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The normal mode linear analysis is applied to investigate the stability of a circular isolated
compressible vortex with the emphasis on studying the effect of entropy stratification of the basic
flow on stability properties. We study a family of vortices that have zero total circulation, with the
swirl velocity being presented by a Taylor-type distribution in the radial direction. The stratification
of entropy is modeled by a Gaussian two-parametric profile whose parameters control the maximal
deviation from the homentropic distribution and the extent of the entropic zone. Results presented
concern the effect of these parameters and the vortex intensity on instability characteristics. In
particular, in the case of homentropic flow, vortices considered are found to be stable only for
sufficiently high intensities and cease to be stable as the intensity weakens. As an example of the
situation where unstable normal modes can be excited, the scattering of sound waves by the vortex
flow is considered. By simulating this process numerically, we show that the scattered field becomes
unstable in the course of time and acquires a typical periodical pattern in polar angle. The
characteristics of this instability 共viz., the growth rate and the azimuthal phase frequency兲 coincide
with those of the linear analysis very closely. This fact shows conclusively that the instability is
caused by the induction of unstable normal modes in the vortex by means of sound irradiation.
© 2005 American Institute of Physics. 关DOI: 10.1063/1.1851451兴
I. INTRODUCTION

Locally columnar vortices in which the vorticity has
large magnitude in the neighborhood of the center line are
common in aerodynamics and geophysical flow dynamics.
Such vortices are presented, for example, in the wake flow
behind a blunt body. The shear layer on the body surface is
not a stable form; it tends to roll up, the vorticity being
concentrated more and more in the rolled-up zones until it
presented the occurrence of concentrated vortices. In geophysical flows, columnar vortices such as tornadoes appear
due to the planetary rotation. It tends to make the flow two
dimensional 共in accordance of the Taylor–Proudman theorem兲, and therefore a local vorticity acquires a strong vertical
coherence evolving toward columnar vortical structures
similar to Taylor columns.
Moreover, vortex columns, so-called vortex tubes 共or
“worms”兲, are encountered in three-dimensional turbulent
flows. This fact was detected in experimental observations of
Douady et al.1 and Jiménez et al.2 that revealed the existence
of coherent and ordered tubelike structures in isotropic turbulent flows. The vortex tubes undergo instabilities followed
by vortex breakdown which is believed to be a strong
mechanism of the energy transfer from larger scales to
smaller scales in the turbulence decay.3 Flow parameters in
these vortex tubes are not well understood, yet model experiments of Bottausci and Petitjeans4 have shown a radially
decreasing circulation outside the core that may point to the
structure of an isolated vortex.
The present paper addresses the stability of an isolated
a兲
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vortex which belongs to the class of vortices introduced by
Carton and McWilliams.5 The vortex is said to be isolated
when its vorticity core is surrounded by an annulus of opposite vorticity. Inversely from usual monotonic vortices with
one-signed vorticity, which have a finite circulation at infinity, an isolated vortex has the circulation vanished at a finite
distance from the core and is characterized by a strong azimuthal shear flow in the peripheral region.
There are lots of investigations that have been carried
out to the present day, which are devoted to the stability of
vortical and swirling flows 共see Ref. 6 and references
therein兲. However, most of these studies concern the model
of incompressible fluid. Compressible vortices, meanwhile,
are a significant feature of many fluid flows of theoretical
and practical interest: Vortices produced by the diffraction of
shock waves over obstacles,7 strong leadingedge and tip vortices generated by wings,8 and accretion disks in binary star
systems are just a few examples. More comprehensive discussion of compressible vortices can be found in a survey by
Bershader.9
Despite the frequent occurrence of compressible vortices
in the literature, relatively little is known about their stability
properties; the rather extensive vortex stability literature contains only a minuscule percentage of publications regarding
the compressibility effect. Howard10 investigated the stability
of an arbitrary axisymmetric swirling flow to axisymmetric
disturbances by means of integral techniques and derived the
sufficient conditions for this stability to exist. Broadbent and
Moore11 investigated the stability of an unbounded homentropic Rankine vortex and found the existence of nonaxisymmetric unstable modes. Chan et al.12 studied compressible
vortices of a more general structure and showed that vortices
with one-signed smoother 共but also finite兲 vorticity distribu-
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tions than the Rankine vortex are also unconditionally unstable 共the instability is not peculiar to a discontinuity in the
vorticity distribution兲. They also considered the vortex with
an infinite Gaussian-type vorticity profile and found it, on the
other hand, to be neutrally stable for all reference Mach
numbers.
For isolated vortices with zero circulation at infinity, stability analyses have been fulfilled for the most part also on
the assumption that flow is incompressible. Carton and
McWilliams5 studied the evolution of two-dimensional perturbations in an axisymmetric vortex and found the instability that results in the formation of multipolar vortex structures like tripoles and quadrupoles. Similar results were
obtained by Orlandi and Carnevale13 for isolated vortices in
a rotating fluid of finite depth. It was shown that the azimuthal shear is the major mechanism of the multipolar formation and also that the order of the multipole depends on
the steepness of the velocity distribution in the opposite vorticity region surrounding the vortex core 共see Refs. 14 and
15兲. Gallaire and Chomaz16 studied the three-dimensional
instability of the family of isolated vortices introduced by
Carton and McWilliams5 by the direct numerical simulation
of the linear impulse response. The results of this study
showed that whereas the axisymmetric mode is the most unstable mode 共the centrifugal instability兲, yet larger azimuthal
modes are also destabilized as the steepness of the opposite
vorticity annulus zone is increased.
The focus of the present paper is to investigate the effect
of compressibility and the effect of entropy stratification of
the basic flow on stability properties of isolated vortices. The
flow to be examined represents a planar circular inviscid
compressible vortex. The swirl velocity has a Gaussian distribution in the radial direction 共for the incompressible fluid
model, the Gaussian vortex was studied by Gent and
McWilliams17兲. To model the distribution of entropy, a twoparametric Gaussian profile is used whose parameters control
the maximal deviation from the homentropic distribution and
the extent of the entropy core. The linear-stability analysis is
performed to find unstable normal modes and study the effect of flow parameters, such as vortex intensity and two
entropy-controlling parameters, on instability characteristics.
Another purpose of the present paper is to demonstrate
how unstable normal modes predicted by the linear-stability
analysis can be realized in a real situation. To this end, we
consider a well-studied problem on the scattering of plane
monochromatic sound waves by a vortex flow. By numerically simulating the scattering process, we show that after a
period of stable prelude unstable normal modes are in fact
induced in the scattered field and characteristics of these
modes, such as the growth rate and the azimuthal phase velocity, well agree with those obtained with the normal mode
linear-stability analysis.
The paper is organized as follows. In Sec. II the linearstability analysis is presented for a Gaussian vortex flow with
a nonuniform distribution in entropy. The eigenvalue problem for the complex eigenfrequency is formulated and its
solution is discussed. Low order unstable modes are first
analyzed for two typical situations that are referred to as
overentropic and underentropic vortex. Hereafter the vortex

