ṙm~k,t !&. ~16!

The ESA response function in the frequency domain
given by substituting Eqs.~11!, ~12!, ~15!, and~16! into Eq.
~8! as

F̃ESA~k,v![E
0

`

dtFESA~k,t !eivt

52
rmẽ* ~k,v!*0

`dt^re* ~k!r̈m~k,t !&eivt

ike0*0
`dt^ṙm* ~k!ṙm~k,t !&eivt .

~17!

C. Reciprocal relationship between UVP and ESA

The numerator and denominator of Eq.~17! are, respec-
tively, transformed as follows:

E
0

`

dt^re* ~k!r̈m~k,t !&eivt52
1

iv
^r̈m* ~k!re~k!&

2
1

iv E
0

`

dt^r̈m* ~k!ṙe~k,t !&eivt

.2
1

iv E
0

`

dt^r̈m* ~k!ṙe~k,t !&eivt,

~18!

E
0

`

dt^ṙm* ~k!ṙm~k,t !&eivt5
1

v2 ^ur̈m* ~k!u2&

1
1

v2 E
0

`

dt^r̈m* ~k!r̈m~k,t !&eivt

.
1

v2 E
0

`

dt^r̈m* ~k!r̈m~k,t !&eivt.

~19!

Here, we used the equation as

^re* ~k!rm~k,t !&5^rm* ~k!re~k,t !&, ~20!

which is based on the invariance of the system under
space and time inversion. The first terms of Eqs.~18! and
~19! can be neglected because the second terms have
acoustic resonance structures whereas the first ones do
as will be shown in the next section.

According to Eqs.~7! and ~17!–~19!, we can find the
relationship between the UVP and ESA response function

F̃ESA~k,v!.2 ivẽ* ~k,v!F̃UVP~k,v!. ~21!

The complex specific electric conductivity,s̃e(k,v), is
related to the dielectric function as

ẽ~k,v!5
s̃~k,v!

iv
. ~22!

Using Eq.~22!, Eq. ~21! is transformed as
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F̃ESA~k,v!.s̃* ~k,v!F̃UVP~k,v!. ~23!

This equation corresponds to the reciprocal relationship
tween UVP and ESA proven by O’Brien in a hydrodynam
way.10,11 However, it should be noted that our derivation
quite general, not restricted to colloidal dispersions.

D. UVP response function in terms of site–site
dynamic structure factor

Hereafter we consider the isotropic liquid that consists
interaction sites~atoms! a, g,... . At present, it does not mat
ter whether the sites are bound to each other by chem
bonds. The mass, charge, and number density of the sia
are denoted asma , za , and ra , respectively. The density
field and the current density of sitea, denoted asra(k,t) and
ja(k,t), respectively, are defined as

ra~k,t !5(
i Pa

eik"r i ~ t !, ~24!

ja~k,t !5(
i Pa

vi~ t !eik"r i ~ t !. ~25!

Here, i is the index for individual sites, andr i(t) and vi(t)
stand for the position and the velocity, respectively, of siti
at time t.

In this work, we define the site–site dynamic structu
factor,Fag(k,t), as follows:

Fag~k,t ![
1

V
^ra* ~k!rg~k,t !&. ~26!

Be careful to the difference in the normalization fact
among the literatures, which leads to the different appe
ance of equations hereafter. The static structure fac
xag(k), and static current-correlation function,Jag(k), are
defined as

xag~k![
1

V
^ra* ~k!rg~k!&5Fag~k,t50!, ~27!

Jag~k![
1

V
^ j a,z* ~k! j g,z~k!&52

1

k2 F̈ag~k,t50!. ~28!

The mass and charge densities are given by the site
sity as

rm~k,t !5(
a

mara~k,t !, ~29!

re~k,t !5(
a

zara~k,t !. ~30!

Here, we neglected the electronic polarization of atoms.
ing Eqs.~29! and~30!, the UVP response function, Eq.~7! is
transformed as
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



F̃UVP~k,v!52
irm*0

`dt8(agmazg ~d3/dt83! Fag~k,t8!eivt8

5
rm(agmazg@k2Jag~k!1v2xag~k!1 iv3F̃ag~k,v!#

,
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e0k*0
`dt8(agmamg ~d4/dt84! Fag~k,t8!eivt8 e0vk(agmamg@k2Jag~k!1v2xag~k!1 iv3F̃ag~k,v!#

~31!
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whereF̃(k,v) represents the site–site dynamic structure f
tor in the frequency domain defined as

F̃~k,v!5E
0

`

dt F~k,t !eivt. ~32!

III. ISOTHERMAL FORMULATION OF UVP

A. Site–site generalized Langevin equation

Considering that only$ra(k,t)% and $ ja(k,t)% are the
slow variables, we can derive the site–site generali
Langevin equation in a standard method as19

F̈~k,t !1k2J~k!"x21~k!"F~k,t !1E
0

t

dt8 K ~k,t2t8!"Ḟ~k,t8!

