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Energy spectrum in the enstrophy transfer range of two-dimensional
forced turbulence
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Numerical simulations of two-dimensional forced turbulence suggest that the enstrophy transfer
range energy spectrumE(k) a little steeper thank23 is robust in the sense that it may be realized
in a wave number range under different run conditions. It is shown that such energy spectra fit well
E(k)5CKh2/3k23@ ln(k/k1)#

21/3, whereCK is a dimensionless constant,h the enstrophy transfer rate
per unit mass andk1 a wave number at the bottom of the range. The simulations giveCK'1.9 in
fairly good agreement with the existing theoretical estimates. ©2001 American Institute of
Physics. @DOI: 10.1063/1.1336149#

BRIEF COMMUNICATIONS
The purpose of this Brief Communications section is to present important research results of more limited scope than regular
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abstract limited to about 100 words.
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The study of two-dimensional~2D! turbulence has bee
stimulated by its possible relevance to global scale flows
the earth whose horizontal characteristic length scale is m
larger than the vertical one. In 2D Navier–Stokes turbule
without external forcing, the total enstrophy as well as
total energy is conserved in the inviscid limit, and the enst
phy transfer rate or the enstrophy dissipation rate per
massh is expected to play a key role in the dynamics at h
Reynolds number. The dimensional analysis based on
wave numberk and h suggests that there may exist a
enstrophy-transfer range which exhibits the energy spect
E(k) of the form

E~k!5Ch2/3k23, ~1!

where C is a dimensionless constant.1–3 Kraichnan4 sug-
gested that because of nonlocal interaction ink-space, Eq.~1!
should be corrected to

E~k!5CKh2/3k23@ ln~k/k1!#21/3 ~k@k1!, ~2!

wherek1 is a wave number at the bottom of the range. T
constantCK has so far been estimated theoretically by
Test Field Model~TFM!4 and the Lagrangian Renormalize
Approximation ~LRA!.5 The TFM gives CK51.74g2/3,
where g is an adjusting parameter and the choice ofg
51.064 as in Ref. 4 givesCK51.82, whereas the LRA
which contains no adjusting parameter, givesCK51.81.

There have been extensive studies to confirm or ch
the spectrum of Eq.~1! or ~2! by numerical simulations. It
has been reported6,7 that simulations with reasonably high
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resolution~up to 5122 grid points! of 2D turbulence forced a
low-wave number range under periodic boundary conditio
show the appearance of long-lived coherent vortical str
tures, and the observed energy spectrum is steeper thank23.
Such coherent structures are known to also be manifeste
decaying 2D turbulence.8 Numerical simulations9,10 with up
to 40962 grid points resolution of forced 2D turbulence
study Reynolds number dependence of the spectrum in
enstrophy transfer range show that the spectrum consis
with Eq. ~2! may be obtained at large enough microsc
Reynolds number or by the use of hyperviscosity. Maltr
and Vallis11 showed numerically that when all coherent vo
tices are destroyed by strong infrared dissipation, ak23 spec-
trum in the enstrophy transfer range can be observed.

Recently we performed numerical simulations of 2
forced turbulence with resolutions up to 20482 grid points
under periodic boundary conditions using a hyperviscos
and also reanalyzed the data of energy spectra in prev
studies;6,9 the spectral data were taken directly from the fi
ures in Refs. 6 and 9 using an optical scanner and d
capturing software. The simulated spectra in general lo
steeper thank23 in the enstrophy transfer range. For such
spectrum, it might be tempting to try a fitting such asE(k)
}k2a presumably withaÞ3. It would then be difficult to
derive theoretically the exponenta on the basis of the gov
erning dynamics. However, an inspection of the simulat
data suggests to try fitting with taking into account the log
rithmic correction implied by the theoretical prediction E
~2!, rather than fitting toE(k)}k2a with noninteger expo-
nenta.

The aim of this Brief Communication is to show~i! tak-
ing into account the logarithmic correction may provide
© 2001 American Institute of Physics
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TABLE I. Parameter values in the run: the dissipation term in Eq.~4! is determined byKa , a, g, andn, while
the forcing term in Eq.~5! is controlled byK fmin , K fmax , A, R, andDt.

