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Abstract

We give two new results on Gromov—Witten invariants of Calabi—Yau threefolds. The
first one is a computation of local Gromov—Witten invariants of cubic surfaces at all
genera. We give an explicit formula for the generating function of these invariants in a
closed form. The second one is on the flop invariance of Gromov-Witten invariants of
toric Calabi—Yau threefolds. We prove transformation formulas for generating functions
of Gromov—Witten invariants on general toric Calabi—Yau threefolds under flops. Both
results are based on the theory of the topological vertex. We present proofs of these two
results together with required background on Gromov—Witten invariants.

This paper has been accepted as the author’s doctoral thesis at the Graduate School
of Mathematics, Nagoya University (defended in March 2007).
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Part 1
Overview and Background

1 Overview

1.1 Introduction

Let X be a smooth projective Calabi—Yau threefold, i.e. complex three-dimensional algebraic
manifold whose canonical bundle is trivial. Around 1991, string theorists made a new predic-
tion on “numbers” of algebraic curves in X of genus zero. It had been known that a certain
generating series F'% whose coefficients are these numbers has a physical meaning (the “pre-
potential” or the “genus zero part of the free energy”). The mirror symmetry identified F%
as a specific combination of hypergeometric series. For mathematical understanding of this
phenomenon, an appropriate definition of “numbers” of curves was needed. Nowadays, these
numbers are rigorously defined and called the Gromov-Witten invariants. See [12), [32] for re-
views of these developments. The Gromov—Witten invariants of X is defined by counting the
number of maps from curves to X as follows. The moduli space of stable maps M, ¢(X, 3) into
X from the genus g curves and the prescribed homology class (called the degree) 5 € Ho(X,Z)
of the images has virtual dimension zero. The Gromov-Witten invariant Ny 5(X) of X with
the genus g and the degree 3 is defined by the integral of the unit cohomology class 1 against
the 0-dimensional virtual fundamental class of M, (X, 3). The generating function Fx which
sums N, 5(X) over all g and 3 with the weight A2972Q" (here A and ) are parameters) is called
the free energy and Zx := exp Fly is called the partition function.



In this paper, we study the partition functions of toric Calabi-Yau threefolds I. The parti-
tion function Zx of a toric Calabi—Yau threefold X can be written in an explicit form by the
theory of “topological vertex” developed by Aganagic-Klemm-Marino—Vafa [2]. They found
an algorithm to write down a formula for Zx from the toric fan of X, which is as follows.
First, one assigns a certain amplitude to each vertex of the dual graph of the toric fan of X
as a building block. Then the algorithm tells the gluing rule of vertex amplitudes between two
vertices which are joined by an edge of the graph. The gluing rule was motivated by a geometric
idea of localization (see [16]). On the other hand, the vertex amplitude, from which the name
of the theory comes 2, has a combinatorial expression in terms of special values of skew-Schur
functions. It was obtained by using a certain duality between closed A-model topological string
theory (Gromov—Witten theory) and Chern—Simons theory. See [40), [63] for expositions on these
developments. Although the argument based on a string duality is not mathematically rigorous,
a mathematical theory for the topological vertex was developed later by Li-Liu-Liu-Zhou [59)].
In their approach, a combinatorial expression for the vertex amplitude comes from so-called
Hodge integrals over moduli spaces of stable curves.

The topological vertex is an efficient tool to study Gromov-Witten invariants of toric Calabi-
Yau threefolds. So far, many applications have been given: proofs of a conjecture of Nekrasov
[69] on geometric engineering by Igbal-Kahsani-Poor [36], 37|, Eguchi-Kanno [22, 23] and Zhou
[83], proofs of the Gopakumar—Vafa conjecture for toric Calabi—Yau threefolds by Konishi
[48,149] and Peng [75], and so on. Furthermore, it also shows us a surprising connection between
string theory and some statistical model. By relating the combinatorial expression of the topo-
logical vertex to three dimensional partitions, Okounkov—Reshetikhin—Vafa [72] proposed a du-
ality between topological A-model strings on Calabi—Yau threefolds and a statistical mechanical
model of crystal melting. Inspired by this work, Maulik—Nekrasov-Okounkov-Pandharipande
[64] proposed a conjecture which states the equivalence between Gromov-Witten theory and
Donaldson—-Thomas theory (which concerns integration over moduli of sheaves on threefolds)
for Calabi—Yau threefolds. As an evidence, they proved the conjecture for local toric del Pezzo
surfaces @ based on the topological vertex. This conjecture was generalized to general projective
threefolds later in [65].

The aim of this paper is to present two new applications of the topological vertex. The
first main result gives explicit formulas for the partition functions of local Gromov—Witten
invariants of del Pezzo surfaces Sy of degree d = 3,4, 5, which are non-toric &.

Theorem A . We have explicit formulas for the partition functions of local Gromov—Witten
invariants of non-toric del Pezzo surfaces S3, S; and Sjs.

Formulas for toric del Pezzo surfaces (d > 6) was obtained by Zhou [82] (see also [T], [14], 15, 35]).
The exact form of our formula is given in Theorems [[L4] and Our main idea is to use the
deformation invariance of local Gromov-Witten invariants and reduce the computations to
those of —K-nef toric surfaces whose local Gromov—Witten invariants can be evaluated by the
topological vertex formula (Theorems [[3 and [.6)).

1A Calabi-Yau threefold X is toric if it contains the algebraic torus (C*)® as a dense open subset and the
action of (C*)? on itself extends to X. Particular examples are total spaces of the canonical line bundles of
toric surfaces, which are called local toric surfaces.

2The vertex amplitude itself is also called the topological vertex.

3 A nonsingular algebraic surface S is called a del Pezzo surface if its canonical bundle Kg is negative.

4For a del Pezzo surface S, the positive integer d = ¢1(Kg)? is called the degree of S. It is known that del
Pezzo surfaces are classified by their degrees which take all integers from 1 to 9. A del Pezzo surface Sy of
degree d is obtained as a blow up of the projective plane P? at (9 — d) points if d # 8 and Sg is isomorphic to
either P? blown up at a point or P! x P!, In particular, S, is toric if d > 6. See e.g.[67, §0] for a brief account
of the classification of del Pezzo surfaces.



The second main result is on the flop invariance of Gromov-Witten invariants of toric Calabi-
Yau threefolds. The same problem for projective Calabi—Yau threefolds was studied by Li-Ruan
[55]. For related physical works, we refer to the references in loc. cit..

Theorem B . Let ¢ : X --» X be a flop with respect to a (—1,—1)-curve between toric
Calabi-Yau threefolds. Then Gromov-Witten invariants of X and X T coincide under the
identification of degrees given by ¢.

See Theorem for a precise statement. We show the invariance of the partition functions
under flops (Theorem 0.3]), which implies that for Gromov-Witten invariants (Corollary [@.4]).
By virtue of the topological vertex and local analysis of fans of toric Calabi-Yau threefolds,
the flop invariance of the partition functions is obtained from a combinatorial identity on skew-
Schur functions (Theorems and [7.9)).

The above two results were obtained by joint works [50, [51] with Yukiko Konishi. The
author’s main contribution to the first result was the idea of using the topological vertex and
the invariance of Gromov—Witten invariants under deformations to compute the local Gromov—
Witten invariants of the non-toric del Pezzo surfaces which admit — K-nef toric degenerations.
That to the second one was to prove the combinatorial identity in Theorems which is a
key to our proof of the flop invariance. In the next two sections, outlines of results and their
proofs will be explained in further detail. Since we are going to address two problems which
are related but different in nature, we treat them separately.

1.2 Topological vertex and local Gromov—Witten invariants of del
Pezzo surfaces

The first problem is computations of local Gromov—Witten invariants of del Pezzo surfaces.
These invariants have been intensively studied in physics by various methods: local mirror
symmetry, the holomorphic anomaly equation, Seiberg—Witten curve technique, and so on. See
e.g. [I1] 44l 54] and the references therein.

1.2.1 Local Gromov—Witten invariants of algebraic surfaces

First we give a definition of local Gromov—Witten invariants for any algebraic surface. See §3
for details.
Let S be a nonsingular projective surface and Kg be the canonical bundle of S. We denote by

M,.n(S, B) the moduli space of n-pointed stable maps into S with genus g, degree § € Hy(S,Z).
Consider the following universal diagram:

mg,l(s7ﬁ) L S

|
ﬂ970(57 5) )

where 1 = ev; is the evaluation at the marked point and m = m; is the map forgetting the
marked point, which form the universal stable map and the universal curve respectively (cf.

2.1.1).

Definition 1.1. The local Gromov-Witten invariant I, 3(S) of S with genus g, degree [ is
defined as follows:

I,5(5) = / c(—R'm . Kg) € Q,
[Mg,0(S,8)]vir

where c(-) is the total Chern class and [M, (S, 3)]*" is the virtual fundamental class of

Mio(S, B) (cf. §2T3).



1.2.2 Gromov—Witten invariants of local toric surfaces

Next, we introduce the Gromov-Witten invariants of local toric surfaces. The topological
vertex, which is our main tool, gives a closed formula for their generating functions. See | for
details.

Let S be a nonsingular complete toric surface, which is equipped with an action of the
2-dimensional algebraic torus T = (C*)2. We regard the canonical bundle Kg of S as a T-
equivariant line bundle Og(—>"7_, C;), where C1, - - - , C, are irreducible toric divisors on S. It
is known that they generate Hy(S,Z).

Definition 1.2. The Gromov-Witten invariants N, 5(Kg) of Kg with genus g, degree 3 is
defined by the following T-equivariant integral:

Ngs(Ks) := / er(—R*m. " Kg),
[Mg,0(S,8)15"

where eg(+) is the T-equivariant Euler class.
If Sis a —K-nef (i.e. —Kjg is nef) toric surface then

Ny ol(Ks) = I,a(S), (L)

for 3 satisfying fﬁ c1(Kg) < 0% (cf. Lemma[4). Let us introduce
FroA\ Q)= > Y Nys(Ks)A\¥2Q°,

BEH3(S,Z),8#0 g>0

where @ is a formal variable satisfying Q°Q% = Q°t#', and define
ZK5<)\7 Q) = exp FKS ()\, Q)

Theorem 1.3 (Topological vertex formula). Let s; be the self-intersection number of C;
and t; == QI (1 <i<r). Then we have

v K"(" -
ZKS()\,Q) = Z H ‘ ' \/7)‘ Wl,iWiJrl(e\/T)\).

(W, pr)epr i=1

Here v/ runs over all partitions and we regard i € Z/r. See §2.3.1] and §2.3.3 for notations
on partitions and combinatorial functions. In §5 we give a proof of Theorem [L.3] which is
essentially due to Zhou [82] and Liu—Liu-Zhou [60].

1.2.3 Local Gromov—Witten invariants of del Pezzo surfaces

Let Sy be a del Pezzo surface of degree d. By eq. (LLI)) and Theorem [L3, we have a closed
formula for the generating functions of I, 3(S;) for toric del Pezzo surfaces Sy (6 < d < 9).
We extend this result for d > 3. It is enough to state the result for S3 (see Remark [6.6). Let
p : S3 — P? be a blow-up at six points in a general position and ey, - - - , eg be the classes of the
exceptional curves of p, [ be the class of a line in P? pulled back by p. They form a basis for
Hy(S3,7). We consider the partition function of local Gromov—Witten invariants of Ss:

loc()\ Q) —exp[ Z Z ﬁ 83 \29- 2Q5

BEH2(S3,Z),— Ks4.6>0 920

°Both of the two conditions (—K-nef + fﬁ c1(Kg) < 0) are essential for the equality.
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Our goal here is to obtain an explicit formula for ZIS%C. A key fact is that S5 is deformation
equivalent to a —K-nef (but not a del Pezzo) toric surface S5, whose toric fan can be found
in Figure @ (cf. §6.2). It has nine irreducible toric divisors Ci,...,Cy. Then, by deforma-
tion invariance of local Gromov—Witten invariants for — K -nef surfaces (Proposition B.7), local
Gromov-Witten invariants of S3 can be obtained from those of Sy under appropriate identifi-
cations of second homology classes. Applying eq. (ILT]) and Theorem [[.3]to Sy and subtracting
the contributions from chains of (—2)-curves which are orthogonal to the canonical divisor K 59
we obtain the following

Theorem 1.4 ([51]).
ZK ()\ tlu"‘ 7t9)

79\, Q) = , 1.2
5 (4 @) [lici a7 Z(—20)(As t) —20) (A tig1) Z(—2,0) (N, titigr) (12)

with the following identification of the parameters
ty = Q62—€5’ ty = Ql_e2_63_667 i3 = Q€67 ty = Q€3_€67 ts = Ql_el_eB_&l? (1 3>

o= Q7 1r= QU = QU g =

Here Q = (Q1,...,Q¢,Q7) is a set of formal variables and Q° = Q7'Q3*...Q% for 8 =
arer + -+ ages + a7l € Hy(S5,7Z) and Z_50)(\,t) has been defined by

H teFAk

k=1

This is the first main result of this paper. Its proof will be given in §6l Note that an
explicit formula for Z KSO()\, t1,-+- ,tg) is given by Theorem [[L3. The change of the variables
3

(L3) corresponds to an identification Hy(SY,Z) = H,(S3,Z). The denominator of the formula
([T2) is the contributions from (—2)-curves on S3.

1.3 Flop invariance of the topological vertex

The second problem is on the flop invariance of Gromov—Witten invariants of toric Calabi—
Yau threefolds. In this paper, we mean by a flop a birational transformation obtained by
contracting a rational curve whose normal bundle is isomorphic to O(—1) & O(—1), which is
called a (—1,—1)-curve, and resolving the resulting singularity appropriately (cf. §0.1.1).

1.3.1 An identity

Let P be the set of partitions. For A, A2, A3 € P, the topological vertex Ch, , 1, (q) € Q(q%) is
defined by certain special values of skew-Schur functions associated to Aq, As, A3. See 7.1l for
details. Take four partitions A1, A2, A3, A4 and introduce:

Zo(q, Qo)
Z1,-1)(q, Qo)

Z5 (¢,Q8)

7
(0, Qq) = Zic1,-1(q,QF)

Zy(q, Qo) =

(1.4)

where

ZO(CLQO) = Z(_QO)MCM,)\%M(q)C)\s,/\Ml(q)7

HEP

ZJ(Qa Q(—)’—) = Z(_Q(—)’—)MCALMKM(Q)CA&M)Q (Q) )

HEP



and Z(_1-1)(¢,Q) = [[1=,(1 — Q¢*)*. These are formal power series in Qo (resp. Qf). A
key result to our proof of the flop invariance of Gromov—Witten invariants of toric Calabi—Yau
threefolds is the following combinatorial identity.

Theorem 1.5 ([50]). Under the identification QF = Qy", we have
Z{q,QF) = (_QO)—(\M|+\>\2|+|A3|+I>\4|)q%(f<(>\1) r(A2)+r(A3)—r(Aa)) Z(q,Qo) -

Theorem will be proved in 7.2l Our proof is based on the technique which has been
developed in [36, 137, 22}, 23], 83] to prove a conjecture of Nekrasov [69] on the equivalence between
the partition function of Gromov—Witten invariants of a certain toric Calabi—Yau threefold and
the Nekrasov partition function in instanton counting.

1.3.2 Flop invariance of the Gromov—Witten invariants

Let X and X be toric Calabi—Yau threefolds which are birationally equivalent under a flop
¢ : X --» XT with respect to a (—1,—1)-curve Cy in X. Let Cf C XT be the flopped
(—1,—1)-curve. See §9.1]for details. Note that we have an isomorphism between Hy(X,Z) and
Hy(X™,Z) induced by ¢.

Let us consider the partition functions of X and X :

Zx(0Q) = ep| D DT N(0OX2Q7

BeH2(X,Z),7#0 920

Zer0QY) = e | 3 DTN (X)NQYY
BEH2(X+,2),6#0 920

where N, 3(X) and N, (X ™) are Gromov-Witten invariants of X and X respectively. The
topological vertex enables us to write down a combinatorial formula for Zx (A, Q) and Zx+ (A, Q™).
See §8.2] for a summary of the theory of the topological vertex. Under appropriate identifica-
tions of the expansion parameters ) and Q*, one can show that they are equal except for
factors coming from multiples of [Cy] and [C] (Theorem [0.3). Since a flop is a local operation,
the difference between the two can only appear at the local contributions from neighborhoods
of Cy and Cf. If we set ¢ = V=™, they are given by Z4(¢q, Qo) and Z;"(q,Q7), defined in
(L4), respectively. Then, showing the equality between the two partition functions reduces to
the identity in Theorem [LAl As a result, we obtain the following

Theorem 1.6 ([50]). For € Hy(X,Z) which is not a multiple of [Cy], we have

For a multiple of flopping curve class, we have

Ng,d[Co] (X) = Ng,d[Cg'} <X+) .

Theorem is the second main result of this paper. Its proof and some applications will
be given in §9

1.4 Organization of the paper

The paper is organized as follows. The rest of the part [l covers the background material.
Notations introduced in §2 especially those on moduli of stable maps (§2.1)) and partitions
(§2.3) are used throughout the paper. Parts[Iland [IIlare devoted to prove the results presented
in §1.2] and §1.3 respectively. In principle, they can be read separately. More details will be
explained at the beginning of each section.