50. ~33!

Equation~33! is the matrix equation, whose indices are i
teraction sites. Here,K (k,t) is the memory function matrix
defined as

@K ~k,t !J~k!#ag[
1

V
^Q j̇ a~k!eiQLQtQ j̇ g~k!&, ~34!

whereL is the Liouvillian,Q equals 12P, andP stands for
the projection operator to the space of slow variables. In
frequency domain, Eq.~33! can be solved formally as

F̃~k,v!5Y21~k,v!@J21~k!K̃ ~k,v!2 ivJ21~k!#x~k!, ~35!

whereK̃ (k,v) andY(k,v) are given by

K̃ ~k,v!5E
0

`

dt K ~k,t !eivt, ~36!

Y~k,v!5k2x21~k!2 ivJ21~k!K̃ ~k,v!2v2J21~k!. ~37!

By substituting Eq.~35! into Eq. ~31!, F̃UVP(k,v) is
written as

F̃UVP~k,v!5
rm(agmazg@J~k!1v2Y21~k,v!#ag

e0kv(agmamg@J~k!1v2Y21~k,v!#ag
.

~38!

B. Hydrodynamic limit of various
correlation functions

In actual measurements of the electro-acoustic effec
liquids, the characteristic frequency of the sound wave
about 1 MHz, which corresponds to the wavelength aroun
mm in aqueous solutions. Since the wavelength of the so
is far larger than the size of molecules, we can take
long-wavelength (k→0) limit of the response function. Be
cause the UVP response function is given by the site–
dynamic structure factor in Eq.~38!, we have to know how
the site–site dynamic structure factor behaves in thek→0
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limit. It should be noted here that the relationshipv5ck
must be maintained in the limiting procedure, wherec refers
to the sound velocity.

Since we are interested in the correlation functions in
hydrodynamic limit, one may consider that the thermod
namically constructed hydrodynamic theory is sufficie
without resorting to the statistical mechanics. In the case
atomic liquids, in fact, phenomenological consideration f
mally leads to the equation similar to Eq.~33! if we choose
the atomic densities and currents as the set of slow variab
The memory kernel becomes Markovian andx21(k) is re-
placed by the second derivative of the free energy. Howe
the second derivative of the free energy,]2A/]ra]rg , is
divergent ifa or g is the charged particle. It means that th
number densities of charged particles cannot be varied in
pendently due to the charge neutrality, which is just the r
son why we cannot measure the individual ionic partial m
lar volume directly in thermodynamic ways. Even if th
Coulombic parts are treated separately to remove the di
gence, we have no means to relate the residual chem
potential~which isassumedto be convergent within the phe
nomenological treatment!! with the microscopic solution
structure. In the solution chemistry, the individual ionic pa
tial molar volume is of no use if it is not related to th
solvation structure of the ion. It is therefore necessary
construct the theory valid for finite wave numbers and
take the hydrodynamic limit properly. Moreover, since o
formulation is not limited to atomic liquids, we can treat th
effect of the internal modes of flexible molecules cons
tently.

In the following part of this paper, it is assumed that bo
k2x21(k) andJ21(k) are finite in the long-wavelength limit
In the case of liquid composed of rigid molecules, it mea
that the number of sites in a molecule is no more than tw
three, and four for linear, planer, and nonplanar molecu
respectively. Although we consider that this condition is n
necessary, we introduced it here for simplicity.

The dynamic structure factor,F(k,t), is the matrix on
the vector space,V, defined as

V5$~aa ,ag ,...!uaaPR%, ~39!

whereR stands for the real number. Here, we decomposV
into the direct sum of three subspaces, denoted asV1 , V2 ,
and V3 defined as follows: First,V1 is the space on which
limk→0 k2x21(k) is finite. Second,V3 consists of the vector
proportional to (ra ,rg ,...). Finally, V2 is defined as the
space orthogonal to bothV1 andV3 . Physically speaking,V1

stands for the reorientation and the charge fluctuation, s
the charge density is fixed due to the charge neutrality
sites within a molecule are bound by chemical bonds in
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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hydrodynamic limit.V3 represents the acoustic wave, b
cause it is the translational motion of the liquid as a who
The remainingV2 corresponds to the mutual diffusion. The
meanings in actual systems will appear in Secs. III E–III

Here we define the projection operators toV1 and V3 ,
denoted asP1 andP3 , respectively. In particular,P3 is given
by

P3
ag5

rarg

(ara
2 . ~40!

In definition,x(k) andx21(k) behave in thek→0 limit
as

x~k!5
V1

V2% V3

V1 V2% V3

S O~k2! O~k2!

O~k2! O~1!
D , ~41!

x21~k!5
V1

V2% V3

V1 V2% V3

S O~k22! O~1!

O~1! O~1!
D . ~42!

