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SUMMARY This paper discusses the performance of asyn-
chronous direct-sequence spread-spectrum multiple-access sys-
tems using binary or quaternary phase-shift keyed signals with
the strict bandwidth-limitation by Nyquist filtering. The signal-
to-noise plus interference ratio (SNIR) at the output from the
correlation receiver is derived analytically taking the cross-
correlation characteristics of spreading sequences into account,
and also an approximated SNIR of a simple form is presented for
the systems employing Gold sequences. Based on the analyzed
result of SNIR, bit error rate performance and spectral eﬁ”lc1ency
are also estimated.
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1. Introduction

Direct-sequence spread-spectrum multiple-access (DS/
SSMA) systems draw much attention because of the
attractive features such as easiness of overcoming inter-
ference and multipath effect, and capability of asyn-
chronous access.

Since spread-spectrum signals should have wide
bandwidth and low power spectral density, the effects
of the system band-limitation have been often neg-
lected. In DS/SSMA systems, however, numerous
signals are transmitted at the same time and the total
out-of-band emission power may become very large,
even though each signal has a little out-of-band emis-
sion. Thus the signals have to be strictly band-limited
to avoid interference to other systems in the adjacent
frequency-bands.

Several studies have been made on the perfor-
mance of band-limited DS/SSMA systems [1]-[3]. It
does not appear to us, however, that there have been
analytical results of asynchronous band-limited DS/
SSMA systems taking the cross-correlation characteris-
tics of actual spreading sequences into consideration.
Almost all of previous works are made by simulation
or the analysis in which the random spreading
sequences are assumed.

The objective of this paper is to evaluate the
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performance of a practical band-limited DS/SSMA
system analytically taking account of the cross-
correlation characteristics of spreading sequences. For
this purpose, the signal-to-noise plus interference ratio
(SNIR) of the despread signal, as a measure of perfor-
mance, is derived for the system, in which binary
phase-shift keyed (BPSK) signals or quaternary phase-
shift - keyed - (QPSK) signals .are band-limited by
Nyquist filtering. Then, Gold sequence, which is most
commonly used for spectrum-spreading, is applied and
an approximation of the performance of a very simple
form is derived.

As examples of application, we also estimate the
bit error rate performance and the spectral efficiency
using the analyzed result of SNIR.

2. System Model

The models of band-limited DS/SSMA systems with
BPSK and QPSK are shown in Figs. 1(a) and (b),
respectively.

To begin with, let us consider the BPSK system. It
is assumed that the number of users is K and these
users have access asyrichronously to the system with the
same signal power.” At the BPSK transmitter for k-th
user (1= k< K), the information signal b, (z), which
has a rectangular waveform of duration T and takes
the value +1 or — 1 is first multiplied by the spreadlng
signal,

a()= 3 awe(t—ITo), | (1)

where {as,,} is the spreading sequence assigned for the
k-th user’s signal which takes the values +1 or —1,

and
Te
1 == ,
c(:):{ =3 )

0 ; otherwise.

The period of the spreading sequence {ax,.} is set to be
N=T/T., which is the number of chips in one-bit
duration of b, (1).

After the spreading, the signal b,(t)a.(?) is
BPSK-modulated and gives

95 (1) =y2Pb (1) ax (t)cos(wct + Br), (3)
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Fig.1 System models.

where P is the signal power, w, is the carrier frequency
in common among K signals, and . is an initial phase
of the k-th user’s signal.