Kmax Dt Ka a g n Kfmin K fmax A R

Run 1 481 0.001 25 6 1.0 0.5 4 10 14 1.0 0.5
Run 2 963 0.000 625 6 1.0 0.5 4 10 14 1.0 0.5
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good agreement between the theory and simulated data
~ii ! the spectrum given by Eq.~2! is robust in the sense tha
a wave number range in which the energy spectrumE(k) fits
well Eq. ~2! may be realized under different run conditio
including those of our runs, Legraset al.6 and Borue,9 pro-
vided that the enstrophy fluxh(k) throughk is constant in-
dependent ofk in the range.

The governing equation in our simulations is given b

]z

]t
1J~z,c!5F1D, ~3!

where J is the Jacobian defined by J(z,c)
5](z,c)/](x,y), c the stream function related to the flu
velocity as (u,v)5(]c/]y,2]c/]x), z52¹2c the vortic-
ity, and F and D represent the damping and forcing term
respectively. In the simulations reported below, the nonlin
term J is computed by using the staggered grid algorith
with full dealiasing.12 The fundamental periodic box size
2p in bothx,y directions, and the number of the grid poin
in real space is set to 10242 or 20482 so that the retained
wave vector domain isk,Kmax with Kmax5481 or 963. The
time advancing is done by a fourth-order Runge–Ku
method. To numerically simulate the inertial subranges
2D turbulence the damping and forcing terms are modele
the same way as Ref. 11, i.e., the dissipation functionD(k)
in the wave vector space is given by

D~k![2az~k!2gz rmsS k

Kmax
D 2n22

z~k!, ~4!

in which the linear drag coefficienta is held constant in the
wave number rangek<Ka and set to 0 fork.Ka , z rms is
the r.m.s. vorticity which is calculated every time step,g is a
tuning factor of order unity, and we setn54 for all simula-
tions. For the forcing functionF(k), a random Markovian
formulation is used, i.e.,

Fn~k!5A~12R2!1/2eiu1RFn21~k!, ~5!

whereFn denotes the value ofF at thenth time step,u is a
random number in@0,2p# and differs for differentn andk,
and the forcing amplitudeA is held constant for all the wav
numbers satisfyingkP(K fmin ,K fmax) and is set to zero for
the other.R is a function of the time incrementDt and the
forcing correlation time. The values of the parameters u
in the run are listed in Table I.

The initial condition for Run 1 was set toc(x,0)50, and
the simulation was run untilt580. The total energy and
enstrophy of Run 1 initially increase with time and becom
almost stationary att'40, after which the energy spectru
and enstrophy fluxh(k) are also seen to be almost statio
ary, where h(k) is computed ash(k)52Re (p,kJ(p)
3z(2p). The field c of Run 1 at t540 was used as th
ct 2006 to 133.6.32.11. Redistribution subject to AIP 
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initial condition for Run 2, and it was run untilt535. The
field of Run 2 becomes almost statistically stationary af
t'20.

Figures 1~a! and 1~b!, respectively, show the simulate
energy spectrumE(k) and the enstrophy fluxh(k) averaged
over the time intervalt570;80 in Run 1 andt525;35 in
Run 2, where the time intervals 10(580270 and 35225)
correspond to 42.7z rms

21 and 35.6z rms
21 in Run 1 and Run 2,

respectively. Figure 1~b! shows that the enstrophy fluxh(k)
is almost independent ofk in the wave number range
(50,200) for Run 1 and (50,500) for Run 2~the averaged

values over these ranges areh̄50.50 and 0.26, respectively!
and decreases withk to zero for largek. The latter fact im-
plies that the enstrophy is well dissipated fork.200 in Run
1 and fork.500 in Run 2, although the enstrophy dissip
tion range is not so clear in Fig. 1~a!. @Our preliminary ex-
periments suggest that clear enstrophy dissipation ranges
be observed in the energy spectra obtained by the runs
large values ofg, say 5 or so, but in those cases, the wa
number ranges whereh(k)'const. are rather narrow in con
trast to Run 1 and Run 2.# In the following, we analyze the
energy spectra in Fig. 1~a!, regarding the wave number rang