1.5 Acknowledgments

I would like to thank my advisor Prof. Hiroaki Kanno for his guidance and support. I learned
physical aspects on the subject mostly from his papers, lectures and discussions with him. I
wish to thank Dr. Yukiko Konishi for collaboration and instruction in the virtual localization
technique. She had the patience to answer a lot of my questions on it. I am also grateful to
Dr. Yuichi Nohara, Prof. Hiroyuki Ochiai, Prof. Akihiro Tsuchiya, Prof. Tohru Uzawa and the
preliminary reviewers for reading the manuscript carefully and giving me useful comments. The
paper was written at the Mittag-Leffler Institute (Djursholm, Sweden) during the fall term of
2006-07 program on Moduli Spaces. I would like to thank the staff and the organizers there for
providing me a wonderful research environment.

2 Background

In §2.1] a definition of Gromov—Witten invariants for nonsingular projective varieties is given.
Special attention will be paid to projective Calabi—Yau threefolds. §2.2is devoted to the virtual
localization formula, which is one of the most powerful tools in the study of Gromov-Witten
invariants. In §2.3] a definition of Hodge integrals and necessary formulas are given.

2.1 Gromov—Witten invariants
2.1.1 Stable maps

The notion of stable maps was introduced by Kontsevich [52]. Let X be a non-singular pro-
jective variety over C. Stable maps into X are defined as follows. Recall that an n-pointed
pre-stable curve of genus ¢ is a tuple (C,py,--- ,p,) where C is a projective, connected, re-
duced, nodal curve of arithmetic genus g, and py,--- , p, are distinct non-singular points on C'.
Nodal points on C' and marked points pq,- - - , p, are called special points of a pre-stable curve

(Capla e 7pn)

Definition 2.1. (i) An n-pointed pre-stable map f : (C,py, -+ ,p,) — X into X of genus g,
degree 3 € Hy(X,Z) is a morphism from n-pointed genus g pre-stable curves (C,py,- -+ ,pn) to
X such that f.[C] = .

(ii) An infinitesimal automorphism of pre-stable map is a tangent vector field v on the domain
curve C' which vanishes at the special points and satisfying df (v) = 0.

(iii) A pre-stable map is called stable if it has no nontrivial infinitesimal automorphisms.

We denote by HQM(X , ) the moduli space of n-pointed genus g stable maps of degree 3
into X. The existence of the fine moduli spaces M, (X, 3) of stable maps as Deligne-Mumford
stacks and their properness was stated in [52] and proved in [6] (see also [2§] together with [30),
Appendix AJ). These spaces come equipped with several natural morphisms. For each of the n
marked points, there is an evaluation map

evi : Mya(X,8) = X
which takes (f;C,p1,- -+ ,pn) € Myn(X,8) to f(p;) € X. There is the map
Tn+1 - M97n+1(X7 ﬁ) - mg,n(‘Xv ﬂ)

which forgets the last marked point (and stabilizes if necessary). The forgetful morphism
and the evaluation morphism ev,,; form the universal curve and the universal stable map

9



respectively:
-/Vg,n+1(X7 ﬂ) m X

W"“l (2.1)

Myn (X, 5) -

2.1.2 Deformation theory of stable maps

Following [30, Appendix B], we summarize the obstruction theory on the moduli space M :=

Myn(X, B) of stable maps into X. Let us set U := M, 11(X, ) and consider the universal
curve m = m,q1 : U — M and the universal stable map pu = ev,1 : U — X (cf.(21))). The
stability condition and the projectivity of X imply that there exists a two-term complex

E, = [Ey — Ey] (2.2)
of vector bundles over M which satisfies the following condition.
Define coherent sheaves 7', 72 on M by the following exact sequence:

0 T E, E, T2 0. (2.3)

Then 7' and 772 fit into the following exact sequence:
0 —— R'm,Hom(Q:(P),0y) —— R'mu*Txy —— T!

(2.4)
—— R'm,Hom(2:(P),0y) —— R'm.u*Tx T2 0,

where €1 is the sheaf of m-relative differentials on &/ and P is the divisor of marked
points.

The exact sequence (2.4) is the tangent—obstruction sequence of the deformation theory of
stable maps which consists of two parts:

(i) Deformation of maps f : C'— X from a fixed domain curve C,

(ii) Deformation of the n-pointed domain curve (C,py,- -, pp)-
The tangent and obstruction spaces for (i) are H°(C, f*Tx) and H*(C, f*Tx) respectively. For
(i), Ext’(Qc(P), O¢) and Ext!' (Qc(P), O¢) are the space of infinitesimal automorphisms and
the tangent space respectively (there is no obstruction space). This explains the geometrical
meaning of ([2.4)). We call 7! and 72 the tangent sheaf and the obstruction sheaf respectively.
The complex E, is called the (dual) perfect obstruction theory on M.

From (Z4), we can compute the virtual (or expected) dimension vdim M, (X, ) of the
moduli space M, (X, 3). By Riemann-Roch theorem, it is given by

vdim M, ,(X,08) = —Kx - 8+ (dim X — 3)(1 — g) + n. (2.5)

If there are no obstructions, the moduli space Mgm(X ,3) is smooth of expected dimension.
This is the case when H'(C, f*Tx) vanishes at all points in the moduli spaces. However, in
general, Mgm(X , ) may be singular, non-reduced, reducible, and of impure dimension. It may
have a component whose dimension is bigger than the expected dimension.
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2.1.3 Virtual fundamental class

We want to define Gromov-Witten invariants of X as integrals over M, (X, 3). However,
this space is not so nice as we mentioned earlier. In addition, it does not behave well under
deformations of X. For instance, Hg,n(X , ) does not necessarily deform in a flat family under
a flat deformations of X. To overcome these problems, the virtual fundamental class was
introduced: ﬂg,n(X ,3) carries a natural class

(M (X, D" € Avaim(Mgan (X, 5)),

in the expected dimensional Chow group of rational coefficients. It has good properties including
nice behaviors under deformations of X. In Gromov-Witten theory, all integrals are taken
against the virtual fundamental class. It is constructed from the perfect obstruction theory E,
(cf.(Z2). For example, if the moduli space is smooth of expected dimension then the virtual
fundamental class is equal to the ordinary one. If the moduli space is smooth but not of
expected dimension, that is the case when obstruction sheaf 7?2 is a vector bundle, then the
virtual fundamental class is given by

(M (X, B)]"" = e(T7) N [Myn(X, B)],

where e(-) is the Euler class. The construction is quite subtle in general. This was the main
technical point in defining Gromov-Witten invariants which was achieved by Behrend-Fantechi
[7,[8] and Li-Tian [56] in algebraic category, and by Fukaya—Ono [25], Li-Tian [57], and Siebert
[76] in symplectic category. Proofs of the coincidence of these constructions in two different
categories were given by Li-Tian [58] and Siebert [77].

The Gromov—Witten invariants of X are defined by integrals of the following form:

<717"' 7771)%6 ::/ 6?};’%‘,
! My (X80 1}

where v; € H*(X,Z). The geometrical meaning of this invariant can be explained as follows.
Take n homology cycles I'; on X (i = 1,--- ,n). Then Gromov—-Witten invariant (-, - - - ,fyn>;f 3
for v; = PDI[I';], where PDII';] represents the cohomology class which is dual to the homology
class [I';] under the Poincaré duality, is a virtual counting of n-pointed stable maps into X of
genus ¢, degree (5 which intersect with the cycle I'; at the image of the i-th marked point. Note
however that Gromov—Witten invariants are rational numbers since the virtual fundamental
class is a rational class.

The Gromov—Witten invariants are invariant under smooth deformations of X (see, e.g. [56,
Theorem 4.2]). A meaning of this statement can be explained as follows. Since smooth families
of varieties are locally trivial in the C'*°-topology, there are canonical isomorphisms between
nearby fibers of the family. With respect to this identification, the Gromov—Witten invariants
are independent of the choice of a fiber.

2.1.4 Gromov—Witten invariants of Calabi—Yau threefolds

Let X be a nonsingular projective threefold. Then the virtual dimensions of the moduli spaces

M, o(X, B) do not depend upon the genus:
vdim M, o(X,8) = —Kx - 3.

We say that X is a Calabi—Yau threefold if its canonical bundle Kx is trivial. Then —Kx-3 =0
for any . For a Calabi-Yau threefold X, the genus g, degree 3 Gromov-Witten invariant of

11



X is defined as
Nya(X) = (1= | ) (2.6)

[Mgo(X,B)]Vir
We consider the following generating function of Gromov-Witten invariants N, 5(X) of X in
all genera and all nonzero degrees:

Fx(\Q) =) > Nys(X)A\¥72Q". (2.7)

B#0 g=0
Fx (), Q) is called the free energy of X and its exponential

ZX()‘a Q) = exp FX(Aa Q)7 (28)

is called the partition function of X.

From considerations in M-theory, Gopakumar—Vafa [29] proposed a remarkable conjecture
about integrality structures of the free energy of a Calabi-Yau threefold X.

Definition 2.2. Define the Gopakumar-Vafa invariants n%(X) € Q by the following formula:

o0

- n%(X 29-2
O =3 # (2sin %) Q. (2.9)

B£0 g=0 k=1

Matching the coefficients of the two series yields equations determining n%(X ) recursively in
terms of N, g(X).

Conjecture 2.3 (Gopakumar—Vafa conjecture). For a Calabi-Yau threefold X, n%(X) € Z
for any g > 0 and B € Hy(X,Z). Moreover for any fized [3, n%(X) =0 for all but finite g.

Gopakumar—Vafa’s original argument was that for each curve class § € Hy(X,Z) and genus
g, there is an integer n%(X ) counting certain BPS states in M-theory and the formula (2.9)
holds for a Calabi-Yau threefold X. According to their physical argument, the number of
BPS states should be defined in terms of the moduli space of D-branes on X. See [33, [43] for
approaches for this problem.

2.2 Virtual localization

The virtual localization formula (Theorem [2.5]) due to Kontsevich [52] and Graber-Pandharipande
[30] is presented. We shall use it in §3.2.2 and §5l

2.2.1 Equivariant homology groups

First, we review equivariant homology groups. We work with Q-coefficients. Let X be a non-
singular irreducible algebraic variety equipped with an action of a linear algebraic group G (over
C). The G-equivariant homology groups of X are defined by the so-called Borel construction.
Consider the universal principal bundle EG — BG of GG. Here EG is a contractible space with
a free G-action (these conditions determine EG uniquely up to homotopy) and BG = EG/G.
Consider FG x X on which G acts freely and the quotient X¢ = (EG x X)/G, the homotopy
quotient of X by G. Roughly speaking, the G-equivariant (co)homology groups are defined via
ordinary (co)homology groups of Xg.

More precisely, we work with finite-dimensional approximations of the classifying space
EG — BG. For each N > 1, there exists a nonsingular irreducible variety EGy with G-action
which has the following properties:

12



(i) H(EGy)=0fori=1,...,2N.
(ii) A principal G-bundle quotient
EGNx — BGy := EGyN/G
exists.

Let Xgn = (EGy x X)/G. For each n, we define the n-th G-equivariant homology group of
X as follows. Take N such that n < 2N and define

HnG(X) = Hf%dim G+2dim EGN(XG,N)a

where the RHS is the Borel-Moore homology group (see e.g. [26, §19.1]). We also define the
n-th equivariant cohomology group of X as

HE(X) = H"(Xo.n),

where the RHS is the ordinary cohomology group. These are independent of the choice of EG y.
If n > 2dim X, then HY(X) = 0. On the other hand, HY(X) may be non-zero for n < 0. By
the Poincaré duality, we have

Hg(X) = H2Gdim X—n(X)'

The projection map p : Xgny — BGy is a flat map with the fiber X, which makes H(X)
into a module over the graded ring H*(BG) = H(pt). The inclusion i of a fiber of p gives a
morphism

i HY(X) — H,(X),

via the Poincaré duality isomorphism. The top dimensional map
7 Hyginy x(X) = Haaim x(X),

is an isomorphism. The G-equivariant fundamental class [X]g is defined by *[X]s = [X],

where [X] is the usual fundamental class of X.
Let V' — X be a G-equivariant vector bundle. Consider Vi; := (EGxV)/G. Then Vg — X¢
is a vector bundle. Define the G-equivariant Euler class eq(V') of V' as

ea(V) = e(Vg) € HE™V(X),

where the RHS is the ordinary Euler class (i.e. the Chern class of the top degree).

2.2.2 Classical localization theorem

In this section, we consider an action of an algebraic torus T = (C*)" on a nonsingular irreducible
algebraic variety X. First, we give a concrete description of EGy — BGy for G =T = (C*)".
Let us consider

ETy := (CNT1\ {0}) x -+ x (C¥*1\ {0}) (r times),
equipped with the T-action defined by
(ty, ..., t) - (v1,...,0) = (t7 o, .ot ).
Then ETy satisfies the conditions (i) and (ii) above and

BTy =PV x -« x PV (r times).
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In the limit N — oo, the map ET — BT is given by
(CN\A{0})" — ()",

We have Hi(pt) = H*(BT) = Qlay, . .., a,], where a; is given by ¢; (O(1)) of the i-th factor,
hence deg a; = 2. We denote this graded ring by Rr.

Let Ch(T) be the character group of T. For each p € Ch(T), we have a 1-dimensional
representation C, of T, hence the corresponding line bundle L, := (C,)r over BT. We have
a homomorphism w : Ch(T) — H?(BT) defined by p — —ci(L,). For p € Ch(T), we call
w(p) the weight of p. Note that if p; € Ch(T) is the character defined by p;(t1,...,t,) =t; for
(t1,...,t,) € T, then we have w(p;) = «;.

Let XT be the T-fixed point set and ¢ : X* < X be the inclusion. We have the push-forward
morphism

Lt HN (X" — HIN(X).

Let R{ be the multiplicative closed subset of Ry which consists of all the homogeneous elements
of positive degree and the unity. Let Qp := (Rf)™" Ry C Q(av, ..., ;) be the localized ring.
Then the localization theorem of Atiyah-Bott [3] states that

et HY(XT) @ Qr — H/(X) ® Qn

is an isomorphism.

Next, we give explicit localization formula for the equivariant fundamental class. Let X =
UX; be the decomposition into irreducible components. By [39], smoothness of X implies that
of X;. Let N; be the normal bundle to X; in X. Since T acts on /N; with non-zero weights, the
T-equivariant Euler class er(NN;) is invertible in H;(X;) ® Qt (see e.g.[21, Proposition 4]). The
localization formula for the T-equivariant fundamental class [X]r is given by

Xp=e. Y % € HT(X) & Qs (2.10)

This formula enables us to express integrals over X as a sum of contributions from T-fixed
point components. For example, let A be a T-equivariant vector bundle whose rank is equal to
dim X and A; be the pull-back of A to X;. Then we have

/Xe(A) :Z/X% (2.11)

which is called Bott’s residue formula [9].

There is an algebraic version AT(X) of the equivaraint homology group, the equivariant
Chow group of X with Q-coefficients defined by Edidin-Graham [20]. A construction of the
equivariant Chow groups similar to that in §2.2.1] has been given in loc.cit.. Moreover, in [21],
it has been shown that the localization theorem and the formula (Z.I0) hold in the localized
equivariant Chow group AT(X) ® Qp. See [53] for an extension of these results to Deligne—
Mumford stacks.

2.2.3 Virtual localization formula

Let X be a non-singular projective variety equipped with an action of an algebraic torus T. A
T-action on X induces that on M := M, (X, 3) by translating maps:

t-[f]=1[t-fl, teT [fleM.
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It was Kontsevich [52] who proposed to compute Gromov—Witten invariants of such X by using
localization formula with respect to the above T-action on M. However, integrals in Gromov—
Witten theory are taken against the virtual fundamental class [M]"" of M. Therefore, we
need a localization formula for the virtual fundamental class. This was established by Graber—
Pandharipande [30]. Here we summarize their results.

Recall that we have the perfect obstruction theory E, = [Ey — FEj] which is a two-term
complex of vector bundles on M. It defines the virtual fundamental class [M]*" of M (cf.§2.1.2]
213). Now if there is a T-action on M we can take the complex F, so that it is T-equivariant.
Then it defines the equivariant virtual fundamental class [M]%" in the equivariant Chow group
AT (M) of expected dimension.

Let ./\/lT = U, M, be the fixed point components. Let E,; be the restriction of £, to M,.
The complex F,; may be decomposed by T-characters:

E.;=El, ® E",

where the first summand is the T-fixed part corresponding to the trivial character and the

second summand is the T-moving part corresponding to non-trivial characters. The T-fixed

part EfZ defines the virtual fundamental class [ﬂi]”" of M;. The normal ‘bundle’ to M, is
defined as follows.

