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Electron acceleration to ultrarelativistic energies by an oblique magnetosonic shock wave is studied.
First, the maximum electron energy is analytically obtained with new simple calculations. The
physical mechanism is also discussed in detail. In the wave frame, electrons reflected near the end
of the main pulse region, which will be trapped, gain energy from the electric potential and constant
electric field E y0 perpendicular to the external magnetic field. For certain plasma parameters, these
electrons can move a long distance in the direction of E y0 and obtain a great amount of energy from
E y0 . It is argued that the trapped electrons can hardly escape from the shock wave. Next,
one-dimensional, relativistic, particle simulations are carried out. Theoretical estimates such as the
maximum electron energy are found to be in good agreement with the simulations. Simulations also
show that the number of trapped electrons continually increases with time. © 2002 American
Institute of Physics. 关DOI: 10.1063/1.1453473兴

crease by E y0 and that by  almost cancel. Hence, the kinetic
energy of a passing electron dose not change much when it
passes through the shock wave.
In Ref. 44, it was attempted to theoretically obtain the
maximum energy of electrons. The derivation was, however,
lengthy, and the final set of equations giving the maximum
energy was complicated.
In this paper, we obtain the maximum electron energy in
a different manner. It will be found that the derivation and
the final expression are much simpler. Furthermore, we can
give clear physical meanings to the calculations. It is shown
that it takes long periods of time for reflected electrons to
move from the reflection point to the point x m , during which
they travel a long distance in the y direction and gain a great
amount of energy from the electric field E y0 . For certain
plasma parameters, this period can be quite long, and hence
the maximum electron energy can be extremely large. On the
other hand, the energy gain from the electric potential  is
independent of this period. These theoretical calculations and
physical pictures are given in Sec. II. In Sec. III, we discuss
the reflection mechanism. Once an electron is reflected near
the end of the main pulse, then it will be reflected there again
even if the potential dip disappears at the location where the
first reflection took place. This suggests that the number of
trapped electrons increases with time. In Sec. IV, we investigate the shock propagation and electron acceleration, using
a one-dimensional 共one space coordinate and three velocity
components兲, relativistic, electromagnetic particle simulation
code with full ion and electron dynamics. It is shown that the
theoretically obtained maximum electron energy agrees
fairly well with the simulation result. We also show that the
number of trapped electrons continually grows. In Sec. V, we
summarize our work.
This mechanism could produce ultrarelativistic electrons
in the coronal magnetic tubes in solar flares. The value of
 ce /  pe becomes ⬃3 for plasmas with, for instance, the
magnetic field strength B⬃103 G and the density n
⬃1010 cm⫺3 , or with B⬃102 G and n⬃108 cm⫺3 . These

I. INTRODUCTION

High-energy electrons are often produced in astrophysical plasmas. For instance, in solar flares, electrons are accelerated to several tens of megaelectronvolts within a few
seconds.1– 4 共For the ions, see Ref. 5.兲 Recent x-ray and
gamma-ray observations of supernova remnants showed that
electrons are accelerated to ⬃100 TeV. 6 –9 Ultrarelativistic
electrons are also produced in binary systems10,11 and active
galactic nuclei.12–16
The particle acceleration has been intensively studied by
particle simulations as well as by theory17–25 and
experiments.1–16 共For the research of plasma-based accelerators, see Ref. 26, and references therein.兲 Particle simulations
have revealed that a large-amplitude magnetosonic wave
with coherent structure can accelerate particles, i.e., hydrogen ions,27–39 heavy ions,40,41 and electrons,42– 44 through
various mechanisms.
The electron acceleration to ultrarelativistic energies can
occur in a shock wave propagating obliquely to a magnetic
field with  ce /  pe ⲏ1, where  ce and  pe are the electron
cyclotron and plasma frequencies, respectively.42– 44 In such
a shock wave, some electrons can be reflected near the end of
the main pulse region. The reflection is caused by a potential
dip formed there; the dip can sometimes be generated by
small-amplitude fluctuations of electromagnetic fields. 共More
precisely, transverse electric fields as well as the potential
play some role in the electron reflection.兲 The reflected electrons are then trapped; they move back and forth in the shock
wave and their kinetic energies oscillate. Their energies take
their maximum values at the position of the maximum potential, x⫽x m ; here, we assume that the shock wave propagates in the x direction in an external magnetic field in the
(x,z) plane. In the wave frame, where constant electric field
E y0 appears, we see that the reflected electrons gain energy
from E y0 and the potential  as they move from the reflection point to x m .
For passing electrons, on the other hand, the energy in1070-664X/2002/9(3)/979/8/$19.00
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FIG. 1. Geometry of magnetic field and shock wave.

