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Abstract— Recently, there has been increased interest in using
multicarrier systems in rapidly time-varying multipath environ-
ment. Biorthogonal Frequency Division Multiplexing based on
Offset QAM (BFDM/OQAM) is an attractive modulation method
since it allows time-frequency well-localized pulses even at crit-
ical sampling (i.e. maximum spectral efficiency). BFDM/OQAM
system is naturally strong against intersymbol and intercarrier
interference (ISI/ICI). However, for further improvement of the
system a study on the channel statistics is needed. In this paper we
analytically examine the channel parameters for BFDM/OQAM
and derive their second-order statistics.

I. INTRODUCTION
Orthogonal Frequency Division Multiplexing (OFDM) sig-

nal is known to be robust against frequency selectivity, caused
by multipath channels. However, it is relatively sensitive to
time selectivity, caused by rapid variation of the mobile
channels. These dispersive time-varying channels result in
intersymbol and intercarrier interference (ISI/ICI)[1].

By introducing pulse shaping filter, it is possible to reduce
the ISI/ICI and increase carrier frequency offset robustness
[2]. The performance of such pulse-shaping OFDM system
in dispersive time-varying channels depends critically on the
time-frequency localization of the transmitter and receiver
filters. Ideally, the system should use time-frequency well-
localized transmitter pulse while keeping maximal spectral
efficiency. Spectral efficiency ρ of the OFDM system may
be approximated by ρ = 1/(TF ) symbols per second per
Hertz, here T is symbol period and F is subcarrier separation.
It is obvious that maximal spectral efficiency is ρmax = 1.
However, due to Balian-Low theorem [3], it is impossible
for the OFDM system, based on Quadrature Amplitude Mod-
ulation (QAM) to have the well-localized pulses at max-
imal spectral efficiency [4]. Number of interesting pulse-
shaping OFDM systems are proposed recently to deal with
the problem. Orthogonal Frequency Division Multiplexing
and Biorthogonal Frequency Division Multiplexing systems
based on Offset QAM (OFDM/OQAM and BFDM/OQAM),
allow construction of well-localized pulses at critical sampling,
which is desirable in high data-rate applications [5]. Moreover,
the second also allows construction of Gaussian pulse, which
has the best TFL. A use of time-frequency well-localized trans-
mitter pulses for BFDM/OQAM systems results in decrease in
ISI/ICI and in some practical cases it may be neglected [6].
However in rapidly time-varying multipath channels careful

investigation of ISI/ICI and proper equalization is needed for
further improvement for the systems. Statistical analysis of
the channel parameters are essential for construction of robust
channel estimation and equalization.

In this paper we analyze ISI/ICI for BFDM/OQAM systems
in time-frequency dispersive environment, analytically derive
second-order statistics for the channel parameters and numer-
ically evaluate them for the case when Gaussian pulse is em-
ployed. To simulate the BFDM/OQAM system we construct
Gaussian transmitter pulse and receiver pulse that biorthogonal
to the transmitter pulse. We show how channel parameter
statistics depend on the channel condition parameters such as
maximum Doppler shift, root-mean-square (rms) delay spread.

II. MOBILE MULTIPATH CHANNEL

Consider a linear multipath propagation channel character-
ized by a infinite set of paths with complex amplitudes {hm},
delays {τm}, incident angles {θm} with respect to direction
of mobile station motion. We make standard assumption wide-
sense stationary uncorrelated scattering (WSSUS). Further we
assume Rayleigh paths with exponentially decaying delay
profile with root-mean-square delay spread τ0:

∑

m:τm∈(τ,τ+dτ)

E{|hm|2} =
1

τ0
e−τ/τ0dτ (1)

where E{·} is expectation, τ0 is root mean square delay
spread, τm and hm are respectively, the delay and complex
amplitude of the m-th path. In this paper make the following
assumption.

Assumption I: For arbitrary interval [τ ; τ + dτ ] there exist
paths such that delays of the paths belong to this interval.