is termed overentropic when entropy increases in the core
and underentropic otherwise, i.e., when entropy lowers in the
core. Then the effect of the entropy zone extent on flow
stability is investigated. Lastly, the stability of higher-order
modes is discussed. In Sec. III the scattering of plane monochromatic sound waves by the vortex flow is numerically
simulated with the linearized Euler equations 共LEE兲 model
to obtain excitation of unstable modes in the scattered field.
The description of the numerical method for solving the scattering problem is presented. The numerical method is validated by analyzing the computed scattered field for the period of stable scattering and comparing its characteristics
with those predicted by theory and other 共DNS兲 simulations.
After the instability appears, the time behavior of the scattered field is examined with the fast Fourier transform 共FFT兲
analysis, and the obtained growth rate and azimuthal phase
frequency are compared with those of the normal mode
linear-stability analysis. Conclusions are made in Sec. IV.

II. LINEAR-STABILITY ANALYSIS
A. Formulation

We consider the two-dimensional equations governing
the motion of a nondissipative compressible fluid. By using
polar coordinates 共r , 兲, these equations may be written in
the following nondimensional form:
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Here u, v, , and p denote nondimensional radial and azimuthal components of the velocity vector, density, and pressure, respectively, and s is the exponential of nondimensional
entropy, which is written in terms of nondimensional density
and pressure as s = p / ␥, where ␥ is the ratio of the specific
heats at constant pressure and volume. The equations were
made nondimensional by using r0, r0冑⬁ / 冑p⬁, 冑p⬁ / ⬁, p⬁,
and ⬁ as scales for length, time, velocity, pressure, and density, respectively, where r0 is the vortex core radius and the
subscript of infinity denotes nondisturbed parameters far
from the core.
Equations 共1兲–共4兲 admit a class of stationary vortex-type
solutions, which do not depend on the polar angle  and
have zero radial velocity. These solutions are defined by the
following two relations:
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dp v2
=
,
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r

s = p/␥ ,

共5兲

which can be integrated providing that distributions in the
radial direction of two parameters are given, e.g., v = V共r兲
and s = S共r兲.
The linear-stability analysis is performed by considering
the behavior of an infinitesimal disturbance superposed on
the stationary vortex that is defined by the solution of Eq.
共5兲. Thus, the disturbed field is given by

 + R, u, v + V, p + P, and s + S,

共6兲

where capitals denote flow parameters of the stationary vortex. The disturbance is analyzed into normal modes, when all
flow parameters have the similar 共t , 兲 dependence given by
exp关i共t + m兲兴, e.g.,
p共t,r, 兲 = p共r兲exp关i共t + m兲兴,

共7兲

with  and m being a constant, generally complex, and a
positive integer, respectively. The disturbance amplitudes
p共r兲, u共r兲, v共r兲, 共r兲, and s共r兲 are defined by the linear system, which results from linearizing Eqs. 共1兲–共4兲:
ir +
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where  =  + mV / r is the Doppler-shifted frequency, and C
= 冑␥ P / R is the speed of sound in the basic stationary flow.
These equations can then be recast in new variables 
and  that are related to the velocity amplitudes u and v as
u=

i
,
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So defined, the vector 共 , 兲 resembles a compressible analog of the Lagrangian displacement introduced by
Chandrasekhar18 for incompressible swirling flows.
Eliminating , , and s between the resulting equations,
finally we obtain the system of two differential equations for
 and p:

冉

冊 冋

冊

共15兲

where ⍀ = V / r is the angular velocity of the basic flow and
E=

1 d ln S
.
␥ dr

共16兲

Equations 共14兲 and 共15兲 are solved for all domain 0 艋 r
艋 + ⬁ under the boundary condition

 = 0 when r = 0.

共17兲

Another condition is that the solution must be uniformly
bounded, i.e.,
兩兩,兩p兩 艋 M ⬍ + ⬁

for 0 艋 r 艋 + ⬁,

共18兲

where M is a positive finite constant. Taking an integer for
m, Eqs. 共14兲–共18兲 describe an eigenvalue problem on ,
which is generally complex. Its real part, r = Re共兲, represents the azimuthal phase frequency, while the imaginary
part, i = Im共兲, defines the temporal growth 共or damping兲
rate of disturbances. The phase velocity is given by r / m.
It should be noted that neither the equations nor the
boundary conditions involve the complex unit i. Consequently, the complex conjugate of the problem shows that if
 and p are eigenfunctions related to an eigenvalue  for
some m then *, p*, and * are also eigenfunctions and eigenvalue for the same m. In other words, the spectrum of
eigenvalues must be symmetric about the real axis. To each
decaying mode there must be a corresponding growing
mode. Hence, existing of a complex eigenvalue ensures instability of the basic vortex flow.
B. The basic vortex flow
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The flow of a circular inviscid vortex is completely defined by distributions of any two flow parameters in radial
direction. Assuming V共r兲 and S共r兲 for the swirl velocity and
the entropy function 共the exponential of entropy兲, respectively, the distributions of other parameters, such as pressure,
density, and sound velocity are determined from Eq. 共5兲 and
can be written as
P = Z␥/␥−1,

R = Z1/␥−1S−1/␥,

C = 冑␥ZS1/␥ ,

共19兲

where Z共r兲 is given by
Z共r兲 = 1 −

␥−1
␥

冕

+⬁

yS共y兲−1/␥关⍀共y兲兴2dy.

共20兲

r

We use the family of Gaussian vortices, in which the
swirl velocity is defined as
V共r兲 = r exp关0.5共1 − r2兲兴.