parameters would be found in the solar magnetic tubes. If
large-amplitude magnetosonic waves are excited in such a
plasma in association with solar flares, they would accelerate
electrons to ultrarelativistic energies.

FIG. 2. Schematic diagram of guiding-center motion projected on the x,y
plane. Point C and point E are on the x position of the maximum potential.
The dotted line shows the orbit of a passing electron.

II. DERIVATION OF THE MAXIMUM ELECTRON
ENERGY

We derive the maximum electron energy in an oblique
shock wave. In the analysis, we also try to draw a clear
physical picture of the electron acceleration, by carefully examining the meanings of the calculations.
A. Fundamental relations

We consider a magnetosonic shock wave propagating in
the x direction (  /  y⫽  /  z⫽0) with a speed v sh in an external magnetic field B0 in the (x, z) plane. The geometry is
shown in Fig. 1; the angle between the x axis and the external magnetic field, , is the shock propagation angle. Then,
the x component of the magnetic field is constant, B x
⫽B x0 . The other components B y and B z are functions of x,
and in the pulse region B y as well as B z can have finite
values. In the wave frame where the time derivatives are zero
(  /  t⫽0), the electric field in the y direction is constant,
E y ⫽E y0 , and E z is zero. Hence, we have B
⫽(B x0 , B y , B z ) and E⫽(E x , E y0 , 0).
In such circumstances, an oblique shock wave has a
positive electric potential  (x). The quantities , B z , and
density n have similar profiles.43– 46 On the other hand, E x
and B y are proportional to the x derivatives of these quantities; for instance, E x ⫽⫺  /  x. These relations among the
quantities are analytically obtained for small-amplitude
waves.45,46 Simulations show that these relations are also
roughly satisfied for large-amplitude waves.43,44
The velocity of the guiding-center position of an electron, vg , may be written as
vg ⫽vd ⫹ 共 B/B 兲v 储 ,

共1兲

with vd the drift velocity and v 储 the velocity parallel to B. If
we neglect ⵜB-drift 共and other unimportant drifts兲, the x, y,
and z components of vg are given as
v gx ⫽

B x0
cE y0 B z
,
⫹v储
2
B
B

共2兲

By
cE x B z
⫹v储 ,
B2
B

共3兲

v gy ⫽⫺
v gz ⫽c

Bz
E x B y ⫺E y0 B x0
⫹v储 ,
2
B
B

共4兲

in the wave frame, where c is the speed of light.
In the far upstream region, the z component of the velocity averaged over all the electrons in a small volume element is zero, 具 v gz0 典 ⫽0; the subscript 0 refers to the quantities in the far upstream region. Then, from Eq. 共4兲, we have
the average parallel velocity

具 v 储0典 ⫽

cE y0 B x0
.
B 0 B z0

共5兲

Also, using the relation 具 v gx0 典 ⫽⫺ v sh , we find the relation
between E y0 and the shock speed v sh as
E y0 ⫽⫺ v shB z0 /c.

共6兲

For the definiteness, we assume that B x0 , B z0 , and v sh are all
positive; thus E y0 ⬍0.

B. Estimate of the maximum electron energy

From the relativistic equation of motion for an electron
particle,
me

冉

冊

d共 ␥ v兲
v⫻B
⫽⫺e E⫹
,
dt
c

共7兲

where ␥ is the Lorentz factor, we have the energy conservation equation in the wave frame,
m e c 2 共 ␥ ⫺ ␥ 0 兲 ⫽e 共  ⫺  0 兲 ⫺eE y0

冕

v y dt.