If we denote sum of the complex amplitudes of the paths
in Assumption I: with h(τ) then WSSUS implies that:

E{h(τ1)h
∗(τ2)} =

1

τ0
e−τ/τ0δ(τ1 − τ2) (2)

We also assume that the channel has Jakes’ Doppler power
spectrum. From [7], time variation (i.e. flat fading) of h(τ)
can be expressed as:
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ξ(t) = ξc(t) + jξs(t) (3)

ξc(t) =

√

2

mτ

∑

m:τm∈(τ,τ+dτ)

cos(2πfdt cos θm + φm)

ξs(t) =

√

2

mτ

∑

m:τm∈(τ,τ+dτ)

sin(2πfdt cos θm + φm)

where, θi and φi are respectively, arrival angle and phase shift
of the i-th path, fd is maximum Doppler shift, mτ is the
number of paths with delays belong to the interval [τm ∈
(τ, τ +dτ)]. Autocorrelation and crosscorrelation functions of
this normalized fading process are given by [7]:

Rξcξc
(∆t) = E{ξc(t + ∆t)ξs(t)} = J0(2πfd∆t)

Rξsξs
(∆t) = E{ξc(t + ∆t)ξs(t)} = J0(2πfd∆t)

Rξsξc
(∆t) = Rξcξs

(∆t) = 0 (4)

where, J0(·) is 0-order Bessel function of the first kind.

III. BFDM/OQAM SYSTEM,
ISI/ICI AND CHANNEL PARAMETERS

Here, we review some mathematical background for
BFDM/OQAM, analyze the ISI/ICI for the system, that occur
in the channel described in Section II, and derive second-order
statistics for the channel parameters.

A. BIORTHOGONAL BASIS

Let us briefly review the mathematical basics of
BFDM/OQAM system. Define set G, consists of the pairs of
translations and modulations of a real transmitter pulse shape
g(t):

G =

{

gRk,l(t) = g(t − lT )ej 2π

T
k(t− αT

2K
)

gIk,l(t) = jg(t − lT + T/2)ej 2π

T
k(t− αT

2K
)

where, T is symbol period, K ∈ N is number of subcarrier,
α ∈ [0, M − 1], and k, l ∈ Z. The parameter α allows a
flexible choice of the center of symmetry of the pulse shaping
filter g(t). From the Gabor theory, G forms a Riesz basis
for a separable Hilbert space. For data to be transmitted
and received perfectly, in the absence of channel, it is not
necessary for the set G to be orthogonal. In the case it is, the
system is called OFDM/OQAM. For any Riesz basis G, there
exists unique dual Riesz basis W, such that G and W are
biorthognal. W also consist of the pairs of translations and
modulations of a some real receiver pulse shape w(t):

W =

{

wR
k,l(t) = w(t − lT )e−j 2π

T
k(t− αT

2K
)

wI
k,l(t) = w(t − lT + T/2)e−j 2π

T
k(t−αT

2K
)

where, k, l ∈ Z.
G and W are biorhogonal iff:

Fig. 1. BFDM/OQAM system, w̃(t) = w(−t)

<{< gRk,l(t), w
R
k′ ,l′(t) >} = δk,k′δl,l′ (5)

={< gRk,l(t), w
I
k′ ,l′(t) >} = 0 (6)

<{< gIk,l(t), w
R
k′ ,l′(t) >} = 0 (7)

={< gIk,l(t), w
I
k′ ,l′(t) >} = δk,k′δl,l′ (8)

where, < · > denotes L
2 space inner product,<{·} and ={·}

denote real and imaginary part, respectively, δk,k′ denotes the
Kronecker delta, k, l, k′, l′ ∈ Z. For mathematically more
thorough discussion on this topic we refer to [3].

B. BFDM/OQAM SIGNALS
The baseband BFDM/OQAM signal can be expressed as:

x(t) =

K−1
∑

k=0

xk(t) =

K−1
∑

k=0

∞
∑

l=−∞

{

cRk,lg
R
k,l(t) + cIk,lg

I
k,l(t)

}

(9)

where, T is symbol period, cRk,l,c
I
k,l are real and imaginary

parts of the transmitted symbols ck,l, respectively. We assume
that ck,l are independent identically distributed (i.i.d) random
variables. Transmitted signal propagates through mobile mul-
tipath channel described in Section II. Received noisy signal
may be written as:

s(t) =
√

Es

∑

m

hmx(t − τm)ej2πfmt+φm + n(t) (10)

where Es is signal energy per channel use, fm = fd cos θm

is the Doppler shift of the m-th path, n(t) is additive white
Gaussian noise (AWGN) within signal bandwidth with vari-
ance N0/2 per complex dimension.