共21兲

Here  is the maximal nondimensional swirl velocity, which
can also be recognized as the maximal Mach number 共based
on the sound velocity at infinity兲 multiplied by the factor 冑␥.
The stability of these vortices in incompressible fluid was
first studied by Gent and McWilliams17 and more recently by
Smyth and McWilliams.19 Flor and van Heijst20 have shown
that the Gaussian distribution fits their experimental vortices.
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For modeling the entropy distribution, we use the following two-parameter profile:
S共r兲 = 关1 +  exp共− ␣r2兲兴−␥ ,

共22兲

where  is a constant 共 ⬎ −1兲 that characterizes the maximal
deviation from the homentropic distribution and ␣ is a constant 共␣ ⬎ 0兲 that models the spread of the entropy-stratified
region. Similar entropy profiles were used by Chan et al.12
For the foregoing profiles V共r兲 and S共r兲, the function
Z共r兲 of Eq. 共20兲 becomes
Z共r兲 = 1 −

冋

册

␥−1 2

 1+
exp共− ␣r2兲 exp共1 − r2兲.
2␥
1+␣
共23兲

For the pressure at the origin to be positive, it must be
Z共0兲 艌 0. The latter imposes the following restriction on the
modeling parameters:
2␥共1 + ␣兲
.
 艋
共␥ − 1兲共1 + ␣ + 兲
2

共24兲

As the velocity in the vortex increases, the pressure lowers
until it reaches zero at the center. Further increase in velocity
beyond the limit 共24兲 leads to the regime when gas evacuates
a region in the vicinity of the center. This regime is beyond
the scope of the present study and is not considered here.
C. Solving the eigenvalue problem

The eigenvalue problem given by Eqs. 共14兲 and 共15兲 and
boundary conditions 共17兲 and 共18兲 is solved numerically. To
do this, first analytical asymptotic solutions are obtained near
the origin, when r → 0, and for the far field, when r → + ⬁.
As r → 0, the angular velocity ⍀ approaches a value
⍀0 = , and the solution is governed by the following
asymptotic equations:
2m
dp
=−
⍀0 p + 共20 − 4⍀20兲 ,
dr
 0r

冉

冊

2m 1
d
m2
= 2 2p +
− ,
dr 0r
 0r r

共25兲

共26兲

where 0 =  + m. The solution of these equations with the
boundary condition 共17兲 gives

 = *mrm−1,

p = *0共0 − 2⍀0兲rm ,

共27兲

where * is a constant that can be chosen arbitrarily.
We will analyze the cases that correspond to m 艌 2. The
axisymmetric mode m = 0 has been investigated by
Howard.10 When m = 1, no nontrivial solutions exist that satisfy both Eqs. 共14兲 and 共15兲 and the condition of zero velocity at the origin. Therefore, one can suggest that the m = 1
mode is not realized in the basic vortex flow under consideration.
The swirl velocity decays and other parameters approach
constant values at infinity exponentially fast as r → + ⬁, and
therefore the eigenvalue equations can be asymptotically
written as one equation for the pressure amplitude p共r兲:

r2

冉

冊

dp
d2 p
2 2
+
r − m2 p = 0.
2 +r
dr
dr
C⬁2

共28兲

The solution to this equation that satisfies Eq. 共18兲 is the
共2兲
共e.g., see Abramowitz and Stegun21兲,
Hankel function Hm
which represents an outward-going wave at infinity. Here we
consider only the eigenvalues that have a negative imaginary
part, Im共兲 ⬍ 0. For complex conjugate eigenvalues with
Im共兲 ⬎ 0, corresponding temporally decaying modes, the
共1兲
, which desolution is given by the Hankel function Hm
scribes inward-going waves.
The asymptotic solution for r → + ⬁ yields
共2兲
共兲,
p共r兲 = p*Hm

冋

共29兲

册

p*
m 共2兲
共2兲
共r兲 =
Hm−1
共兲 − Hm
共兲 ,
Cinf

where  = r / Cinf and p* is an unknown constant, which depends on the choice of the constant * in the asymptotic
solution for r → 0. Eliminating p* yields the following
asymptotic relation between  and p amplitudes when
r → + ⬁:

冋

共2兲
共2兲
Cinf Hm
共兲共r兲 = Hm−1
共兲 −

册

m 共2兲
H 共兲 p共r兲.
 m

共30兲

The calculation of the complex eigenvalue  can be then
fulfilled by solving Eqs. 共14兲 and 共15兲 as an initial-value
problem with the initial data in the form of Eq. 共27兲 applied
at some small r = r00. The iteration parameter is the eigenvalue  which is varied until the solution satisfies the
asymptotic relation given by Eq. 共30兲 at a large r = rinf .
This approach is realized with the use of the MATLAB, a
software for mathematical computing.22 The calculation is
performed with the MATLABS program bv p4c that implements a collocation method for the solution of a set of differential equations dyជ / dx = ជf 共x , yជ , pជ 兲 on an interval a 艋 x 艋 b,
subject to general, two-point boundary conditions
gជ 共yជ 共a兲 , yជ 共b兲 , pជ 兲 = 0, where pជ is a vector of unknown parameters. The bv p4c solution gives the vector pជ and a continuous function 共x兲, which is a cubic polynomial on each subinterval of a computational mesh and approximates the
solution to the boundary-value problem yជ 共x兲 with the fourth
order of accuracy. We apply the bv p4c solver to a sequence
of problems given by Eqs. 共14兲, 共15兲, 共17兲, and 共30兲 on intervals 关r00 , rinf 兴 for different, gradually increasing values of
rinf . The calculation is started with rinf = 3. The convergence
of  is typically achieved at the value of rinf ⬇ 5 for the cases
to be considered.
D. Results of the normal mode stability analysis

In this section we discuss results of the stability analysis
for various cases of the basic flow. In the vortex model assumed in the present paper, the flow is defined by three parameters:  that characterizes the vortex intensity, and  and
␣ that model the entropy distribution 关see Eqs. 共21兲 and
共22兲兴. The case  ⬍ 0 corresponds to an excess of entropy in
the vortex core. The entropy decreases with the distance
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FIG. 2. Behavior of the growth rate vs  in the vicinity of the marginal state
for various values of the vortex intensity.