共8兲

Here, we have used the relations E z ⫽0 and v x dt⫽dx. We
show in Fig. 2 a schematic diagram of guiding-center orbit
projected on the (x,y) plane; an electron is reflected at point
D. Point C and point E are on the peak of ; hence, x C
⫽x E ⫽x m , where x m designates the x position at which ,
B z , and n take their maximum values. The electric field E x
is positive in the region x⬎x m and is negative in x⬍x m .
Substituting the guiding-center velocity, Eqs. 共2兲 and 共3兲, in
Eq. 共8兲, we find the increase in the kinetic energy 共for the
guiding-center motion兲 from point B to point C as
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of energy from E y0 . Also, v 储 can be quite large, being accelerated by the parallel electric field E 储 for a long period of
time.
In connection with this, we note that the following relation holds:

冕

E

D

FIG. 3. Schematic diagram of guiding-center motion in the x,z plane. The
two dots show particle positions at time t and t⫹⌬. When v 储 is positive, the
x components of drift and parallel motions can almost cancel; thus, v gx is
small. The drift v dx is proportional to E y0 .

where L DE is the length along the field line from a certain
point at x D to x E . This inequality is simply due to the fact
that it takes a long time for a reflected electron to get to point
E from point D. Again, Fig. 3 shows this. On the other hand,
if the sign of v 储 is reversed in Fig. 3, with the E⫻B drift
velocity unchanged, then v gx would become larger in magnitude. Thus we will have

冏冕 冏
C

B

K BC⫽e 共  C⫺  B兲 ⫹eE y0
⫺eE y0

冕

C

dt

B

冕

C

dx

B

Ex
E y0 ⫹ 共 v 储 /c 兲共 BB x0 /B z 兲

v 储B y
.
B

共9兲

K BE⫽K BC⫹K CD⫹e 共  E⫺  D兲
⫹eE y0
⫺eE y0

冕
冕

dx

Ex
E y0 ⫹ 共 v 储 /c 兲共 BB x0 /B z 兲

dt

v 储B y
.
B

E

D
E

D

共10兲

The electron reflection will occur at point D at the moment
when  D is quite small,  DⰆ  E . In the following, therefore,
we neglect  D compared with  E . When the electron moves
from point D to point E, v 储 has rather large positive values.
This is the reason why v gx is positive there. We note that v gx
can be close to zero because E y0 is negative and v 储 is positive. Figure 3 graphically illustrates this. Hence, the denominator in the fourth term on the right-hand side of Eq. 共10兲 can
be quite small; thus the integral can take a large value. In
other words, if v gx is small, it takes a long time for the
electron to reach the x position x E from x D . During this time,
the electron can travel a long distance in the y direction by
the E⫻B drift. As a result, the electron gains a great amount

v 储 dt ⬍L BC ,

共12兲

where L BC is the length of a field line from x⫽x B to x
⫽x C . This is also the case for the integral 兰 E 储 v 储 dt. From the
above discussion, it is evident that

冏冕

E

D

The first term on the right-hand side shows the energy
change by the potential difference. The second and third
terms represent the work done by the constant electric field
E y0 ; the former is due to the E x ⫻B z drift and the latter is
due to the parallel component of v. If an electron moves with
a velocity nearly equal to the fluid velocity, then v 储 would be
negative, as suggested by Eq. 共5兲. The denominator in the
second term therefore cannot be close to zero 共we recall that
E y0 is negative兲. Since the denominator is proportional to the
guiding-center velocity v gx , this means that the electron
moves quickly from point B to point C. We have a similar
equation for K CD .
The energy increase from point B to point E may be
given as

共11兲

v 储 dtⰇL DE ,

冏 冏冕

E 储 v 储 dt Ⰷ

冏

C

B

E 储 v 储 dt ,

共13兲

if E 储 in x D⬍x⬍x E and E 储 in x C⬍x⬍x B are of the same
order of magnitude. Consequently, v 2储 and hence v 储 can be
large when the particle reaches point E from point D.
Now we can show that the change in the particle energy
along the trajectory B→C→D is much smaller in magnitude
than the energy increase along D→E,
兩 K DE兩 Ⰷ 兩 K BC兩 , 兩 K CD兩 .