The bandwidth of this signal is very w1de and has
large side lobes, because b, (1) a. (1) is the sequence of
rectangular pulses; therefore, the signal gx (¢) has to be
band-limited. In this paper, we employ the Nyquist
spectrum shaping with a raised cosine frequency
response X (w), which is evenly divided between the
transmitter and the receiver. This type of spectrum
shaping is essential, as it provides an effective band-
limitation with no intersymbol interference. As X (w)
is evenly divided, transmit filter, preceded by the aper-
ture equalizer, has the square-root raised-cosine shaped
frequency response vX (o~ wc) -

The equivalent lowpass frequency responses of the
raised-cosine shaping, X (w), and that of the aperture
equalizer, E;(w), are given below.

r : < T
1 ;o= Tc(l a)

pi A Tc>}] |

. ,TC(I—— (-
X (@) =) (4)

%[Hsin{z];(“ T>H

’

S

@)

. T
L0 |ol= T (1+a)

Ey(w)= [s{5)]" s el=Fru+0 5)

0 ; otherwise

where ¢ is the roll-off factor and S, (x) is the sampling
function given by

sin x
( ) =—x““.

(6)

The received signals, corrupted by interferences
from other spread-spectrum signals and thermal noise,
are filtered by the receive filter with the same frequency
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response as the transmit filter, coherently demodulated,
and sampled at each chip timing. Then the sampled
chip data y, are correlated discretely to the desired
code sequence {a;,;} as is shown in Fig. 1, in which the
signal from the i-th user is assumed to be the desired
one.
Next, let us show the system with QPSK modula-
“tion. For QPSK, Eq. (3) should be replaced by

9: (1) =/Pbi(2) ak(t) cos(wet+ Br)
+PbE(1) af(t)sin(wet + Br) @)

where bi(1), ai(t) and b (1), af (t) are the informa-
tion signals and the spreading signals for the in-phase
and quadrature components, respectively. The spread-
ing sequences assigned for ai(¢) and af (z‘) are re-
presented by {a},;} and {ag.}.

For the purpose of comparison, it is assurned that
the data rate, the power and the bandwidth of the
QPSK signals are the same as those of the BPSK signal.
Since the bandwidth of the BPSK and QPSK systems is
assumed to be the same, the chip rate of the spreading
sequences ax(z), ak(t), and af(t) are also the same.
On the other hand, as the symbol rate of the QPSK
signal is half the rate of the BPSK signal, the symbol
duration of QPSK becomes 27T. Accordingly, the
period of {a%,} and {af,}, which is the same as the
number of the chips included in one-bit duration of the
information signals b{(z) and b2(t), becomes 2N.

3. Performance Analysis

3.1 BPSK -

At the receiver, K signals arrive with white Gaussian
noise. - In order to simplify the analysis, let us assume
that b, (1) is fixed at +1 and each incoming signal has
the same power.. The signals which have the square-
root raised-cosine shaped spectrum are first filtered by
the receive filter with the frequency response
VX (w—w:). Thus the k-th signal component at the
output from the receive filter is of the following form:

| hk(t)=J§?{m§mak,m-x(t—~mTc—rk)}

-cos(a)ct'—i-qﬁk)' (8)

where x(?) is the impulse response of X (w), and is
expressed as

)

T

s )

The time delay 7, and the carrier phase ¢, for k-th
signal are independent random variables uniformly
distributed over [0, NT.] and [0, 2x], respectively.

L T+
,x(‘) e |

l'z"agSa{n(l a)

-+
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Since 7, and ¢, for different k£ are independent, we can
assume that each signal after the receive filter is also
independent.

Considering the signal from the i-th' user as
desired one, we assume that any synchronization
necessary for the reception of the i-th signal has
been perfectly established, and both ¢; and r; are set
to be zero. The desired signal component of the cor-
relator output, D;, is thus

N-—1
= 2 a,;- 1/§ai,z=1'/§~ (10)

The correlator output for the k-th signal Dy,
which is an interference against i-th channel signal, is
expressed as

4o

P 1 N=1
Dy= ‘Z*COS ¢k|:_ﬁl§){ai,l'm§wak,m

-x(ITc—mTc—z*k)H. an

Replacing /—m by g and taking periodicity of {ax,n}
into account, we obtain

-]
Di=gy/ 508 ¢ 33 Ous(g) x(qTe—2), (12)
qz—m
where
9k,1(q)— 2 i1t Qe N—q+1
Hk,,(q+N) (13)

From these equations, the variance of D, can be
obtained as

Var[D:]= f e / 27: T

P

4N3 cqg ; sz(Q) sz(Q)
¢(q, 9, (14)
where
e ')—f n X
‘x(r+(qg'—q) T dr. (15)

Replacing ¢'—g by r and g by Nu-+s, (u, s: integers)
and taking the periodicity of 6,:(g) into account, we
can modify (14) as .