FIG. 1. 共a兲 Growth rate and 共b兲 azimuthal phase velocity vs  for various
values of the vortex intensity.

from the vortex center, fast approaching to its value at infinity. This situation here referred to as “overentropic vortex”
can be found, for example, in rolled-up vortices in mixing
layers and wake flows.12 The opposite situation, when  ⬎ 0,
is referred to as underentropic vortex. In this case, a shortage
of entropy is in the core so that the entropy increases as we
move far from the center. The homentropic vortex corresponds to  = 0. The parameter ␣ relates to the inflection
point in the entropy profile rip, which is inversely proportional to 冑␣, rip ⬃ 1 / 冑␣.
1. Stability of underentropic vortex flows

Solution of the eigenvalue problem for the mode m = 2
shows that underentropic vortices with a sufficiently large
value of  are unstable for the whole region of feasible vortex intensities. For ␣ = 0.5 and various values of , the variations with  of the growth rate i and the azimuthal phase
velocity normalized by , r / m /  are shown in Figs. 1共a兲
and 1共b兲, respectively. As seen from this figure, the instability becomes weaker 共i.e., the growth rate gradually decreases
approaching zero兲 as  decreases for all considered values of
. This trend is clearly discernible in the plots. Separately in
Fig. 2, we show the behavior of the growth rate as it approaches zero 关a closeup view of Fig. 1共a兲 around the origin兴.
One can see that the marginal state i = 0 when the vortex
becomes neutrally stable is reached at a certain nonzero 
that depends on the vortex intensity. These marginal values
are also listed in Table I.
For weak vortices, the phase velocity is well scaled by
the maximal swirl velocity . This is clearly seen in Fig.

1共b兲: The curves representing the phase velocity normalized
by  are almost collapsed for values of  less then 0.5.
Figure 3 shows the behavior of  with the vortex intensity for various values of . These results also correspond to
␣ = 0.5 and m = 2. As seen in Fig. 3共a兲, the growth rate is
monotonically decreased as the vortex intensity weakens. It
should be also noted that for a large entropy stratification
with  艌 2, the marginal state begins right at  = 0, i.e., vortices of any nonzero intensity are unstable. On the other
hand, weakly stratified vortices with  ⬍ 2 become neutrally
stable even at some nonzero values of .
The range of variation of the phase frequency, which is
shown in Fig. 3共b兲, does not change very much with . The
curves are nearly aligned with a straight line  = −2r; it
means that the azimuthal phase velocity is wellscaled by the
swirl velocity of the basic flow and amounts approximately
to a quarter of its maximal value.
2. Stability of overentropic vortex flows

Analysis of overentropic vortices shows that they will
also be unstable with respect to the m = 2 normal mode disturbances if the average gradient of entropy in the basic flow
is sufficiently large. We show the real and imaginary parts of
the complex eigenvalue  in Figs. 4共a兲 and 4共b兲, respectively,
for m = 2 and ␣ = 0.5. The real part is normalized here with
the maximal swirl velocity of the basic flow . The distributions are given versus the factor of entropy stratification  for
different . The cases displayed correspond to vortex velocities ranging from zero to a moderately large value  = 2.5.
For this region, the growth rate −i falls to zero nearlinearly as the stratification factor decreases. As seen from
Fig. 4共a兲, the stronger the vortex is the faster it approaches
the marginal state i = 0 as the entropy stratification weakens.
The marginal value of , for which the vortex becomes neu-
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TABLE I. Marginal values of : m = 2 mode, underentropic vortex, ␣ = 0.5.




0.15
1.05

0.2
1.25

0.25
1.33

0.5
1.42

0.75
1.58

1.0
1.72

1.25
1.58

1.5
1.26

trally stable, is typically negative for large values of  in the
range considered. With decreasing , the marginal value
moves towards zero that is reached by approximately 
= 1.25. The weaker vortices remain unstable for all negative
 and the marginal state begins at a positive , i.e., in the
underentropic region, only.
The normalized azimuthal phase frequency, r / , does
not change very much with both  and , as can be seen
from Fig. 4共b兲. The dependence on  is almost linear; the
phase velocity, r / m, is slightly increased as the factor of
entropy stratification tends to zero, ranging from 10% to
15% of the maximal swirl velocity.
The case of a stronger vortex with  艌 2.5 is displayed
in Fig. 5, where the growth rate is plotted versus  for various . It appears from these plots that the marginal state is
not achieved for vortices with the intensity larger than 2.75.
These vortices remain unstable for all feasible  ranged from
−1 to the critical value ev that corresponds to the vortex
evacuated its center.
Near the evacuation regime, both underentropic and
overentropic flows are found to be unstable. In Fig. 6 we
show the eigenfrequency of the m = 2 mode along a curve
 = 0.95ev共兲 关where ev is defined by the equality in Eq.
共24兲兴 computed for ␣ = 0.5. One can see that the growth rate

decreases with increasing  in the overentropic region. However, the marginal state is not reached; the growth rate acquires the minimum and then increases, tending to a constant
for large  in the underentropic region.
The marginal curve in the - plane, which defines the
region of neutral stability, can be derived from the foregoing
data. This curve is shown in Fig. 7 for the m = 2 mode and
␣ = 0.5. It bounds an area where the vortex is neutrally stable.
As it was already mentioned, the stability is lost when the
entropy stratification becomes sufficiently large and also near
the evacuation region. An interesting fact is that the flow
ceases to be stable also when the vortex weakens, i.e., 
decreases to a certain limit. In particular, homentropic vortices 共 = 0兲 are stable for  艌 1.25 共except for a narrow band
in the vicinity of the evacuation curve兲. More weaker vortices turn to be unstable, as seen from Fig. 7. It should be
noted that this contrasts with the case of a Gaussian vorticity
profile vortex, which was shown to be neutrally stable for all
vortex intensities.12

FIG. 3. 共a兲 Growth rate and 共b兲 azimuthal phase frequency vs vortex intensity for various values of .

FIG. 4. Eigenfrequency vs entropy startification parameter  for overentropic vortices.

3. Effect of ␣ parameter

The entropy profile is modeled by means of two parameters:  that characterizes the deviation from the homentropic
distribution and ␣ that defines the extent of the entropy core.
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FIG. 5. Growth rate vs  for overentropic strong vortices.