共14兲

Using the above discussion, we can prove this analytically
共see the Appendix兲. Also, we can confirm this later by simulations 共see Fig. 5 below兲. Physically, the magnitude of K BC
is small because the change in the energy due to the potential
difference and that due to E y0 almost cancel, e  (x C)
⫺e  (x B)⫺eE y0 (y C⫺y B)⬃0; they have opposite signs,
even though their magnitudes are large. This is also the case
when the particle moves from point C to point D. However,
when it moves from point D to point E, both e  (x E)
⫺e  (x D) and ⫺eE y0 (y E⫺y D) have positive values. Their
sum can therefore be quite large. The fact that the length
(y E⫺y D) can be large further enhances the energy.
We neglect the last term in Eq. 共10兲 as well as K BC and
K CD , because, as can be seen in Fig. 4, B y is small especially
behind the point x m .
We then have the increase in the kinetic energy as
K BE⫽e  E⫹eE y0

冕

E

D

dx

Ex
.
E y0 ⫹ 共 v 储 /c 兲共 BB x0 /B z 兲

共15兲

The energy increase is due to the electric potential and the
constant electric field E y0 . The increase by E y0 is enhanced
by the fact that the magnitude of v gx can be quite small.
To further simplify the expression for K BE , we consider
a case of large-amplitude wave. In the shock region, especially around the point x⫽x m , B z has large values, while B y
is nearly zero. We can therefore assume that
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in the wave frame. In this theory, the magnetic field has only
the z component 共perpendicular propagation兲. The maximum
value of B is given as

冉

2
m i ␥ shn 0 v sh
B
⫽ 1⫹
B0
共 B 20 /8 兲

冊

1/2

共23兲

,

2
where ␥ sh⫽(1⫺ v sh
/c 2 ) ⫺1/2.
Even in oblique shock waves, B z becomes the dominant
component of B if the wave amplitude is large. We may
therefore use Eq. 共22兲 for the estimate of K BE . 共For the potential in a small-amplitude oblique magnetosonic wave, see
Ref. 46.兲

III. REFLECTION AND TRAPPING

Some electrons can be reflected near the end of the main
pulse when, roughly speaking, a potential dip is formed
there. More precisely, the reflection can take place when the
quantity F becomes small there.43 For a stationary state, F is
defined as

FIG. 4. Snapshots of field profiles at  pe t⫽850.

B/B z ⬃1.

共16兲

Also, since v 储 is large along the path D→E, we assume that
v 储 ⬃c.

共17兲

This can be valid when the amplitude is large and the external magnetic field is rather strong,  ce ⲏ  pe ; either of the
two effects acts to increase the electric potential.34,35,45–50
Furthermore, 共13兲 indicates that v 储 can be particularly large
when the electron moves from point D to E. Then, the denominator in Eq. 共15兲 can be approximated as
E y0 ⫹ 共 v 储 /c 兲共 BB x0 /B z 兲 ⬃E y0 ⫹B x0 .

共18兲

Integrating Eq. 共15兲 and substituting Eq. 共6兲 for E y0 , we
obtain a simple expression for K BE in the wave frame,
K BE⫽

eE
.
1⫺ 共 v sh /c 兲共 B z0 /B x0 兲

共19兲

The potential  E is the maximum value of . This indicates
that K BE can have extremely great values when
1⫺ 共 v sh /c 兲共 B z0 /B x0 兲 ⬃0.

共20兲

We can estimate K BE if we know the magnitude of the
potential formed in the shock wave. For a solitary pulse
propagating perpendicular to a magnetic field, the potential is
given as
2
e  ⫽2m i v A
共 M ⫺1 兲 ,

共21兲

where M is the Alfvén Mach number. This relation is valid
for 1⬍M ⬍2 and for  ce /  pe ⱗ1; we need the latter condition for the charge neutrality,50 which is assumed in the
conventional theory for the nonlinear magnetosonic wave. In
Refs. 34 and 35, an expression for the magnitude of the
potential, which is applicable to cases with M ⬎2 or
 ce /  pe ⬎1, was derived as
e⫽

B 0 共 B⫺B 0 兲
,
4n0

共22兲

F⫽⫺

冕

共 E•B兲
ds⫽⫺
B

冕

共 E x B x0 ⫹E y0 B y 兲 B
dx,
B
B x0

共24兲

where ds is the length along the field line,
共25兲

ds⫽ 共 B/B x0 兲v gx dt.

