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The methods used to determine the reduced density matrix ~RDM! of the ground and excited states, the
finite-temperature systems, and the large systems without using the wave function by solving the density
equation were discussed. We examined the foundations to reconstruct the higher-order RDMs of the ground
and excited states and the finite-temperature systems in terms of the lower-order RDMs. We presented the
equation to determine the RDMs of the finite-temperature systems directly and showed that only the exact
RDMs satisfy the equation. Our previous approximation for third- and fourth-order RDMs of the ground state
@H. Nakatsuji and K. Yasuda, Phys. Rev. Lett. 76, 1039 ~1996!# was reformulated, and the accuracy of this
approximation for the excited states was examined. The structure of the nth order energy density matrix
(n-EDM! was analyzed, and the calculation method which sums up the Parquet diagram of the 2-EDM without
explicitly constructing the third- and fourth-order RDMs was reported. This approximation is more accurate
than the previous second-order approximation and also includes the infinite series of bubble and ladder Green’s
function diagrams. Such a method is necessary to apply the density-equation method to large systems, such as
polymers, metals, and semiconductors. The new approximation together with the density equation was applied
to the ground states of some molecules including CO, C2 H2 , C3 H8 , and C4 H10 , and the excited states of the
Be atom and Li2 molecule. The calculated energies were as accurate as the exact or coupled-cluster single and
double excitations with triples included noniteratively, and the energy errors of the second-order approximation
were significantly reduced. The calculated 2-RDMs almost satisfied important representability conditions while
the 1-RDMs were exactly ensemble representable. These results demonstrate that the density equation offers a
new quantitative method for treating electron correlations. The relationship between the iterative procedure and
the finite-temperature density-equation method was discussed. @S1050-2947~99!07806-3#
PACS number~s!: 31.15.Ew, 31.25.2v, 03.65.Ge

I. INTRODUCTION

Although the wave function has all the accessible information in quantum mechanics, it often tells us more than we
need to know. Since all the operators we shall concern ourselves with in quantum mechanics are one- and two-body
ones, essential physical quantities can be calculated from the
second-order reduced density matrix ~2-RDM!. If we can
determine it without using the wave function, the wave function can be eliminated from the quantum mechanics and the
RDMs take over its role. However, various methods studied
so far to determine the RDM without using the wave function @1# were successful only for limited systems, because of
the N-representability problem @2#. Because the fermion’s
wave function is antisymmetric with respect to the permutation of particles ~Pauli principle!, physically acceptable
RDM must satisfy some strong conditions ~the
N-representability conditions!, which are not completely
known except for 1-RDM @2#.
The significance of our Hamiltonian is that it contains
only one- and two-body operators. By using this special
property, are there any methods to solve the quantummechanical problem more easily than by the traditional approach? It is clear that the Schrödinger equation does not use
this property explicitly, because the Schrödinger equation is
1050-2947/99/59~6!/4133~17!/$15.00
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also applicable to the system with three-body interaction.
Recently we and others developed a method which uses
the two-body nature of the Hamiltonian explicitly to determine the RDM of general systems @3–5#. We solved the
equation called the ‘‘hierarchy,’’ ‘‘density,’’ or ‘‘contracted
Schrödinger’’ equation @6,7#,
R (n) 50.

~1.1!

The nth-order energy density matrix (n-EDM! is given by
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~1.2!

where ( nk ) is the binomial coefficient. In the domain of the
physically acceptable RDMs, Eq. ~1.1! with n>2 is equiva4133
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lent to the Schrödinger equation, and only the exact RDMs
of the ground or excited states satisfy it @7#.
This equivalence shows that the N-representable 4-RDM
uniquely determines the nondegenerate wave function. This
one-to-one mapping is true for both the ground and the excited states, in contrast to the Hohenberg-Kohn theorem
@8,9#. Our new method uses the density matrix as the basic
variable and the density equation to determine it, instead of
the wave function and the Schrödinger equation.
The equilibrium state of the finite-temperature system
with a fixed number of particles was represented by the statistical operator r̂ 5 ( i u C i &^ C i u e 2 b E i /Z, where E i , u C i & ,
and Z are the energy, wave function, and the partition function, respectively. All the thermodynamic quantities and the
expectation values of the operators can be calculated from
the partition function and the 2-RDM. Using the two-body
nature of the Hamiltonian, it is possible to determine these
quantities without calculating the wave function or 2-RDM
of each eigenstate. In Sec. II we present the equation to determine the partition function and the 2-RDM directly, which
can be seen as the extension of the density equation to the
finite-temperature systems.
Since the second-order density equation, which is the
lowest-order equation equivalent to the Schrödinger equation, also depends on the 3- and 4-RDMs, it is indeterminate
without additional constraint, that is, the N-representability
conditions. Under the current knowledge of the
N-representability conditions, the density equation imposing
known N-representability conditions may have highly degenerate nonphysical solutions and probably does not yield the
isolated exact solution @10#. Hence we and others adopted
the functional approach expressing the (n11)- and the (n
12)-RDMs in terms of the n-RDM to remove the indeterminacy. The existence of such functionals is discussed in
Sec. II. The approximate functional also functions as the
N-representability conditions: N-representability is one of the
properties to be approximated.
Various approximate functionals to express the higherorder RDMs were reported @4,5,11#, and with these functionals, the second-order density equation was solved for atoms,
molecules @3,4#, and a model system @5#. These results were
very promising, giving energies and RDMs as accurate as, or
more accurate than the SDCI ~single and double excitation
configuration interaction! method, exactly N-representable
1-RDMs, and the 2-RDMs almost satisfied some important
N-representability conditions. The density-equation method
offers an entirely new alternative in quantum mechanics.
Our approximate functionals based on the perturbation
theory yield the 3- and 4-RDMs of the exact eigenstate from
the corresponding 2-RDM for a weakly perturbed system.
Thus the same method may also be applicable to the excited
states. In this paper we reported the determination of the
excited-state 2-RDMs by the density-equation method with
these functionals. From a different point of view, Mazziotti
expressed the 4-RDM with several parameters and solved the
density equation for the excited states of the quasispin model
@5#.
In the functional approach, the quality of the approximate
functional determines the quality of the solution. Based on
Green’s-function ~GF! theory, we developed the approximate
functionals for higher-order RDMs, whose accuracy is up to
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the second-order of the electron correlations. This approximation gave quantitative results for singly bonded molecules, but the errors of the multiply bonded molecules are
larger, showing the importance of the higher-order terms. No
other density-equation results were reported for these molecules.
In addition to the quantitative feature, higher-order perturbation terms have significant effects in many systems. For
example, in the uniform electron gas or interacting hard
spheres, simple perturbation expansion diverges, and the resummation of the infinite series of the physically important
GF diagrams is necessary. Although the density-equation
method may sum up some infinite series through the iterative
calculation of the 2-RDM, the use of the more accurate,
higher-order approximation is indispensable in solving the
general systems including metals and semiconductors. Since
the summation of the physically important RDM diagrams
by the previous method @4# is difficult, we develop a diagrammatic method of EDM to sum up the Parquet diagram
including the infinite series of ladder and bubble diagrams.
In large systems, explicit construction of the (n11)- and
(n12)-RDMs requires much computational time, and the
direct calculation of the energy density matrix without constructing the (n11)- and (n12)-RDMs is desirable. Our
new method yields the second-order energy density matrix
directly without explicitly constructing the 3- and 4-RDMs.
Development of the direct calculation method of 2-EDM will
be a first step in applying the density-equation method to
large systems.
The organization of this paper is as follows. In Sec. II, we
review the theoretical foundations to reconstruct the higherorder RDMs. The equation for the direct determination of the
density matrix of the finite-temperature canonical ensemble
is presented. In Sec. III we reformulate our previous approximation for higher-order RDMs in terms of the lower-order
ones @4#, and the accuracy of the various reconstruction functionals for the excited states is examined. In Sec. IV we
examine the general structure of the energy density matrix
using the generating functionals. In Sec. V we present the
integral equations to sum up the Parquet diagrams of the
second-order energy density matrix. In Sec. VI we apply this
new approximation for the ground states and the closed-shell
excited states of atoms and molecules and compare the results with the previous approximation and the wave-function
methods.
II. FORMAL THEOREM