Demodulation performed at the receiver can be expressed
as:

dRk′ ,l′ = <{< s(t), wR
k′ ,l′(t) >} = (11)

=

∫ ∞

−∞

<
{

s(τ)e−j 2π

T
k′(τ− αT

2M
)
}

w(τ − l′T )dτ

dIk′ ,l′ = ={< s(t), wI
k′ ,l′(t) >} = (12)

=

∫ ∞

−∞

=
{

s(τ)e−j 2π

T
k′(τ− αT

2M
)
}

w(τ +
T

2
− l′T )dτ



where, dR
k′,l′ ,d

I
k′,l′ are, respectively, the real and imaginary

parts of received symbols dk′,l′ . Block diagram of the
BFDM/OQAM system is shown in Fig.1. w̃(t) = w(−t) can
be seen as a matched filter to transmitter filter g(t).

C. CHANNEL PARAMETER STATISTICS
Passing through the time-frequency dispersive channel, the

transmitted signal loses its biorthogonality causing ISI/ICI at
the receiver. Therefore, received symbols in (11) and (12) may
be rewritten as:

dIk′,l′ =
∑

k,l

{

Hk′,l′,I
k,l,R cRk,l + Hk′,l′,I

k,l,I cIk,l

}

+ nI
k′,l′ (13)

dRk′,l′ =
∑

k,l

{

Hk′,l′,R
k,l,R cRk,l + Hk′,l′,R

k,l,I cIk,l

}

+ nR
k′,l′ (14)

where, nI
k′,l′ = ={< n(t), wI

k′ ,l′(t) >} and nR
k′,l′ = <{<

n(t), wR
k′ ,l′(t) >} are noise components. It is easy to check

that these are zero-mean Gaussian random variables, Hk′,l′,I
k,l,R ,

Hk′,l′,I
k,l,I , Hk′,l′,R

k,l,R and Hk′,l′,R
k,l,I are the channel parameters. In

this context, we use a word channel meaning that it includes
transmitter and receiver filters, as well as the physical medium.
Except the case k 6= k′ and l 6= l′ they show ISI/ICI caused by
the channel. Note that even when k = k′ and l = l′, Hk′,l′,I

k′,l′,R

and Hk′,l′,R
k′,l′,I show an interference between real and imaginary

part of the same symbol. Using (9)-(12) we have:

Hk′,l′,R
k,l,R =

√

Es

∫ ∞

−∞

<

{

∑

m

hmg(t − lT − τm) (15)

·ej 2π

T
k(t−τm−

αT

2M
)ej2πfmt+φme−j 2π

T
k′(t− αT

2M
)
}

·w(t − l′T )dt

Hk′,l′,I
k,l,R =

√

Es

∫ ∞

∞

=

{

∑

m

hmg(t − lT − τm) (16)

·ej 2π

T
k(t−τm− αT

2M
)ej2πfmt+φme−j 2π

T
k′(t− αT

2M
)
}

·w(t +
T

2
− l′T )dt

Hk′,l′,I
k′,l′,I and Hk′,l′,R

k′,l′,I can be expressed in the same way.
When there large number of paths we may assume that these
channel parameters are Gaussian. Therefore, they can be fully
described by their first-order and second-order statistics. In this
paper we analytically derive these statistics. Using Assumption
I in Section II, we can rewrite (15) and (16) as:

Hk′,l′,R
k,l,R =

√

Es

∫ ∞

−∞

dt

∫ ∞

0

dτ<{h(τ)g(t − lT − τm) (17)

·ej 2π

T
k(t−τm−

αT

2M
)ξ(t)e−j 2π

T
k′(t− αT

2M
)
}

w(t − l′T )

Hk′,l′,I
k,l,R =

√

Es

∫ ∞

−∞

dt

∫ ∞

0

dτ={h(τ)g(t − lT − τm) (18)

·ej 2π

T
k(t−τm− αT

2M
)ξ(t)e−j 2π

T
k′(t− αT

2M
)
}

w(t +
T

2
− l′T )

Notice that h(τ) and ξ(t) are statistically independent random
processes. Therefore, it can easily be observed that mean

values of channel parameters are zero. Thus, the channel
parameters are zero-mean complex Gaussian random variables.
Second order statistics can be derived using (2), (4) as:

E{Hk′,l′,R
k,l,R Hk′,l′,R

k̃,l̃,R
} = 2

∫ ∞

0

dτ
e−τ/τ0

τ0

∫∫ ∞

−∞

dt1dt2

·J0(2πfd | t1 − t2 |)g(t1 − (l − l′)T − τ)w(t1)

· cos

[

2π

T

{

(k − k′)(t1 −
αT

2N
) − (k̃ − k′)(t2 −

αT

2N
)−

−(k − k̃)τ
}]

g(t2 − (l̃ − l′)T − τ)w(t2) (19)

E{Hk′,l′,R
k,l,R Hk′,l′,I

k̃,l̃,R
} = 2

∫ ∞

0

dτ
e−τ/τ0

τ0

∫∫ ∞

−∞

dt1dt2

·J0(2πfd | t1 − t2 |)g(t1 − (l − l′)T − τ)w(t1)

· sin

[

2π

T

{

(k̃ − k′)(t2 −
αT

2N
) − (k − k′)(t1 −

αT

2N
)−

−(k̃ − k)τ
}]

g(t2 − (l̃ − l′)T − τ)w(t2 +
T

2
) (20)

In the same way second-order statistics can be derived for
all of the other channel parameters. In Section V, we evalu-
ate these statistics numerically for some practical cases and
compare them with the results of computer simulation .

