
PHYSICAL REVIEW B 67, 125302 ~2003!
Effective exchange interaction and Curie temperature in magnetic semiconductors
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Based on a previously reported double-resonance mechanism, we present an analytical expression of the
effective exchange interaction between impurity moments of transition-metal elements introduced in semicon-
ductors. It is shown that the exchange interaction is enhanced by several orders of magnitude as compared with
the ordinary RKKY interaction when the Fermi level and impurity states are close to the top of the valence
band. Although the interaction is found to decay exponentially, the magnitude is large even when the distance
between two impurities is several times as long as the lattice constant. The concentration dependence of the
Curie temperature is calculated by using a percolation theory, and the calculated results are compared with the
experimental findings.

DOI: 10.1103/PhysRevB.67.125302 PACS number~s!: 75.50.Pp, 75.10.Lp, 75.30.Hx
e

-
er
l

er

t
he
f

se
g-
c

co
w

of
d

wa
e

a
a

an

n
tie
th
-

or

-
-
nal
nto
ola-
ion

the
ties

m-

ian
ture
nt
rity

of

on,
ate.

o-

a-
and

e

the
hat

are
An important system for spin electronics is likely to b
ferromagnetic semiconductors~FMSC’s!.1–4 Thus far, it has
been confirmed that Mn-doped III-V compounds,~Ga-
Mn!As compounds,2 and Ge-Mn compounds4 all show a
high Curie temperatures (TC). However, the Curie tempera
ture of these compounds, remains below 110 K, and th
fore FMSC’s with higherTC are needed for technologica
applications. In order to achieve this goal, the origin of f
romagnetism in this context should be clarified.

Several mechanisms have been proposed to explain
origin of the ferromagnetism of these FMSC’s. Analyzing t
magnetoresistance and the concentration dependence oTC,
Matsukuraet al.5 showed that~Ga-Mn!As, with a higher Mn
concentration, is a metallic ferromagnet, and they propo
that the RKKY interaction is the origin of such ferroma
netism. However, Beschotenet al.6 measured the magneti
circular dichroism spectrum of~Ga-Mn!As to show that the
ferromagnetic state occurs even in the insulating phase,
sistent with the variable-range hopping observed in the lo
concentration regime.7 Furthermore, the estimated value
p-d exchange coupling5 was rather large, when compare
with the value obtained in other experiments.8,9 In first-
principles calculations, Akai10 performed Korringa-Kohn-
Rostoker coherent-potential-approximation~KKR-CPA! cal-
culations and showed that the ground state of~Ga-Mn!As is
half-metallic. Thereby, a double-exchange mechanism
proposed for the ferromagnetism of these systems. The
ergy difference between the ferromagnetic ground state
the disordered spin state calculated in the KKR-CPA form
ism may account for the observedTC. Dietl et al.11 have
studied the material dependence ofTC in terms of the Zener
model, and they predicted a higherTC for GaN- or ZnO-
based FMSC’s. On the other hand, Inoueet al.12 noted the
characteristic features of the electronic state in FMSC
proposed a double-resonance mechanism13 in which impurity
states caused by Mn ions play essential roles. The reso
character of the electronic states of the magnetic impuri
has been shown to enhance the RKKY interaction, and
character accounts for the rather largep-d exchange interac
tion used in the experimental analysis.5 In order to describe
the impurity states, Inoue and Maekawa and proposed
effective Hamiltonian, which is quite similar to the Zener
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double-exchange Hamiltonian.14 In addition to these theo
ries, a modified spin-wave theory15 and a dynamical mean
field study16 have been reported to improve the conventio
mean-field approximation. Furthermore, in order to take i
account the diluteness of the magnetic impurities, a perc
tion theory17 has been applied to explain the concentrat
dependence ofTC.

In this paper, we present an analytical expression of
effective exchange interaction between magnetic impuri
using the model which we proposed previously.12 The con-
centration dependence ofTC will be estimated by using the
percolation theory, and the calculated results will be co
pared with the experimental findings.