The foregoing results correspond to the case ␣ = 0.5, when
the entropy core nearly matches the vortex size. This section
addresses the effect of the extent of the entropy core on the
vortex instability properties, i.e., the effect of the ␣ parameter.
Figure 8 shows the m = 2 eigenfrequency against ␣ parameter for the underentropic vortex with  = 3 under various
flow regimes 共intensities兲. When ␣ is small, which means
that the entropy core much exceeds the vortex core, the flow
is weakly unstable. The growth rate 关Fig. 8共a兲兴 approaches
zero as ␣ vanishes because the vortex acquires an homentropic distribution, under which it was shown to be stable.
With reducing the size of the entropy core, i.e., increasing ␣,
the growth rate is first increased and reaches the maximum.
This corresponds to the situation when the maximal entropy
stratification falls within the vortex periphery, where the flow
velocity rapidly drops from its maximum to zero. Further
increase in ␣ weakens the instability, and low intensity flows
共 = 0.3, 0.8兲 become even neutrally stable, as seen in Fig.
8共a兲. The instability arises again becoming stronger for sufficiently large values of ␣, which corresponds to a region of
entropy changemostly localized inside the vortex core
共r 艋 1兲.
The phase frequency normalized with  is shown in Fig.
8共b兲. One can see that the phase velocity, i / m, is well scaled

FIG. 6. Eigenfrequency vs  for the vortex flow near the evacuation regime.

FIG. 7. Marginal curve in the - plane for stability of the m = 2 mode for
␣ = 0.5.

by the vortex intensity. With increasing ␣, the phase velocity
is gradually rising but does not exceed the maximal swirl
velocity.
The case of an overentropic vortex is shown in Fig. 9.
The growth rate is plotted as a function of ␣ for  = −0.5,
m = 2, and two velocity regimes  = 0.3 and  = 1.3. The be-

FIG. 8. 共a兲 Growth rate and 共b兲 azimuthal phase velocity agains ␣ parameter
for  = 3 and various vortex intensities.
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FIG. 9. Growth rate vs ␣ parameter for  = −0.5.

havior of the growth rate is quite different from that in the
foregoing underentropic case. The growth rate peaks at about
␣ = 0.75, which corresponds to a profile of entropy with the
inflection point located in the vortex core at about r = 0.5.
Increasing ␣, i.e., reducing of the entropy core, weakens the
instability. However, unlike the underentropic case, the flow
remains unstable; any stable regimes are not found in all
range of the ␣ variation.
4. Instability of high-order modes

Results related to the stability of high-order azimuthal
modes are presented in this section for the basic flow represented by an underentropic vortex. In calculating a highorder mode 共say m = 3兲, we start with the solution for the m
= 2 mode as an initial approximation. Then the eigenvalue
problem is successively calculated assuming that m is not an
integer, but a real, which is gradually varying from one calculation to another with a small step ⌬m until it takes the
higher integer value, m = 3 , 4, etc. In these calculations, the
previously computed eigenfrequency and eigenfunctions
make an initial guess for the subsequent problem.
Comparison between the m = 2 and m = 3 solutions is presented in Fig. 10. The phase velocity 关Fig. 10共a兲兴 and the
growth rate 关Fig. 10共b兲兴 are plotted versus the vortex intensity for a profile of entropy with ␣ = 3 under three values of
. The number on the plots indicates the order of mode. The
growth rates do not differ very much for low intensity flows.
However, a noticeable difference is found at higher values of
intensity, near the evacuation regime, where the m = 3 mode
becomes more unstable than the m = 2 mode. The phase velocities show a minor discrepancy; the phase velocity of the
higher mode is about 10% larger than that of the m = 2 mode
in all range of the intensity variation as seen from Fig. 10共a兲.
In Fig. 11 the effect of the core size on stability of
higher-order normal modes 共m = 3 , 4兲 is shown for two velocity regimes,  = 0.3 and  = 1.3. The results for the m = 2
mode are also included in this figure for comparison. For
sufficiently large ␣ 共the entropy core is localized inside the
vortex core very near to its center兲 all modes m = 2, 3, and 4
are unstable. As ␣ decreases 共the entropy core enlarges兲
growth rates of all modes decline, with the rate of decline
being faster for higher-order modes. When the inflection
point of the entropy profile reaches a location near r = 1, first

FIG. 10. 共a兲 Phase velocity and 共b兲 growth rate against  for m = 2 and
m = 3 modes and various .

the m = 4 and then the m = 3 mode is stabilized. Further enlargement of the entropy core does not affect the stability of
these modes in contrast to the m = 2 mode, which becomes
unstable again when the core expands beyond the vortex core
by its periphery.

FIG. 11. Growth rate of m = 2, 3, 4 modes vs ␣ parameter.
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III. EXCITING OF INSTABILITY BY SOUND

The foregoing linear-stability analysis shows the existence of unstable normal modes of small disturbances developing against the background of the basic vortex flow. In this
section we consider an example of the situation where these
modes can be excited, namely, the scattering of a plane
sound wave by the vortex flow.
The scattering of sound by a vortex is one of benchmark
problems in aeroacoustics. It has been intensively investigated by many researches 共as latest publications on this subject see Colonius et al.23 and Ford and Llewellyn Smith24兲.
All these studies were mainly addressed basic characteristics
of the scattered sound field. However, as unstable modes
exist, one can expect excitation of these modes in the sound
scattering process, which must greatly affect the resultant
scattered field. To this end, we will study the scattering problem with the purpose that is twofold: to show that the scattered field is really destabilized in the process of sound scattering and to compare basic characteristics of this instability,
such as the growth rate and azimuthal phase velocity, with
those predicted by the linear-stability analysis.
A. Solution method

The scattering problem is investigated by solving the
LEE numerically. The LEE is a commonly used model for
aeroacoustic applications 共e.g., see Mankbadi et al.25 and
Bailly et al.26兲. In this model, the fluid flow is decomposed
into a base flow and a field of disturbances whose magnitude
is assumed to be much smaller than that of the basic flow.
The latter is assumed to be prescribed and not modified by
disturbances, whereas the evolution of the disturbance field
depends on the basic flow and is determined by linearized
equations.
The method used in the present study differs from the
conventional LEE approach. The main distinctive feature is
that the linearization is performed for the discretized Euler
equations rather than the differential ones. This allows us to
express the resultant discretized equations for disturbances in
the conservative form. 共Note that the conventional LEE are
nonconservative, and therefore special attention should be
given to numerical algorithms to handle wave-type solutions
correctly, as was pointed out by Viswanathan and Sankar.27兲
Some elements of the method are described below. For further details, the reader is referred to Men’shov and
Nakamura.28
The conservative form of the discretized equations for
the evolution of small disturbances against the background
of a basic nonuniform flow field is given by

i

dq̂i
+
dt

兺 sT−1F̂ = 0,

共31兲

where the subscript i denotes the order number of the computational cell, the subscript  denotes the cell interface that
borders the ith cell,  is the volume, s is the area, and T is
the transforming matrix defined by the components of unit
vectors of the local orthonormal basis relevant to the interface. Moreover, q represents the vector of conservative vari-

ables, F represents the relevant flux vector, the hat denotes
disturbance values, while the bar will denote basic flow values.
The key point of the method is the approximation of the
cell interface disturbance flux F̂ that depends on both the
basic flow and the disturbance field, F̂ = F̂共q̂ , q̄兲. We treat it
from the point of view of the Godunov approach29 as the flux
that steams at an interface due to interaction between two
parcels of the disturbance field neighboring this interface.
The interaction can be mathematically described in terms of
the solution to the variational Riemann problem28 共VRP兲 that
is stated as the problem on the first variation of the conventional Riemann problem solution with respect to variations in
initial data. The latter admits the analytical solution, which
can be used for the flux approximation.
By introducing Q = Tq, this flux is obtained in terms of
the solution to the VRP as follows:
F̂共q̄,q̂兲 = A共Q̄R兲Q̂R ,