In this section we first review the fundamental question in
the density-equation approach: what order RDM has enough
information to uniquely determine the wave function.
The RDM is said to be pure-state N-representable if the
RDM is derivable from an antisymmetric function of N particles, and ensemble N representable if it is derivable from a
mixed state with N particles.
We will review the theorems about the ground state first.
The Hohenberg-Kohn theorem @8# demonstrates that the
ground-state electron density is sufficient to determine the
external potential of the Hamiltonian. Mazziotti pointed out
@5# that the electron density alone cannot determine the wave
function without the knowledge of the kinetic and the Cou-
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lomb repulsion terms. By using the variational principle of
the ground-state energy, Rosina proved that the
N-representable 2-RDM of the ground state has enough information to determine the two-body Hamiltonian @12#. We
can conclude that it is in principle possible to reconstruct the
wave function and hence the higher-order RDMs of the
ground state of the two-body Hamiltonian in terms of the
2-RDM.
Next we consider the excited states. It is easy to show that
the 4-RDM of the nondegenerate state of the two-body
Hamiltonian has enough information to determine the wave
function. This is a consequence of MacDonald’s variational
principle: each eigenstate corresponds to the minimum of the
expectation value of a four-body operator, ^ (H2E) 2 & .
Hence the 4-RDM of the nondegenerate state of the twobody Hamiltonian has a unique preimage in the set of ensemble N-representable density matrices. It can also be
proved that these 4-RDMs are the extreme elements of the
convex set of the 4-RDMs.
If we restrict the two-body interaction in the Hamiltonian
as the Coulomb interaction, two different wave functions
u C & and u C 8 & , which are the nondegenerate eigenfunctions
of Hamiltonians H5 v 1w and H 8 5 v 8 1w, do not yield the
same G (3) . Assuming that u C & and u C 8 & yield the same G (3) ,
using MacDonald’s variational principle,

^ C 8 u ~ H2E ! 2 u C 8 & 1 ^ C u ~ H 8 2E 8 ! 2 u C & .0.

~2.1!

On the other hand, the same formula becomes

2

] (n)
G ~ r 18 , . . . ,r n8 u r 1 , . . . ,r n !
]b
5R (n) ~ r 81 , . . . ,r 8n u r 1 , . . . ,r n !
5

1
Tr$ f † ~ r 1 ! ••• f † ~ r n ! f ~ r 8n ! ••• f ~ r 81 !~ H2E ! r̂ % ,
n!
~2.2!

where b is the inverse temperature, F is the Helmholtz free
energy F52 b 21 logTr exp(2bH), and E is the expectation
value of H. Tr indicates the sum of the diagonal elements in
the N-particle Hilbert space. The right-hand side ~rhs! of Eq.
~2.2! is written with the n-, (n11)-, and (n12)-RDMs, as
shown in Eq. ~1.2!. The necessity for the theorem is trivial if
we notice that the true statistical operator satisfies the equation
~ ] b 1H2E ! r̂ 50.