In the previous study, we proposed a simple Hamilton
by taking into account the essence of the electronic struc
of semiconductors doped with Mn impurities. An importa
feature of the density of states calculated is that the impu
states have one nonbonding~localized! state and two delo-
calized~resonant! states, one of which is close to the top
the valence band. The localized state, which is ofeg charac-
ter and exchange splits due to the Coulomb interacti
couples ferromagnetically with the spin of the resonant st
The valence band is simplified as a single band withs sym-
metry which hybridizes the impurity level to produce a res
nant state. The resulting Hamiltonian has been given as

H52t(
i j s

cis
† cj s1(

is
v0cis

† cis

1U(
i

ni↑ni↓2K(
i

Si•si , ~1!

where t is the hopping integral which characterizes the v
lence band and the mixing between the valence band
impurity level v0 , U is the Coulomb repulsion within the
impurity state, andK(.0) is the ferromagnetic exchang
coupling between the itinerant spins and the localized spin
S. The summations in the latter three terms run only over
impurity sites. The Hamiltonian is actually the same as t
of the double-exchange model for the manganites,14 except
that the numbers of localized spins and carrier holes
much lower than those of manganites.
©2003 The American Physical Society02-1
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As will be discussed below, we treat the impurity state
such a way that a singular behavior in the expression of
effective interaction between impurity moments may
avoided. In other words, the impurity states treated in t
formula are below the Fermi level. This means thatni↑ and
ni↓ are close to 1 and that theU term in the Hamiltonian may
be neglected. By applying a mean-field approximation,
obtain a spin-dependent potentialv is5v02sKS/2[vs at
zero temperature.

The expression of the free energy in the one-electron
ture is given as

F52
1

p
ImE d« f ~«!Tr ln G~«!, ~2!

using the Green’s functionG(«)5(«1 i02H)21, where
f («) is the Fermi distribution function. The Hamiltonia
may be divided into two terms, an unpertubed termH0and a
site-diagonal random potentialV, i.e.,H5H01V. Instead of
direct calculation of the excess energy,DF
5p21(s*2`

E Arg det@12Vg#d«, due to impurities, where
g5(«1 i02H0)21 is the unperturbed Green’s function, w
expand lnG(«) in terms of the off-diagonal~in the site-
representation! Green’s functiongod:

ln G5 ln g2 ln~12gdV!1 (
n51

`
1

n
@godT#n, ~3!

wheregd is the site-diagonal part of the Green’s function a
T is the site-diagonalT matrix.18 By taking into account the
spin indices, theT matrix of sitei may be written as follows:

Tis5
v is

12v isgii
d

. ~4!

By keeping the terms up to the second order ofgod and
adopting the local spin axis for the impurity moments, w
obtain the following equation:

F5F01
1

p (
s i

ImE d« f ~«!ln~12gdVs!

2
1

2p
Im(

i j
E f ~«!gi j gji $~Ti↑1Ti↓!~Tj↑1Tj↓!

1ei•ej~Ti↑2Ti↓!~Tj↑2Tj↓!%, ~5!

whereei is the directional unit vector parallel to the impuri
moment on sitei and gi j [gi j

od . In Eq. ~5!, the first term is
the free energy of the host material, the second term is
contribution from the local part of the impurities, and th
third term is related to the contribution from the coupling
impurities. The first part, in the parentheses of the third te
is independent of the direction of the local moments of
impurities and therefore is irrelevant to the exchange c
pling. The second part in the parentheses denotes
exchange-type coupling between the moments of two im
rities. Therefore, we may write down the free energy for
exchange interaction as
12530
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Fex522(̂
i j &

J̃i j S
2cosu i j , ~6!

with

J̃i j 5
1

p
ImE f ~«!

K2gi j gji

~12v↑gii !
2~12v↓gii !

2
d«. ~7!