Lastly, we derive autocorrelation and crosscorrelation be-
tween noise components. It is easy to check that:

E(nR
k,ln

R
k′,l′) =

NO

2

∫ ∞

−∞

dtw(t) (21)

cos

(

2π

T
(k′ − k)(t −

αT

2K
)

)

· w(t − (l − l′)T )

E(nI
k,ln

I
k′,l′) =

NO

2
cos(π(k − k′))

∫ ∞

−∞

dtw(t) (22)

· cos

(

2π

T
(k′ − k)(t −

αT

2K
)

)

w(t − (l − l′)T )

E(nI
k,ln

R
k′,l′) =

NO

2

∫ ∞

−∞

dtw(t) (23)

· sin

(

2π

T
(k′ − k)(t −

αT

2K
)

)

w(t − (l − l′)T + T/2)

Thus, noise components have autocorrelation. The reason is
that set W is not orthogonal. It is easy to observe that
crosscorrelation (23) is almost zero. This is because a term
inside integration in (23) is odd with respect its center of
symmetry.

IV. DESIGN OF BFDM/OQAM SYSTEM

Use of a transmitter pulses that well-localized in time
domain as well as in frequency domain, is critically important
for OFDM/BFDM system in multipath time-varying channels.
One interesting point in BFDM/OQAM is that any symmetric
pulse g(t) forms Riesz basis G, i.e. in the absence of the
channel perfect reconstruction of the transmitted symbol is
possible with arbitrarily symmetric pulse g(t). In the following
subsections we explain the choice of Gaussian transmitter
pulse, the Discrete Zak Transform (DZT) and design biorthog-
onal receiver pulse.



(a) (b)

Fig. 2. BFDM/OQAM biorthogonal pulses, subcarrier number is K = 64 and filter length is Lg = 583: (a) transmitter pulse, (b) receiver pulse

A. TFL and Gaussian pulse

It is well know that Gaussian pulse has a optimum time-
frequency localization (TFL). Classical way to measure the
TFL involves Weyl-Heisenberg inequality [4]. More precisely,
if f(t) ∈ L2(R) and τ, ω ∈ (R) are arbitrary and ˆf(ν) is
Fourier transform of f(t) then

(
∫ ∞

−∞

(t − τ)2 | f(t) |2 dt

)1/2

×

(
∫ ∞

−∞

(ν − ω)2 | f̂(t) |2 dν

)1/2

≥
‖ f ‖2

4π
(24)

where, ‖ f ‖= (
∫

| f(t) |2 dt)1/2 is L
2-norm. Equality holds

iff g(t) = cej2πω(t−τ)e−πβ(t−τ)2 for τ, ω ∈ R, c 6= 0, and
β > 0, i.e. iff g(t) is translated and modulated Gaussian. In
the numerical study in Section V, we consider Gaussian pulse
as transmitter g(t) pulse. More detail discussion on pulses with
optimal TFL for OFDM/BFDM systems can be found on [8].

B. DZT AND DESIGN OF BIORTHOGONAL PULSE

Receiver pulse w(t) that is biorthogonal to g(t) pulse can be
derived from biorthogonality conditions (5)-(8). For the matter
of convenience we consider discrete-time model. (5)-(8) may
be rewritten as [5]:

∞
∑

n=−∞

g[n − lK]w[n] cos

(

2π

K
k(n − α/2)

)

= δ[l]δ[k] (25)

∞
∑

n=−∞

g[n + K/2 − lK]w[n] sin

(

2π

K
k(n − α/2)

)

= 0 (26)

∞
∑

n=−∞

g[n − lK]w[n + K/2] cos

(

2π

K
k(n − α/2)

)

= 0 (27)

∞
∑

n=−∞

g[n + K/2 − lK]w[n + K/2]

cos

(

2π

K
k(n − α/2)

)