+-c0 +oo
Varl D= 5 5 3 Ons(Nu+s)

=00 §7=0) 700

. Hk'i(Nu*I"SJ{” r)

(Nu+siTe

. f x
(N(u=1)+5}Tc

P = o o
T4AN?T, 2 OUTe) prs:(r), (16)

(2) -x(r4T,) dz
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where @(7) is the autocorrelation function of x(z)
and pg:(r) is the autocorrelation function of cross-
correlation between the k-th and the i-th signals, and
expressed as :

q)(f)=/_:°°x(z:)-x(t+r)dz (17)
Or,:(F) =1§:9k,i(s) «Oni(s+7). (18)

The autocorrelation function @ (#T.) (r: integer)
can be obtained from the power spectral density of
x(t) as

0Ty =[5[ :‘” X (@) do|

=Te* 07— a Tee (—1)7-Sa(ram)

‘“‘”é—Te' (—1)7[Sa{(ra+1) }

+Sa{(ra—1) }], - (19)

where ¢, is Dirac delta function. Note that, since each
signal component A, (¢) is independent, each D, is also
independent and thus

K K
Var[ St Dk] = >V Var[D:]. (20)
k=1,k*i k=1,kh%1i
Assuming that the thermal noise with single-sided
spectral density N, is added at the input to the receiver,
we obtain the variance of the thermal noise component
D, as

' Ny
Var[D,] Z_Zf_]\/'oTc' 21

Following the above discussion, the signal-to-
noise plus interference ratio (SNIR) at the output of
correlator is derived as

K
SNIRy=D? / (Var[Dn] + k~§-“ _Var[Dk]>

{2]\/'137};@ ﬁ i @ (rT:) pr,:(7)

Lik+ir=—0w

No }’
+5 £ (22)
where E,= NT.P is the energy of the signal for one-bit
duration.

3.2 QPSK

In this subsection, SNIR for QPSK is derived through
the similar procedure for BPSK. As is explained in
Sect. 2, the spreading sequences with the length of 2NV
chips are assigned to the in-phase and quadrature
channels, respectively. For simplicity of the analysis,
information signals bi(¢) and b2(¢) are assumed to be
fixed at +1.

IEICE TRANS. COMMUN., VOL. E76-B, NO. 8 AUGUST 1993

The k-th signal A (2) is of the following form at
the output from the receive filter:

he (1) =J1—’{m§ma{,,m-x (t—mTc— Tk)}

-cos(wet + dr)

]

+/P{ 3

m=-—co

as,m-x(z—mrc—rk>}

-sin(wet+ ¢r) (23)

where the time delay 7 is a random variable uniformly
distributed over [0, 2NT]. In this paper, the analysis
will be made only for the correlated output of in-phase
channel, since the same result can be obtained for the
quadrature channel. '

The desired signal component of the output from
the correlator of the i-th signal receiver is represented
as.

pi=4P. | (24)

The interfering component from the k-th user (k==1)
D} is expressed as

D= lcos 40 55 01:(9) x (a o)

+oo »
tsin g 3 08(g) x(aTemm) |, (29)
where
2N~1 L
ii(q) = 2 aly- ahon-qari=0ki(g+2N)  (26)
ZN-1
Bi(q) = X atr afon-ar=08i(g+2N).  (27)

Using the above equations and the same procedure as
taken for BPSK, we can obtain the variance of Dj:

» ,

VarlDfl= | & 00T ot
+ 5 o0m (0}, (28)
where
oki(r) = Zl 0%: (s) OF: (s+7) (29)

e (r)= 2 08% (s) 085 (s+r). (30)

The variance of the thermal noise component Dj is

N .
INT. (31)

Then, the SNIR for QPSK is derived in the following:

Var| Di] =5

X
SNIRe={ 1357, 21,0 25, @ T (pHie ()
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L+t (32)

where E, is the energy of the signal concerned to
one-bit of the information signal bi(¢)..