共32兲

where A共Q兲 = F / Q is the Jacobian matrix of the local onedimensional inviscid flux, Q̄R = Q̄R共Q̄i , Q̄共i兲兲 is the solution
to the conventional Riemann problem stated for the cell interface  treated as a surface of discontinuity, and Q̄i and
Q̄共i兲 as initial values on the left- and right-hand sides, respectively. Here, the subscript 共i兲 denotes the order number
of the cell that adjoins the ith cell by the th cell interface.
The superscript  indicates the value of a variable at the
center of the cell interface.
The vector Q̂R in Eq. 共32兲 is the solution to the VRP,
which yields the variation of the Riemann problem solution
due to the presence of the disturbance field in the two neighboring cells. This vector is expressed in terms of variational
matrices M i and M 共i兲,
Q̂R = M iQ̂i + M 共i兲Q̂共i兲 .

共33兲

These matrices can be found analytically 共for details, the
reader is referred to Men’shov and Nakamura,30 where exact
analytical formulas are also presented兲.
The superscript  in Eq. 共33兲 means that the vectors of
disturbance parameters are evaluated at the middle point of
the interface. A first-order scheme is obtained, if a constant
function is used to approximate the distribution of disturbances within the computational cell: Q̂i = Q̂i. To enhance
the accuracy of the method, the disturbance vector can be
interpolated via the MUSCL approach.31 This leads to the 
values given by
q̂i = q̂i + 0.5␦−关1 − k共␦−兲兴⌬−i
+ 0.5␦−关1 + k共␦−兲兴共q̂共i兲 − q̂i兲,

共34兲

q̂共i兲 = q̂共i兲 − 0.5␦+关1 − k共␦+兲兴⌬+ 共i兲
+ 0.5␦+关1 + k共␦+兲兴共q̂i − q̂共i兲兲

共35兲

where ␦− = 兩rជi,兩 / 共兩rជi,兩 + 兩rជ共i兲,兩兲, ␦+ = 1 − ␦−, and rជi, is the radius vector from the cell center to the interface center. The
forward and backward difference operators are given by
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2 ᠬ
共 q兲irជi, − 共q̂共i兲 − q̂i兲,

␦−

⌬+ 共i兲 = −

2 ᠬ
ជ
+ 共 q兲共i兲r共i兲, − 共q̂共i兲 − q̂i兲.

␦

共36兲

共37兲

The gradient in these equations is computed with the method
of least squares.
The function k共␦兲 controls a family of difference
schemes in the foregoing interpolation. Thus, on structured
grids, taking k = −1 leads to a fully upwind scheme, k = 1
corresponds to central differencing, and k = 0 yields a scheme
by Fromm.32 The choice k = 共12␦2 − 1兲 / 共12␦兲 leads to an
upwind-biased third-order scheme. Strictly speaking, thirdorder accuracy is achieved only for one-dimensional problems. Nevertheless, we use this option for the twodimensional calculations presented below.
With the foregoing remarks, Eq. 共31兲 can be written as
dq̂i
= Ri共q̂兲,
dt

共38兲

with
Ri共q̂兲 = −

1
i

兺 sT−1A共Q̄R兲关M iTq̂i + M 共i兲Tq̂共i兲兴,
共39兲

which can then be integrated numerically by a third-order
accurate Runge–Kutta method.33 The scheme obtained is
stable under the conventional CFL condition based on the
largest absolute wave speed of the basic flow.
B. Validation of the numerical method

The foregoing numerical method has been verified by
some test calculations in our previous work.34 In this section
we apply it to compute the scattered sound resulted from the
incidence of sound waves on an isolated vortex. The computational domain is a square, the middle point of which
matches the center of the vortex. A plane sound wave is
emitted from the left side of the domain towards the vortex.
The scattered field is obtained by subtracting the acoustic
field computed in the gas at rest from that computed in the
presence of the vortex flow.
The generation of incident waves is modeled by setting
the disturbance vector at the left-hand boundary of the computational domain in the form of a plane monochromatic
sound wave. The bottom, top, and right-hand boundaries are
treated with nonreflecting boundary conditions.34 The computational grid consists of 271 cells in each direction; the
extent of the computational domain is 20 radii of the vortex
core. The basic flow is defined by the distributions given by
Eqs. 共21兲 and 共22兲. There are no disturbances presented in
the computational domain at initial.
To validate the numerical method, we first calculated the
scattered field in the case of a low-intensity homentropic
vortex 共 = 0兲. This case has been intensively studied during
the last twenty years 共e.g., see Ford and Llewellyn Smith24

FIG. 12. Instantaneous pressure contours of the scattered field for  = 0.15
and ␦ = 4.

and references therein兲, and therefore many theoretical and
numerical results are available for comparison.
Figure 12 shows instantaneous pressure contours of the
scattered field for the intensity  = 0.15 and ␦ = 4, where ␦ is
the nondimensional wavelength of the incident wave. One
can see that the forward scattering is much dominant over
the backward one, with the maximum scattering being
achieved in two directions that make angles of about ±30°
with the direction of wave incidence. The root-mean-square
pressure amplitude of the scattered waves prms is plotted as a
function of the polar angle  for various values of the radius
r in Fig. 13. The pressure is normalized by the pressure
amplitude of the incident wave p0 and the factor 冑s / r,
where s is the wavelength. According to the analysis given
by Howe,35 the scattering amplitude decays in the far field as
冑r−1. This is also confirmed by the present calculations: The
curves in Fig. 13 tend to collapse into a single curve as the
ratio r / s increases.