Definition 2.4. The virtual normal bundle N/ to M; is defined to be the T-moving part
E:”Z The equivariant Euler class of Ni“”’ = E(Tz’ — Ei”z is defined to be

, er(Eqy;)
er(NP'") = ——==, 2.12
T( i ) eT(E{nﬂ) ( )
Then the virtual localization formula is stated as follows.
Theorem 2.5 (Graber—Pandharipande).
A Avir [mi]vir T A
MG =1, ZeT(N—) € Al o (M) @ Qr. (2.13)

Bott’s formula is also valid in this setting;

Jiaor =3 [ ity (229

2.3 Hodge integrals

If we consider stable maps to a point, we recover the notion of stable curves introduced in
[13, [45]. We denote by Mg,n the moduli space of stable curves of genus g with n marked
points. It is an irreducible projective variety of dimension 3g — 3 4+ n. Since there are no
obstructions to deformations of curves, it follows that the virtual fundamental class of M, is
the usual fundamental class. Hodge integrals are integrals of natural cohomology classes over
M, . They arise naturally in Gromov-Witten theory. See [24] for more information. The
main result in this section is a formula for two-partition Hodge integrals (Theorem 2.6) due to
Liu-Liu—Zhou [60], which will be used in §5l
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2.3.1 Partitions

First, we introduce some notations related to partitions, which will be used throughout the
paper. Let u be a partition, i.e. a non-increasing sequence of positive integers p = (13 > g >

- > gy > 0). The number [(p) is called the length of p and |p| := py + -+ + pu() is called
the weight of . The automorphism group Aut(u) is the subgroup of the permutation group of
{p1, ..., uw} which preserves p, i.e. permutes j; and p; only if pi; = pj. Its order is equal to

[ L1 mu(p)!, where my,(u) == #{i | i =k}

We denote by P the set of partitions. For u € P, let x, denote the character of the
irreducible representation of symmetric group 95|, indexed by 1, and let C, denote the conjugacy
class of S|, indexed by p. By the orthogonality of characters of Sq, where d = |u| = |v|, we

have
3 XulCo)x(Co) = Gy, (2.15)

UEP
lo|=d

where

= |Aut(u H i -

For u € P, we define the integer

U(p)
= |ul+ D pilpi — 20), (2.16)
=1

which is always even.

Let © = (z1,22,...) be a set of variables. For y € P, let s,(z) be the Schur function
associated to p. See [62] for a definition. It is known that the set of Schur functions {s,(x) |
p € P} is a Z-basis of the ring of symmetric functions. The skew Schur function s, () for
1, A € P is defined in terms of Schur functions as follows:

S#/A E : C)\VSV ’

where ¢, are integers (called the Littlewood-Richardson coefficients) defined by

1) =3 dhsule)

2.3.2 Hodge integrals

There are natural cohomology classes on Mgm called the A and v classes. Let 7 : ﬂg,nﬂ —
M, ,, be the universal curve and w, be the relative dualizing sheaf. The Hodge bundle E := 7,w,
is the rank g vector bundle over M, ,, whose fiber at (C, py,...,p,) is given by H°(C,w¢). The
A-classes are the Chern classes of E:

i = c(B) € H* (Mg, Q).

Let s; : ﬂgm — ﬂg,nﬂ be the secti% of m which corresponds to the i-th marked point. Let
L; := sjw, be the line bundle over M, ,, whose fiber at (C,ps,...,p,) is the cotangent line
T, C. The p-classes are the first Chern classes of Ly;:

Vi = ca(ly) € HQ( gm@)
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The Hodge integrals are intersection numbers of 1)-classes and A-classes:

/ ¢{1...¢%n)\’f1...)\l;ge@.
Mg,

In Gromov—Witten theory of threefolds, Hodge integrals of particular types often appear.
For h (1 < h <3),let (u!, -+, u") be an h-tuple of partitions. Let us consider the integrals of
the following type:

Y

/ Ay (ur) Ay (uz) Ay (u3)
7 h—1 7pl(pitt i+1
My ity 4 ti(uh) Hj:O Hz(zul )(1 - /Lng wl(uj)ﬂ')

where we set u° = () (the empty partition) and
A (u) = uf = Xud ™+ 4 (1)

By definition, the integral is the combination of Hodge integrals obtained by expanding the
integrand as a series in the ¢ and A classes and then integrating the terms of the appropriate
cohomological degree. They are often referred to as one-, two-, three-partition triple Hodge
integrals for h = 1,2, 3 respectively. If the parameters in the numerator satisfies uy +us+us = 0,
these are called special (or Calabi-Yau) triple Hodge integrals. For example, the integrals
that arise in the computation of the Gromov—Witten invariants of a general toric Calabi-Yau
threefold are three-partition special triple Hodge integrals.

Let us consider the simplest cases, one-partition Hodge integrals for ¢ = 0. In this case
Ay (u) =1 and

1
/ W) (1 _ ol
Mo 1Litt (1 — pathi)

for [(u) > 3 (see e.g.[52, Lemma in §3.3.2]). We use the equation (2.I7) to extend the definition
to the case of I(u) < 3. In that case, Mo,z(u) is formally defined to be a point.

= [, (2.17)

2.3.3 Formula for two-partition Hodge integrals

We shall encounter the following two-partition special triple Hodge integrals in 5 where we
will study Gromov—Witten invariants of local toric surfaces. Given p*, u~ € P, define

)+ ()
s LRk )=
)V 1) e+~
Gg,#"ﬁ,u <T> |Aut(,u+)||Aut(,u—)| (T(T+ ))

W) ot -1 W) iy L s
. |'“| Z;l (/’L:’_T + (l) |:“| a=1 (MTJ + CL) (2 18)
T — .

| / AY (DAY (F)AY (—7 — 1)
- + - - :
M 1) +1am) Hi(:/il )(1 - /Lj_qu)z) Hi(gl ) T(T — Hy ¢l(u+)+j)

We give a formula for G+ ,-(7) which will be used in §5l To state the formula, we introduce
some generating functions.
We first define generating function of two-partition Hodge integrals. Introduce variables

pt=Wi.ps...), P =m1.p3s--.).

Given a partition p, define

:l:— + .. :t
Py =Py puz(w
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Define generating functions

Guey-(N7) = D NG (1) (2.19)
g=0
Gptp 1) = Y Gua (NI,

(5= )#£(0.0)
G*(NptpTiT) = exp(G\pT,pTi7T))
= > G (N, (2.20)
wtop~

Gy - (A7) is the “disconnected” ¥ version of G+ - (A; 7).
We next define generating functions of of symmetric group representations. Let ¢ = eV~
and write

_ 1 3
g’ =1(q¢2,q,...).

Introduce i)
v r(p)+r(v _ _
W(q) = (_1)Iu|+| VI Zsu/n(q P)sum(a™") (2.21)
nepr
and define
 (C) X (Cl) - .
o ()\’7_) _ Z X +( M+)X ( H )eﬁ(n(V+)T+/i(V )T 1))\/2WV+,V* (q) . (222)
e ZM+ Zlf
[t |=|pt|

The following identity was conjectured by Zhou [81] and proved by Liu-Liu-Zhou [60].

Theorem 2.6 (Liu-Liu—Zhou).
/'ﬁ#,()\; T) = Ry - (A; 7). (2.23)

See [61] and the references therein for various aspects of the formula and related works. A
formula for three-partition special triple Hodge integrals can be found in [59].

Part 11
Topological vertex and local
Gromov—Witten invariants

3 Local Gromov—Witten invariants of surfaces

In §3.11 local Gromov—Witten invariants of algebraic surfaces are introduced. We discuss the
case of —K-nef surfaces in detail in §3.2

6See [71] for a meaning and discussions of disconnected version.
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3.1 Local Gromov—Witten invariants of surfaces
Let S be a non-singular projective surface and Kg be its canonical bundle. Let
Myi(S,8) —— S
WJ (3.1)
Mg,O(Sa ﬁ)
be the universal curve and the universal map over the moduli space of stable maps to S (cf.(21])).

Lemma 3.1. There ezists a two term complex [Ky — K| of vector bundles on M,(S, 3)
whose cohomology sheaves are Rt u*Kg and Rim,pu* K.

Proof. See [T, Proposition 5]. O

Note that the difference [K;] — [Ko] as an element of the Grothendieck group of vector
bundles on M, (S, ) is independent of a choice of the complex.

Definition 3.2. (i) We define

c(Ky)
c(Ko)’

(=Rmp” Ks) = e([K1] = [Ko]) =

where ¢(-) is the total Chern class defined on the Grothendieck group of vector bundles (cf. [26],
Example 3.2.7.]).

(ii) For ¢ > 0 and 3 € Hy(S,Z), the local Gromov-Witten invariant I, (S) of S with the genus
g and the degree [ is defined by

I,5(8) = / c(—R*m.pu Kg) € Q.
[Mg,0(S,8)]*"

A geometrical meaning of local Gromov—Witten invariants can be explained as follows. The
total space of the bundle Kg — S can be regarded as a neighborhood of S smoothly embedded
into a Calabi—Yau threefold X. Under some assumptions, the moduli space of stable maps
M,o(X,t.8) (where ¢ : S — X is the given imbedding) has a union of connected components
which is isomorphic to M, o(S, 3). Ideally, local Gromov—Witten invariants can be seen as local
contributions to Gromov—Witten invariants of the ambient space X from maps into S. See [74]

for details.

Remark 3.3. The following statement seems to be well-known to specialists: the local Gromov—
Witten invariants I, 3(.S) is invariant under smooth deformations of S in the sense that is
explained in the last paragraph in §2.1.3l However, because of the lack of appropriate references,
we shall prove this statement under some assumptions in Proposition 3.7]

3.2 The case of —K-nef surfaces
3.2.1 —K-nef surfaces

Let S be a non-singular projective surface whose anti-canonical bundle — Ky is nef, i.e. —Kg -
[C] > 0 for any irreducible curve C'. We call such a surface a —K -nef surface.

Lemma 3.4. Let S be a —K-nef surface. Then for any g € Z>y and § € Hy(X,7Z) such that
Jsc1(Ks) <0, we have
ROW*,U*KS =0.
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Proof. Let (C, f) € Myo(S,3). By the —K-nef condition, f*Kg has at most constant sections
on each irreducible component of C'. On the other hand, the negativity assumption | 3 a(Kg) <
0 implies that there exists an irreducible component of C' on which the degree of f*Kg is
negative. Therefore, sections of f*Kg on C' must be zero. O

By Lemma [3.4] le_u*KS forms a vector bundle over M, (S, 3) of rank (1 — g)(dim S —
3) = Jse1(Ks) = vdim M,o(S, 3). We have

1,5(8) = / e(R'mu* Ks). (3.2)
[Mg,0(S,8)]"*"

3.2.2 Comparison with projective bundles

Let S be a non-singular projective surface and P(Kg @ Og) be the projectivization of the total
space of the vector bundle K@ Og. This is a P-bundle over S. Let ¢ : S — P(Ks® Og) be the
inclusion as the zero section of Kg C P(Kg® Og). Although P(Kgs @ Og) is not a Calabi—Yau
threefold, it is locally Calabi—Yau near the zero section. We define

Ny..s(P(Ks ® Og)) = / 1,
My, 0(P(Ks®Og),x3)]V"

since vdim M, o(P(Ks @® Os), t.3) = 0.

Proposition 3.5. Let S be a —K-nef surface, 1 : S — P(Ks® Og) be the inclusion as the zero
section of Kg. Then, for g € Zso and € Hy(S,Z) such that fﬂ c1(Kg) <0, we have

Iy3(5) = Ny..s(P(Ks © Og)).

Consider the natural C*-action on P(Ks @ Og) as the scalar multiplication in the P!-fiber
direction. There is an induced C*-action on M, o(P(Ks®Og), t.). First we show the following

Lemma 3.6. Let S be a —K-nef surface, 1 : S — P(Kg @ Og) be the inclusion as the zero
section of Kg. Let 3 € Hy(S,7Z) be a class satisfying fﬁ c1(Kg) < 0. If a stable map (f,C) €

M, o(P(Ks @ Og),1.3), where C is a connected curve of genus g and f : C — S a morphism
such that [f(C)] = .03, is fized by the C*-action, then the image f(C) is contained in the zero
section 1(S).

Proof. Denote the P*-fibration P(Ks®Og) — S by p, and let P = [p~!(a)] € Hy(P(Ks®Os),7Z)
be the class of the fiber P! where a € S is any point. Let :* : S — P(Kg ® Og) be the
inclusion as the zero section of Qg (the section at the infinity of the P'-bundle). Note that for

any o € Hy(S,7Z), we have
a0 = .o — (/ cl(KS)) P . (3.3)

Let v € Hy(P(Ks @ Og),Z). If a stable map (f,C) € M, o(P(Ks @ Os),7) is fixed by the
C*-action, then the image of an irreducible component C; of C' must be either one of these:
(1) f(C) € (),
(i) f(Ci) € e(9),
(111) f(CZ) = p’l(ai) (ai € S) and C; = P!
So assume that irreducible components C1,...,Cy of C' are of type (i) with [f(C;)] = 6 €
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Hy(S,Z), Cys1,...,C, are of type (ii) with [f(C;)] = 8; € Ha(S,Z), and that C,.yq,...,Cs are
of type (iii) with f : C; — p~!(a;) the d;-fold coverings. Then [f(C)] = v is equivalent to

yzm+zwzzmazquﬂ_z/z@

i=k+1 i=r+1 i=r+1 i=k+1

Now take v = 1.0 with § € Hy(S,Z) satisfying fﬁ c1(Kg) < 0 and solve the above equation.
The assumption that S is —K-nef implies that the coefficient of P in the last line is always
nonnegative. Therefore it is zero if and only if there is no irreducible components of type (iii)
and [ 5, €1(Ks) = 0 for those of type (ii). Then connectedness of the domain curve C' implies

either f(C) C «(S) or f(C) C ¢>(S). For the latter case, f[f jc1(Ks) = 0 and this contradicts
the assumption [;ei(Ks) < 0. Thus f(C) C «(S). O

Proof. (of Proposition[33.) By LemmaB.6, the C*-fixed point set in M, o(P(Ks® Og), 1.3) is
isomorphic to ﬂg,o(S, B3). We compare perfect obstruction theories on them. Let E, = [Ey —
E1] be the perfect obstruction theory on M, o(P(Ks ® Og), 1.3) restricted to its C*-fixed point
set. By exact sequences (2.3 2.4]), we have

E, — Ey =R'm,Hom(Q:, Oy) — R°m, Hom(Qr, Oy) + R'a, i Tx — RO, " Tx
=R't,Hom(Qyr, Oy) — RO, Hom(Qyr, Oy) + Rimp*Ts — RO, " Ts (3.4)
+ R'mp*Kg — RO, " K.

Here we have used the normal bundle sequence at the zero-section

0 Ts Tp(ksa0s)|ls —— Kg —— 0,

in the second equality. The first four terms in the second line of (3.4) are the C*-fixed part of
E, which are identical to the perfect obstruction theory on M, (S, 3). Hence we have

[(Mo(P(Ks @ Os), 1.0)" " = [Mo(S, B)]"".

The two terms in the third line of ([B.4]) are the C*-moving part of F, which give the virtual
normal bundle to the C*-fixed point set. By Lemma [3.4] we have Rm,u*Kg = 0. Thus the
virtual normal bundle is actually the bundle R'm,u*Kg. Then by Bott’s formula [2.14), we
have

Ny ©0s) = [ e (Rt KCs)
[Mg,0(S,8)]vir

= / e(R'mu* Ks).
[Mg.o(S.8)]v"

The second equality follows since the rank of R'mu*Kg is equal to the virtual dimension of
M g,O(S ) ﬁ ) . D
3.2.3 Deformation invariance

Recall that Gomov—Witten invariants of projective varieties are invariant under deformations
(cf. 213).

Proposition 3.7. Let S be a — K -nef surface and S” be a — K -nef surface which is deformation
equivalent to S. Let 3 € Ho(S,7Z) be a class satisfying fﬁ c1(Kg) <0 and 0 € Hy(S',Z) be the
class corresponding to 5 under a deformation. Then I,5(S) = 1,3(S") for g € Z>y.
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Proof. Since S and S’ are deformation equivalent, P(Kg & Og) and P(Kg @& Og/) are also
deformation equivalent. Let ¢ : S — P(Kg® Og) and ¢/ : §" — P(Kg @& Og/) be the inclusions
as the zero sections of Kg and K¢ respectively. We have

1y5(S) = Ny s(P(Ks @ Os)) = Ny (P(Ks @ Ogr)) = I pr(S').

The middle equality follows from the deformation invariance of Gromov-Witten invariants.
The first and the third equalities follow from Proposition O

4 Gromov—Witten invariants of local toric surfaces

First, we introduce the equivariant Gromov—Witten invariants of local toric surfaces. The
Gromov-Witten invariants of local toric surfaces are defined as a certain non-equivariant limit
of equivariant ones. Then we give a closed formula for the partition functions of local toric
surfaces (Theorem [0, which has been stated in Theorem [[.3l Its proof will be given in §5l

4.1 Equivariant Gromov—Witten invariants of local toric surfaces

Let S be a nonsingular complete toric surface (see, e.g. [27, §2.5]). There is a canonical action
of T = (C*)? on S. We regard the canonical bundle Kg of S as a T-equivariant line bundle

Ks=0s(=) i),
=1

where (1, - -+, G, are the irreducible toric divisors (cf. [73, §2.1]). By Lemma B.1] there is a
two-term complex [/, — K] of vector bundles on M, o(S, ) which is T-equivariant and whose
cohomology sheaves are R'm,u*Kg and R'm,u*Kg. We define

ETxC* (Kl)
eTx(C*(KO)

where the second factor in T x C* acts on Kg by the scalar multiplication fiber-wisely and acts

trivially on M, (S, 3).

ersxc (—R*m " Kg) = € AR (M, 0(S, 8)) ® Qrxc, (4.1)

Definition 4.1. Let us consider the following equivariant integral:

NTXE (Ks) 1= /  enver (R T Ks) € Qo an, ), (4.2)
(Mg, 0(S.8)]p% o+

Here o and a are the weights of T and g is that of C* (cf. §2.2.2). We call Ng;c*(KS) the
equivariant Gromov—Witten invariant of local toric surface Kg.