4. Derivation of Apprommated SNIR for Gold
Sequences

In this section, Gold sequence is applied to the results
of the preceding section -and a simple equation re-
presenting the approximated SNIR performance is
derived.. For Gold sequences, the parameters p4,:(r),

o:(r) and o¥:(r) are predommant where =0, and
also the summation of them on r=0 are very small
compared to the values at »=0. Typical examples of
or,:(r) for Gold sequences from 9- and 10-stage shift-
registers are shown in Fig. 2. On the other hand, it can
be seen from (19) that the autocorrelation function @
(rTe) of x () becomes maximum at r=0 irrespective
of the value of roll-off factor @. Taking these facts into
account, we can make the following approximation,

:Zl@(rTc) 08 (1) Z 0 (0) 04,:(0),. 33)

2 O (rTe) (pk:(r) +pk,l ()

=00) (pk,z<o>+p (0). (34)

x104

25+ 26,6447

pii(r)

(a) 9-stage GOLD Sequence

120_x10“

108.0319
100+

Pri(r)

0 20 40 60 a0 100
r

(b) lo#slage GOLD Sequence

Fig. 2 . Examples of g, (r). .
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Thus (22) and (32) can be modified as follows:

SNIRB_{ 2 0) 3

Ck=lk%i

onis(0) + 5}
(35)

VR 1537570 0), 3, (0He(O) +o2:0)

*i

]Vo}, B
,+2E,7 o (36)

where from (19), ,
0(0)= (1—-—) T.. e

The parameter pg,;(0) for BPSK is expressed from (18)
as

0ri(0) =3 B:(s). (38)

The cross-correlation values 8e:(s) for Gold
sequences are given in Table 1 [4]. Using these values,
we can obtain the expected value of o.,;(0) as follows:

E[pk,i(o)]gN(N“!‘z)a, . ) ) (39)

where E[x] denotes the expectation of x. Similarly,
the expected values of o (0) and 2 (0) for QPSK
can be obtained as -

E[p#:(0)]= E[pk,, (0)]~4N(N+ 1. (40)

From (36)—(40), SNIRg and SNIR; can be
approximated as ~

SNIRB..{Z;}( )(K }_1, (41)
SNIRo= {Ig;}( - >(K }_1; (42)

Since ¥ is much larger than two in general, SNIRz
and SNIRg are nearly equal to each other, and
expressed for both cases as

SNIR= {——(1 )

Table 1 Cross-correlation values for Gold sequences.

Number of stage of occurrence

Hk,;(s)
shift register probability
—(@"* +1)|~o025

M: odd number -1 ~ 0.5

M+l

+(277 —1)|~0.25

M2

~* 1 1)|~o0.125
M: even number* -1 ~ 0.75
: iz

+(277 —1)|~0.125

¥ Irreducible by 4-




926

5. Examples of Application
5.1 Bit Error Rate Performance

The correlator output consists of the desired signal,
interference, and noise components. The noise compo-
nent D, has Gaussian distribution, as the noise input
to. the receiver is Gaussian. When the number of the
signals K is large enough, the central limit theorem
ensures that the interference component, sum of in-
dependent random values Dy, can be also assumed to
be Gaussian. In such a case, we can evaluate the bit
error rate performance P. of the system by SNIR
obtained in the previous section as

Pe=—1—erfc(1/SNIR72 ), (44)

where, erfc( +) is the complementary error function
given by .

erfc(x) =72——7?/:e“”zdy. . (45)

Note that the bit error rate performance is the same for
BPSK and QPSK systems when the signal power, the
system bandwidth and the data rate are the same,
The curves drawn in Fig. 3 are the numerical
examples given by (44) with (43), where the Gold
sequences with the period 1023 chips is employed. The
simulation result by [5], in which the actual distribu-
tion of the cross correlation of the signals ‘is con-
sidered, is also shown by the dots in the figure. Com-
paring the estimated bit error rate and the simulation
result, we can confirm that the SNIR derived in the
previous section is a good measure of the performance.