In particular, their 11 components are related to each othe
t-
e

hy
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as

@ lim
k→0

k22@x~k!#11#
215 lim

k→0
k2@x21~k!#11, ~43!

where the suffix 11 means the submatrix onV13V1 .
In assumption, bothJ(k) andJ21(k) are regular in the

k→0 limit. In particular, as is shown in Appendix B, th
following relationship holds as

(
a

raJ21,ag~k50!5
mg

kBT
. ~44!

The memory function behaves in the hydrodynamic lim
as20

@J21~k!K̃ ~k,t !#→V1% V2

V3

V1% V2 V3

S O~1! O~k2!

O~k2! O~k2!
D , ~45!

which is due to the momentum conservation, as shown
Appendix C.

From the above-given equations, the hydrodynamic lim
of the matrix,Y(k,v), is given by
Y~k,v!→
V1

V2

V3

V1 V2 V3

S @k2x21~k!#11 2 iv@J21~k!K̃ ~k,v!#12 @k2x21~k!2v2J21~k!#13

2 iv@J21~k!K̃ ~k,v!#21 2 iv@J21~k!K̃ ~k,v!#22 @k2x21~k!2v2J21~k!#23

@k2x21~k!2v2J21~k!#31 @k2x21~k!2v2J21~k!#32 @k2x21~k!2v2J21~k!#33

D
;

V1

V2

V3

V1 V2 V3

S O~1! O~k! O~k2!

O~k! O~k! O~k2!

O~k2! O~k2! O~k2!
D . ~46!
e
to

ve-
r-
ro-
Therefore, the inverse matrix,Y21(k,v) behaves as

Y21~k,v!→
V1

V2

V3

V1 V2 V3

S O~1! O~1! O~1!

O~1! O~k21! O~k21!

O~1! O~k21! O~k22!
D . ~47!

Their 33 components are related to each other as

@ lim
k→0

k22@Y~k,v!#33#
215 lim

k→0
k2@Y21~k,v!#33. ~48!

C. Acoustic resonance condition

According to its derivation, the denominator of the righ
hand side of Eq.~38! is proportional to the response of th
center-of-mass velocity to the applied acoustic field. Its
drodynamic limit is given by

(
ag

mamg@J~k!1v2Y21~k,v!#ag

→rmkBT1
v2~(amara!2

(agra@k2x21~k!2v2J21~k!#agrg
, ~49!
-

where Eqs.~44! and ~48! are used in the derivation. Th
hydrodynamic limit of the static structure factor is related
the isothermal compressibility,xT , as21

lim
k→0

(
ag

rax21,ag~k!rg5
1

kBTxT
. ~50!

Therefore, the right-hand side of Eq.~49! is further trans-
formed as

(
ag

mamg@J~k!1v2Y21~k,v!#ag→
rmkBTcT

2

cT
22c2 , ~51!

wherecT is the isothermal sound velocity given by

cT
25

1

rmxT
. ~52!

Equation~51! diverges whenc5v/k is equal tocT , which is
the resonance condition of the sound wave. The sound
locity is equal tocT in the present treatment, which is diffe
ent from the adiabatic sound velocity derived in the hyd
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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dynamic way. It is because the energy conservation is
considered at present,22 and we will improve our treatment in
the next section.

D. Effective mass for UVP

The numerator of Eq.~38! stands for the coupling be
tween the acoustic and charge-density modes. H
(za ,zg ,...) belongs toV1 due to the charge-neutral cond
tion. On the other hand, (ma ,mg ,...) contains component
of V1 , V2 , andV3 in general. In the lowest order ofk, the
submatrices ofY21(k,v) are given by

@Y21~k,v!#11→@k22x~k!#, ~53!

@Y21~k,v!#21→2@Y21~k,v!#22@Y~k,v!#21@Y21~k,v!#11,
~54!

@Y21~k,v!#31→2@Y21~k,v!#33$@Y~k,v!#31@Y21~k,v!#11

1@Y~k,v!#32@Y21~k,v!#21%. ~55!

Since we consider the condition thatc5v/k is close tocT ,
we have to consider only the term containing 1/(c22cT

2),
that is, @Y21(k,v)#33. From Eq. ~46!, the hydrodynamic
limit of @Y21(k,v)#31 is given by

@Y21~k,v!#31→2@@k2x21~k!2v2J21~k!#33#
21

•@k2x21~k!2v2J21~k!#3,1% 2

•@$J21~k!K̃ ~k,v!%21#1% 2,1

•@@$J21~k!K̃ ~k,v!%21#11#
21@k22x~k!#11

~56!

→2
kBT(ara

2

rmk2~cT
22c2!

P3@k2x21~k!2v2J21~k!#

•~12P3!@J21K̃ ~k,v!#21
•@k2x21~k!#

•@k22F̃~k,v!#P1 , ~57!

where we used the relationships as

lim
k→0,v5ck

@k22F̃~k,v!#115 lim
k→0,v5ck

@$@Y21~k,v!J21~k!

•K̃ ~k,v!k22x~k!#21%11#
21, ~58!

@k2x21~k!2v2J21~k!#335
rmk2

kBT(ara
2 ~cT

22c2!. ~59!