We shall compute N;E;C*(K s) by virtual localization formula (ZI3]). It turns out that the
non-equivariant limit with respect to the second factor

lim N5 (Kg) =: Ny (Ks) (4.3)

az—0

exists (cf. the last paragraph in §5.4)).

Definition 4.2. We call N, 5(Ks) the Gromov-Witten invariant of a local toric surface K¢

7 This definition was suggested by Hiroshi Iritani. The author is grateful to him for discussions in July 2006
at Hokkaido University.
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A priori, N, 5(Ks) takes values in Q(a, ap). However, it turns out that N, 3(Kg) € Q.

Remark 4.3. The total space of Kg is an example of toric Calabi—Yau threefolds, which is
called a local toric surface. N, 3(Kg) are special cases of Gromov-Witten invariants of toric

Calabi—Yau threefolds. See §8.3]

We discuss the relations between Ny 3(Ks) and I, 3(S). In general, they are different. For
instance, I, 3(5) is a deformation invariant as we mentioned, but N, g(Kg) is not (see Remark
6.2 (i)). However, we have the following

Lemma 4.4. If S is a —K-nef toric surface, then

Ngﬁ(KS) = 1y,5(5), (4.4)
for (B satisfying fﬁ c1(Kg) < 0.
Proof. This follows from ([3.2) and Bott’s formula (2.14)). O

Remark 4.5. The non-equivariant limit with respect to the first factor

lim N5 (Ks) =: I, 5(5) € Qlas, 03]

a1,a0—0

is equal to so-called the equivariant local Gromov—Witten invariants of S, which have been
considered, e.g. in [10]. If we further take the specialization a3 = 1, we recover local Gromov—
Witten invariants of S

Iy 5(S)ag=1 = Ip,5(3).

In this sense, the equivariant Gromov-Witten invariants N;;C*(KS) of Kg are the univer-
sal objects which contain both the Gromov-Witten invariants N, 3(Ks) of K¢ and the local
Gromov-Witten invariants I, g(S) of S.

4.2 Topological vertex formula

Let us introduce the following generating function of Gromov—-Witten invariants of a local toric

surface Kg:
FrA\Q) = D> ) Nys(Ks)\ Q" (4.5)

BEH2(S,2),6+0 g0
and its partition function

Zrs(N\, Q) :=exp Fr (N Q). (4.6)
The following formula (£7) was obtained by Zhou [82] when S is a toric del Pezzo surface.

Theorem 4.6. Let S be a nonsingular complete toric surface, Cy,--- ,C,. the irreducible toric
divisors on S, and s; the self-intersection number of C;. Set t; = QI (1 <i<r) Then we

have
v s'c"('/ -
ZrsNQ) = Y H eV (eV Y, (4.7)

W,...vm)epri=1

where Wi ,i+1 has been defined by (2.21).

See §2.3.3) for definitions of combinatorial functions on the set of partitions P. In §5 we
shall prove Theorem following the arguments in [82]. It also follows from the results for
general toric Calabi-Yau threefolds obtained in [59]. The term W, in (£T1) comes from a
formula for two-partition Hodge integrals (Theorem [2.6]).
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4.3 Gopakumar—Vafa invariants

Gopakumar—Vafa invariants can be defined for Gromov-Witten invariants of Kg by exactly the
same way as in Definition

Definition 4.7. Define the Gopakumar-Vafa invariants n%(Ks) € Q by the following formula:

F(0Q) =333 @ (2 sin %) T om. (4.8)

B#0 g=0 k=1

By using the topological vertex formula (A7), Peng [75] and Konishi [48] showed the fol-
lowing

Theorem 4.8 (Konishi, Peng). Gopakumar—Vafa invariants n%(K s) are integers. Moreover,
for each 3, n%(KS) is equal to zero for all but finite g.

We will use this result later.

5 Localization on moduli spaces of stable maps to toric
surfaces

The goal of this section is to prove Theorem by using virtual localization. Let S be a non-
singular complete toric surface and T := (C*)?. The T-action on S induces that on M, (S, 5)
(cf. 223)). We carry out virtual localization on M, (S, 3) as follows. First, in §5.IH5.3] the

following four properties are established:
e The T-fixed point set mgp(S ,3)T is a disjoint union of irreducible components.

e Fach T-fixed component is isomorphic to a quotient of products of moduli spaces of
pointed stable curves by a finite group.

e The virtual fundamental class of a T-fixed component is the ordinary fundamental class
of moduli spaces of stable curves.

e The T-equivariant Euler class of the virtual normal bundle to a T-fixed component is
expressed in terms of ¢ and A classes on moduli spaces of stable curves.

Here we closely follow [30]. It is straightforward to extend the arguments of loc.cit. for any
nonsingular projective toric varieties (see [78]). As a result, an equivariant Gromov—-Witten
invariant of Kg is expressed as a sum over equivalence classes of appropriate graphs (§5.4]).
Then Theorem [L.0 is proven in §5.5 There we follow [82] in which the case when S is a toric
del Pezzo surface has been treated.

5.1 The T-fixed components

We identify the components of the T-fixed point set of M, (S, ) with a set of (isomorphism
classes of) certain decorated graphs.

Definition 5.1. (1) An M, (S, 8)-decorated graph G consists of the data (V, E, g, p, d) where:

(i) V is the vertex set,
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(ii) g : V — Z>o is a genus label,
(iii) p:V — ST is a fixed point label, where ST is the T-fixed point set on S,
(iv) E is the edge set,

(a) If the edge e connects v,v" € V', then p(v) # p(v') and there exists a unique irre-
ducible T-invariant divisor C, on S which contains p(v) and p(v'),

(b) G is connected,
(v) d: E — Z-q is a degree label,
(vi) g =>,cv 9(v) + h'(G), where h'(G) is the first Betti number of G,
(vii) B =) .cpd(e)[Ce], where [C.] € H3(S,Z) is the second homology class of C..
(2) An isomorphism of M, (S, 3)-decorated graphs
f:G=(V.E,g,p,d) = G = (V' E, g, p,d)

is a pair (f,, f.) of bijections
fo: VoV fo:E—FE

which preserve all the structures of decorated graphs. An isomorphism of G to itself is called
an automorphism of G.

(3) We denote by G, 5(S) the set of isomorphism classes of M, (S, 3)-decorated graphs. The
automorphism group Aut(G) of an element G € G, 3(5) is that of a representative of G.

Lemma 5.2. The T-fized components of Hg,o(s, () are in bijective correspondence with the
graph set G, 5(S).

Proof. Let f : C — S be a T-fixed stable map. Then f(C) must be a T-invariant curve on
S and the images of nodes, contracted components, and ramification points must be mapped
to ST. It follows that each non-contracted component D must be mapped to an irreducible
T-invariant curve on S, which is isomorphic to P'. Since D is only ramified over two points
on P!, it follows that D is nonsingular and rational. The restriction of f to D is uniquely
determined by the degree.

To a T-fixed stable map f: C'— S, we associate a graph G' € G 3(S) as follows.

(i) V is the set of connected components of f~1(ST),

(ii) g(v) is the arithmetic genus of the component corresponding to v (defined to be 0 if the
component is an isolated point),

(iii) For v € V, p(v) := f(v),
(iv) E is the set of non-contracted irreducible components of C' and C, := f(e) for e € E,
(v) Fore € E, d(e) := deg(fle).

This gives a one-to-one correspondence between the T-fixed components of MQ,O(S, () and the
graph set G 3(.5). O
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Let G € Gy 3(S). The set of T-fixed stable maps with given graph G' can be identified with
a quotient of a product of moduli space of pointed stable curves by a finite group as follows.
Let

mG = H Mg(v),val(v)a

veV

where Mg(y),val(v) is the moduli space of stable curves of genus g(v) with Val(v_) marked points
and val(v) is the valence of v. We consider the automorphism group Ag of Mg which fits in
the following exact sequence:

1 — ]

Z/d(e) Ac Aut(G) —— 1.

eck
Here Aut(G) acts naturally on [ [, Z/d(e) and Ag is the semi-direct product Ag = [
Aut(Q).

Lemma 5.3. Let Qg be the T-fized point component of M,o(S, 3) labeled by G € G, 45(S).
Then Qg can be identified with m(;/AG as a set.

Z/d(e)x

ecelE

5.2 Perfect obstruction theories on the T-fixed components

We study the scheme structure of the T-fixed component Qg labeled by G € Gy 4(S). It is
determined by the perfect obstruction theory on M, (S, 3) restricted to Qg. Let E, = [Ey —
E4] be the perfect obstruction theory on /79,0(5, B). Let Ey ¢ — Ey ¢ be the restriction of E,
to Qg. The tangent sheaf 72} and the obstruction sheaf 72 on Qg are defined by the following
exact sequence:

0 — 7} —— FEyg — FEic 1z 0. (5.1)

Recall that we have the following exact sequence of sheaves on Q¢ (cf. (2.4):
0 —— EXtO(Qc, Oc) e HO(C, f*Ts) e Té
—— Ext'(Qc,O0c) —— HYC, f*Ts) 12 0.

Note that the four term other than 7 in (5.2) are vector bundles on Qg. Therefore, we have
represented them by their fibers at each point (f,C) € Qg.

Lemma 5.4. The T-fized part Té’f of T4 is isomorphic to that of the fourth term in ([52).
The T-fized part T30 of T3 is zero.

(5.2)

Proof. See [30, the second paragraph in p.503]. (Actually, this follows form proofs of Lemmas
B£.8 and 510 below.) O

As a result, we have the following

Lemma 5.5. Qg is isomorphic to Mg /Ag. Moreover the perfect obstruction theory on Qg is
trivial in the sense that its virtual fundamental class is a usual fundamental class of Mq/Ag.

Proof. By Lemma [5.4] TGl’f is isomorphic to the tangent bundle of Mg and TG2’f = 0. Then
the assertion follows from the exact sequence (B.1]). See [30, p.505-506] for detail. O

Then, by Theorem 2.5 we have the following
Proposition 5.6.
AA vir 1 ﬂ AA
Myo(S D =10 Y e e AL (MyolS,8) @ Qs . (63

e s 1Al er(VET)
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5.3 Virtual normal bundles of the T-fixed components

We compute the equivariant Euler class of the virtual normal bundle of Q. By definition of
the virtual normal bundle (cf. Definition 24]) and the exact sequences (5.1 £.2]), we have

1L en(Bxt*(Qc, 0c)™) ex(H'(C, f*Ts)™)
er(Ng")  er(Bxt'(Qc, Oc)™) er(HO(C, f*Ts)™)

(5.4)

First, we compute the first factor in (5.4]). Let us introduce some notations. Let G =
(V.E,g,p,d) € Gyp(S). We set

Vi = {veV](gv),val(v)) = (0,1)},
Vo = {veV](g(v) val(v)) = (0,2)},
Vs = {veV](g(v),val(v)) # (0,1),(0,2)}.

Definition 5.7. (i) A flag F' is a pair (v,e) of a vertex v € V and an edge e € E which is
incident on v. A flag F' = (v, e) is called a flag incident on v We denote the set of flags incident
on v by F,.

(ii) For v € V}, F, consists of a unique element, which is denoted by F'(v).

(iii) For v € V4, there are exactly two elements in F, which are denoted by Fj(v) and Fy(v).
(iv) Let v € Vo U V5. For F' = (v,e) € F,, we define ¢p := ¢;(Lr) (the 1-class associated to
F), where L is the line bundle over Mg whose fiber is the cotangent line to the component e
of the domain curve at the node v.

(v) For a T-invariant divisor C' and a T-fixed point p € ST on S, we denote the T-weight of
Os(C) at p by wpc = wg(al, ay) € Rr. Here o, ay are the weights of the standard representa-
tions of factors of T (cf. §2.2.2)).

<

Ce
“p(v)

d(e)

(vi) For a flag ' = (v, e), we define wp := € Rr.

We have the following

Lemma 5.8. (i)
€T(EXt0(Qc, Oc)m) = H wF(v).

veVy

(ii)
er(Ext' (R0, 00)™) = [[ ] (wr = ¢r) x [[ @ri) +wrw)-

veVs FeF, veVy

Proof. See [30, p.503-504] or [78, §7.1-7.2]. O

Next, we compute the second factor in (B.4]). Let us introduce notations. Let ¥ be the fan
of S and X,, be the set of n-cones of ¥. Note that ¥ is in one-to-one correspondence with ST,
and 37 is in one-to-one correspondence with the set of irreducible T-invariant divisors on S. Let
Yo=Ao1,...,00.}, X1 ={p1...,pr}, where numberings are given as in Figure[ll Let p; be the
T-fixed point corresponding to o; and C; be the irreducible T-invariant divisor corresponding
to p;. Fori=1,... r, we set

Vi = fveV|pe)=p}, j=1,23,
ED = {ec E|C.=Ci}.
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Figure 1: ¥ (left) and its dual graph (right).

Definition 5.9. (i) We set

in _ .G out . , Cit1
W =Wy, Wy = wy it

where we have regarded i as an element of Z/r.
(ii) Let s; := C? be the self intersection number of C;. For d € Z>;, we define

d2d 1 Szd 1 a ., out +wm if s; < O,
F(d) = | d(, out\d Szd (ad wout in ) 1 (5.5)
(d!)? (11) (wp™) Hazo( T W tw; ) if s; > 0.
Then we have the following
Lemma 5.10.
er(H'(C, f*Ts)™) - i t D) I(v)—1 AV i v t
— w; Ou >< . Ou val(v v w;n . A v wzou
er(HO(C, f*Ts)™) g 1_[(1_) 1_[(” g(0) (") * Mgy (W)
veV, veV;
S IRIR ,
i=1 ecB()
(5.6)

where Ag(v)(u) has been defined in §2.3.

Proof. The proof is identical to that of Lemma[E I3 below. See [30, p.504-505] or [78, §7.3.]. [
By eq.(5.4), Lemmas [5.8 and 510, we have the following

Proposition 5.11.

out

T e T 250

= vev(2 vev?
‘wout)val -1 A\/ ( ) A\/ (out)
<11
UEV“) HFG]:v (wF B wF)

XHHP

1= leeE)

(v)
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5.4 Equivariant Gromov—Witten invariants of Kg

We compute the T x C*-equivariant Euler class epyc-(—R*m,u*Kg) on M. First, we introduce
some notations.

Definition 5.12. (i) Let s{*" be the degree of the canonical bundle Og(—>""_, C;) of S pulled
back to C;. By adjunction formula, it is given by

can
s; = —s8; — 2.

(ii) Let wi™ be the T-weight of the canonical bundle Og(—3"7_, Cj) at p;. It is given by

can __ in out

(iii) For d € Z>,, we define

dscan .

Ha a ., out + wican + as if Sgan < O,
Qu(d) = dsc}m (da ot o )_1 DR (5.8)

[T (=2 Wt + W +ag) i s > 0.

Lemma 5.13. We have
LE €'I[*><(C*( R* Trs b KS H{ H A\/ can . Can—i—Oég val(v)— X H Can~|—a }

=1 @ @)

. Ve (5.9)
<11 11 @ (dce)
=1 ecE()

Proof. Let (f,C) € Mg. We have the following normalization sequence
0 00—~ @06 = @ 0.~ POy e PO~
eckE veV3 veVa veV3

where in the second term, we have denote by C, the f-contracted component corresponding to
v € V3. By twisting f*Kg and taking cohomology, we have

0— H(C, f'Ks) — @ H(C., f*Ks) & @) H(C., f*Ks)

eclF vEV3

— P (Es)yw) ® @(Ks)ff('f)“‘ — HY(C, f*Ks)

veEVs veEV3

—~ P H(C..f Ks) D P H'(Co, fKs) —

eclE vEV3

Therefore, as an element in K-group, we have

HY(C, [*Ks) = H(C, [*Ks) = Y  H'(Ce. [*Ks) + Y H'(C,. [*Ks)

eclE veEV3

+ 2 (Ks)ywy + Y val(v) (Ks)pqw (5.10)
veVr veEV3

=) HC., f*Ks) = > (Kg)pw)-
eck vEV3
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For the second term in the RHS of (5.10), we have
Hl(Cva f*KS) = Hl(va OCU) ® (Ks)p(v) = HO(CvawCu)v ® (Ks)p(v)‘

Other terms in the RHS of (5.I0) are trivial vector bundles over Mg. Then (59) follows
immediately. [

Here we collect some useful formulas:

wit = -, (5.11)
W =ty (5.12)
Wit — 5wt = WP, (5.13)

Lemma 5.14. Let Q(;(d) := Q()(d)|ag=0. Then we have

2d _1)dsi+1
P(i)(d) : Q,(z)(d) = (2!)2 (w;utjc)z(w?ut)d
i1 (5.14)

d—1
a  out in a i out
g (d 11 d ! !