] b is an abbreviation for ] / ] b . We will prove the sufficiency
for the second-order equation, because if the higher-order
equation is satisfied, the lower order is also satisfied. Suppose that the ensemble representable statistical operator r̂ 8
yields the n-, (n11)-, and (n12)-RDMs which satisfy Eq.
~2.2!. Then it follows
2 ] b Tr$ ~ ] b 1H2E ! r̂ 8 % 1Tr$ ~ H2E !~ ] b 1H2E ! r̂ 8 % 50,
and hence

E

1`

0

^ C 8 u ~ H2E ! 2 2 ~ H 8 2E 8 ! 2 u C 8 &
1 ^ C u ~ H 8 2E 8 ! 2 2 ~ H2E ! 2 u C & 50
because u C & and u C 8 & yield the same G (3) and (H2E) 2
2(H 8 2E 8 ) 2 is a three-body operator. This contradiction indicates that the N-representable G (3) has enough information
to determine the wave function among all the nondegenerate
eigenfunctions of the Hamiltonians with fixed two-body interaction.
Recently without using the variational principle, Mazziotti proved the following theorem @5#: if each state of the
two-body Hamiltonian may be distinguished from other
states by at least one two-body operator, then the 2-RDM has
a unique preimage in the set of pure-state N-representable
density matrices. A corollary of this theorem is that the
p-RDMs of each state are the unique functionals of the
2-RDM. Based on this theorem he proposed a new reconstruction method called ensemble representable method, and
calculated the 2-RDMs of the excited states of the quasi-spin
model by solving the density equation.
The density equation for the eigenstate is extended to the
finite-temperature, canonical ensemble with a fixed number
of N particles. The necessary and sufficient condition for the
n-RDM to be derivable from the statistical operator r̂
5e b (F2H) is to satisfy the equation
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Tr$ ~ 2 ] b 1H2E !~ ] b 1H2E ! r̂ 8 % d b

5

E

1`

0

(k u ~ ] b 1H2E ! u k ~ b ! & u 2 d b 50.

We write the N-particle sector of r̂ 8 as ( k u k( b ) &^ k( b ) u . The
above equation indicates that r̂ 8 satisfies the same equation
as r̂ , and both are equivalent in the N-particle Hilbert space
and yield the same exact RDMs. Other thermodynamic quantities including the partition function can be calculated from
the energy expectation value E( b ).
Equation ~2.2! is completely different from the equation
of motion of the thermal Green’s function @13# and the equation of quantum Bogolyubov-Born-Green-Kirkwood-Yvon
~BBGKY! hierarchy recently reported @14#. These equations
establish the relationship between n- and (n11)-RDMs,
while Eq. ~2.2! describes the relationship among n-, (n11)-,
and (n12)-RDMs. The anti-Hermite part of Eq. ~2.2! is
equivalent to the BBGKY hierarchy equation and the equation of motion of the thermal Green’s function at the zero
time interval.
Similar to the 2-RDM of the ground state, the 2-RDM of
the finite-temperature canonical ensemble has enough information to determine H, and we can use the 2-RDM to represent the state. There are no two-body Hamiltonians H
ÞH 8 which yield the same 2-RDM of the finite-temperature
systems. It is a consequence of the variational principle of
the Helmholtz free energy @9#. Hence the reconstruction of
the higher-order RDMs in terms of the 2-RDM is in principle
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possible, and the decoupling method based on the thermal
Green’s function provides a systematic way toward the exact
solution. The use of Eq. ~2.2! together with the reconstruction functionals offers a new alternative to the traditional
approach for the finite-temperature systems. The simplest approximation of n-RDM in terms of 1-RDM by Löwdin’s
formula together with the first-order equation of Eq. ~2.2!
yields the Fermi distribution function for a noninteracting
system. The proof is given in Appendix A. We will report
the finite-temperature results using a more accurate approximation and the second-order equation in a future paper.

~3.3a!

~3.3b!

~3.3c!

III. APPROXIMATIONS OF HIGHER-ORDER RDMs

In this section we summarize the approximations reported
so far, and the accuracy of our approximation for the excited
states is examined. In the previous papers @4#, we used the
Green’s-function ~GF! method to derive the relationships
among the higher-order RDMs and the lower-order ones.
The n-RDMs and n-particle many-body GFs (n-GFs! are defined as @9,13#
G (n) ~ r 81 , . . . ,r 8n u r 1 , . . . ,r n !
5

1
^ f † ~ r 1 ! , . . . , f † ~ r n ! f ~ r 8n ! , . . . , f ~ r 81 ! &
n!

i n G (n) ~ x 81 , . . . ,x 8n u x 1 , . . . ,x n !
5 ^ T @ f ~ x 81 ! , . . . , f ~ x 8n ! f † ~ x n ! , . . . , f † ~ x 1 !# & ,
where r i denotes the set of position and spin coordinates, x i
denotes the set of time, position and spin coordinates, of the
ith electron, f † and f denote the creation and annihilation
field operators in the Heisenberg representation, and T denotes the time-ordering operator. We define the time ordering of the operators at equal times as the normal order: creation operators are ordered to the left of the annihilation
operators, multiplied by the signum of the permutation. We
will suppress the time variable when it equals zero. The
RDMs are expressed with the GFs as

In Eqs. ~3.3b! and ~3.3c! typical diagrams are shown. Since
the time variables of the external lines are zero, the isolated
bold line represents the exact G (1) . We define the vertex part
of 2-RDM, V G , as the third term of Eq. ~3.3a!.
Several methods are reported to derive the relationship
among RDMs. In the previous paper we derived the relations
by comparing the Feynman diagrams of n-RDM with those
of k-RDMs of k,n. By using the new generating functionals
of RDMs, which do not involve the time variables, Mazziotti
reported a more concise method @5# to derive the relationships among n-RDMs with n<6. Generating functionals are
also known to be useful to analyze the structure of the manyparticle GF @13#. In Secs. III and IV we use these techniques.
We denote the connected piece of n-GF as G (n)
c which cannot be expressed as a simple product of lower-order GFs.
G (n)
c is defined similarly, which correspond to the last terms
in Eqs. ~3.3b! and ~3.3c!. By definition, functionals Z G @ J #
(n)
and W G @ J # generate G (n) and G (n)
and G (n)
c as well as G
c .
For example,
G (n) ~ r 18 , . . . ,r n8 u r 1 , . . . ,r n !
5 lim
J→0

d 2n Z G
~ 21 ! n
n! d J * ~ r 81 ! ••• d J * ~ r 8n ! d J ~ r n ! ••• d J ~ r 1 !

in which J and J * are the Grassmann variables @5,13#. Instead of using Mazziotti’s generating functional of RDMs,
we use the generating functional of GFs,

G (n) ~ r 81 , . . . ,r 8n u r 1 , . . . ,r n !
~ 2i ! (n)
G ~ r 81 , . . . ,r 8n u r 1 , . . . ,r n ! .
n!