The isothermal partial molecular volume of th
interaction-site,va , is defined by the RISM/KB theory
as21,23

va5kBTxT(
g

rg lim
k→0

x21,ga~k!. ~60!

Using Eqs.~44!, ~40!, and~60!, the second factor of Eq.~57!
is given by

@P3@k2x21~k!2v2J21~k!##ag→2
rac2k2

(mrm
2 kBT

meff,g ,

~61!
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wheremeff,g is the effective mass of the siteg defined as

meff,g5mg2rmvg . ~62!

The effective site mass defined here is the same as that
nomenologically introduced in previous literature,2,3,24,25

which validates the UVP determination of the partial mo
volume of individual ions.

Using Eqs.~57! and ~61!, the numerator of Eq.~38! is
described as

(
ag

mazg@Y21~k,v!#ag→(
ag

mazg@P3Y21~k,v!P1#ag

→ c2

cT
22c2 (

ag
meff,azg@~12P3!

•@J21~k!K̃ ~k,v!#21@k2x21~k!#

•@k22F̃~k,v!##ag . ~63!

Substituting Eqs.~51! and ~63! into Eq. ~38!, the hydrody-
namic limit of the UVP response function is described as

lim
k→0,v5ck

F̃UVP~k,v!

5
c

e0kBT (
ag

meff,azg lim
k→0,v5ck

@~12P3!

•@J21~k!K̃ ~k,v!#21"@k2x21~k!#@k22F̃~k,v!##ag .

~64!

In Secs. III E–III G we will apply this formula to various
systems.

E. Simple dilute ionic solution

In this section, we reproduce the expression of the U
response function derived first by Debye.1 We consider here
the simplest system as follows: First, the liquid consists
monoatomic molecules. One species denoted as ‘‘S’’ is the
solvent, and others are solute ions. The latter are sufficie
dilute, that is,

rS@ra ~aÞS!. ~65!

Under these conditions,V1 is proportional to (za ,zg ,...),
andV3 represents the motion of solvent.

From the Coulombic asymptotics of the direct corre
tion function,22 the hydrodynamic limit of the static structur
factor is given by

lim
k→0

k2x21,ag~k!5
zazg

e0kBT
. ~66!

Since the random forces on different ions are not correla
in the dilute solution, the memory function is reduced to t
simple form as

@J21~k!K̃ ~k,v!#ag→
dag

raDa
~a,gÞS!, ~67!

whereDa stands for the self-diffusion coefficient of iona,
and we used here the Einstein relationship for the diffus
coefficient.

The substitution of Eqs.~66! and ~67! yields
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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lim
k→0,v5ck

F̃UVP~k,v!

5
c

e0kBT (
a¹S

meff,araDa lim
k,v→0

1

e0kBTk2

3(
mn

zmznF̃mn~k,v!. ~68!

From Eqs.~14! and~22! the hydrodynamic static specifi
conductivity, denoted ass, is given by22

e0

s
5 lim

k,v→0

1

e0kBTk2 (
mn

F̃mn~k,v!. ~69!

On the other hand,s is related to the self-diffusion coeffi
cients of ions in the dilution limit by the Nernst–Einste
relationship as22

s5
(araza

2Da

kBT
. ~70!

Using Eqs. ~68!–~70!, the UVP response function i
given by

lim
k→0,v5ck

F̃UVP~k,v!5c
(ameff,arazaDa

(araza
2Da

, ~71!

which is just the expression derived by Debye1 and used by
Zana and Yeager.3

F. Neat binary molten salt

Contrary to the dilute solution treated in Sec. III E, w
consider the extremely concentrated case, that is, the liq
composed of ions. For simplicity, we suppose that all
ions are monoatomic, and the number of ionic species is t
i.e., the anion~1! and the cation~2!.

In this case,V1 is proportional to (z1 ,z2), and V2 is
absent. Due to the absence ofV2 , @Y21(k,v)#31 is described
from Eq. ~57! as

@Y21~k,v!#3152@@k2x~k!2v2J21~k!#33#
21

•@k2x~k!2v2J21~k!#31@k22x~k!#11.

~72!

The UVP response function is thus given by

lim
k→0,v5ck

F̃UVP~k,v!

5
c

e0kBT (
ag

meff,azg lim
k,v→0

@k22P1x~k!#ag

5c
(ameff,aza

(aza
2 , ~73!

where we used the expression ofP1 as

P1
ag5

zazg

(aza
2 , ~74!

and the hydrodynamic limit of the static structure factor a
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1

e0kBTk2 (
ag

zazgxag~k!→1. ~75!

According to Eq.~73!, the UVP measurement can b
used in order to divide the partial molar volume of bina
molten salts into ionic contributions. It should be noted
particular that no dynamic information is required to analy
the UVP experiment in the zero-frequency limit.