The quantity F has a similar profile to  and B z . The reflected electrons then begin oscillatory motion in the main
pulse region, i.e., motions like D→E→B→C→D in Fig. 2.
When they return to point D 共or near D兲, they will again be
reflected forward. This second reflection occurs even when
the values of F around point D have already been recovered
by this time and are not small anymore. We discuss this
second reflection mechanism here. 共The first reflection was
studied in detail in Ref. 43.兲
At the moment of electron reflection, the electron energies are not very high. The strong acceleration takes place
after the reflection. For simplicity, therefore, we use a nonrelativistic theory. From the equation of motion for electrons,
we have the following equation in the wave frame,43
共 m e /2兲共 v 储 ⫺ v rv兲 2 ⫽e 共 F⫺F 0 兲 ⫺K⫺  共 B⫺B 0 兲 ⫹ 共 m e /2兲
2
⫻共 v 2储 0 ⫹ v d0
兲 ⫺m e c 共 E y0 /B x0 兲

⫻ 共 v dz ⫺ v z0 兲 ⫺ 共 m e /2兲v 2d ,

共26兲

where v rv and K are defined as
v rv⫽⫺cE y0 B z / 共 B x0 B 兲
2
/2
K⫽⫺m e v rv

共 ⬎0 兲 ,

共 ⬍0 兲 ,

共27兲
共28兲

and  is the magnetic moment,

 ⫽m e v⬜2 / 共 2B 兲 ,

共29兲

with v⬜ the gyration speed perpendicular to the magnetic
field.
As Eq. 共5兲 indicates, the fluid parallel velocity is negative in the far upstream region; 具 v 储 0 典 ⫽⫺ v sh cos . We thus
consider here an electron particle penetrating the shock re-
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sition x B2 , i.e., F 2 ⫽F(x B2 ). At t⫽t B2 , v 储 is equal to v rv ;
because v gx ⫽0. The left-hand side of Eq. 共30兲 is therefore
equal to zero at this moment.
At t⫽t B1 , when the particle penetrated the shock region
for the first time, v 储 was negative and the value of Eq. 共26兲
was positive. 关More generally, unless v 储 is equal to v rv , Eq.
共26兲 is positive.兴 The situation is thus quite different at t
⫽t B2 . At this moment, the right-hand side of Eq. 共30兲 is
zero. Hence, the particle will be confined in the region e(F
⫺F 2 )⫺Kⲏ0. Since F 2 is greater than F 0 , a dip of F is not
needed for the second reflection near the end of the main
pulse 共near point D兲.
Once an electron is reflected, then it can hardly escape
from the shock wave. The number of trapped electrons thus
continues to increase as a shock wave propagates; when F
becomes small near the end of the pulse, electrons that happen to be there will be newly trapped.
FIG. 5. Phase space plots of electrons.

IV. SIMULATION RESULTS

gion with a negative parallel velocity. 共Particles can have
positive parallel velocities. If v 储 is too large, however, v gx
cannot be negative.兲 The particle will not be able to enter a
region where the right-hand side of Eq. 共26兲 has negative
values. If such a region appears, the particle will be reflected;
if we neglect unimportant terms, we can say that the reflection takes place when 关 e(F⫺F 0 )⫺K 兴 becomes negative
near the end of the pulse. 共The reflection will not occur
around the point x⫽x m , because  and hence F are large
there.兲 The reflection occurs when the velocity v gx is reversed, from negative to positive. Equation 共2兲 shows that
v gx changes its sign when v 储 ⫽ v rv . That is, the parallel velocity has already changed to positive values before the reflection. After the reflection, v 储 further increases until the
particle reaches the point x⫽x m and then decreases, because
the parallel electric field changes the sign as one moves as
D→E→B. The particle will then be reflected backward near
the leading edge of the main pulse. Simulations indicate that
this point, which will be designated by x B2 , is in the pulse
region, x m ⬍x B2 ⬍x B 共see Fig. 5兲. It thus follows that
F(x m )⬎F(x B2 )⬎F(x B)⫽F 0 .
We now show that the particle will be reflected forward
again near the end of the pulse, x⬃x D , even if the values of
F near there are not so small at this time. We denote the time
when the particle arrives at point B from the upstream region
for the first time by t B1 . After being reflected at x⫽x D (t
⫽t D1 ), it will arrive at x B2 at time t⫽t B2 . We assume that
during the time from t⫽t D1 to t⫽t B2 , the field values
change slightly around x⫽x D so that F(x D) is not small
anymore at t⫽t B2 . If the wave is stationary after t⫽t B2 ,
then we can apply Eq. 共26兲 to this particle for t⭓t B2 ,
共 m e /2兲共 v 储 ⫺ v rv兲 2 ⫽e 共 F⫺F 2 兲 ⫺K⫺  共 B⫺B 2 兲 ⫹ 共 m e /2兲
2
⫻共 v 2储 2 ⫹ v d2
兲 ⫺m e c 共 E y0 /B x0 兲