Proof. We have three cases:

(i) 5, >0, s <0 <= s; >0,

(ii) s, <0, 5" <0 <= s, =—1,

(iif) s, < 0, s >0 <= s < —2.
For the case (i), we have

d—1 s;d+d s;d+2d—1

a a a
Qi =T1 (G s T (G v} T (G v).
g:l . a=d | \a:sidJrl ,
(a) (b) @5
We have
Py (d) x (b) = (=1)7, (5.15)

d—1 d—1
(a) — H (a%dw;)ut . w;n) _ H (_%w?ut - win) _ (_1>d—1 (%w?ut + w;n) 7 (516)

d—1 d—1 d—1
o a out in\ __ a out out in o d—1 <CL in 0ut>
— S Dyout _iny i W pim) — (] & om out |
(C) };[1{(8 + d)wz W } };[1{ Wi + (S Wi W )} ( ) H d Wi_1 +wz 1
(5.17)
In the third equality in (BI7) we have used (512 B.I3]). By equations (515 516, 5I7), we

get the claim for the case (i). Proofs for other cases are similar. O

Let us further introduce notations.
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Definition 5.15. (i) For p', y? € P, we define

where w' and a are parameters.
(ii) For 0 € Z and a partition p, we define

R 7 B e o ) 5.19
s(whw? a ) HROwleOuZ) (5.19)
where s
2 if 6 <0
Ri(whw? o d) = H351 av +( o +a)} o ’
[T {-2%w + (' —w*+a)} if 0 >0,
for d € Zzl'
Definition 5.16. Let G = (V, E,g,p,d) € G,5(S). For v € VW we define partitions ;* and
pS™ as follows:
pr = {d(e) | (v.e) € Fy, Ce=Cy}, (5.20)
pett = {d(e) | (v,e) € Fy, Co=Cia}. (5.21)
Fori=1,...,r, we define partitions v by
v = {d(e) |e € EV} . (5.22)
We have _
U(py') + Upe™) = val(v) | (5.23)
L] o= wr=v. (5.24)
veV (@) ey (i—1)

Theorem 5.17. We have

. 1 1
N'JI‘><(C (KS) _ Z
g’ﬂ Z/(l) ’i
et A(O 1, 1) )

« HR—2 N ;na out Qg V(z)) . (_1)\y(i)|si

(5.25)
« H{ H Q in out Qs Mv ,,U/gm)
i=1 eV
y A (29) Ay (08 Ay (4 + )
M ln

M , i) (g™ l(u°“° w
9(v), i) +U(uQ1) Hj:l ( - — 1 H (ugﬁc)j_%'ﬂ(u%‘“)
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Proof. Note that the first line of the RHS comes from |A¢|, the second line is the contributions
from edges and the last two lines are the contributions from vertices. We deal with the the
signs coming form Lemma [5.14] as follows.

[T TT v =T T -0 < T TT -

i=1 ec E(%) i=1 ec E(9) 1=1 ec E(9)
_ H(_ ‘I/(Z)|Sl % H H m —‘,—l(ugut) (526)
=1 i=1 ey @)
)
We insert the term (*) into €2. The rest of the verification is straightforward. O

From (5.25), we can see that the non-equivariant limit
~ TxC*
Jim N, 5~ (Ks) = Nyp(Ks)

exists.

5.5 Gromov—Witten invariants of Ky
In this section, we complete the proof of Theorem [L.6l Let us introduce some notations on
graphs.

Definition 5.18. (i) We set G(S) := | 50 Gg,5(S). Let G3(S) be the disconnected version
of G5(9) (i.e. graphs may be disconnected).
(ii) For 7= (n,...,n,) € P", we set
Gp(S) = {G € Go(S) | V) =7}, Gy4(8) :={G e Gy(S) |V =n'}.
(iii) For G € G(S) or Gj 4(S), we define

G) = -2 (Zg(v) +1E] - \Vl) :

veV

Definition 5.19. (i) Given a decorated graph G = (V. E, g,p,d) € G(S), the decorated graph
G = (V, E,p,d) obtained from G by ignoring the genus label g is called the type of G. We
denote by Gs(S) the set of types of decorated graphs in Gg(S). Its disconnected version is
denoted by G3(S). We have natural maps

b GaS) = G(9), GH(S) — CH(S).
(ii) For 77 € P we define Gg7(.5) and G} 4(S) as in Definition B.I§ (ii).
By Theorem B.I7, we have
Nys(Ks)= > F(G), (5.27)
GEGy 4(5)

here F(G) is defined by
1 1

(v@) ]
|Aut(G)| - 11‘[ v AZ
r in

(4) _(U‘
i=1

=1 pey (@) i

where G+ ,~(7) has been defined by (2.I8)).

F(G):=
(5.28)
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Lemma 5.20. For G € Gg gz, we have
> F(@GIMY = H(G), (5.29)
Gey=1(G)
here H(G) is given by
1 1
|Aut(G)| I, H] ; 77]

T ‘ wm
S; . 2
X I |(— 1 ‘ ¢ X | | I | m Zuout * }L;}n,#%ut ()\, wout) 3
i=1

i=1 yecy (%)

H(G):=

where G+~ (X;T) has been define by (2.19).

Proof. By expanding the RHS of (5.29), we have a sum over all decorated graphs® which have
the type G. For each G € ¥~1(G), there are exactly |Aut(G)|/|Aut(G)| representatives of G.
This completes the proof. O

Let
Fig(Ng = Y Nys(Ks)A72,

920
Then by Lemma [5.20, we have

Frs(Ns= > > H(G)

nepP” GGGgyﬁ
We have
BEH(S,7)
B#0
Sy ne 1
BeHs(S,Z) 7eP” GEGy 7 (5.31)
B#0

-3 3 e

7EP" GEGy 5
nF#D

where (§ = @,...,0). If we set t; := Q! (1 <i < r), we have

FrsOW oty ty) = > Y H(G) f[tyf'. (5.32)

ﬁEPT GEG@ﬁ =1
n#0

Now we take exponentials of the both sides of (5.32]). As is well-known, we obtain a sum
over disconnected graphs (see e.g. [48, Appendix A):

Zios( Mty . t) =1+ Z > H(G) f[tkf'. (5.33)

7EP" GEGY, -
nsé@

8 Note that this is not a sum over isomorphism classes of decorated graphs.
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Lemma 5.21.

in

1 Wl
Z H(G) — ‘ i H \77 " x Hz Zpitl it1 (AS ﬁ) .
GeaT (S) T, Aut(r)| T ni G wj

By

(5.34)

Proof. This can be shown by expanding the RHS using the definition (Z20)) of G* and (5.24]). O
Proof. (of Themrem[{.6) By Lemma [5.2]] we have

Zrgs(Mty, .. t) =14+ Z Hznl XH )%t Inl XHGW ?7’“( ) int) : (5.35)

fePT i=1 Wy
n#0

Now we apply Theorem 2.6l We have

_1+ZHZ77’XH \n\

nEPTz 1
n#0
. . _ . iy wid wout 5.36)
Xt (Co) Xt (Copt) =T () St 2 ) 372 s
XH Z Zni Zpi+1 € o W“i’“i(e ) ’

=1 i n n

It |=[n"]

|y |=[m |

By taking sum over 1 and using orthogonality of characters (Z.I5) for each i, we can see that
only terms which satisfy ' ‘
p'o = p'tt forall i€ Z/r

survive. Hence we have

Zis= ), H 1) VT () Sttt ) Wi (V)
(ul,...,um)epPr i=1
- Z H |M| Fﬁ( )( gt i’ll))\ﬂ Wm,mﬂ(eﬁ)\)
(ul,...,um)EPT i=1
= Z H |N| \/jlﬁ( )SiN/2 W i (e\/fl/\) ‘

(ul,..ur)epPr i=1

In the last equality, we have used (512 E.13)). O

6 Local Gromov—Witten invariants of cubic surfaces

In this section, we give a proof of Theorem [[L4] (Theorem [6.8). In §6.11 an example which
illustrate the argument is given. We summarize necessary facts on cubic surfaces Sz in §6.21
In §6.3, the —K-nef toric surface S9 is introduced. (A proof of the deformation equivalence
of S3 and SY is given in §6.61) Formulas for the generating functions of local Gromov-Witten
invariants of S and S3 are obtained in §6.41 Numerical results are presented in §6.4.31 In §6.5]
local Gopakumar—Vafa invariants of S3 are studied.
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6.1 Example of —K-nef toric degeneration

We illustrate our arguments in §6l with an example. Consider the Hirzebruch surface F,, =
P(Op1 & Op1(—n)) (n > 0). We denote the homology class of the canonical section of F,, — P!
with self-intersection number —n by B, and that of the fiber by F. It is well-known that
Fo = P! x P! is deformation equivalent to Fy. Note that [y is a —K-nef toric surface but not
a del Pezzo surface. We call Fy is a —K-nef toric degeneration of Fy.

There is a one parameter deformation 7 : X — T of Fy such that X, = W_l(to) & F, and
Xy =7 Ht) X Fy if t # ty, where t, is some fixed base point. See e.g. [68, Ch.1, Theorem 4.2]
for an explicit description of the deformation space. The relative Picard group of 7 : X — T is
a trivial rank 2 local system, where the class F' on X; deforms to the class F' on Xy, and the
class By on X; deforms to Bs + F on Xy. By Lemma [4.4] and Proposition [3.7, we have

Ny.aBotvr(Kr,) = IgaByror(Fo) = Iy aBytainyr(F2) = Nyabyt(arv)r (Kr,), (6.1)
fora>0,b>0, (a,b) # (0,0). Note that
® Ny upo+or(Kr,) =0 unless a > 0, b > 0.
® N, .B,+ar(Kr,) =0 unless ¢ > 0, d > 0.

e Therefore, the difference between them only appears at a multiple of [B,] which does not
corresponds to an effective class on [Fy.

The first two statements follow from the virtual localization formula (2.I3). Now we trans-
late these into an identity between partition functions Zx, (A, @y, @r) and Zi, (A, @p,, QF),

where Qg, = Q1% Qp, = QP and Qp = Q7.

Proposition 6.1. As an identity between formal power series in two variables (Qq,Q2, we have

ZK]FQ (Aa Qh QQ)
ZK]F2 (/\7 Qla O) ‘

Proof. The denominator of the RHS of (€2]) subtracts the contributions from multiples of
[By]. The substitution of the variable in the LHS is determined by the identification Qp, =

Qp, Q7" O

Note that the identity (€.2]) is a nontrivial combinatorial identity by Theorem F6. Our
strategy is to apply the same arguments to a cubic surface S3 (which is non-toric) and its
— K-nef toric degeneration Sy. This time, we shall obtain a closed formula for the partition
function of local Gromov—Witten invariants of S3 from that of SY.

Ziz, (N, Q1Q2, Q2) = (6.2)

Remark 6.2. (i) In general, IF,, and F,,, are deformation equivalent if and only if n = m mod 2.
However, there is no relation such as (6.1]) between Gromov—Witten invariants of K, and Kp,,
if one of which is not a —K-nef surface. Therefore Gromov—Witten invariants of local toric
surfaces are not deformation invariant. Hence —K-nef condition is essential for our argument.
We cannot apply our method to S; and Ss, del Pezzo surfaces of degrees 1 and 2, since they
do not admits — K-nef toric degenerations.

(ii) In [I6], another approach to local Gromov—Witten invariants of non-toric del Pezzo surfaces
based on the ruled vertex formula [I7]. Although it is still conjectural, it may cover all del Pezzo
surfaces including S; and S,.

(iii) The — K-nef toric degeneration S9 of S3 has been used in [79] to study quantum cohomology
of Ss.
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Figure 2: Sy — SY — SY — S.

6.2 Cubic surfaces S;

Here we summarize basic facts on cubic surfaces, see e.g. [31, Ch. V.4] for details.

Let S3 C IP? be a nonsingular cubic surface. Ss is realized as a blowing up 7 : S3 — P? at
six points in a general position. Let eq, - - -, eg be the classes of the exceptional curves of 7 and
[ be the class of a line in P? pulled back by . Then [, e, -+ ,eq is a basis of Pic(S3). Their
intersections are

P=1, el=-1, le;=0, e.e;=0ifi#j.

)

Let h be the class of the hyperplane section of P3. Then we have

6
h=—-Ks=3l—) e.
i=1
It is a classical fact that S3 contains exactly twenty-seven lines which are given as follows:
e (i=1,-+,6), l—e—¢ (1<i<j<6), 20— ¢ (j=1,---,6).
i#]
Each one of these is an exceptional curve of the first kind. These twenty-seven lines are the
minimal generators of the Mori cone (the cone generated by effective 1-cycles modulo numerical
equivalence) (cf. [67, (0.6)]).

It is well-known that the Weyl group Wg, of type FEg acts on Pic(S3) as symmetries of
configurations of twenty seven lines. Its generators are given as follows.

S; - 61‘(—)62'_;,_1 (1§Z§5),
86261'—>l—€2—€3, 62'—>l—€1—€3,

est—l—e; —ey, l—2l—e; —ey—es.

It is known [19, §4] that Wpg, coincides with the group of automorphisms of Pic(S3) which pre-
serve the intersection form, the canonical class, and the semigroup of effective classes. Hereafter
we identify Pic(S3) with H?(S3,7Z) = Hy(S3,7Z). We have the following

Lemma 6.3. I, 3(S3) = 155 (S3) for w € Wg,.
Proof. See [34, §2.4]. O

6.3 —K-nef toric degenerations of S3, Sy, and S;

Let S9, S, and S? be the —K-nef toric surfaces whose fans are given in Figure 2l Here the
nine one-dimensional cones of S are generated by

v = (1,0), Vo = (0, 1), V3 = (—1,2), Vy4 = (—1, 1), Vg = (—1,0),
Ve = (—]_, —1), U7 = (O, —]_), Vg = (1, —1), Vg = (2, —1)
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Let the fan of the toric del Pezzo surface Sg be given in Figure 2l and let p, po, p3 be the torus
fixed points of Sg corresponding to the two-dimensional cones generated by (vs, v7), (vs, v1), (v2, v4).
S9 (resp. SY,S?) is obtained by blowing up Sg at pi, p2, ps (resp. pi,p2 and pp). Sy contains
(—2)-curves and its anticanonincal divisor is nef but not ample.

Proposition 6.4. S (k= 3,4,5) is deformation equivalent to Sy.

A proof will be given in §6.6] (see Proposition [6.13)).
Now let us explain the geometry of the — K-nef toric surface S9. The torus-invariant divisors
C; (1 <1i <9) corresponding to v; have the intersections:

o 1 (i=3,6,9)
O, = (). — 2 _ » Yy )

Ci.Cinn=1, C,.C;=0(j#1,ix1l), C; { L2 (i=1,2,45.7.8) (6.3)
and the canonical divisor Kgp is rationally equivalent to —Cy — -+ — Cy. The Mori cone of S9
is generated by C1, ..., Cy [73 Proposition 2.26].

Note that Pic(S5) = Pic(S3) and an isomorphism is given by the following.
Cy ez — es, Co =1 — ey — €3 — e, Cs3 — e,
Cy — e3 — eg, Cs—1—e —e3— ey, Co — ey, (6.4)
C7 — €1 — ey, Cs—1—e —ey—es, Cy — es.

This is explained as follows. First, in S, we regard the torus-invariant divisors C7,C}, C
corresponding to vy, v4, v7 as the exceptional curves of blowing up of P? and identify them with
es, €3, e1. The torus-invariant divisors C%, Ct, C{ corresponding to v, vs, vs are identified with
the proper transforms [ — ey — e3,] — €1 — e3,l — e; — ey of lines in P2, Then in SY, C3, Cg, Cy
are exceptional curves of the blowup at ps,p;,p2 and we identify them with eg, e4,e5. For
i =1,2,4,5,7,8, C; is the proper transform of C/. (This identification can be seen from the
construction of a deformation in the proof of Proposition [6.13])
From here on, we identify Pic(S9) with H?(SY,Z) = Hy(SY,Z).

Corollary 6.5. For g € Z>o and € Hy(Ss,Z) such that Kg,.0 <0,

[g,ﬂ(S:);) = g:ﬁ/<5g> )
where 3 € Ho(SY,7) is the class corresponding to 3 by eq. (6.4)).
Proof. This follows from Propositions B.7] and [6.4] ]

Remark 6.6. The statements similar to Theorem hold for Sy, S5: local Gromov—Witten
invariants of Sy and S5 are the same as those of S{ and S? and the latter is obtained from
those of SY (see Corollary [@0.7). Their generating functions also have expressions analogous to
the formula for S3 (which will be stated in Theorem [G.8]).

6.4 Generating function of local Gromov—Witten invariants
6.4.1 Formula for S

First we consider the generating function of local Gromov-Witten invariants of S9 with 3 €
Hy(Sy,Z) such that Kg.0 < 0. Take a basis cy,...,c7 of Hy(S5,Z) and let X;,..., X7 be
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associated formal variables. For 3 = ajc; + -+ + aycy € Ho(SY,7Z), denote X{* ... X357 by X5,
We define the generating function as

Fgf(A, X) o= > D La(SHNX”,

ﬂEHQ(S‘g:Z)) 920
KS().B<0
3

and its partition function
Zgr (A X) = exp Fg* (A, X)

Second we consider the partition function of Gromov—Witten invariants of the local toric
surface Zk ,. By Theorem [4.6] we have the following formula:
3

Zicy Wty o) HZ 1)t eV D eV, (6.5)

=1 pi

where t; = X% (1 <4 <9) and s; = C? (See (6.3))), and each v* (1 <14 < 9) runs over the set
of partitions (v'® = ! is assumed). Define Z(_5)(t) by

-S|

Jj=1

Z(—2,0)(A, 1) 1= exp

Lemma 6.7. Undert; = X% (1 <i<9), we have
Zng (Aa tla e 7t9)
[Lici a7 Z—20)(ti) Z(-2,0)(ti1) Z(2,0) (tili1)

Proof. By LemmalL4], we have I, 5(S9) = gg(KSO) for 3 such that Kg.8 < 0. Note also that
Ny s(Kgg) = 0 if there is no effectlve divisors of the form D 1<i<o az[C’i] (a; € Z>p) which are

rationally equivalent to 3 because M, (59, 3)T is empty.
We subtract the contributions coming from classes 5 which does not satisfy Kgqo.5 < 0 from
Zk - By the above remark, such effective classes are of the forms a[C1] + b[Cs), a[C4] + b[Cs]

or a[C7] + b[Cs] (a,b € Z>p). Therefore

xp | D D Noa(Ksp)h QX[’] =11 eXp[ ST ST Nyacirvicn (Kso)XN724088 |

Zgr (A X) =

BeHy(S9,2) 920 i=1,4,7 a,bEZ>0 g>0
Kg9.520
3
(6.6)
The i = 1 factor is easily obtained by setting t3 =t4 = -+ = tg = 0 in (G3]). It is equal to

ZKSg(A, ty e to)[tmtammto—=0 = Z(—2,0) (A, t1) Z(—2,0) (A t2) Z(—a2,0) (A, tita) .