G. Neat water

In the early days of UVP measurement, it is sometim
observed that the UVP signal of aqueous electrolytesin-
creasedwith decreasing the concentration of salts. Based
these observations, Hunteret al.proposed that the neat wate
can generate the vibrational potential in the absence
salts,24,25 and Weinmann formulated the UVP intensity
neat polar liquids.26,27 On the other hand, Zana and Yeag
showed later experimentally that the UVP signal of the dilu
electrolyte solution can be reduced by improving the str
ture of the electrode, and they proposed that the piezoele
effect of electrodes largely affect the observed UVP respo
of dilute electrolyte solutions.3 They also showed that th
effect of electrodes is small in the concentration range
ordinary measurement~;10–100 mM!. However, their ex-
periment does not exclude theexistenceof the UVP in neat
water.

Here we consider the three-site model of water, that
the water molecule is composed of three sites denoted a
H1, and H2. In this case, the dimension ofV1 is 2, and its
bases are~2, 21, 21! and ~0, 1, 21!, which represent the
reorientational modes.V3 is proportional to~1, 1, 1! ~trans-
lation!, andV2 does not exist. Due to the absence ofV2 , the
UVP response function is obtained as is done in Sec. III F

lim
k→0,v5ck

F̃UVP~k,v!5cS 12
e0

e D (ameff,aza

(aza
2 , ~76!

where we used the expression of the dielectric constane
5 ẽ(k50,v50), given by Eq.~13!. Equation~76! indicates
that the water can generate the vibrational potential with
electrolytes, although we cannot estimate its magnitude
cause of the lack of information on the isothermal part
molar volume ofindividual interaction sites. In addition, we
have to handle the effect of solvent partial charges in
presence of ions in order to resolve its effects on the de
mination of the ionic partial volumes.

IV. ADIABATIC TREATMENT OF UVP

In the generalized Langevin theory, we need to consi
explicitly all the slow variables in order that the resultin
equation has the Langevin character. Since the conserva
law guarantees the slow relaxation of conserved quantit
we have to take the densities of all conserved quantities
account.20 However, the energy density is not considered e
plicitly in our treatment in Sec. III. As shown in Sec. III C
one of the largest defects is the disagreement of the so
velocity. According to the hydrodynamics, the sound velo
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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ity, c, is described asc5cS[1/ArmxS, wherexS is the adia-
batic compressibility, whereasxS is replaced byxT in our
treatment.

The ultrasonic relaxation measurement of solut
probes the relaxation of theadiabatic partial molar volume
of solutes. In this analogy, one may infer that the isotherm
partial molar volume will be replaced by the adiabatic one
the adiabatic treatment of UVP. Although their difference
small in water because its thermal expansion is small, i
theoretically interesting to investigate the above-mentio
idea, and it is also important quantitatively for nonaqueo
solutions.

A. Generalized Langevin equation
under the adiabatic condition

In this section, we consider the site densities,$ra(k,t)%,
site-current densities,$ ja(k,t)%, and the energy density
re(k,t), as the set of slow variables. We define the ener
current density, denoted asj e(k,t), by the continuity equa-
tion as

ṙe~k,t !5 ik"j e~k,t !. ~77!

We also define here the new variable,rq(k) as20

rq~k!5re~k!2
1

V (
ag

^re~k!rg* ~k!&x21,ag~k!ra~k!,

~78!

so thatrq(k) is orthogonal to site densities as

^rq* ~k!ra~k!&50. ~79!

The current density ofrq(k), denoted asjq(k), is given by

jq~k!5 j e~k!2
1

V (
ag

^re~k!rg* ~k!&x21,ag~k!ja~k!. ~80!

Considering that$ra(k),ja(k),rq(k)% is the set of slow
variables, by the standard method of the generalized Lan
vin theory20 we can derive the following equation-of-motio
as

F̈ag~k,t !1k2@J~k!x21~k!F~k,t !#ag

1E
0

t

dt@K ~k,t2t!Ḟ~k,t!#ag2F 1

V
^r̈g* ~k!rq~k!&G

3F 1

V
^urq~k!u2&G21F 1

V
^ra* ~k!rq~k,t !&G50, ~81!

1

V
^ra* ~k!ṙq~k,t !&5(

gn
Ḟag~k,t !J21,gn~k!F 1

V
^ j n* ~k! j q~k!&G

1E
0

t

dt Kqq~k,t2t!

3F 1

V
^rq* ~k!ra~k,t!&G . ~82!

The cross-term of the memory function between the ene
and mass modes is neglected, since it behaves asO(k2) due
to the symmetry of the system under the space and t
inversion and the energy conservation law.20
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The last term of Eq.~82! describes the heat diffusion
Since the heat diffusion is sufficiently slow compared w
the acoustic frequency, this term can be neglected to yie

1

V
^ra* ~k!ṙq~k,t !&5(

gn
Ḟag~k,t !J21,gn~k!

3F 1

V
^ j n* ~k! j q~k!&G . ~83!

Integrating this equation from 0 tot,

1

V
^ra* ~k!rq~k,t !&5(

gn
$Fag~k,t !2xag~k!%J21,gn~k!