We calculate the effective exchange interactionJ̃i j be-
tween localized moments of the impurities as a function
the distancei 2 j for given values of the impurity potentia
v0, local exchange interactionK, the spin magnitude of the
impurity S(53/2), and Fermi level«F . The nonlocal
Green’s functiongi j may be easily calculated for the~100!
direction of the simple cubic lattice.19 We calculate up toi
2 j [d510 in units of the lattice constanta for the ~100!
direction. Because we are dealing with an isotropic syst
with the simple cubic lattice, the qualitative features ofgi j
may be independent of the crystal direction. The calculat
is performed at zero temperature by neglecting the Fe
distribution functionf («). This simplification will be justi-
fied as we choose the position of the Fermi level about 0t
below the top of the valence band. This value of 0t
.1000 K, whent.1 eV, may be sufficiently higher than
the observedTC.

Figure 1 shows the calculated results ofJ̃i j as a function
of distance forvs50. We have setK51.2t, taking into
consideration the experimental results.8 In this case, there is
almost no enhancement forJ̃i j A clear oscillation can be see
when the Fermi level is far below the top of the band, i.
«F55.7t ~band top56.0t). This is a tight-binding version of
the RKKY oscillation. When the Fermi level approaches
the top of the band, e.g.,«F55.9t, the oscillatory behavior
diminishes as expected. The magnitude ofJ̃i j at a distance of
d54a is on the order of 1025t, which corresponds to abou
0.2 K when we assume thatt.1 eV. Thus, we may con-
clude that this kind of RKKY interaction is completely ine
fective for long-range ferromagnetism.

FIG. 1. Calculated results of the effective interaction forvs

50 andK51.2t as functions of the distanced between impurities.
2-2
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Figure 2 shows the calculated results ofJ̃i j for various
values ofv0 with K51.2t and«F55.9t We first notice that
the d dependence ofJ̃i j below d<5a changes to that of an
exponential type, which is consistent with the well-know
result of the disorder-mediated RKKY interaction.20 A rapid
decay ofJ̃i j for d>6a whenv052.0t and 2.5t ~not shown!
is due to the oscillatory behavior of the RKKY interactio
More importantly, the values ofJ̃i j are enhanced by sever
orders of magnitude when the impurity level increases. T
effect is due to the enhancement factors in Eq.~7!. Now the
value of J̃i j at d53 for v052.5t is several 10 K whent
.1 eV. J̃i j is still large atd55 as compared withJi j in the
RKKY interaction.

Next, the Curie temperatureTC is estimated. Because th
quantityK of the largest energy scale has been transform
into a smaller energy scale interactionJ̃i j , a mean-field ap-
proximation might be applied. However, additional care m
be taken as regards the effects of disorder due to the
concentration of magnetic impurities. Therefore, we ad
percolation theory17 to estimate TC. In the percolation
theory, TC is given askBTC5S(S11)J̃(dperc), with dperc

5R̄Bc
1/3. R̄ is an average distance between magnetic im

rities at concentrationx and is given asR̄/a5(3/4px)1/3 for
a simple cubic lattice with a lattice constant ofa. The value
of Bc is 2.4. The distance dependence ofJ̃i j has been fitted to
an exponential type, such thatJ̃i j 5J0exp(2ad). We can
safely neglect the oscillatory part ofJ̃i j , except for the ex-
tremely low concentrations of the magnetic impurities, b
causeJ̃i j decays exponentially up tod55a.

Figure 3 shows the calculated results ofkBTC as a func-
tion of concentrationx of the magnetic impurities. The Curi
temperature increases nearly linearly with increasingx and is
enhanced as the impurity levels increases. Whent;1 eV,
the results ofkBTC for v052.5t (v↑51.4,v↓53.4) agree
qualitatively with the experimental observation of the Cu
temperatures.