Z G 5 ^ C u T @ e 2iS 1 # u C & ,

n

5

~3.1!

Many-particle GFs are represented with Feynman’s diagrams
@13#. For example, G (2) is expressed as

~3.2!
The bold line denotes the exact one-particle GF, while the
wavy line denotes the exact two-body vertex V @13#. Each
G (n) diagram has a coefficient of i 2l1m2k2n , where l is the
number of the closed G (1) loops, m is the number of the
unperturbed G (1) lines, and k is the order of the perturbation.
Since RDMs are a special case of GFs with time variables
equal to zero, the same Feynman diagrams represent RDMs.

S 15

E$ *

~3.4!

J ~ x ! f ~ x ! 1 f ~ x ! J ~ x ! % dx,
†

to emphasize the similarity between GF and RDM, and to
use the diagrammatic analysis.
By differentiating the relation between Z G and W G ,
Z G 5exp W G ,

~3.5!

and taking the limit J→0, the relation among GFs @13# or
and the
RDMs @5# is obtained: G (n) is expressed with G (n)
c
with
k,n.
The
same
result
is
obtained
products of the G (k)
c
by comparing the Feynman diagrams. This relation among
RDMs is useful not only to analyze the structure of the
RDMs but also to approximate the higher-order RDMs. For
example, the approximation of Valdemoro and co-workers
can be derived by neglecting some connected pieces.
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In the previous paper we used the same approximation for
the unconnected 3- and 4-RDMs, and also approximated the
connected piece of 3-RDM as follows. Exact G (1) satisfies
an approximate relation when tt 8 ,0,
iG (1) ~ x 8 ,x ! '
'

E
E

(1)
dq dq 8 G (1)
~ q 8 ,x !
0 ~ x 8 ,q ! P 0 ~ q,q 8 ! G

i k belongs to the virtual orbitals, and other cluster amplitudes
T (n) (nÞ2) can be neglected @16#. Then the connected piece
of 2-RDM is given by the formula
1
† †
G (2)i1i2
c j1 j2 5 $ ^ HFu a i1 a i2 a j2 a j1 T̂ 2 u HF&
2
1 ^ HFu T̂ †2 a †i1 a †i2 a j2 a j1 u HF& % .

dq dq 8 G (1) ~ x 8 ,q ! P ~ q,q 8 ! G (1) ~ q 8 ,x ! ,
~3.6!

P ~ q,q 8 ! 5 P 0 ~ q,q 8 ! 2

E

P ~ q,r 8 ! g ~ r 8 ,r ! P 0 ~ r,q 8 ! dr dr 8 ,
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As is seen, this G (2)
c completely determines the nonzero elements of the first-order perturbation terms of T (2) . Once we
get the cluster amplitude, we can calculate the leading term
of the G (3)
which is the second order. By using this firstc
order T (2) the only nonzero elements are

P 0 ~ q,q 8 ! 52G (1)
0 ~ q,q 8 ! 2 d ~ q2q 8 ! ,

g ~ q,q 8 ! 5G (1) ~ q,q 8 ! 2G (1)
0 ~ q,q 8 ! ,

~3.7!

in which r and q denote the set of position and spin coordinates, while x denotes the set of time, position, and spin
coordinates. Unperturbed G (1) satisfies Eq. ~3.6! when P
5 P 0 . It is a consequence of the rules of subsequent events in
the path-integral theory @15#. Equation ~3.7!, which looks
like Dyson’s equation, determines P. We used the approximate relationship of Eq. ~3.6! to express the connected
3-RDM, the last term in Eq. ~3.3b!, in terms of 1- and
2-RDMs. We replaced G (1) joining two vertices in the G (3)
c
with the rhs of Eq. ~3.6!. The vertex diagram with four external legs was next replaced with V G ,
V G ~ r 81 ,r 82 u r 1 ,r 2 ! 52i

E

dx 1 . . . dx 82 V ~ x 81 ,x 82 u x 1 ,x 2 !

3G (1) ~ r 18 u x 18 ! G (1) ~ r 28 u x 28 !
3G (1) ~ x 1 u r 1 ! G (1) ~ x 2 u r 2 ! ,

~3.8!

which was calculated from the given 1- and 2-RDMs by Eq.
~3.3a!. The final formula for the connected 3-RDM,
G (3)
c 5

1
3!

E

V G ~ r 81 ,r 83 u q,r 3 ! P ~ q,q 8 !

3V G ~ q 8 ,r 82 u r 1 ,r 2 ! dq dq 8 1•••,

~3.9!

contains no time integration, in contrast to the GF theory.
The relationships among the spinless n-RDMs n D are obtained by summing up the spin variables @4#.
Without using the time-dependent theory, Eq. ~3.9! could
be understood in a different way. Suppose we keep the firstorder perturbation terms of the wave function in the cluster
expansion form,
u C & 5N exp~ T̂ 1 1T̂ 2 1••• ! u HF&
†
†
T̂ n 5T (n)i1•••in
j1••• jn a i1 •••a in a jn •••a j1

in which T (n) denotes the n-body cluster amplitude and u HF&
denotes the Hartree-Fock Slater determinant. Under this approximation the only nonzero elements in the cluster amplitude is T (2)i1i2
j1 j2 , where j k belongs to the occupied orbitals and

G c(3)i1i2i3
j1 j2 j3 5

1
^ HFu T̂ †2 a †i1 a †i2 a †i3 a j3 a j2 a j1 T̂ 2 u HF& .
3!