The i = 4,7 factors are similar. Dividing (6.5]) by (6.6), we obtain

S S g Ot 10
exXp 0 .
wo(Kss Hz:1,4,7 Z(—2,0) (M ti) Z(—2,0) (A, tiv1) Z(—2,0) (A, Litiy1)

ﬁeHg S9.z), 920
So ﬁ<0

Thus we complete our proof. O
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6.4.2 Formula for S3

Next we study the generating function of local Gromov—Witten invariants of S3. Let @@ =

(Q1,...,Qs, Q7) be a set of formal variables and denote Q' Q%% ... Q% by Q° for 3 = ae; +
-+ ageg + a7l € HQ(Sg, Z) Define

Fclloc()‘v Q) = Z Z Ig,5<53))‘2gi2Qﬁ ) (d = Z21)7

BEH2(S3,Z), 9€Z>0
—Ksg, A=

Fé%c )\ Q ZFlOC

d>1
Z$E(N, Q) = exp Fg(X, Q).
The following is the main result of the part [l

Theorem 6.8. With the following identification of the parameters

N=QU = QU = QR = QR = Qe
_ l—eq—eo—
tﬁ = Qe47 t7 = Qel 647 t8 = Q “ame 657 tg = Qe57

we have

(6.7)

ZKSQ()\7t17 e 7t9)
[Ticia7 Z—20)(A\ 1) Z(—2.0) (A tig1) Z—2,0) (A titiga)

Proof. The identification (6.7) is determined by (6.4]). Under this identifications of parameters,
we have

Zg5(\Q) =

(6.8)

Z,IS(')BC()\ Q) loc(Aatlv"' 7t9)7
by Corollary 6.5 Then (6.8) follows from Lemma [6.7] O

Remark 6.9. In [I8], Diaconescu and Florea obtained a formula for Fs, which is different from
ours (eq.(3.14) for k =5 in loc.cit.). It would be an interesting problem to show that these two
formulas are equivalent.

6.4.3 Numerical results up to degree 6

Define the orbit sum m(3) for § € Hy(S3,7Z) by

() = ! w()
B) = FtweWa e =5 2= ©

’LUGWE

By Lemma 6.3 F°°()\,Q) can be expanded in terms of these. Here we list FI°°()\, Q) up to
d = 6. Let b[k] := (2sin )2

loc __ 1 loc __ -
Fl = mm(eﬁ) s F2 = 5. b[Q] m(2€6) + mm(—el + l) R
loc 1 3 27
F. _3b[3] (366) mm(l)‘f‘(—4+m)m(—61—62—63—64—@5—e6+3l)7
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1 —2
m(4eg) + SR

loc __

7]
+(5+

m(—2e; + 21) + ﬁ

m) m(—e; — ey —e3 — ey — e5 + 31)

1 5 35
QW:————mﬁ%%+Hﬁm@«1+%)+(—6+——)mvfr—@—€w—%+30

5 b[5] b1]
205
+(7-b[1]—68—|—m>m(—261—62—63—64—65—66+4Z),
1 2 3 6
Floc — — _m(— I — ) m(20
6 5. um ml6es) = 3 5m %1+3)+(2-Mﬂ uu)m()
+<7 )m —e; — ey — ez + 3l)
198
+< 8 - b[l m)m(—261—62—63—64—65+4l)
936
+ (9 b[1]? — 108 b[1] + 498 — bm)mkfy—@—ey—@—ey—%+4o
1 3780
—( = — —-1 -b[1]® + 141 - b[2]> — 846 - b[1] 4+ 2636 — ——
+ (2( 0- b[1]® + 141 - b[2]> — 846 - b[1] + 2636 bH])
xm( 1—262—263—264—265—2€6+6l)

6.5 Gopakumar—Vafa invariants

The local Gipakumar—Vafa invariants nj(Ss) (9 € Zso, 8 € Ha(Ss,Z)) are defined by the
following expansion:

Q- Y 3 T g My e

,BGHQ(Sg,Z) gEZzo k>1

Proposition 6.10. Gopakumar—Vafa invariants n%(Sg) of Ss are integers. Moreover, for each
B, n%(S3) is equal to zero for all but finite g.

Proof. This follows from Theorem and the same statement for the toric surface S9 (cf.
Theorem [1.g]). O

From the results in §6.4.3, we can obtain nf(Ss) for all 3 satisfying d = —Ks, - 3 < 6. They
are listed in Table [Il in which we set 0 = ajeq + - - - + ageg + azl.

Remark 6.11. The results in Table [I] are in agreement with previous results in [66, Table 3],
[54, Table 1, n = 6], [I1], Table 7, X5(1,1,1,1)] obtained by the B-model calculation based on
local mirror symmetry. Also compare with [43, Table 7].
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d B=(a,...,a6,a7) | |OB)| | 9(B) | g 0 1 2 3 4 5
1 (0,0,0,0,0,1,0) 271 0 1
) (~1,0,0,0,0,0,1)| 27| 0 =2
3 o, 0 0, o 0, 0 0 72| o 3
(—1, -1, 1, ,3) 11 27 4
1 (1 1 0 0 0, 0 2) | 216 0 4
(“1,-1,-1,-1,-1.0.3)| 27| 1 32 5
5 (-1, 0 0 0 0,0,2) 432 0 5
(~1,-1,— 1 0, 0 3) | 216] 1 35 6
(=2, —1,-1,— A 27| 2 205 —68 7
6 (2,100003) 432 0 —6
(0 0,0,0,0,0,2) | 72| 0 6
(-1, - 1 0,0,0.3)| 720| 1 36 7
(—2,-1,— 1 1 0 A 2m0 2 198 72 -8
(—1,-1,—1,— 4) 2| 3 —036 498 —108 9
(—2,-2,-2,— ,6) 1| 4| —3780 2636 —846 141 —10

Table 1: Gopakumar—Vafa invariants n%(S3) up to d < 6. Here O(3) is the Wgg-orbit of 8 and
g(() is the arithmetic genus of a curve Wthh belongs to 3 which is given by 5.(6+ Kg,)/2+ 1.
One can observe that nj(S;) are zero if g > g(53).

6.6 Appendix: —K-nef toric surfaces
6.6.1 Classification of —K-nef toric surfaces

The following classification is due to Batyrev [5] (see also [L1], Table 1]).

Lemma 6.12. There are exactly sixteen — K -nef toric surfaces, whose fans are shown in Figure

(3.

We will refer the —K-nef toric surfaces using the numbers shown in frames in Figure [3l

Proof. The minimal —K-nef toric surfaces are P2, P! x P!, and the Hirzebruch surface Fy, which
are No. 1, No. 2, and No. 4 respectively. —K-nef toric surfaces are obtained from them by
blowing up at a torus-fixed point successively. By the —K-nef condition, we must blow-up at a
torus-fixed point which is not on a torus-fixed (—2)-curve. All possible patterns of blowing-ups
are listed in Figure 3. Note that No. 13, 15, and 16 can no longer be blown-up to —K-nef toric
surfaces, since all of their torus-fixed points are on a torus-fixed (—2)-curve. This completes
the classification. |

6.6.2 Deformation of —K-nef toric surfaces

Proposition 6.13. A —K-nef toric surface has a smooth versal deformation family of dimen-
sion h'(©), whose general member is a del Pezzo surface of degree c3.

h'(©) and ¢} are given in Table 2
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Figure 3: Classification of —K-nef toric surfaces. The arrows indicate blow-downs. The num-
bers in frames are reference numbers. Note that S, S7, and SY introduced in §6.3 are No. 16,
14, and 12, respectively.

Proof. Note that h?(0) = 0 for any smooth compact toric surface (Corollary [G.15]). This implies
smoothness of a versal deformation family [46].

Versal deformation families of —K-nef toric surfaces are constructed inductively as follows.
Let 7 : S — S be one of the blowing-ups in Figure[@ Let P € S be the center of the blowing-up
7 which is the intersection of two torus-fixed curves C} and Cy (see Figure M]). By comparing
Table 2 with Figure [3] we have

h'(S, ) if C2> -1, C2> -1,
h'(S,0) = { h'(S,0)+1 if C?2=—-1,0C%2>-1, (6.9)
h'(S,0) + 2 if C2=02=-1.

Since smooth rational curves on complex surfaces with self-intersection > —1 is stable under
small deformations [47, Example in p.86] (see also [4, IV. 3.1]), a complete deformation fam-
ily of S can be found as a simultaneous blowing-up of a complete deformation family of S.
Furthermore, by eq. ([63), we can find a versal deformation family of S as follows. First, we
consider a versal deformation family & of S on which €} and C5 deform holomorphically. If
both of C; and C5 have self-intersection > —1, simultaneous blowing up of § at P gives a

versal deformation family of S which is of dimension h'(S,0). If C? = —1 and C2 > —1, we
move the center P in the Cy direction (see Figure @) and blow S up simultaneously to get a
versal deformation family of S which is of dimension h!(S,0) + 1. If C? = C2 = —1, we move

the center P in the whole direction and blow S up simultaneously to get a versal deformation
family of S which is of dimension h'(S,©) + 2.

Thus we can find versal deformation families of — K-nef toric surfaces inductively. It is easy to
see that their general members are del Pezzo surfaces. O]

6.6.3 Unobstructedness

Let X be a smooth compact toric surface, D := Dy + - - -+ D, be the sum of all torus invariant
divisors Dy, -+, D,, and ©(—log D) be the sheaf of germs of holomorphic vector fields with
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Oy \
C 1 C(1 \

P P

Cy

Figure 4: The center P of a blowing-up (C; and C5 are torus-fixed curves) and its moving. The
left is the case with C? = —1, C3 > 0 and the right is the case with C = C3 = —1.

I IT|IIT v vV VI VII VIIT
No. 1| 3[ 2 4[5 6|7 8 9 10|11 12| 13 14 15 16
c? 9 8 7 6 5 4 3
ca 3] 4 5 6 7 8 9

_rrte | gl 6] 6 -4 | -2 0 2 4

hY(©) 8| 6/ 6 7|4 5[/2 43 5/3 2|3 2 2 2
h%(©) ol oflo olo o[0 00O O[O0 Ol O 0 O 0
ht(©) o 0/ 0 10 1[0 21 3/3 2|5 4 4 6

Table 2: Eight deformation types and h'(©) (: —@ + h%(©) + hz(@)) :

logarithmic zeros along D.
Lemma 6.14. H*(X,0(—1log D)) = 0.

Proof. Since O(—log D) = O ®; N (cf. [73, Proposition 3.1]), where N is the 2-dimensional
lattice such that the fan of X sits in N@R. H*(X,0(—log D)) = H*(X,0®zN) = H*(X,0&
O) =0, since H*(X,0) = 0 (cf. [73, Corollary 2.8]). O

Corollary 6.15. H*(X,0) = 0.
Proof. From the exact sequence (cf. [73, Theorem 3.12])

0 —— O(—logD) © " ,O(D)|p, —— 0,
and Lemma .14, we have H?(X,0) = 0. O

Part II1
Topological vertex and its flop
invarinace

In this part, we prove Theorem [[.6l In 7.1 the topological vertex is introduced. In §7.2]
Theorem is proved (Theorem [7.9]). Some combinatorial formulas are collected in §7.3] In
g8, definitions of toric Calabi-Yau threefolds and their Gromov-Witten invariants are given.
Then, a method to write down their partition functions is explained. In §9.I] we study the
transformations of partition functions under a flop and prove Theorem (Corollary @0.4]). As
an application, we consider the canonical bundles Kg and K g of a complete smooth toric surface
S and its blow-up S (§9.2)), and show that Gromov-Witten invariants of Kg are obtained from
those of K¢ (Corollary[@.8). In §9.3 an example is studied and the relationship with Nekrasov’s
partition function is discussed.
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7 Topological vertex

7.1 Topological vertex

We use the following definition of the topological vertex given in [72]. See §2.3.1] for notations
on combinatorial quantities.

Definition 7.1.

def. 1. t
CM,)\Q,)\S(q) = q*? (/\S)Sz\z(qp)ZSAl/u(qA2+p)5)\§/u(q/\2+p) s (71)
HeEP

where s,,,(¢"?) (resp. 5,(¢”)) is the skew-Schur function with the specialization of variables:

S/J,/l/(xi = qmil}%) (resp. S“<J},L- = qilJr%)) .

Remark 7.2. (i) We have
1
W#yl/(q) = qin(y)cw,,u,ut (Q)> (72)

where ) is the empty partition. (See (Z.2I)) for definition of W, ,(q).)
(ii) In [72], it has been shown that Cy, x,,(¢) is invariant under the cyclic permutation of
A1, A2, Az. This is not manifest from the expression (7.]]).

7.2 Topological vertex under flops

Take four partitions A1, A2, A3, \s. These will be fixed throughout the rest of §7.21 We define

Zo(:Q0) =Y (= Qo) C,r it (0)Crgaa @) (7.3)
HeP
ZH (0. Q8) = D (=Q) M C (@) Oy e (@) - (7.4)
neP
We also set .
Z1,-1(0.Q) = [[(1 — Q¢")*, (7.5)
k=1
and

7 def. Zo(q, Qo) 7+ 4y def. ZS_ (g, QS_) '
O((L QO) Z(—l,—l) (q’ QO) ) 0 (q) QO ) Z(,L,l) (q7 Q(—)&—)

The goal of this section is to show an identity relating Z}(q, Qo) and Z;' (¢, Q¢) under the
identification Qf = Qp* (Theorem [Z.9). Formulas necessary for proofs can be found in §7.31

Remark 7.3. Let us mention the geometrical meaning of the above formal power series.
Z(—1,-1y(q, Qo) is the partition function of the toric Calabi-Yau threefold Opi(—1) & Op1(—1)
(see §8.3) also [24, Theorem 3] and [80]). Zy(q,Qo) and Z; (q,Q7) appear as local contri-
butions in the partition functions of toric Calabi—Yau threefolds related by a flop such that
both a flopping curve and a flopped curve are rational and have normal bundles isomorphic to
Op1(—1) ® Op1(—1) (see Figure B).
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7.2.1 Individual calculations

First, we compute Z}(q, Qo) and Z;"(q, Qd) respectively. Following [36], introduce
q . .
fuld) = —=) (""" =q7),
0= )
Fur(@) = (@ =2+ ¢ ) ful@) fula) + fuld) + £u(a) |

and let Cy(u, v) be the expansion coefficients in the Laurent polynomial f,,(g):

fuu ch’ W, v

Proposition 7.4. We have

1
Z(a, Qo) = qz" 02" s, (¢°)s0, (") [T (1 — Qogh) )
A < . . (7.6)
X ) (=Q0)Msx /e (@, Qoa ™ )50 (@, Qo™ 77)

T

Z(2.Q5) = su (@)sx(0) [ (1 - Qi)

kEZ N N (77>
X Z QO |T‘ 2/7( Xate Q+ M p)SM/Tt(q 1+p>Q(Tq7 577

Proof. By definition () of the topological vertex, we have

Zo(q, Qo) = Z(—Qo)lulqénw)sx (¢”) ZS t/T(qAHp)Sxt/ (gM)

m

)\4)5,)\3 ZS (g A +0) )sx 7 Aatp)

lfﬂ: 5K
= g2 0, ()5, (¢f ) D (=Q0)sxg r(a ) sxs o (47H7)
T’

Z Sut/T(—Qoq/\Hp)Su/T'(q)‘gﬂ) -
w
We perform the sum with respect to p by using (7Z.13)):

1

1 ll{
Zo(q, Qo) = =" 25y (¢7)5,(¢”)
H (1 - Q q >\t At( ] ZSTt/ )\3+p) (T/ t/ ( Qoq 1+p)
ij>1
D (=Q0) M sxg 7 (6 ) sn 1 (777)
71
1, 1, 5 i
= g2 0Ty (755, (") H (1= Qogq e J))
i,7>1
D (=Q)™Y " sa (@ )57y (Qoa )Y sa e (@) sy (Qog M)
T T

T/
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Here for p,v € P,
hu,y(iaj) dgf. i _Z+V] _j+1 .
In passing to the second line, we have used (Z.16). By using (7.I4)), we have

1, . L y
(q7 Qo) = q2" (A2)+1 (A“)s,\l(qp)s,h(qp) H (1 — Quq Atl,Azs( J))

i,j>1

Z( Qo) sxg /7t (017, Qoq ™ ) sx o (77, Qug ™)

Applying Lemma [T.I0, we obtain (7.6). One can also compute Z3 (¢, Q) in a similar way. [J

Remark 7.5. This type of computation also appears in a proof of the large N factorization
formula of the S-matrix of U(/NV) Chern-Simons theory. See [41].