3F 1

V
^ j n* ~k! j q~k!&G , ~84!

where we used Eq.~79!. From Eqs.~81! and ~84!, the time
development ofFag(k,t) is given by

F̈ag~k,t !1k2@J~k!x21~k!F~k,t !#ag

1k2@J~k!B~k!$F~k,t !2x~k!%#ag

1E
0

t

dt@K ~k,t2t!Ḟ~k,t!#ag50, ~85!

whereB(k) is defined as

Bag~k!5(
nn8

J21,an~k!F 1

V
^ j n* ~k! j q~k!&G

3F 1

V
^urq~k!u2&G21F 1

V
^ j q* ~k! j n8~k!&GJ21,n8g~k!.

~86!

The solution of Eq.~85! is formally described as

F̃~k,v!5
1

iv
Y821~k,v!@k2x21~k!2Y8~k,v!#x~k!,

~87!

whereY8(k,v) is given by

Y8~k,v!5k2x21~k!1k2B~k!2 ivJ21~k!K̃ ~k,v!

2v2J21~k!. ~88!

Using Eqs.~31! and ~87!, the UVP response function i
given by

F̃UVP~k,v!5
rm(agmazg@J~k!1v2Y821~k,v!#ag

e0kv(agmamg@J~k!1v2Y821~k,v!#ag
.

~89!

Compared with Eq.~38!, Y(k,v) is replaced byY8(k,v) in
the adiabatic treatment.

B. Adiabatic sound velocity

In a similar way to Sec. III C, the resonance condition
the sound wave is proven to be the one as follows:
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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lim
k→0

(
ag

ra@x21~k!1B~k!2c2J21~k!#agrg50. ~90!

According to Appendix D, the second term on the left-ha
side of Eq.~90! is given by

(
ag

raBag~k!rg→2
V

kBT S ]T

]VD
S,N

S ]P

]T D
V,r

, ~91!

whereN andr stand for$Na ,...% (Na means the number o
a site! and$ra ,...%, respectively.

From Eqs.~44!, ~50!, ~90!, and ~91!, the acoustic reso
nance condition in the adiabatic case is given by

c5cS[
1

ArmxS

, ~92!

which agrees with that obtained by the hydrodynamics.

C. Effective mass for UVP under the adiabatic
condition

By the procedure used in Sec. III D, we can derive
hydrodynamic limit of the UVP response function under t
adiabatic condition as

lim
k→0,v5ck

FUVP~k,v!5
c

e0kBT (
ag

meff,a8 zg lim
k→0,v5ck

@~12P3!

•@J21~k!K̃ ~k,v!#21"@k2x21~k!#

•@k22F̃~k,v!##ag , ~93!

which is the same as Eq.~64! except for the replacement o
meff,a by meff,a8 defined by

meff,a8 5ma2rmvU,a

[ma2rmFxS

xT
va1xSkBT(

n
rnBna~0!G . ~94!

The second term of Eq.~94! can be calculated in a simi
lar way to Appendix D as

(
n

rnBng~0!5
V

kBT2 S ]T

]VD
S,N

FXg2S ]U

]Ng
D

T,V,Nn~nÞg!
G ,

~95!

whereXg is defined as

Xg5
1

V (
a

^ j e,z* ~0! j az
~0!&J21,ag~0!. ~96!

The effective partial molecular volume for UVP und
the adiabatic condition, denoted asvU,a , is obtained by sub-
stituting Eq.~95! into Eq. ~94! as

vUa5S ]ma

]P D
S,N

1S ]T

]PD
S,N

Xa2ma

T
. ~97!

The first term is the adiabatic partial molecular volume as
expected, but there is an additional term that includesXa .
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D. Sum rule of Xa

Although individual Xa is not obtained without the
specification ofj e(0), we canshow the sum rule ofXa as

(
a

raXa5
H

V
, ~98!

whereH stands for enthalpy. The proof of Eq.~98! is given
in Appendix E.

From Eq.~98!, we can show the relationship as

(
a

NavU,a5V. ~99!

The same relationship holds for theisothermalpartial mo-
lecular volume, but not for theadiabaticone. It can therefore
be said that the simple replacement of the former by
latter does not lead to the adiabatic expression of UVP.
though we will not show the detailed explanation, the su
rule corresponds to the requirement that the total forces
ing on a unit volume is equal to the pressure gradient in
hydrodynamic limit.

Equation~98! means thatXa gives the division of en-
thalpy into the contribution of each site. Assuming thatXa is
equal to the partial molecular enthalpy as

Xa5S ]H

]Na
D

T,P,Nn~nÞa!

, ~100!

by substituting Eq.~100! into Eq. ~97!, we can show that
vU,a is equal to theisothermalpartial molecular volume.