⫻ 共 v dz ⫺ v z2 兲 ⫺ 共 m e /2兲v 2d ,

共30兲

where the subscript 2 refers to the values at the particle po-

To investigate electron acceleration in oblique magnetosonic shock waves in more detail, we have performed numerical simulations using a one-dimensional 共one spatial coordinate and three velocity components兲, relativistic,
electromagnetic, particle simulation code with full ion and
electron dynamics.51 Since the simulation methods for the
study of shock waves were described in Refs. 30, 43, 44, we
do not go into details of the methods.
Here, we have used the following simulation parameters.
The total system length is L⫽4,096⌬ g , where ⌬ g is the grid
spacing; the numbers of ions and electrons are N i ⫽N e
⫽262,144; the mass ratio is m i /m e ⫽100; the propagation
angle is  ⫽45°; the ratio of the electron cyclotron frequency
to the electron plasma frequency is  ce /  pe ⫽3.0 in the upstream region; the light speed is c/(  pe ⌬ g )⫽4.0; and the
electron and ion thermal velocities in the upstream region are
v T e /(  pe ⌬ g )⫽0.4 and v T i /(  pe ⌬ g )⫽0.04, respectively.
The Alfvén speed is then v A /(  pe ⌬ g )⫽1.2. The time step is
 pe ⌬t⫽0.02. In this section, all the simulation results are
shown in the laboratory frame.
Figure 4 shows field profiles in a shock wave propagating in the x direction with a speed v sh⫽2.2v A . From the top
panel to the bottom one, plotted are the y component of the
magnetic field B y , the z component B z , the y component of
the electric field E y , electric potential , and F. We obtained
 and F using the following equations:

 ⫽⫺
F⫽⫺

冕
冕

x

E x dx,
x

E储

B
dx.
Bx

共31兲
共32兲

The x component of the electric field is given as E x
⫽⫺  /  x, and B x is constant. The quantity E z , which is
not shown here and is rather weak compared with E x or E y ,
has a profile similar to ⫺E x . The quantities B z , E y , , and
F take their maximum values at nearly the same position,
x⫽x m , which is denoted by the dotted line in the figure,
while B y ⬃0 around this point. These properties are consis-
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FIG. 8. Time variations of the number of trapped electrons 共upper panel兲
and the maximum values of  and B z 共lower panel兲. The shock propagation
speed is v sh⫽2.2v A .
FIG. 6. Time variations of (x⫺ v sht), y, and ␥ of a reflected electron.

tent with the assumptions made in the theory. In this snapshot at  pe t⫽850, values of F near the end of the main
pulse, x/(c/  pe )⬃693, are smaller than those in the upstream region. Thus, electrons can be reflected there at this
moment.
We show in Fig. 5 phase space plots of electrons at
 pe t⫽850; (x,p ex ), (x, p ey ), (x, p ez ), and (x, ␥ e ). In the
bottom panel, we have also shown the profile of  to compare with the plot of (x, ␥ e ). The dotted line represents the
position x⫽x m . The electrons reflected near the end of the
main pulse have their maximum energies, ␥ e ⬃130 in this
case, near the point x⫽x m . Energies of passing electrons
remain low.
Figure 6 shows time variations of (x⫺ v sht), y, and ␥ of
a reflected electron; we have chosen a typical reflected electron and followed its trajectory. In the top panel, the position
x⫺ v sht⫽0 refers to the position x⫽x m ; the value of v sh
used here is the shock speed time averaged over t r1 to t r2 .
This electron is reflected at time t⫽t r1 . After this time, the
quantity (x⫺ v sht) dose not decrease, and ␥ starts to increase,
having its maximum value at  pe t⬃780. At t⫽t r2 , the second reflection near the end of the pulse occurs. In addition to
this long period oscillation, we observe a short period oscillation, with period  pe t⬃30 around the time  pe t⫽780.
This oscillation is due to the cyclotron motion.