The next corollary is a consequence of Proposition [7.4]

Corollary 7.6. Z;'(q,Qd) is a polynomial in Qf of degree at most | M| + [Xa] + [A3] + [ A4l.
Moreover, if A3 =Xy =0, Z;(q,Qf) is a polynomial in Qf of degree |\i] + | Ao

Similar statement also holds for Z{(q, Qo).

Proof. The first statement follows if we apply (CI0) and (ZIH) to the expression (7). To
prove the second statement, we show that the top term does not vanish. By (Z.I0]), we have

H(l - Q(J)qu)ck(’\ﬁ’@) = (—1)|Mq_%’“1 (QHM! + (terms of lower degree in Q7).

Substituting this into (T.7)) with A3, A4 set to (), and using (7.I5]), we obtain the claim. O

7.2.2 Comparison

Next, we compare Z,(q, Qo) with Zi”'(g, Q7)) under the identification Qf = Q,'. First we have
the following

Lemma 7.7. Under the identification Qf = le, we have

T t )\t
D (=QN) M7y (05, QTN )50 (0, Qg 77)

T

= (= Qo) RN (= Qo) sng /7 (67, Qog ) sn s (017, Qog 7). (7.8)

Proof. Under QF = Q,", we have

(LHS) = ) (—Qo ") Msny/r (@57, Qa g M ") saym (¢, Qg 577)

T

= @R M QN s la M Q)

T

_ Z(_Qo)f\)\zlﬂrlﬂz\ﬂﬂfl(_Qal)\r|s)\%/Tt(q>\1+p’ Qoqfngp)sﬁ/quﬁp’ Qoqfxifp)
— (RHS) .

Note that we have used the property (ZI6]) in the second line and the homogeneity (ZI5) of
skew Schur functions in the third line. O
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Lemma 7.8. The following identity holds:
H( Q 1 k)Ck )\1,/\3) — (_Qo)f‘)\llf‘)\gl H()\l + H )\3 H 1 o Q q Ck )
k

k

Proof. By ((C.I1]), we have
H<1 _ Qalqk>0k(/\1,)\3) _ H(l . Qalq—k)()k(kil,)\g)

k k
= r D DT (Qéq% — Qg ’E)Cm“&) ,
k
On the other hand, we have
1 1 Cr(A[AS)
H(l_Qoqk>Ck(/\§,)\g) _ S(\MH—\)\%D L(s(A)+r(AL)) H< ; ko §q§> (AL
k k
t
_ ( 1)|A1|+|>\3|Q2 (JA1]+IAs]) 4(,{(/\t +5( )\t H( é g éq_g)Ck()\ AL)

k

By comparing the above two equations and by using a symmetry (.9) of a k-factor, we get the

claim. O
The following is the main result in this section

Theorem 7.9. Under the identification Qf = Qy*, we have

Zar’(q7 QSF) = (_QO)*(\M|+\>\2|+\>\3|+|>\4|)q%('i(/\l)*N(A2)+f€(/\3)*ﬁ(>\4))Z(’J(q7 Qo) -

Proof. This follows from Proposition [.4] and Lemmas [[.7 and [7.8 O

7.3 Appendix: Combinatorial formulas

We collect some combinatorial formulas which are used in §7l Our basic references are [62} 22,
72, 83]. For u € P, k(p) has the following important property:

k(p') = —k(p) (7.9)

where ;' denotes the conjugate partition (the partition obtained by the transposition of the
Young diagram of p).

It is known that Cy(u,v) are nonzero integers for finitely many values of k ([83, Theorem
5.1]), and have the following properties ([22] §3.1], [83] §5.3]):

S Culn) =l + vl S kG v) = S((u) + (v) | (7.10)

Cr(p,v) = C_p(p', V') . (7.11)
The following lemma is proved in [22, Lemma in §C], [83, Proposition 6.1]:

9 The case of \; = Ay = 0 was proved by Hiroaki Kanno in his unpublished note in January 2004. The
author is grateful to him for kindly providing the note.
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Lemma 7.10. For p,v € P, the following identity holds:

[T (= Q) =z (@ T (1= Q).

ij>1 k

Here are some properties of skew-Schur function. The following formulas are useful in
performing the summations over partitions ([62, p.93,(5.10)]). Let x = (z1,22,...) and y =
(Y1, Y2, . .. ) be sets of variables and (z,y) = (x1,Z2,...,Y1,Y2,. .. )-

ZSA/)q T)sam(y) = H (1 — zy;) ZSAQ/M T)Sx/uY) (7.12)

AEP ij>1 HEP
> sum@sime @) = [JA+zw)D snu@)sa ) (7.13)
AEP i,5>1 neP
> sure(@)sen(y) = supwl(@,y) | (7.14)
ceP

Other properties are ([83, Proposition 4.1]):
Su/u(Q$) = Q‘M_Iylsu/u(x) s (715)
where Qr = (Qz1, Qxa, ... ).

S)\/“(C]H—p) = (—1)|A‘_|“|3At/ut(q_y —p) . (716)

8 Toric Calabi—Yau threefolds and Partition functions

8.1 Toric Calabi—Yau threefolds

In this section, we give definitions of toric Calabi-Yau threefolds and their partition functions.
Basic references for toric varieties are [27,[73]. We follow [49] for a definition of toric Calabi-Yau
threefolds and their partition functions.

8.1.1 Toric Calabi—Yau threefolds

Definition 8.1. A toric Calabi—Yau threefold is a three-dimensional smooth toric variety X
associated with a finite fan X satisfying following conditions:

(i) the primitive generator & of every 1-cone satisfies & - @ = 1 where @ = (0,0, 1);
(ii) all maximal cones are three dimensional;

(iii) |X|N{z =1} is connected, where |X| = Ua C R? is the support of ¥ and z is the third

oEY
coordinate of R3.

The condition (i) is equivalent to the condition that Ky is trivial (the Calabi—Yau condition)
and the condition (ii) implies that m(X) = 0, A(X) = Pic(X) = H?*(X,Z) and they are
torsion free, where As(X) is the group of all Weil divisors modulo rational equivalence. (cf.[27,
§3.4]). The condition (iii) will be used to define a certain connected graph in §8.2.11 Note that
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¥ cannot be complete by the condition (i). Hence a toric Calabi-Yau threefold X is never
compact.

Let us give an example of a toric Calabi—Yau threefold. Let A be the two dimensional
nonsingular complete fan, which defines a toric surface S. Let {p1,...,p.} be the set of 1-
cones of A and v; be the primitive lattice vector generating p;. For A, we associate a three
dimensional fan ¥ whose three-dimensional cone is generated by (v;,1) € R3. Then the toric
Calabi-Yau threefold associated to X is the total space of the canonical bundle Kg of S (a
local toric surface). Another example is the total space of a rank 2 vector bundle over P! with
degree —2 (a local toric curve). More complicated examples can be found in §9.3

8.1.2 Intersection theory

We briefly describe necessary facts on intersection theory on a toric Calabi—Yau threefold X.
Recall that the subset ¥, C X of n-cones is in one-to-one correspondence with the set of
(3 — n)-dimensional torus invariant subvarieties in X. Let ¥y = {p1,...,p,} be the set of
1-cones. Denote by D, C X (1 <i <) the torus invariant Weil divisor corresponding to p;.
Let XY be the set of 2-cones which lie in the interior of |X|:

Yo={reXyr X\ 9|}

It is in one-to-one correspondence with the set of torus invariant (hence rational) curves in X.
Let us write ¥} = {m,...,7,} and let C;, C X denote the rational curve corresponding to 7;.
We consider the following additive groups

T7'(X):= P zD, TZi(X):=PzC..
pEX TEX)

There is a Z-bilinear paring
TZNX)xTZ{(X) — Z, (8.1)

induced by intersection numbers between D,.’s and C.,’s. Numerical equivalence relations on
TZY(X) and TZ¢(X) are defined as follows. For D € TZY(X), D = 0 if D.C = 0 for any
CeTZ{(X). For C e TZ¢(X),C=0if D.C =0 for any D € TZ'(X). We define

TNYX):=TZ"(X)/ =, TN{X):=TZ(X)/=.

Note that TN'(X)g := TN'(X) @z R and TN{(X)g := TN{(X) ®z R are dual to each other
by the paring (81]).

Let us explain how to obtain the numerical equivalence relations. By the condition (ii) in
Definition Bl TN'(X) is isomorphic to Ay(X). Therefore numerical equivalence relations are
given by

> aiyD, =0, (i=123),
j=1

where A = (a;;) is the 3 X r matrix
A= (&,..., &),

and ; (1 <1 <r) are the primitive lattice vector generating p;. Let us introduce the following
injective map

Ix :TN{(X) = {leZ|Al=0}, Zw— (D, .Z,...,D, 7). (8.2)

Then numerical equivalence relations on T'N{(X) can be read from linear relations between the
lattice vectors Ix([C]), ..., Ix([C:,]).
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Remark 8.2. Intersection numbers between D,,’s and C~,’s can be computed as follows. First,
if p; and 7; spans a 3-cone, D, .C;, = 1 and if p; and 7; do not span a cone in the fan,
D,,.C., = 0 (cf.[27, §5.1]). If two 1-cones, say pi, p2, are contained in 7;, then D, .C;, and
D,,.C;, are obtained by solving the equation A.lx([C,]) = 0. In particular, they satisfy the
relation D,,.C, + D,,.C., = —2 by the condition (i) in Definition 81l

Let 7 € 3, and py, p2 € 31 be as above. By looking at the gluing of local coordinate systems
around C-, we see that its normal bundle is isomorphic to Op:(D,,.C;) @ Op1(D,,.C+). We call
C; a (—1,—1)-curve if its normal bundle is isomorphic to Opi(—1) & Op1(—1).

8.2 Partition functions

Let X be a toric Calabi—Yau threefold and ¥ be its fan. We explain how to write down the
partition function of X.

8.2.1 Toric graphs

First, consider the following directed graph I'x (called a toric graph) with labels on edges of a
certain type. The vertex set is

V(Ix)=VW('x)uWi(Ix),

where

Vs(Px) = {volo € T5(X)}, Vi(l'x) = {vr|7 € Ep(X) \ E5(X)}-

The edge set is
E(l'x) = E3('x)U Ey(T'x),

where

E3(Tx) = {e-lm € 55(X)}, Ea(T'x) = {er|7 € B2(X) \ Z5(X)}

An edge e, € E3(I'x) joins v,, v,» € V3(I') if and only if 7 = 0 N ¢’ (see Figure fl) and an edge
e, € Ey(I) joins v, € V3(I'yx) and v, € Vi(I'y) if and only if o is a unique 3-cone such that 7
is a face of 0. This defines a finite planner graph. Note that V53(I'x) # 0 by the condition (ii)
in Definition 81l A vertex in V3(I'y) is trivalent and a vertex in Vj(I'x) is univalent. A graph
['x is connected by the condition (iii) in Definition 81l

The direction of edges can be taken arbitrarily. The label n : E3(I'x) — Z, called the
framing, is given as follows:

D,.C.—D,,.C,

n(e,) = 5 ;

where 7 € ¥} and p1, p2 € ¥y are as shown in Figure Bl Note that C. is a (=1, —1)-curve if
and only if n(e,) = 0.

Let us consider the case of a local toric surface X = Kg. Its toric graph is a cyclic graph
formed by V3(T'x) and E3(I'x) together with exterior vertices V;(I'y) and edges E;(T'x) (see
Figure [@]). Its inner edges F3(I'x) come from torus invariant curves C' in S and their framings
are given by C? — 1, where C? is the self-intersection number of C in S, if we take the clockwise
orientations on E5(I'y) as in Figure
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P1 P2

Figure 5: Fan (section at z = 1) and toric graph

Figure 6: Fan (section at z = 1) (left) and toric graph (right) of Kpi.p1. Numbers attached to
E3(T'x) are framings with respect to the orientations given in the figure.

8.2.2 Partition functions
Secondly, we write down the partition function from I'y. Let
P(x) = {X: E5(I') — P}.

Take the set of formal variables Cj = (Qe)ecEs(ry) associated to E3(I'x). Then the partition
function of X is a formal power series in Cj given by

- Y I ¢ _ 1) A@net D) Do) 1) T ¢ (8.3)

/\EP(Fx) ecFE3(I'x) veV3(T'x)

Here C5 (q) is the topological vertex defined in (ZI]) and X (v e Vi(Tx), X € P(T'y)) is as

in Figure [@ (for ¢ € E(I'x)\ E3(I'x), set X(e) to #). We remark that the partition function
does not depend on the directions of edges since the framing changes the sign if one gives the
opposite direction to an edge e € E3(I'x) and it is compensated by ((Z.9) and the summation.

Remark 8.3. By Remark (i) and the last paragraph in §821] it is immediate to see that
the formula (£7) can be recovered from the formula (83) for local toric surfaces.

8.3 Gromov—Witten invariants of toric Calabi—Yau threefolds

Now we explain how to obtain Gromov—Witten invariants of a toric Calabi—Yau threefold X
from the partition function Zy(q, Q). First, we give a precise definition of Gromov—Witten
invariants for toric Calabi—Yau threefolds.
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Figure 7: Xo

8.3.1 Gromov—Witten invariants of toric Calabi—Yau threefolds

Heuristically, Gromov-Witten invariants of X is defined as

/ . (8.4)
[Mg,o0(X,8)]vir

However the integral is in general not well-defined, since X is non-compact. A rigorous definition
of Gromov—Witten invariants for toric Calabi-Yau threefolds has been given in [59], which we
now explain. The basic idea is to define the integral (8.4 as an equivariant integral by using
the virtual localization formula (2.I3). Recall that the 3-dimensional algebraic torus (C*)?® acts
on X. There is a distinguished 2-dimensional subtorus T C (C*)? defined as follows. Let X (€’
be the fixed point set of the (C*)3-action, which is nonempty by the condition (ii) in Definition
BI Let p € X©)° be a fixed point. Then (C*)* acts on T,X and AT, X, where T,X is
the tangent space at p. The action of (C*)® on the complex line A*T,X gives an irreducible
character
a: (C*)? — C*.

By conditions (i) and (iii) in Definition Rl the character « is independent of the choice of p.
We define T := Ker @ = (C*)2. Then T acts on X preserving the holomorphic 3-form on X
(the equivariantly Calabi—Yau condition). The following is a generalization of Gromov—Witten
invariants of local toric surfaces (cf. §4l).

Definition 8.4. We define the Gromov-Witten invariant N, 5(X) of X with genus g, degree

G # 0 as follows :
1

o ::/ er(N")’ (8.5)
9,8 [mg,O(X,ﬁ)T]vir GT(N’UZ'/‘)

where the RHS is a T-equivariant integral and er(NV") is the T-equivariant Euler class of the
virtual normal bundle NV of M, o(X, 3)" (cf. §Z23).

A priori, N, (X) takes value in Q(a1, as), where oy, ay are the weights of the standard
representations of T. However, it has been shown in [59, Theorem 5.9] that N, 3(X) € Q,
which is a nontrivial consequence from the equivariantly Calabi—Yau condition.

For a toric Calabi-Yau threefold X, the Gopakumar—Vafa invariants nf(X) are defined in
terms of Gromov—Witten invariants as in Definition 7l It is worth mentioning that Konishi
[49] has shown that the same statement as in Theorem [A.§ holds for any toric Calabi-Yau
threefolds.
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Figure 8: Fans (sections at z = 1): X (left), ¥ (middle) and X (right). The generators
W1, ..., of p1, ..., py satisfy the relation J; + J3 = Wy + Wy.

8.3.2 Partition functions and Gromov—Witten invariants

The claim of |2, 59] is that the Gromov-Witten invariant N, 3(X) of X with the genus g and

—

the degree [ is obtained form Zx (¢, Q) as follows:

D Ngs(XN92 = 3" FyeV ™), (8.6)

gZO J:(de)eEE3(Fx)7
d[C]=[g]

where [C] = ([Ce])ecrs(ry), Ce C X is the rational curve corresponding to e, (] = > ecy(ry) deCel,
and Fi{q) is given by

log Zx(¢.Q) = Y. FAq)@”,

d=(de)eepy(ry)

where Q7 = [[ep, ) Q-

The formula (8.6) can be explained as follows. Since T and (C*)* have the same 0- and
1-dimensional orbits, their induced actions on MQ,O(X ,3) has the same fixed point set. One
can carry out virtual localization as in the case with local toric surfaces in §5l This time,
one encounters three-partition special triple Hodge integrals (cf. §2.3]), which give rise to the
topological vertex C (¢). This was first observed in [16], and almost established in [59] (see
the remark below).

Remark 8.5. Precisely speaking, the partition function obtained in ~[59} has the expression
almost same as (8.3]) except that C5 (q) is replaced by W5 (g). Here Wi, x,,(q) is a rational

function in ¢z similar to Cy 2005 (q) but has a slightly different expression. It is conjectured
that Wi, auas (@) = Cxyxans (@) [59L Conjecture 8.3]. Here we use Cy, i, 2, (¢) assuming that the
conjecture is true. (The conjecture is true if at least one \; is empty.)

9 Transformations of partition functions

9.1 Flop invariance

In this section, we study the transformation of the partition function of toric Calabi-Yau
threefolds under a flop.