FIG. 1. ~a! Time averaged energy spectra and the log-corrected fitting fu
tions ~thick solid lines! for Run 1 and Run 2, and~b! time averaged enstro-
phy flux h(k) for Run 1 and Run 2.
license or copyright, see http://pof.aip.org/pof/copyright.jsp
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whereh(k)'h̄ as the inertial subrange at which the effect
the cutoff atk5Kmax and that of the enstrophy dissipatio
mechanism should be small.

The energy spectra in Fig. 1~a! look slightly steeper than
the KLB prediction~1!. If one would assumeE(k)}k2a and
make the least square fit of@ ln k,ln E(k)# of Run 1 to a
straight line at the wave number rangekP(50,200) for
which h(k)'h̄, then it givesa53.19. The similar fitting
for Run 2 atkP(50,500) givesa53.14.

However, an inspection of the spectrum data shows
one need not introduce such a noninteger exponent, wh
theoretical derivation is difficult. Figure 2 shows the plot

@k3E(k)/h̄2/3#23 against lnk. It is seen that@k3E(k)/h̄2/3#23

is roughly proportional to lnk in the wave number rang
(50,200) for Run 1 and (100,400) for Run 2; the latter wa
number range, which is somewhat arbitrary, is rather nar
in contrast to the inertial subrange of Run 2. Note that
spectrum Eq.~2! is the asymptotic form fork/k1@1 and is
derived by assuming the scaling range to be sufficien
wide.4 This implies that simulated spectrum does not nec
sarily fit Eq.~2! over the whole inertial range for such finite
size simulations as Run 1 and Run 2. The application of
chi-square fitting13 in the wave number rangekP(50,200)
for Run 1 gives@k3E(k)/h̄2/3#235a1b ln k ~which implies
E(k)5h̄2/3k23b21/3@(ln k)1a/b#21/3) with a520.452
60.047 andb50.15760.005, so that we have

CK51.85~1.83– 1.87!, k1517.8~14– 23!. ~6!

Similarly, we obtain

CK51.97~1.95– 1.98!, k1518.1~15– 22! ~7!

for kP(100,400) of Run 2. Note that in the above fitting,k1

andCK in Eq. ~2! are not prefixed, but they are regarded
the parameters to be determined by the fitting. Of course,
values depend on the fitting range, but the dependence is
very strong, for example,$CK ,k1%5$2.09,11% for k
P(80,320) and$1.83,29% for kP(120,480). This depen
dence may be regarded as the reflection of the finitenes
the simulated inertial subrange. The values of the fitt
functionsa1b ln k andCKh̄2/3k23@ ln(k/k1)#

21/3 for Eqs.~6!
and ~7! over their fitting ranges are shown in Figs. 2 a
1~a!, respectively. It is seen that the simulated energy spe

FIG. 2. Plots of the time-averaged values of@k3E(k)/h̄2/3#23 for Run 1 and
Run 2 as functions of lnk. Thick lines denote the fitting functionsa
1b ln k; (a,b)5(20.45,0.16) for Run 1 and (20.38,0.13) for Run 2.
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can fit well not onlyE(k)}k2a but also Eq.~2!, i.e., E(k)

5CKh̄2/3k23@ ln(k/k1)#
21/3. Since the difference between th

two functions over the same fitting range is smaller than
estimation error of@k3E(k)/h̄2/3#23, it is not easy to deter-
mine which of the functions fits better the simulated spec
However, it is worthwhile to note that the simulated valu
of CK'1.822.0 for Eq. ~2! are in fairly good agreemen
with the theoretical valuesCK'1.8,4,5 and those ofk1 are
consistent with the theories. It would be interesting to clar
the finite-size effect of the simulated inertial range and
verify the universality of the constantCK by the simulations
with much higher resolutions.