FIG. 7. Time variations of (x⫺ v sht), y, and ␥ of a reflected electron in a
weaker shock wave.

The period of the slow oscillatory motion of trapped
electrons, as well as the cyclotron period, decreases with
decreasing electron energy. Hence, to observe the oscillatory
motion more clearly, we have carried out a simulation of a
weaker shock wave. Figure 7 shows the same quantities, (x
⫺vsht), y, and ␥, of a reflected electron in a weaker shock
wave with v sh⫽1.8v A . In this weaker shock wave, the maximum electron energy is lower, ␥ ⬃40. The periods of the
long and short period oscillations are, respectively, shorter
than those in Fig. 6. We observe in Fig. 7 that the electron is
reflected four times in the end of the main pulse region at
times t⫽t r1 , t r2 , t r3 , and t r4 by the end of the simulation.
The expression for v gx , Eq. 共2兲, explains the tendency
that the period of the oscillation rises with the shock
strength. The magnitude of v gx decreases as the amplitude of
the shock wave is increased, because B x0 /B decreases more
than 兩 E y0 兩 B z /B 2 with the amplitude. Hence, the second term
( v 储 B x0 /B) on the right-hand side of Eq. 共2兲 cannot greatly
exceed the first term when the amplitude is large.
Once electrons are reflected, they are then trapped.
Hence, the number of trapped electrons would increase. The
upper panels in Figs. 8 and 9 show this. Here, we counted the
high-energy electrons 共␥ ⭓20 for Fig. 8 and ␥ ⭓15 for Fig.
9兲 in the region 兩 x⫺x m 兩 ⭐25(c/  pe ). Also, low-energy electrons in this region were counted if they had been reflected
near the end of the main pulse before. Figures 8 and 9 show,
respectively, the cases with v sh⫽2.2v A and with v sh
⫽1.8v A . In either case, the number of trapped electrons increases with time. The lower panels show time variations of
the maximum values of the potential 共thin line兲 and of B z

FIG. 9. Time variations of the number of trapped electrons 共upper panel兲
and the maximum values of  and B z 共lower panel兲. The shock propagation
speed is v sh⫽1.8v A .
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FIG. 10. Potential vs shock propagation speed v sh . Here,  ce /  pe ⫽3.0 and
 ⫽45° in 共a兲, while  ce /  pe ⫽1.0 and  ⫽66° in 共b兲.