100§ T T T T T T T 3

10—8 i W1 i i ]
8.0 12.0 16.0 20.0
Eb/No[dB]

« 4 o simulation
T approximation

Fig. 3 Bit error rate performance.
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5.2 Spectral Efficiency

Equation (43) indicates that SNIR becomes maximum
where the roll-off factor of the cosine roll-off filter is
1.0 for given T;. In this subsection, we evaluate the
effect of the roll-off factor from another point of view,
the spectral efficiency. The spectral efficiency 7 is
defined as follows: [6]

KRb

77 [blt/sec/Hz] o ' '(46)
where R, is each user’s bit rate, and W is the band—
width assigned to the system.

Assuming the Nyquist spectrum
adopted, we obtain R, from (4) as
N(l+a)’

and substituting into (46) we obtain

o K E
T=NO+a)

shaping is

Ry= (47)

- (48)

When the number of users K is much larger than
one, SNIR in (43) is approximated as

SNIR= { zljv( a )+ 22.\;5; }_1. @)

From (49) we obtain the maximum number of users as

_8N [ 1 No )
K=3"0\3SMR 2E, ) (50)
Substituting (50) into (48), we can write 7 as
= 8 (1 No )
7= Td—a)(1+a) \SNIR 2E,/ (51)

Now, let us consider the condition that SNIR and
Ey[Ny are fixed. This is equivalent to saying that the
bit error rate and the signal power, normalized by

-
[

Normalized spectral efficiency: 7
‘ o
[9;]
i
i

0.5 1.0
Roll—off factor:

e
o

Fig.4 Normalized spectral efficiency.
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noise spectral density, are given. Under this condition,
(1/SNIR— N,/2E;) which corresponds to the amount
of noise due to the interferences from other channels
becomes constant and the spectral efficiency normal-
ized by the value for the roll-off factor =0 is ex-
pressed as

_ 4
" A=) (i+a)’

which is plotted in Fig.4. As seen in this figure, the
spectral efficiency decreases as the roll-off factor
increases.

(52)

6. Conclusion

In this paper, the signal-to-noise plus interference ratio
(SNIR) of asynchronous band-limited DS/SSMA sys-
tems has been derived analytically for BPSK and
QPSK systems. For band-limitation, Nyquist filtering
is employed, because this type of filtering is most
commonly used for transmission of digital signals.
The SNIR is evaluated under consideration of the
cross-correlation characteristics of spreading
sequences. The simple approximation of SNIR is also
given for the systems with Gold sequence.

The effects of band-limitation is an important
issue for practical DS/SSMA systems: the numerous
signals transmitted at the same time could give the
serious interference to the systems in adjacent fre-
quency bands, even though the out-of-band emission
of each signal is small. The analytical expressions of
SNIR derived in this paper are simple and useful for
the estimation of the performance of such practical
DS/SSMA systems with the band-limitation. In addi-
tion to the derivation of SNIR, the bit error rate
performance and spectral efficiency are also evaluated.

The results indicate that the SNIR performances
are almost the same between BPSK and QPSK. This
fact suggests to us that there is no need to employ
QPSK. It should be noted, however, that the number
of chips for one-symbol duration of QPSK signal is
twice as many as for BPSK signals under the same data
rate and the system bandwidth. This implies that the
larger number of spreaidng sequences may be available
for assigning to users in the QPSK systems. We can
also expect an improvement of performance in QPSK
by the adoption of an error correcting code with the
same length of spreading sequence as in BPSK..
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