Substituting the amplitude with G (2)
c and evaluating the expectation values of the creation and annihilation operators,
we get the leading term of Eq. ~3.9!.
We then compare the various approximations reported to
date. Valdemoro and co-workers included explicitly the first
two terms of Eq. ~3.3b! for 3-RDM and the first three terms
of Eq. ~3.3c! for 4-RDM @3#. This approximation includes
zeroth- and first-order perturbation terms in electron correlations in both 3- and 4-RDMs, provided that the 3- and
4-RDMs are constructed from the 1- and 2-RDMs. They
took into account the connected piece of 3-RDM by correcting the approximated 3-RDM with some N-representability
conditions, or by contracting the approximate 4-RDM to the
3-RDM. Their approximation together with the second-order
density equation gave good results for the four-electron atom
and ions, and the six-electron molecule of BeH2 .
In the previous papers @4#, we explicitly included the first
three terms of Eq. ~3.3b! for 3-RDM and the first four terms
of Eq. ~3.3c! for 4-RDM. This approximation includes the
terms up to the second-order perturbation of the electron correlations for both 3- and 4-RDMs and omits some of the
third- and the higher-order perturbation terms. The fourth
term of Eq. ~3.3c! for 4-RDM represents the simultaneous
collisions of two electron pairs. The density-equation method
with this decoupling approximation gave better results than
the SDCI method for closed-shell atoms and molecules. The
second-order perturbation terms are essential for the correct
description of electron correlations in atoms and molecules.
Based on these studies, Mazziotti proposed a new approximation scheme for 3-RDM @5#. He contracted the approximated 4-RDM functional to the 3-RDM to generate a
system of equations for the 3-RDM. This system of equations yields the 3-RDM which is correct through second order. His approximation works well for the quasispin model,
giving better results than the SDCI method.
It is interesting to examine whether the density-equation
method with approximate functional can be applied to the
excited states. We examine the accuracy of the functionals
for the excited states. We approximated the 3-RDM using
the first- and second-order functionals, from the exact 1- and
2-RDMs of the ground and five singlet excited states of the
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TABLE I. Errors of the approximated RDMs calculated by the various approximate functionals for the
ground and excited states of Be atom. G 0 (2200) indicates the electron occupation in the unperturbed 1-RDM
used in Eq. ~3.7!. Numbers in square brackets indicate powers of 10.

Energy
Main
config.a
Method
1st order
2nd order
G 0 (2200)
G 0 (2020)
G 0 (0220)
1st order
2nd order
3rd order
G 0 (2200)
G 0 (2020)
G 0 (0220)

Ground
214.582 69
1.00~2200!

213.202 01
0.71~2110!
10.71~2110!

1.755@ 23 #

6.257@ 22 #

2.719@ 24 #
2.800@ 23 #
2.799@ 23 #

1.462
4.900@ 21 #
1.106

211.762 86
1.00~2020!

Excited states
29.198 39
0.70~1210!
10.70~1210!

28.206 16
0.70~1120!
10.70~1120!

Errors of the approximated 3-RDMb
1.025@ 23 #
5.989@ 22 #
5.822@ 22 #

7.601@ 24 #
3.279@ 25 #

5.552@ 23 #
1.465
1.442
5.700@ 23 #
1.092
1.095
2.279@ 21 #
5.026@ 21 #
1.059
Errors of the approximated 4-RDMb
4.705@ 22 #
5.102@ 24 #
4.565@ 22 #
4.604@ 22 #
2.573@ 21 #
1.787@ 25 #
2.580@ 21 #
2.589@ 21 #

1.321@ 25 #
3.231@ 25 #
2.887@ 25 #

1.291
3.716@ 21 #
8.412@ 21 #

4.500@ 24 #
1.651@ 25 #
5.144@ 21 #

1.294
8.258@ 21 #
3.783@ 21 #

1.300
8.316@ 21 #
7.960@ 21 #

23.056 01
0.99~0220!

8.517@ 24 #
1.558@ 23 #
1.138@ 21 #
3.808@ 24 #
3.307@ 24 #
9.094@ 26 #
1.755@ 24 #
1.187@ 22 #
6.815@ 26 #

a

CI coefficient and electron occupations in the four Hartree-Fock orbitals.
Errors of the RDMs measured by the Euclidean norm.

b

Be atom. The errors of the approximated 3-RDMs are measured by the Euclidean norm. Similarly the 4-RDMs are approximated with the first-, second-, and third-order functionals from the exact 1-, 2-, and 3-RDMs, and the errors of the
4-RDMs are calculated. The results are summarized in Table
I. Because the second-order functionals of the 3-RDM and
the third-order functionals of the 4-RDM contain the unperturbed 1-RDM, we used three different G (1)
0 in Eq. ~3.7!. In
Table I, G 0 (2020) indicates that the four electrons occupy
the first and the third Hartree-Fock orbitals in the unperturbed 1-RDM. The main configurations in each excited state
are shown in Table I. The second and the fifth excited states
are closed-shell, two-electron excited states, while the first,
third, and the fourth excited states are the open-shell excited
states.
As shown in Table I, the errors of the approximated
3-RDMs by the first-order functional are about 1023 for the
closed-shell states and about 1022 for the open-shell states.
The first-order functional contains the first and the second
terms of Eq. ~3.3b!. The effect of the second-order perturbation term, which is the third term of Eq. ~3.3b!, strongly
depends on the nature of the excited states and also on the
unperturbed 1-RDM used in Eq. ~3.7!. In the open-shell
states, the second-order correction goes in the wrong direction and the errors become as large as 1. In the closed-shell
states, the second-order correction reduces the errors of
3-RDMs by an order of magnitude, provided that the unperturbed 1-RDM is the proper approximate 1-RDM. The other
gives errors almost the same as, or slightly
choice of G (1)
0
greater than, those of the first-order approximation.
A similar tendency is observed for 4-RDM. The errors of
the first-order approximation are about 1024 for the closedshell states, while they are about 1022 for the open-shell
states. The errors of the first-order functional in the openshell states are slightly greater than those in the closed-shell