9.1.1 Flop

Let X be a toric Calabi—Yau threefold and let X be its fan. Assume that X contains at least
one (—1,—1)-curve Cy. Denote the corresponding 2-cone by 7. Near 7, the fan looks like the
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X X+

2-cone TOs Tly e -3 Ta T TS_,Tl,...,T4 T

+ + +
curve | Co,C1,...,C4 C; Cy.Cl,....CY C
edge o, €1,-..,64 e, orjuste| ef,el,....ef e, orjuste

variable Q07Q17"‘7Q4 Qe Q(T’ 1+77QI Qe

Table 3:

Figure 9: Toric graphs I'x (left) and I'x+ (right).

left diagram in Figure 8l We set

20 = (E \ {7-07 01, U2}> U {00}7 >t = (E \ {7-07 01, UQ}) U {TO+> 0-1+7 0.2+}

where 7g, 01, 09, 00, 7o 01, 05 are cones shown in Figure 8 Let X, be the singular toric variety

associated with the fan Yy and X+ be the toric Calabi-Yau threefold associated with the fan
3T, We denote by C the (—1,—1)-curve on X corresponding to 7, . Then associated to the
evident maps ¥ — Xy and X — X, there are the following birational maps:

X 2 Xt

AN o
Xo

The maps f, f1 are small contractions whose exceptional sets are Cy, Cy respectively. The
birational map ¢ = (f7) !of is called the flop with respect to Cy. Note that ¢ is an isomorphism
in codimension 1. Therefore, there is a canonical isomorphism TN!(X) = TN'(X ) induced by
¢. In turn, this induces an isomorphism ¢, : TN{(X)g — TN{(X T)g via intersection paring.

From here on, we proceeds assuming that 7,...,7 € 2’2. We use the notations shown in
Table Bl

Lemma 9.1. Under the flop ¢ : X --+ X, the curve classes transform as follows.
¢:[Co) = =[], ¢.[Ci] = [C]+[Cy,  ¢.[Cr] = [CF] for 7€ B5(X) \ {70, Ta}.

Proof. This follows from computations of intersection numbers between curves and divisors.
The first statement follows from Ix([Co]) = —lx+([C{]). Proofs of the others are similar. [

Let I'x be a toric graph of X. Near the edge ey, the graph looks like the left diagram in
Figure @ Under the flop ¢, the toric diagram (and the framings) changes as follows.

10 For other cases, results on partition functions can be recovered by setting to zero the formal variables
associated to any of 7,...,74 which are not in XJ.
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Lemma 9.2. A graph obtained from T'x by replacing the left diagram in Figure[d with the right
is a toric graph of XT.

9.1.2 Transformation of partition function

We associate the same formal variables Q = (Q.) to edges in Es5(I'x)\ {eq, ..., es} and those in
E3(Tx+)\{ed, ..., el } and write the partition functions of X and X+ as Zx(q, Q, Qo, Q1, @2, Q3, Q4)
and Zx+(q,Q,Q¢,Qf,Q5, Q5 ,QF) respectively. It is immediate to check that

ZX(Q7 67 QO? 07 07 07 O) = Z(—l,—l) <Q7 QO)J

N (9.1)
ZX+ (qa 07 Qar? 07 07 Oa O) = Z(fl,fl) (qa Q(J)r)

We set

= aet.  Zx(a0,Q,Qo, Q1,Qa, Q3,Qu)
ZX(QaQaQOanaQ27Q3>Q4) = ZX(q,G, QO,O,O,O,O) )

dgf. ZX*(Qa Q) Qa_a Tan_an_aQI)
ZXJr (CL 65 Q(Ta 07 07 07 0)

;(+(q7Q7Q8_7 T7Q;7Q§_7QI)

Now we will compare these. To do so, we should identify the formal variables so that the
identification is compatible with Lemma 0.1k

Q=(Q)" Qi=QQ

Theorem 9.3. (i) The coefficients of @JQSO ho QY in Z'(q, Q, Qo, Q1,Q2,Q3,Qy4) is
zero if dg > dy +doy + ds + dy. A similar result holds for X .

(ii) Under the identification Qo = (Qg)™", Q; = Q¢ Qi , we have

ZS((¢]7Q7QO?Q17Q27Q37Q4) = ;(+(q7Q7Q(T7 T7Q;7Q;7QI) .
(This is an equality between two formal power series in Cj, Qf,...,Qf.)

Proof. The statement (i) follows from the first statement of Corollary [7.6l
To see (ii), let
P'(I'x) ={7: Es(I'x) \ {eoc} — P}
and define 7, € P3 for 7 € P'(I'x) and v € V3(I'x) \ {v1,v2} in the same way as X, (Figure 7).
After R3), Zx(q,Q, Qo, Q1,Q2,Q3,Q4) is written as follows:

Zx(q, @, Qo, Q1, Qa, Q3,Qu)

- Z H (_1)(n(6)+1)|l7(e)|QLﬁ(e)\ H Cy.(q)

veP!'(I'x) eeE3(T'x)\{eo,...,ea} veVa(T'x)\{v1,v2}
4
% H(_l)(n(ei)-i-l)h/(eiﬂQlu(ez')l Z Cﬁ(el),ﬁ(@),ut(Q)Oﬁ(eg),ﬁ(e4),u(Q)(_QO)W )
i=1 neP

a'e

(a)
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Similarly, Zy+(q, Cj, Qf,Q7,Q7,04,QF) is written as follows:

ZX+(Q7@7 Qa_a TaQ;aQ;—JQI)

_ Z H ( 1)(n e)+1)|7] e)|Q\z/ e H 0171,((])

VEP' (T x+) e€ B3 (T 1)\ {eg s ovef } veV3(T x4 )\ {vy g }
4
n €+ 14 (i+
X H(_ ( (eI Q+ el Z C” )(Q)Cﬁ( ), 1,7 ( 62 ( )( Q+)‘N‘ .
=1 HEP

(0)
Here
P/<Fx+) = {17 E3(Fx+) \ {ear} — P}
and for 7 € P'(I'x+) and v € V3(Tx+) \ {v],v5 }, 7, € P? is defined in the same way.

Since I'x and I'x+ are identical outside the diagrams described in Figure @ F3(I'yx) \
{eo,...,ea} = Es(Tx+) \ {ed,...,er}, Va(Tx) \ {v1,v2} = Vs3(Tx+) \ {v],v5} and we have
a natural bijection p : P'(T'x) — P’(FX+) such that p(7) = v iff v(e) = vt (e) for all
e € E3(Tx) \ {eo,...,e4} and (e;) = UT(ef) for 1 < i < 4. Under this identification, we
could see that the two partition functions have the same expressions except for the factors (a)
and (b). Taking into account the change in framings, we have

(a) _ (b)
Z1.-1l(4q, Z—1-1(q, QF
0@ Qo) [ oo grgr Z-1-(e:Q5)

by Theorem [.9 O

We finish this subsection by restating Theorem in terms of Gromov—Witten invariants.

Corollary 9.4. For 3 € Hy(X,Z) such that 3 is not a multiple of [Co],
Ny (8)(X ") = Nyp(X).

Moreover,
Ny,aicol(X) = Ny gio)(XT) = Ny a1 (O (—1) & Op1 (—1)).

The same results also hold for the Gopakumar—Vafa invariants.

Proof. Theorem implies that log Zx(q, Q.Qo, . .., Q1) and log Zx+(q, Q, Qf,...,QF) are

written in the following form:

) Sd d d
log Z;((Q’ Q? QO? ) Q4 Z Z Fd7d0,d1,d2,d57d4< )Qd 00 “e . 44,

4 dos...,dsy>0,
di+- +d4>d0

log Z+ (¢,3,Q¢, ..., QF) Z > Fraadedsa,(0@UQE)M T RQN) N Q)™

da>0,
d1+ +d4>d0
Comparing with (8.0), we obtain the first statement. The second statement follows from (O.1]).
[

Remark 9.5. In [38] §4.1], Igbal and Kashani-Poor studied the special case such that the
2-cones Ty, 74 ¢ ¥, and the curves Cy, C5 have normal bundles Op: (—1) ® Op(—1) or Op1(—2) &
Op1(0). They obtained the result of Lemma 0.1 and proved the second statement of Theorem
in that case.
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T2

3 P2 P3 P2
T T3 72 [ T1
To T0..
o
p1 P4 Y
T4

Figure 10: Fans (sections at z = 1) : X (left) and & (right). The generators &, ...,dJ; of
p1, - - -, pa satisfy the relation &y + Js5 = Wy + Wy.

€2

€1

Figure 11: Toric graphs I'x (left) and I'¢ (right).

9.2 Application to toric surface and its blowup
9.2.1 Small modification of toric Calabi—Yau threefolds

Let X be a toric Calabi—Yau threefold and X be its fan. Let ¢ € X3 be a 3-cone such thatAone
of its three 2-dimensional faces 7y lies on the boundary of the support of the fan |¥|. Let X be
the following fan (see Figure [I0):

~

Y= (Z \ {7—07 U}) ) {p47 72077—377-47 6-17 62}7

and let X be the toric Calabi-Yau threefold associated with the fan ¥. We call X a toric
Calabi-Yau threefold obtained from X by a small modification. We compare the partition
function of X and that of X. For the rational curves, edges and formal variables, we use
the following notations in Table 4. Note that the rational curve Co corresponding to 7p is a
(—1,—1)-curve.

~

X X
2-cone | Ty, Ty T T, T1, T2 T
curve Cl, 02 CT ég, C’l, ég éT
edge e1,es erorjuste| ég,é1,65 e, orjuste
variable | Q1, Q2 Qe Qo, Q1, Q2 Qe

Table 4:

Let I'x be a toric graph of X. Near the edge corresponding to the 2-cone 7y, the graph
looks like the left diagram in Figure [[Il Figure [[2] shows an example of small modifications of
toric Calabi—Yau threefolds. After the small modification, the toric diagram (and the framings)
changes as follows.
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Figure 12: Toric graphs for a small modification of local P! x P! (left) and its flop (right).
Compare with Figure [0

Lemma 9.6. A graph obtained from I'x by replacing the left diagram in Figure L1 with the
right is a toric graph of X.

We study the transformation of the partition function under a small modification. We
associate the same formal variables @ = (Q.) to edges in E3(I'x) \ {e1,es} and those in
Es(T) \ {é0,é1,é,} and write the partition functions of X and X as Zx(q, @, Q1,Q,) and
Z(q, @, Q0. 01, Qg) It is immediate to check that

~

ZX(Q767 QOvOaO) = Z(—l,—l)(Qa QO) (92)
We define o A A
Zf((qa Q7 Q07 Qb QQ)

Z,A (Q7Q7 QO)QhQQ) = > A
X ZX(QJOJ Q07070)

The main result of this section is

Theorem 9.7. (i) Coefficients of @JQSOQ? ASQ in Z;A{(q, Q, 0, 01, Qg) vanish unless d; +
dy > dy.
(i)
ZX(Qa Q) Ql; QQ) = Z%(Qv Q7 Qala Q1Q07 Q2Q0)|Qo—>0 .

Proof. The statement (i) follows from Corollary [Z.6l To prove (ii), we consider the toric Calabi—
Yau threefold X+ obtained from X by the flop of Co. Let Qo, Qf and Q; be the formal variables
correspond to the flopped curves CA’J , C’fL and C’; respectively. Let S+ be the fan of X*. A
natural inclusion ¥ < 3* induces that of toric varieties X < X*. Under this map, we identify
Q7 and QF with Q, and Q. respectively. Then by Theorem [, we have

Z;Z+ (Q7 @7 QOJ Qla QQ) = Z;Z(‘]? @7 Qal7 QlQOa Q?QO)'

Then (ii) follows, since the Qo — 0 limit of the LHS is equal to Zx(q, Q,Qn, Q2). ]
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9.2.2 Toric surface and its blowup

Let S be a complete smooth toric surface and S its blowup at a torus fixed point. The
exceptional curve of p: S — S is denoted by E. Let X = Kg and X = Kg. Then X is a small
modification of X and E is a (—1, —1)-curve on X added by the small modification. Applying
Theorem to this case, we obtain the following

Corollary 9.8. (i) For € HQ(S’,Z) such that 3 is not an multiple of E and satisfying
6.E <0,

(ii) For 3 € Hy(S,Z) such that 3.E =0,

(i1i) For a multiple of [E],
Ng»d[E](KS') = Ng,d<OIP1(—1) D Opl(—l)).

Proof. The statements (i) and (ii) follow from Theorem (i) and (ii) respectively. The
statement (iii) follows from (@.2). O

Especially, Gromov-Witten invariants of Kg are obtained from those of Kg. The same
statements also hold for the Gopakumar—Vafa invariants. See e.g. [I1, Table 1, 10] for some
related numerical data.

9.3 Example and geometric engineering

In this section, we first give an example of §9.11 Then we will discuss its relation with Nekrasov’s
partition function [70] along the same lines with [36, 37, 22} 23] [83].

Let X and X be the toric Calabi-Yau threefolds associated with the left and right toric
graphs in Figure [[3] respectively. X contains two copies of P! x P! disjoint to each other and
X is obtained by a flop of a unique (—1, —1)-curve in X. In this example, formal variables
should be assigned as in Figure [I3} the five variables for X are independent and the nine
variables for X* have the four relations Qr, = QF. Qg (i = 1,2) and Qp, = Q5 Qy (i = 1,2).
The variables of X and X* should be identified by Qf = Q5" and Qr,Qp, of X* = Qr,, Qp,
of X.

Let us compute the partition function Zx of X (we omit the variables). By Proposition [7.4]
we have

2
h (i.5)\ 2
Iy = Z H (QBk)l“ﬂH”g‘Sixf(qp)Sig(qp) H (1 — Qp.q b )

p oo ops k=1 =1
A 1 1 2\t 2\t
Z (_QD)I | Sxt (qﬂg"rP’ QquM1+P) Sk(q(lb) +p>QF2q(H1) +p) .
A

We can perform the sum in the last factor by (Z.13):

Z (— Qo) sxe (¢34, Qg1 77)sx (¢ V27, QgD +7)
X

- T (1= ™) (1- QuQrg"ied™”)

2,71
(1= QuQrg ") (1 - QoQr Q1)
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Therefore Theorem [0.3]implies that the partition function Zx+ is obtained from Zx by replacing

H <1 _ Qoq}w%,(u%)t(i,j)> H (1 N (QO) 1 k)ck(ﬂzv(ﬂz) ) H (1 o ngk)k

i,j21 k k>1

and replacing @ in other factors by (Qg)™*

From the discussions in [42], §2.1], it seems natural to expect that the partition function of
X reproduces Nekrasov’s partition function for a gauge theory with a product gauge group and
with a matter. We want to clarify this statement. Let us set

Zx
Zx|Qp,=Qp,=0 -

stt o

Then, by the same method with [22] [83], we can show the following
Proposition 9.9. Let

q= 6—2Rh ’ QFl _ 6—4Ra1 : QFQ _ 6—4Ra2 7 QO — 62R(a1+a2—m) )
Then we have
) (k) L
s _ 2 Qs ufl+us| 2 sinh R (aln + Bk, — b+ — z))
X Z H 210
N17N27N17M2 k=1 » lm=lij21 sinh 12 (ajln - h <‘7 N /L))

2 )2lu%\+|u§|+\u§| (QE )\M%HIM%IHIM%\
) )

% q§(H(ul)+R(u2)—n(#?)—f<(#§)) (22Q0)IMHHM%IHM%HIM%I ©Q

2 smhR(aln )+m+h(j—z)>

[I

Lin=1 1j>1 SlnhR<a’ln )+m+h(lu’lz /"Lgl,j—i_]_?/))

Y

where
aff =afy =0, aff = —af) =204 ,
and
a§112) =ai+asz, a§112) = —a; +as , a%’z) =a; — as , a%z) —a] — Gy .

By Proposition 0.9 it is easy to see that the R — 0 limit of
stt g—e—2Rh QBk:22Akv QFk:e,ALRak’ Qo=e2R(a1+az—m)

is equal to the instanton part of Nekrasov’s partition function of 4-dimensional SU(2) x SU(2)
gauge theory with a matter in the bifundamental representation (2,2) (cf. [70, (66)]). Tt is
straightforward to generalize this example to those which engineer more general quiver gauge
theories of type A.

Remark 9.10. It is immediate to see that ZP¥ = Zx+/(Zx+|qp,=qs,=0) also coincides with
the same Nekrasov’s partition function with a similar variable identification in the limit R — 0.
More generally, Theorem may imply that if toric Calabi—Yau threefolds X and X™* are re-
lated by flops with respect to (—1,—1)-curves and if the partition function of X reproduces
Nekrasoxaj’? partition function for a gauge theory, then the partition function of X also repro-
duces it .

1 Showing this statement, which was suggested by Yuji Tachikawa, was the author’s original motivation for
the problem. The author is grateful to him for discussions in August 2005 at Santa Barbara.
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=1 QBQ
N -1
0 “Q+
Qr, 41 —1 Qg 0 2 ~1] Qn,
-1 le +0 o+ {
QB1 0 ) QO <B2
. Qo @B, Qrt—1 oo
—1 _1 QFl‘VO
QFl ﬂ_]- _]'" QFI QBl
—1
@p,

Figure 13: Toric Calabi-Yau threefold which contains two disjoint P! x P! connected by a
(=1, —1)-curve (left) and its flop (right).
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