E. Xg by the conventional expression
of the energy-current density

In this section, we consider the liquid composed
monoatomic molecules. The expression of the energy
rent, j e(k50), conventionally used in the molecular dynam
ics simulation of heat conductivity is written as28

j e,z~0!5(
i

F1

2
miṙ i ,zu ṙ i u21

1

2 (
j

f i j ~r i j ! ṙ i ,z

2
1

2 (
j

]f i j ~r i j !

]r i j

r i j ,z

r i j
r i j • ṙ i G , ~101!

wheref i j (r i j ) stands for the interaction between atomsi and
j.

From Eqs.~96! and ~101!, Xa is given by

Xa5
5

2
kBT1

1

2 (
g

rgE
0

`

dr 4pr 2fag~r !gag~r !

2
1

6 (
g

rgE
0

`

dr 4pr 3
]fag~r !

]r
gag~r !. ~102!

The sum rule, Eq.~98!, can be shown as
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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(
a

raXa5F(
a

3

2
rakBT1

1

2 (
ag

rarg

3E
0

`

dr 4pr 2fag~r !gag~r !G1F(
a

rakBT

2
1

6 (
ag

rargE
0

`

dr 4pr 3
]fag~r !

]r
gag~r !G ,

~103!

where the first and the second brackets correspond to
internal energy density and the virial pressure, respective22

However,Xa obtained in Eq.~102! does not correspond
to the partial molecular enthalpy. The partial molar entha
involves the derivative of enthalpy, the right-hand side of E
~103!, with respect tora . So long asgag(r ) is the function
of ra , the derivative does not reduce to the right-hand s
of Eq. ~102!. If we regarda as a solute, for example, th
solvent–solvent contribution to enthalpy is not included
Eq. ~102!. In other words, the modification of the solve
structure around the solute affects the partial molecular
thalpy of the solute, but notXg in Eq. ~102!. We consider
that it is because the division of the energy into molecu
employed in Eq.~101! is not consistent with thermodynam
ics.

V. CONCLUSION

In this work, we derived microscopic expressions of t
electro-acoustic effects, UVP and ESA, of liquids using
linear response theory. The reciprocal relationship betw
UVP and ESA was also proven in a quite general way.
are now intending to extend our theory to concentrated e
trolyte solutions and polyelectrolyte ones using our pres
general expression, so as to clarify how the correlated
tion of ions appears in the frequency dependence of
electro-acoustic properties.
t
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The site–site generalized Langevin theory was app
to the time-correlation functions that appear in the expr
sion of the UVP response function. In the isothermal form
lation, we showed that the volume effective to the elect
acoustic effects coincides with the isothermal part
molecular volume in the hydrodynamic limit. In addition, th
expression used by Zana and Yeager3 was reproduced in the
simplest case.

We also extended our theory to include the adiaba
character of sound wave. It was shown that the replacem
of the isothermal partial molecular volume to the adiaba
one does not lead to the adiabatic expression of the U
response function. Rather, the effective volume remained
isothermal one under a particular condition given by E
~100!. However, with the conventional expression of t
energy-current density, the effective volume did not ag
with partial thermodynamic quantities, which was tentative
attributed to the inconsistency between the energy divis
employed in Eq.~101! and thermodynamics.

APPENDIX A: PHENOMENOLOGICAL TREATMENT
OF ESA

In the absence of the electro-acoustic effect, the c
served variablesrm(k,t), j m,z(k,t), re(k,t) follow the
closed linear equation of motion in the hydrodynamic lim
as

d

dt S rm~k,t !
j m,z~k,t !
re~k,t !

D 5U~k!S rm~k,t !
j m,z~k,t !
re~k,t !

D , ~A1!

wherere(k,t) stands for the energy-density field. The matr
U(k) governs the time development of these variables, wh
we will not specify here.22

By multiplying (rm* (k), j m,z* (k),re* (k)) from the right,
Eq. ~A1! is formally solved as

C~k,t !5exp~U~k!t !•C~k,0!, ~A2!

whereC(k,t) is the correlation-function matrix given by
C~k,t ![S ^rm* ~k!rm~k,t !& ^ j m,z* ~k!rm~k,t !& ^re* ~k!rm~k,t !&

^rm* ~k! j m,z~k,t !& ^ j m,z* ~k! j m,z~k,t !& ^re* ~k! j m,z~k,t !&

^rm* ~k!re~k,t !& ^ j m,z* ~k!re~k,t !& ^re* ~k!re~k,t !&
D . ~A3!
me
From Eq.~A2!, the time-propagator, exp(U(k)t), is formally
described as

exp~U~k!t !5C~k,t !•C21~k,0!. ~A4!

In particular, the 22 component is given by

@exp~U~k!t !#225
^ j m,z* ~k! j m,z~k,t !&

^u j m,z~k!u2&
. ~A5!