The wave number dependence of the energy spectrum
stationary 2D turbulence steeper thank23 has been also ob
served in Legraset al.,6 where it is reported that simulation
of forced turbulence with 5122 grid points give stationary
energy spectra that scale likek2a in the enstrophy transfe
range, in which the value ofa depends mainly on forcing
and ranges from 3.5 to 4.2. However, the above results s
gest us to reanalyze the data with taking into account
logarithmic correction. The application of the fitting proc
dure used in Fig. 2 to the data of Legraset al. ~spec-
trum II in Fig. 1 of Ref. 6! then gives E(k)
;35.0k23@ ln(k/15.0)#21/3; the fitting is for kP(17,78),
where @k3E(k)#23 is roughly proportional to lnk. ~Since
there is no information abouth in Ref. 6, it is difficult to
prefix the fitting range and determine the value ofCK .) It is
seen in Fig. 3 that the simulated spectrum by Legraset al.
fits well E(k)535.0k23@ ln(k/15.0)#21/3. We have not tried
such a fitting to the other spectra reported in Ref. 6, i.e., th
spectra I and III, because the inertial ranges of these spe
seem too narrow for the application of such a fitting.

Borue9 has also performed numerical simulations at hi
Reynolds number of forced turbulence with up to 4092

resolution. Some of the runs are based on the use of hy
viscosity and exhibit fairly wide wave number ranges whe
h(k)'const. He showed that the energy spectra then fit w
the form Eq.~2! near the bottom of the enstrophy transf
range, and obtained the estimateCK'1.521.7. @In Ref. 9,
the value 2.626 was cited from Ref. 4 as the theoretical va
for CK by the TFM, but the value is to be corrected to 1.
~for g51.064), see Ref. 14.# In the fitting, he plotted

FIG. 3. Comparison between the energy spectrum simulated by Le
et al. ~dotted line, spectrum II in Fig. 1 of Ref. 6! and the log-corrected
fitting function ~thick solid line!.
license or copyright, see http://pof.aip.org/pof/copyright.jsp
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log10@k3E(k)/h2/3# against log10@ log10(k/kf)# with prefixed
characteristic forcing wave numberkf . Since the bottom
wave numberk1 in Eq. ~2! may be not the same as th
forcing wave numberkf , it may be interesting to try a fitting
of the data by Borue to Eq.~2! without prefixing the valuek1

nor CK in Eq. ~2!, as in the fitting procedure used in Fig.
The fitting for the run~called H4 in Ref. 9! which has the
widest wave number range of constanth(k) among the re-
ported simulations then givesCK51.825(1.82– 1.83) and
k1514.5(13.7– 15.3); the fitting is forkP(19,107), where
not only h(k)'const. but also@k3E(k)/h2/3#23 is roughly
proportional to lnk. The value ofk1 is slightly larger than
that ofkf ; kf512– 14 for the run H4 in Ref. 9. The values
k3E(k)/h2/3 thus obtained are shown in Fig. 4 and compa
with the data by Borue. It is seen that the fitting functi
1.825@ ln(k/14.5)#21/3 fits well the simulated data for 14.
!k(,107).

Energy spectra of 2D forced turbulence close to Eq.~1!
have been also reported by Maltrud and Vallis.11 However,
the prefactor in front ofk23 of the simulated spectra seem
too different fromCh2/3 implied by Eq. ~1!. It is unlikely
that the agreement between the simulated spectra and th
may be significantly improved by taking into account t
logarithmic correction, and we have therefore not tried fitti
with taking account of such a correction. The authors th

FIG. 4. Comparison between the valuesk3E(k)/h2/3 of the data called H4 in
Borue ~Ref. 9! and the log-corrected fitting function.
Downloaded 19 Oct 2006 to 133.6.32.11. Redistribution subject to AIP 
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these spectra belong to a class of spectra different from
of Eq. ~1! or ~2!, i.e., their appearance is due to a mechani
different from the one responsible for Eq.~1! or ~2!, and this
class of spectra will be discussed elsewhere.
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