FIG. 13. Normalized root-mean-square pressure levels for  = 0.15 and
␦ = 4.
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FIG. 15. Normalized root-mean-square pressure levels for  = 0.15 and
␦ = 10.

FIG. 14. Instantaneous contours of pressure in the scattered field for
 = 0.15 and ␦ = 10.

The wave pattern of the scattered field changes drastically, as the wavelength of the incident waves increases. The
region where scattering waves travel extends toward the
backward direction. The backscatter phenomenon is intensified and becomes comparable with the forward scattering.
For low intensities, a far-field approximation of the scattered
field can be analytically obtained for incident waves that
have much longer wavelengths compared with the scale of
the vortex. This is so called Born limit that was investigated
by Fabricant.36 According to this analysis, the scattering in
the Born limit occurs in both forward and backward directions with a typical quadrupole directivity pattern.
The present LEE-based model also confirms the backscatter phenomenon. In Fig. 14 we show instantaneous pressure contours of the scattered waves under the conditions:
 = 0.15 and ␦ = 10. The scattered field directivity is evidently
of the quadrupole type: the maximal scattering occurs at polar angles of about ±40° and ±130°. The backward scattering
is about one half the forward scattering, which well agrees
with the far-field asymptotics.36 The distribution of the rootmean-square pressure with  is plotted in Fig. 15 for increasing values of the radius. The pressure is again normalized by
the factor 冑s / r to validate the far field 1 / 冑r scaling. One
can see that all curves for radii larger than r = 2s almost do
not deviate from each other.
C. Instability of sound scattering in homentropic
vortices

The simulation of sound scattering by weak vortices, as
discussed in the foregoing, shows no instability of the scattered field; the computed disturbances were found to be
strictly periodical in time, with the frequency exactly equal
to that of incident waves. This seems to be contradictory to
the linear-stability analysis that definitely predicts the exis-

tence of the m = 2 unstable mode 共see Fig. 7兲. In fact, there is
no contradiction: the point is that the instability is very weak.
The nondimensional growth rate is of the order of 10−3 for
the case considered, and therefore the nondimensional time
for the instability to develop sufficiently must be order of 103
or greater. The latter corresponds to about 20 vortex revolutions, but the foregoing simulation was executed for the time
of about 30 incident wave periods, which corresponds to two
and five vortex revolutions in the case ␦ = 4 and ␦ = 10, respectively. So the instability seems to be not able to develop
during so little time period.
To verify this fact, long-time calculations have been carried out for a stronger homentropic vortex with  = 0.75, for
which the linear-stability analysis predicts the instability of
the m = 2 mode with a larger growth rate, −i = 0.0106, and
the azimuthal phase velocity −r = 0.2044, as can be seen
from Figs. 4共a兲 and 4共b兲, respectively. In these calculations
the vortex is irradiated by sound waves with the wavelength
␦ = 3. The time behavior of two characteristics is investigated: the disturbance pressure at a reference point located
right behind the vortex core 共r = 2a,  = 0兲 and the disturbance pressure averaged over the region V = 兵r 艋 2a其 as
p av =

冑 冕
1
兩V兩

p̂2dV.

共40兲

V

The time histories of these two parameters, normalized
with the amplitude of the incident wave, are shown in Figs.
16 and 17, respectively. One can see that no instability appears in the scattered field for a rather long time. Until the
nondimensional time t ⬇ 400, which corresponds to about 50
vortex revolutions, the reference pressure exhibits strictly periodical behavior with the frequency that equals the frequency of incident sound; the average pressure pav remains
almost constant.
During the later time, one can see the sudden appearance
of the instability, which manifests itself as fast amplification
of the reference pressure amplitude. An increase in pav is also
observed, which acquires a nearly linear behavior with a
slope of 0.010 64 共in logarithmic scale兲, as indicated by Fig.
17. This slope exactly matches the growth rate given by the
linear-stability analysis.

Downloaded 19 Oct 2006 to 133.6.32.11. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp

034102-12

I. Men’shov and Y. Nakamura

FIG. 16. Time history of the reference disturbance pressure for the homentropic vortex with  = 0.75.

When performing FFT analysis for the reference pressure given in Fig. 16, the power spectrum is obtained, which
is shown in Fig. 18. Two preferred frequencies exist in this
spectrum:  = 2.4781 that is the frequency of the incident
wave and  = 0.2057 that is related to the instability. The
latter well agrees with the phase frequency of the m = 2 normal mode 共−r = 0.2044兲, as indicated by Fig. 18.
One can infer from the foregoing results that the instability of the sound scattering process is induced by the unstable m = 2 normal mode, which results from the interaction
of the incident acoustic waves with the basic vortex flow.
This is also manifested by the pattern of the disturbance field
after the instability has been excited. Figure 19 shows the
instantaneous pressure field for the moment t = 932, by which
the vortex has executed about 100 revolutions. The pressure
distribution is drastically modified in the vortex core and its
periphery by this time, and acquires an azimuthally periodical structure that well responds to the m = 2 normal mode.
The disturbance velocity field becomes definitely rotational,
represented by four symmetrically located swirls clearly discernible in Fig. 20. These swirls are located at the same polar
angles as the peaks of pressure are. A higher pressure takes

FIG. 17. Time history of the average disturbance pressure in the vortex with
 = 0 and  = 0.75.

Phys. Fluids 17, 034102 共2005兲

FIG. 18. Spectrum of the reference pressure for the vortex with  = 0 and
 = 0.75.

place when the disturbance vortex and the basic vortex are
corotating, while a lower pressure occurs in the counterrotating vortices.
The linear-stability analysis shows that as the vortex intensity strengthens, the instability weakens, and eventually
共at  = 1.25兲 the basic flow changes into a neutrally stable
state. Therefore one can also expect stabilization of the
sound scattering process for a stronger vortex. To verify this
fact, very-long-time calculations have been performed for an
homentropic vortex of  = 1.75 and ␦ = 3. Figure 21 shows
the disturbance pressure at the moment t = 922.154 when the
vortex has been executed about 256 rotations. Incident waves
are scattered by the vortex, with the disturbance field being
amplified only approximately two times in the periphery of
the core. The time history of the reference pressure shows
exactly periodical behavior with no tendency for the ampli-

FIG. 19. Pressure disturbance field after the instability excitement.
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FIG. 22. Spectrum of the reference pressure for the vortex with  = 0 and
 = 1.75.