states. The fourth term of Eq. ~3.3c!, which is the second
order of the electron correlation, improves the 4-RDM by an
order of magnitude for the closed-shell states. On the other
hand, the same correction goes in the wrong direction in the
open-shell states, although this correction does not use the
unperturbed 1-RDM. The third-order perturbation term,
which is the last term of Eq. ~3.3c!, works well for the
closed-shell states, if the proper unperturbed 1-RDM is used.
Another choice of G (1)
0 does not improve the 4-RDMs. We
conclude that if the proper unperturbed 1-RDM is used, the
3- and 4-RDMs of the closed-shell state are accurately approximated by the second- or third-order functionals. This
unperturbed 1-RDM selects the closed-shell states to be approximated.
Our functionals based on Green’s-function theory can accurately approximate the closed-shell RDMs of the ground
and excited states. However, the approximation of the openshell RDMs needs other new functionals. The accuracy of
the approximated RDMs of the closed-shell state depends on
the order of the perturbation of the functionals and the
strength of the electron correlations. Although our previous
second-order approximation gave satisfactory results for singly bonded molecules, the errors of the multiply bonded
molecules are greater. The effects of the higher-order perturbation terms are not negligible for these molecules. In addition to this quantitative feature, there are many systems in
which the higher-order perturbation terms have significant
effects, for example, the uniform electron gas and the interacting hard spheres. In these systems, simple perturbation
expansion may be useless because the bubble and ladder diagrams of any orders diverge. Summation of the physically
important diagrams up to any orders is necessary. This is the
reason why we develop the more accurate, higher-order approximations, even if the second-order approximation yields
good results for atoms and molecules. The less accurate re-
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sults of multiply bonded molecules are understood if we notice that the p electron is less bounded than the s electron,
and the higher-order ring diagrams become more important
for these molecules. Since the approximation of higher-order
RDMs also functions as the N-representability conditions, it
is important to use a good approximation not only to obtain
a good energy but also to ensure the representability of the
calculated RDMs.
In the density-equation approach, we approximate the
higher-order RDMs to calculate the EDM. Because the explicit construction of higher-order RDMs is very expensive,
for example the calculation of the 4-RDM requires about M 8
computational time, where M is the number of the basis
functions, the direct calculation method of EDM without explicitly constructing the higher-order RDMs is desirable. In
Secs. IV and V we explore a direct method which sums up
the physically important diagrams of 3- and 4-RDMs, for
example the ladder and bubble diagrams up to any orders. At
the outset we analyze the general structure of the EDM by
the generating functionals.
IV. GENERATING FUNCTIONAL OF THE ENERGY
DENSITY MATRIX

In this section we define the generating functionals of the
energy density matrix and the connected piece of EDM, derive the relationships between these two functionals, and reveal the structure of the higher-order EDMs. Since n-EDM is
defined by Eq. ~1.2! in terms of the n-, (n11)-, and (n
12)-RDMs, the generating functional of EDM is

Z G5

S 15

S 25

J ~ r !1

1
1
2

EH

d

J

dZG

†
I ~ x !ṽ~ x,x 8 ! f I ~ x 8 ! dx

1
2

1

d

JH

d J ~ r ! d J *~ r 8 !

J *~ r ! 1

dJ~ r !

d ZG

J *~ r 8 ! 1

d
dJ~ r8!

,

dx 8

†
†
I ~ x ! f I ~ x 8 ! w ~ x,x 8 ! f I ~ x 8 ! f I ~ x ! dx

dx 8 ,
~4.3!

ṽ~ x,x 8 ! 5 $ v~ r,r 8 ! 2h 0 ~ r,r 8 ! % d ~ t2t 8 ! ,

w ~ x,x 8 ! 5w ~ r,r 8 ! d ~ t2t 8 ! ,
where f †I and f I are the creation and annihilation field operators in the interaction representation, h 0 is an unperturbed
Hamiltonian, ṽ and w are the perturbation potentials, and
u F & is the unperturbed state from which the exact eigenstate
u C & evolves adiabatically.
Using Eq. ~4.3!, the higher-order derivative of Z G with
respect to J and J * is expressed by the derivative with respect to ṽ and w,

dZG

22
v~ r,r 8 ! dr dr 8

^ F u T @ e 2iS 2 # u F &

J ~ x ! f I ~ x ! 1 f †I ~ x ! J ~ x ! % dx,

Ef
Ef

Z E 5 ^ C u T @ e 2iS 1 #~ H2E ! u C &

EH *

^ F u T @ e 2i(S 1 1S 2 ) # u F &

E$ *

5i

d ṽ~ x,x 8 !

5
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dZG
d w ~ x,x 8 !

d 2Z G
d J *~ x 8 ! d J ~ x !
5i

1Z G G (1) ~ x 8 u x ! , ~4.4a!

d 4Z G
d J *~ x ! d J *~ x 8 ! d J ~ x 8 ! d J ~ x !

1iZ G G (2) ~ x,x 8 u x,x 8 ! .

J

~4.4b!

Using Eqs. ~3.5!, ~4.1!, and ~4.4!, the generating functional
of EDM is
Z E 5W E exp W G ,

~4.5!

2

3

d J *~ r 8 ! d J *~ r !

w ~ r,r 8 ! dr dr 8 2EZ G ,

~4.1!

where W E is given by
W E 5W E1 1W E2 1W E3 1W E4 1W E5 ,

where S 1 is given by Eq. ~3.4!. The n-EDM is given as
R

(n)

~ r 81 , . . . ,r 8n u r 1 , . . . ,r n !