共thick line兲. In these figures, the wave amplitudes are gradually decreasing with time, owing to energy dissipation. However, the numbers of trapped electrons are increasing.
Figure 10 shows the maximum value of  as a function
of the shock propagation speed v sh ; the dots and solid lines
represent simulation and theoretical values, respectively. Figure 10共a兲 shows the case with  ce /  pe ⫽3.0 and  ⫽45°,
while Fig. 10共b兲 shows the case with  ce /  pe ⫽1.0 and 
⫽66°. The potential was measured at  pe t⫽600 in the
simulations. The shock propagation speed v sh was changed
by changing the shock strength. Even though we used the
theory for perpendicular waves,35 the theoretical estimates
agree fairly well with the simulation results.
Figure 11 shows the maximum electron energy, ␥ m , as a
function of v sh . The simulation parameters in Figs. 11共a兲 and
11共b兲 are the same as the ones in Figs. 10共a兲 and 10共b兲,
respectively. The dots and solid lines represent simulation
and theoretical values, respectively. For comparison, we also
show, by dashed lines, the theoretical values obtained in the
previous paper, Ref. 44. The old theory does not give real
values for v sh /c⬍0.46 for the parameters in Fig. 11共a兲 and
for v sh /c⬍0.13 in Fig. 11共b兲. Even though the theory developed in this paper is much simpler, it gives real values of ␥ m
for any v sh and agrees well with the simulation results.
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final expression are much simpler than those in the previous
paper.44 Furthermore, we discussed the physical meaning of
the calculations in detail. The reflected electrons gain energy
from the electric potential and the constant electric field
E y0 (⬍0); e  ⫺eE y0 兰 v y dt. When the reflected electrons
move from the reflection point to the point x⫽x m , the guiding center velocity v gx can be quite small; thus it can take
long periods of time for these electrons to reach the point
x m . Therefore, 兰 v y dt can be large, and the reflected electrons can gain a great amount of energy from the electric
field E y0 . In addition, we have pointed out that once some
electrons are reflected, they can hardly be detrapped; even
after the negative potential dip  共or F兲 disappeared. This
suggests that the number of trapped electrons continually
grows.
We then studied the electron acceleration and shock
propagation with a one-dimensional, relativistic, electromagnetic particle simulation code with full ion and electron dynamics. Trajectories of reflected electrons in a shock wave
were examined. We showed that the theoretical expressions
for the potential and the maximum electron energy are in
fairly good agreement with the simulation result. Also, we
observed that the number of trapped electrons increases with
time.
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APPENDIX: MAGNITUDES OF K BC , K DE , AND E 储

V. SUMMARY

The energy change K BC is calculated as

We have theoretically and numerically studied the electron acceleration to ultrarelativistic energies by a shock wave
propagating obliquely to a magnetic field. Electrons can be
reflected near the end of the main pulse region of the shock
wave when the potential  共or more precisely, F兲 happens to
be small there. They are then trapped in the main pulse region. Their energies take their maximum values at the position of the maximum electric potential, x⫽x m .
Using the energy conservation equation and drift approximation in the wave frame, we theoretically obtained the
maximum energy of reflected electrons. The derivation and

K BC⫽⫺e

冕

C

B

共 E x v x ⫹E y0 v y 兲 dt.

共A1兲

Substituting Eqs. 共2兲 and 共3兲 for v x and v y yields
K BC⫽⫺e

冕

Cv

B

储

B

共 E x B x0 ⫹E y0 B y 兲 dt.

共A2兲

We have similar equations for K CD and K DE . This expression
clearly shows that K DE can be large, because v 储 can be large
and the time is long when the particle moves from point D to
point E.
We now estimate the magnitude of E•B. In ideal magnetohydrodynamics, the electric field parallel to the magnetic
field is zero,
共A3兲

E•B⫽0.

On the other hand, in a two-fluid model, perturbations E x1
and E z1 in a small-amplitude oblique magnetosonic wave
with a propagation angle  are given as
FIG. 11. The maximum electron energy ␥ m as a function of v sh . The simulation parameters are the same as those in the previous figure.

E x1 ⫽⫺

冋

册

m i v 2p0 共 v 2p0 ⫺c s2 兲
⌫ eT e 1  n 1
,
2
2
2 ⫹
e v p0 ⫺ v A cos 
mi n0 x

共A4兲
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m i v 2p0 共 v 2p0 ⫺c s2 兲 cot   n 1
E z1 ⫽
,
2
e 共 v 2p0 ⫺ v A
cos2  兲 n 0  x
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16

共A5兲

in the laboratory frame.46 Here, ⌫ e is the specific heat ratio
of electrons, and c s is the sound speed, c s2 ⫽(⌫ e p e0
⫹⌫ i p i0 )/(n 0 m i ) with p j0 共j⫽e or i兲 the equilibrium pressure. Accordingly, E•B is calculated as
E•B⫽⫺

⌫ e T e B x0  n 1
.
e n0 x

共A6兲

Here, we have neglected second order terms such as E y1 B y1 .
We have obtained 共A6兲 using the quantities in the laboratory frame. It is noted, however, that the value of E•B is
invariant against Lorentz transformation.
Furthermore, in a large-amplitude wave, E•B can be
even larger than Eq. 共A6兲.43,44
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