FIG. 20. Velocity disturbance field after the instability excitement.

tude to grow up. The result of the FFT analysis is displayed
in Fig. 22. Only one frequency exists in the spectrum, 
= 2.4781, which corresponds to the frequency of incident
waves. Any other modes are not activated in this case. The
velocity field doesnot reveal any peculiar vortical structures;
the disturbance velocity field remains irrotational in contrast
to the  = 0.75 case.
It should also be noted that the entropy is not disturbed
共the disturbance entropy equals zero exactly兲 when the homentropic vortex is irradiated by sound. This property is well
supported by the present numerical results. Analysis of the
disturbance of entropy in the foregoing two cases 共unstable

FIG. 21. Pressure disturbance field in the case when the instability is not
excited:  = 0 and  = 1.75.

and stable scattering兲 shows almost zero values throughout
the computational domain; the maximal deviation of entropy
disturbances from zero is about 10−6, which is within the
accuracy of the numerical method.
D. Instability of sound scattering in entropy-stratified
vortices

This section addresses the sound scattering in nonhomentropic vortices. We consider the basic vortex that is defined by the intensity  = 1.3 and the entropy profile of 
= 3 and ␣ = 0.5. Under these conditions, the linear-stability
analysis detects only one unstable mode—m = 2—with the
temporal growth rate and azimuthal phase frequency given
by −i = 0.1063 and −r = 0.6409, respectively 共see Fig. 1兲.
To simulate this instability, we consider the irradiation of the
vortex by sound waves of ␦ = 4. The calculation results are
presented below.
Figure 23 shows the time history of the average disturbance pressure in the vortex core pav normalized with the
amplitude of the incident wave. The instability is revealed by
the moment t ⬇ 50 after the start of sound emission, when the
vortex has made about ten revolutions. From this time, the
average pressure begins to grow in magnitude with an expo-

FIG. 23. Time history of pav for an entropy-stratified vortex with  = 1.3,
 = 3, and ␣ = 0.5.
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FIG. 24. Spectrum of the reference pressure for the entropy-stratified vortex
with  = 1.3,  = 3, and ␣ = 0.5.

nential rate: in the logarithmic scale, it acquires a linear dependence with respect to time, which matches a straight line
withthe tangent of the slope angle 0.1063, as seen in Fig. 23.
The latter is well compared with the growth rate of the m
= 2 normal mode. Moreover, the spectrum of the reference
disturbance pressure shows a dominant frequency which well
coincides with the m = 2 phase frequency,  = −r = 0.6409.
This result is displayed in Fig. 24.
The foregoing data indicates that the instability in the
sound scattering process is caused by the excitation of the
unstable m = 2 normal mode. As the instability progresses,
the disturbance field acquires a typical four-leafed structure
shown in Fig. 25, where instantaneous disturbance pressure
contours are displayed for the moment t = 75 共about 15 vortex
revolutions兲. The disturbance velocity vector is shown in Fig.
26 for this moment along with the disturbance entropy field.
One can see that a narrow circular entropy wave is induced

FIG. 25. Pressure disturbance field in the nonhomentropic vortex: excitation
of the m = 2 unstable normal mode.

FIG. 26. Disturbance velocity vectors and entropy field in the nonhomentropic vortex 共 = 1.3,  = 3, and ␣ = 0.5兲.

in the vortex periphery region. Also, the velocity field becomes rotational and takes a regular structure that consists of
four focus-type points located in the entropy wave and one
saddle-type point in the vortex center.

IV. CONCLUSIONS

The normal mode linear analysis has been fulfilled to
study the stability of two-dimensional compressible vortices.
Unlike the previously studied vortices of one-signed vorticity
and a finite circulation at infinity—the Rankine vortex of
uniform vorticity jumping to zero at the core boundary11 and
vortices of a smoothedvorticity distribution12—we were concerned with isolated vortices where the vorticity core is surrounded by an annulus of opposite vorticity and the circulation almost vanishes at a finite distance from the core. The
emphasis was done to the effect of entropy stratification
共modeled by a two-parametric Gaussian-type profile兲 on stability properties. The major results and conclusions of this
study are the following.
共1兲 Underentropic vortex 共with entropy deficiency in the
core兲 is unstable in all the regions of admissible vortex intensities when the deviation of entropy from the homentropic
distribution defined by  parameter, Eq. 共22兲, is large
enough. The instability weakens with decreasing  and eventually the vortex goes into the neutrally stable state at some
nonzero stratification. This behavior differs from that observed for vortices of one-signed finite vorticity distribution,
which remain unstable under any entropy stratification.12
共2兲 Overentropic vortex 共with entropy excess in the core兲
is found unstable under sufficiently large entropy stratification, with the instability getting also weaker as the entropy
stratification is relaxed. Rather intense vortices 共with the intensity  greater 1.25 or so兲 are stabilized at some nonzero
stratification, while more weak vortices remain unstable till
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the homentropic condition 共 = 0兲. Note that for the onesigned vorticity vortex, the overentropic stratification is on
the contrary a stabilizing factor.
共3兲 The effect of the entropy core size on the stability
properties has been investigated. It was found that for the
underentropic stratification, rather strong instability occurs
when the entropy core is smaller than the vortex core. On the
other hand, lessening the entropy core weakens the instability in the case of overentropic vortex.
共4兲 Very strong isolated vortices, near the evacuation regime, both underentropic and overentropic vortices were
found unstable.
共5兲 The marginal curve that separates stable and unstable
regions in the plane of vortex intensity  and stratification
parameter  has been obtained for the most unstable m = 2
mode. In particular, it shows that homentropic vortices of
low intensities are unstable; the instability weakens as the
intensity increases, and the homentropic vortex is eventually
stabilized, remaining stable for higher intensities 共except for
a narrow band of instability near the evacuation regime兲.
This contrasts with the vortex of one-signed Gaussiandistributed vorticity,12 which was shown to be neutrally
stable under all intensities.
共6兲 It has also been shown that unstable normal modes
can be induced in the scattered field when sound waves irradiate the vortex. The sound scattering problem has been numerically studied with a discrete LEE model. Calculations
have shown that after a certain period of time after the start
of sound emission, the scattered field in the vortex core
ceases to be stable. The instability is revealed by a typical
periodical in polar angle structure that appears in the pattern
of the scattered field. The evolution of this structure is accompanied by an exponential increase of disturbance parameters. The characteristics of this instability, as the growth rate
and the azimuthal phase frequency, were found to well match
those of the unstable normal modes given by the linearstability analysis.
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