= δ[l]δ[k] (28)

where, g[n] = g(nT/K) and n ∈ Z. If g[n] is supported
in [0, Lg − 1], we observe that choosing α = (Lg + K/2 −
1) mod K, even functions g[n] and w[n] with the same
symmetry g[n] = g[α+(2r++1)K/2−n] would satisfy (26),

(27). In the design of biorthogonal pulse we need Discrete-
Time Zak transform (DZT) [9] of the pulse g[n], which is
defined as:

Z(K/2)
g (n, θ) =

∞
∑

r=−∞

g

[

n + r
M

2

]

e−j2πrθ (29)

Inverse can be found as:

g[n] =

∫ 1

0

Z(M/2)(n,θ)dθ
g (30)

Then applying DZT to (25) or (28) we have [5]:

Z(K/2)
g (n, θ)Z(K/2)∗

w (n, θ) +

+Z(K/2)
g (n, θ − 1/2)Z(K/2)∗

w (n, θ − 1/2) =
4

K
(31)

If g[n] is supported in [o, Lg −1], we observe that choosing
α = (Lg + K/2− 1) mod M , even functions g[n] and w[n]
with the same symmetry, that expressed as:

g[n] = g[α + (2r + 1)K/2− n] (32)

would satisfy (26) and (27). Indeed, it can be shown that these
pulses would also satisfy (31). It follows from (31) and (32)
that:

Z(K/2)
w (n, θ) =

4Z
(K/2)
g (n, θ)

K
{

| Z
(K/2)
g (n, θ) |2 + | Z

(K/2)
g (n, θ − 1/2) |2 +

} (33)

The biorthogonal pulse employed by transmitter and receiver
filters, in a numerical example and simulation, is shown in
Fig.2. (a) and (b).

V. NUMERICAL STUDY AND DISCUSSION
In this section we first, simulate BFDM/OQAM system and

derive second-order channel statistics. Second, we numerically
evaluate analytic formulae (19)-(20) for second-order statistics,
and compare the results with those derived by simulation.

We consider BFDM/OQAM signal with K = 64 subchan-
nels, digital modulation uses 16QAM. Transmitter filter uses
Gaussian pulse Fig.2 (a). Biorthogonal pulse for receiver filter
is generated using (33) and shown on Fig.2 (b). Filter length
is Lg = 583.

In computer simulation, the channel parameter statistics are
approximated by generating at least 500 independent samples



of the channel parameters and averaging them. Simulation
is conducted on a fixed value k′ = 30 and l′ = 0. The
simulation channel has exponentially decaying delay pro-
file with rms delay spread τ0 ∈ [0.1µs, 1µs], and Jakes’
Doppler Power spectrum with maximum Doppler shift fd ∈
[70Hz, 700Hz], which corresponds to vehicle speed of v ∈
[30km/h, 300km/h], at carrier frequency fc = 2.5GHz.
Complex amplitudes of each path are zero-mean Gaussian
random variables with variance defined in (1). Symbol period
of the system is set to match the channel, i.e. T = 840µs ≈
√

(τ0/fd).
In numerical evaluation, the channel parameter statistics are

calculated using formula (19), with the same parameters used
in computer simulation.

Figure 3 (a) and (b) show autocorrelation E{H30,0,R
k,l,R

2
} vs.

subcarrier separation k, at different values of the maximum
Doppler shift, i.e. speed of vehicle. The former is generated
by numerical evaluation of (19), and the latter is by computer
simulation. We observe that the results are almost the same.
Autocorrelation take local minimum values at even numbers
of frequency separation. On the other hand, Fig.3 (c) and
(d) plot E{H30,0,R

k,l,R

2
} at different values of rms delay spread

τ0. As previous, (c) is derived by numerically evaluation of
(19), and (d) is by computer simulation. At practical values
of τ0 the results are the same. However at τ0 = 0.1µs
the result from computer simulation shows sharp drops at
even number of frequency separation. It is also of interest
to plot autocorrelation vs. time separation. In Fig. 3. (e) and
(f) E{H30,0,R

k,l,R

2
} is plotted vs. time separation, by numerical

evaluation of (19). The former plots at different values of
vehicle speed, and latter plots at different values of τ0. We
observe that the relation is log-linear.

VI. CONCLUSIONS

In this paper we studied ISI/ICI, channel parameters and
their second-order statistics for BFDM/OQAM system in time-
frequency dispersive channel. We derived analytical equation
for second-order channel statistics and numerically evaluated
them and compared with the results obtained by computer
simulation. We have observed that these two values are almost
the same for the practical cases.
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