5 lim
J→0

E

W E1 5

d 2n Z E
~ 21 ! n
.
n! d J * ~ r 18 ! ••• d J * ~ r n8 ! d J ~ r n ! ••• d J ~ r 1 !

W E2 5i

~4.2!
The EDM and the generating functional Z E are identically
zero if u C & and E are the eigenfunction and the corresponding eigenvalue of H.
In the interaction representation the generating functional
of GF is

W E3 5

1
2

J *~ r !

Edd

dWG
d J *~ r 8 !

WG

ṽ~ x,x 8 !

E

3

d J *~ r !

~4.6a!

v~ r,r 8 ! d ~ t ! d ~ t 8 ! dx dx 8 , ~4.6b!

J *~ r ! J *~ r 8 !

dWG

v~ r,r 8 ! dr dr 8 ,

H

dWG
d J *~ r 8 !

w ~ r,r 8 ! dr dr 8 ,

1

d
d J *~ r 8 !

J
~4.6c!
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8 , . . . ,r n8 u r 1 , . . . ,r n !
R (n)
c ~r1
5 lim
J→0

d 2n W E
~ 21 ! n
,
n! d J * ~ r 81 ! ••• d J * ~ r 8n ! d J ~ r n ! ••• d J ~ r 1 !
~4.7!

FIG. 1. Typical diagrams of the energy density matrix generated
by Eqs. ~4.6!. The dotted line indicates the one-body potential of v ,
while the curly line indicates the Coulomb interaction of w.

W E4 5i

E

3

J *~ r !

dWG
d J *~ r !

W E5 5i

H

dWG
d ṽ~ x 8 ,x 8 !

2i r ~ r 8 ! 1

w ~ r,r 8 ! d ~ t 8 ! dr dx 8 ,

Edd

WG

w ~ x,x 8 !

d
d ṽ~ x 8 ,x 8 !

J
~4.6d!

w ~ r,r 8 ! d ~ t ! d ~ t 8 ! dx dx 8 . ~4.6e!

Equation ~4.6b! shows that one perturbation potential
ṽ (x,x 8 )5 v (r,r 8 ) d (t2t 8 ) in W G is replaced with
v (r,r 8 ) d (t) d (t 8 ) in W E2 , while Eq. ~4.6e! shows that one
interaction line w(x,x 8 )5w(r,r 8 ) d (t2t 8 ) in W G is replaced
with w(r,r 8 ) d (t) d (t 8 ) in W E5 . Hence W E2 generates the
same Feynman diagrams as G (n)
c , except that one perturbation potential ṽ (x,x 8 ) is replaced with v (r,r 8 ) d (t) d (t 8 ), and
W E5 generates the same Feynman diagrams as G (n)
c , except
that one interaction line w(x,x 8 ) is replaced with
w(r,r 8 ) d (t) d (t 8 ). These generated diagrams of R (n)
c are almost the same as those of G (n)
c .
In Eq. ~4.1! only the creation and annihilation operators in
the Hamiltonian are the Schrödinger representation, that is,
the Heisenberg representation with t50. Unfamiliar factors
of d (t) d (t 8 ) and d (t 8 ) in Eq. ~4.6! make the time variables
of these operators zero.
Figure 1 shows the n-EDM diagrams generated by W E1 ,
W E3 , and W E4 . Applying v (r,r 8 ) to the incoming legs of
G (n)
gives the R (n)
shown in Fig. 1~a! generated by W E1 .
c
c
Functional W E3 generates two kinds of diagrams: In Fig.
and G (k)
with k,n are
1~b! the incoming legs of G (n2k)
c
c
are
joined with w. In Fig. 1~c!, two incoming legs of G (n)
c
joined with w. Functional W E4 generates three kinds of diagrams of Figs. 1~d!–1~f!. Applying the Coulomb potential to
the incoming legs of G (n)
c gives the diagram of Fig. 1~d!. In
is connected to an inFig. 1~e!, an incoming leg of G (n2k)
c
with
w,
and
in
Fig.
1~f!,
an incoming leg is
ternal line of G (k)
c
(n)
connected to an internal line of G c with w.
Since W G is the generating functional of connected GFs,
n-EDM generated by W E ,

is also the connected piece which cannot be written as a
product of other connected pieces.
Equation ~4.5! shows the relationship between the generating functional of EDM and that of connected EDM, which
is useful in examining the structure of the EDMs. By differentiating it with respect to J and setting J50, higher-order
n-EDM R (n) is expressed with the connected n-EDM R (n)
c
(n2k)
and the wedge product of R (k)
with k,n,
c and G
R (n) ~ r 81 , . . . ,r 8n u r 1 , . . . ,r n !
5 lim
J→0
n

5

(
k50

d 2n ~ W E Z G !
~ 21 ! n
n! d J * ~ r 18 ! ••• d J * ~ r n8 ! d J ~ r n ! ••• d J ~ r 1 !

SD
n
k

(n2k)
R (k)
.
c `G

~4.8!

We use the conventions of G (0) 51 and R (0)
c 50. The wedge
product is defined as @5#
(n2k)
R (k)
5
c `G

S D(
1
n!

2

p,p8

e ~ p ! e ~ p 8 ! pp 8

3R (k)
c ~r8
1 , . . . ,r 8
k u r 1 , . . . ,r k !