Here we used the independence of the momentum and
variables in the coordinate space att50.
he

In the presence of the electro-acoustic effect, the ti
development of the acoustic field is given by

d

dt S ^rm~k,t !&ne

^ j m,z~k,t !&ne

^re~k,t !&ne

D 5U~k!S ^rm~k,t !&ne

^ j m,z~k,t !&ne

^re~k,t !&ne

D
1S 0

ikPESA~k,t !
0

D , ~A6!
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where ne stands for the statistical average in the presenc
the electric field, andPESA(k,t) represents the pressure i
duced by the ESA mechanism as

PESA~k,t !52 ikE
2`

t

dt8FESA~k,t2t8!^f~k,t8!&ne.

~A7!

From Eqs.~A5!–~A7!, ^ j m,z(k,t)&ne is given by

^ j m,z~k,t !&ne5
k2

^u j m,z~k!u2& E2`

t

dt8^ j m,z* ~k! j m,z~k,t2t8!&

3E
2`

t8
dt9FESA~k,t82t9!^f~k,t9!&ne. ~A8!

APPENDIX B: SITE-CURRENT CORRELATION
IN THE HYDRODYNAMIC LIMIT

We prove Eq.~44! in this Appendix. First, we assum
that the sitesa,a8,... belong to the moleculeA,g,g8,...
belong toG, and so on. According to the definition ofJ(k),
Eq. ~28!, we can derive the following equation as

(
a

maJag~k50!5(
A

(
j Pg

1

V K S (
aPA

(
i Pa

mav i ,zD v j ,zL
5(

A
(
i PA

(
j Pg

1

V
^MAv i ,z

C v j ,z&, ~B1!

whereMA stands for the total mass of moleculeA, andvi
C

means the center-of-mass velocity of moleculei. Since the
center-of-mass velocity and the angular velocity are indep
dent, the innerpart of the angular brackets on the right-h
side iskBT if g belongs toA, and otherwise zero. Therefore
Eq. ~B1! can be transformed as

(
a

maJag~k50!5
NgkBT

V
5rgkBT, ~B2!

which easily leads to Eq.~44!.

APPENDIX C: MEMORY FUNCTION
IN THE HYDRODYNAMIC LIMIT

Equation~45! can be shown by proving the followin
relation:

;g, lim
k→0

(
a

ra@J21~k!K̃ ~k,t !#ag→0. ~C1!

According to the definition of the memory function, Eq.~34!,
the left-hand side of Eq.~C1! is transformed as

(
a,m,n

raJ21,am~k50!@K̃ ~k50,t !J~k50!#mnJ21,ng~k50!

5
1

kBTV(
n

KQ d

dt S (m (
i Pm

mmv i ,zD
3eiQLQtQ j̇ n,z~k50!L J21,ng~k50!, ~C2!

where we used the relationship~44!. The right-hand side of
Eq. ~C2! is zero, since~...! is the total momentum.
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APPENDIX D: PROOF OF EQ. „91…

According to the definition ofB(k), the hydrodynamic
limit of the left-hand side of Eq.~91! is described as

(
ag

raBag~0!rg5
1

~kBT!2V (
ag

mamg^ j a,z* ~0! j q,z~0!&

3^urq~0!u2&21^ j q,z* ~0! j g,z~0!&. ~D1!

We used here Eq.~44!.
Here we introduce the chemical potential ofinteraction

sites, denoted as$ma%, as was done by Imaiet al.21 The
hydrodynamic limits of the correlation functions are th
given by

1

V
^re~k!&→

kBT2

V S ]U

]T D
v,m/T

, ~D2!

1

V
^re~k!rg* ~k!&→kBT2S ]rg

]T D
V,m/T

, ~D3!

xag~k!→2kBTS ]ra

]mg
D

T,V,mn~nÞg!

, ~D4!

1

V (
a

ma^ j a,z* ~k! j e,z~k!&

5
1

V
^ j m,z* ~k! j e~k!&

5
1

V
^szz* ~k!re~k!&→kBT2S ]P

]T D
V,m/T

. ~D5!

From Eqs.~78!–~80! and ~D2!–~D5!, the first and the
second factors of Eq.~D1! are, respectively, transformed a

1

V (
a

^ j a,z* ~0! j q,z~0!&5kBT2S ]P

]T D
V,r

, ~D6!

1

V
^urq~0!u2&5

kBT2

V S ]U

]T D
V,N

. ~D7!

Substituting Eqs.~D6! and~D7! into Eq.~D1!, we can obtain
Eq. ~91!.

APPENDIX E: PROOF OF THE SUM RULE OF Xa

From Eqs.~98!, ~44! and~D5!, the left-hand side of Eq
~98! is given by

(
a

raXa5
1

kBTV
^ j e,z* ~0! j m,z~0!&

5TS ]P

]T D
V,m

1(
g

S ]P

]mg
D

T,V,mn~nÞg!

mg . ~E1!

Using Gibbs–Duhem relationship as
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S ]P

]T D
V,m

5
S

V
, ~E2!

S ]P

]mg
D

T,V,mn~nÞg!

5
Ng

V
, ~E3!

Eq. ~E1! is transformed as

(
a

raXa5
TS

V
1(

a

Nama

V
5

H

V
. ~E4!
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