In spite of a simple model to calculate the Curie tempe

FIG. 2. Calculated results of the effective interaction withK
51.2t for various values of the impurity potentialv0 as a function
of the impurity distanced.
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ture, it remains constructive to compare the theoretical
sults of TC with the experimental findings. In order to ac
complish this, we take into account the antiferromagne
exchange interactionJAF between the nearest-neighbor im
purity moments. This interaction may be a superexchan
type interaction, given asJAF54td

2/K, wheretd is the direct
hopping integral between impurityd states. Becausetd is
proportional tod25, we assumeJAF5JAF

0 d210, by letting
JAF

0 be an adjustable parameter. Figure 4 shows the ca
lated results together with the experimental findings4,5 re-
garding the Curie temperature as a function of the conc
tration. The agreement in this case is satisfactory.

Now several points are ready to discuss. The impu
state in the semiconductors may be quite different from th
in simple metals. In the latter case, the interaction may no
long range because the Fermi level occurs near the midd
the band and the Fermi wavelength is quite short. When
Fermi level is located near the bottom of the band of
simple metal, the Fermi wavelength might be sufficien

FIG. 3. Concentration dependence of the Curie temperature
various values ofv0.

FIG. 4. Calculated results~solid squares,JAF
0 521.5t, and solid

circles, JAF
0 520.8t) of Curie temperature with a near-neighb

anti ferromagnetic interaction between localized moments
experimental results for Ge-Mn~open circles! and ~Ga-Mn!As
~open triangles!.
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long, but on the other hand, there may not be a suffic
number of electrons on the impurities to sustain the lo
moments.

The approximation to expand the free energy up to
second order of theT matrix in Eq. ~5! breaks down as the
resonant states are formed. Although the range of param
values which guarantee the expansion has not been che
the values ofv0 used in our numerical calculations are r
stricted in order to avoid the singular behavior in Eq.~7! and
therefore do not violate the expansion. When the reson
states are formed, we must directly calculate the energy
ferenceDF caused by impurities, as has already been
ported in our previous work. The magnetic part ofDF, cal-
culated previously, is20.02t to 20.01t for the second- and
third-nearest-neighboring pairs of magnetic impurities.12,21

Therefore, the effective exchange interactionJ̃i j may saturate
within a reasonable value even thoughv0 is increased more
than those used in this work.

The spin-orbit interaction, neglected in the present mo
makes the valence band split into heavy-hole and light-h
bands. Because the number of carriers is small,«F may re-
side at on near the heavy-hole band in real systems. As
spin states ofSz561/2 are mixed in the band, the spin-orb
interaction may hinder the valence holes from mediating
interaction between magnetic impurities. In the ferroma
netic state, however, the asymmetry in the spin states oSz
561/2 may be realized in the heavy-hole band due to
effective field caused by the magnetic impurities. Theref
the heavy-hole band could mediate the interaction betw
impurity spins.22 In order to take the effective field into con
g
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sideration a self-consistent treatment should be carried
The enhancement of the effective interaction treated in
present work may survive even in the self-consistent tre
ment. One should note, however, that the spin-orbit inter
tion may result in an anisotropic exchange interaction
tween impurity moments as proposed recently.23 They23

showed that the ground state is still ferromagnetic ev
though the interaction is frustrated.

In conclusion, we have shown that as the impurity sta
approach the Fermi level located near the top of the vale
band, the effective RKKY-type exchange interaction is e
hanced, showing exponential dependence on the distanc
tween impurities. The enhancement of the effective inter
tion may sufficiently explain the high Curie temperatu
observed in ferromagnetic semiconductors. We believe
the existence of an energy band gap near the Fermi leve
semiconductors and the appearance of impurity states
the band gap are both essential to elucidate the origin of
ferromagnetism of~Ga-Mn!As-type magnetic semiconduc
tors. It should be noted that the electronic structures ca
lated in the first-principles method also show impurity sta
near the energy band gap.24,25The states of double resonanc
introduced by the magnetic impurities may thus be a poss
origin of the ferromagnetism of these magnetic semicond
tors.
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