8 , . . . ,r 8n u r k11 , . . . ,r n !
3G (n2k) ~ r k11
in which p and p 8 permute the coordinates r i and r 8i in all
the possible (n!) manners, respectively, and e ( p ) is the
signum of the permutation p . Equation ~4.8! is easily verified by comparing the number of the terms on each side, or
by calculating the lower-order derivatives. For example, us(1)
ing R (1)
, R (2) is expressed as
c 5R
R (2) ~ r 81 ,r 82 u r 1 ,r 2 !
5R (2)
c ~r8
1 ,r 8
2 u r 1 ,r 2 !
1
1 $ G (1) ~ r 81 u r 1 ! R (1) ~ r 82 u r 2 ! 1G (1) ~ r 82 u r 2 ! R (1) ~ r 81 u r 1 !
2
2G (1) ~ r 18 u r 2 ! R (1) ~ r 28 u r 1 ! 2G (1) ~ r 28 u r 1 ! R (1) ~ r 18 u r 2 ! % .
~4.9!
The calculation of n-EDM reduces to the calculation of connected k-EDMs with k<n. Equation ~4.8! is also useful to
approximate the higher-order EDMs in terms of the lowerorder EDMs and RDMs. For example, by neglecting R (n)
c ,
we can approximate R (n) in terms of R (k) and G (n2k) with
k,n.
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TABLE II. Associativity relations of s, u, c, r, and l operations
given in Ref. @17#. These connecting operations are shown in Fig. 2.
a , b , and g are the generic vertex diagrams. The first row shows
the relationship of a s( b sg )5( a sb )sg .

FIG. 2. Five connecting operations of s, u, c, r, and l channels in Ref. @17#. a and b are the generic vertex diagrams. The
operations of s i , u i , c i , r i , and l i with i51,2 are given by replacing one of the two internal G (1) lines in the figures with the G (1)
5
line.

The connected 2-EDM can be calculated from the higherorder RDMs approximated with the method described in Sec.
III. However, this method which constructs the 3- and
4-RDMs explicitly has two disadvantages. ~i! Inclusion of
the higher-order perturbation terms is difficult because the
number of the distinct diagrams rapidly increases with the
order of the perturbation as well as the order of the RDM
increases. In particular, the systematic summation of physically important diagrams up to any orders is hopeless. ~ii! It
requires more computational time and resources than the direct calculation of EDM. In Sec. V, using the similarity of
and R (n)
the diagrams between G (n)
c
c , we construct a diagrammatic method to sum up the Parquet diagrams of the
connected 1- and 2-EDMs.
V. PARQUET EQUATION OF THE ENERGY DENSITY
MATRIX

In the preceding section, we expressed EDM in terms of
the connected EDMs and the RDMs, while the connected
EDM is expressed with diagrams similar to the Feynman
diagrams of the Green’s function. The diagrammatic method
in the GF theory enables us to sum up the selected, physically important diagrams @13#. Using the similarity of the
diagrams between EDM and GF, we sum up the Parquet
diagrams. The Parquet sum is one of the most powerful
methods in GF theory and includes diagrams critical to any
reasonable description of the many-body systems, for example, the particle-hole ring for Coulomb interaction in an
extended system and the particle-particle ladder which tame
hard-core interaction.
In the GF theory, the two-body Parquet sum constructs
the two-body vertex V, which gives the connected piece of
G (2) , from the bare interaction and irreducible diagrams. An
irreducible diagram is defined as the vertex diagram which
cannot be separated into two disjointed vertex diagrams by
breaking two internal lines. Any other diagrams can be constructed by joining the bare interaction and irreducible diagrams with five connecting operations, s, u, c, r, and l. All
the diagrams generated from the given irreducible diagrams
constitute the Parquet sum. The Parquet equation in the GF
theory was studied by Lande and Smith @17#. The five con-

X

b sg

b ug

a sX
Xsa
a uX
Xua
a cX
Xca
a rX
Xra
a lX
Xla

( a sb )sg
b s( g sa )

( a ub )ug
b u( g ua )

( a rb )rg

b l( g la )

b cg

b rg

b lg

( a cb )cg
b c( g ca )

( a cb )rg
b c( g la )

( a rb )cg
b l( g ca )

b c( g ra )
( a lb )cg

b r( g ua )
( a lb )rg

b l( g ra )
( a ub )lg

necting operations are shown in Fig. 2, in which the incoming legs of the diagrams are bottoms and the arrows giving
the direction of the propagator lines are suppressed. The exact G (1) is used as a propagator, and the self-energy insertions are not included explicitly in the diagrams. The
s, u, c, r, and l connecting operations satisfy the associativity relationships in Table II. Using these relationships,
Lande and Smith derived the integral equation for the twobody vertex of G (2) . We use these relationships to derive the
integral equations for the connected 2-EDM. We also use the
approximation Eq. ~3.6! to write the 2-EDM in terms of
2-RDM. The integral equations derived give the connected
EDMs directly without explicitly constructing 3- and
4-RDMs.
We first consider the connected 2-EDM generated by
W E5 . It is given by replacing an interaction line in the connected G (2) with w(r,r 8 ) d (t) d (t 8 ) and then setting the time
variables of the external lines to zero. We refer to the S 5 as
the self-energy S in which one interaction line is replaced
with w(r,r 8 ) d (t) d (t 8 ). G (1)
is similarly defined, which is
5
also generated by W E5 . Using Dyson’s equation, G (1)
5 is expressed as
G (1)
5 ~x8
1ux 1 !5

E

G (1) ~ x 81 u y 1 ! S 5 ~ y 1 u y 81 ! G (1) ~ y 81 u x 1 ! dy 1 dy 81 .
~5.1!

Each term in the connected 2-EDM under consideration is
approximated by joining several two-body vertices V and the
sum of the irreducible diagrams I with five operations. The
lowest-order term of I is the two-body interaction w while
the next order is the fourth-order of the electron correlations
@13#. Since G (1) contains interaction lines, the connected
2-EDM also contains the diagrams in which several vertices
V are joined by several G (1) lines and one G (1)
line. We
5
calculate the direct diagram in which an internal chain of
propagators connects the left incoming leg to the left outgoing leg. The third term of Eq. ~3.3a! is an example of a direct
diagram, while the fourth is an exchange diagram. The exchange diagram is constructed by crossing the outgoing legs.
We will pay attention to the diagrammatic structure of the
equation and use the shorthand notation of s, u, c, r, and l
operations. The solution X of the integral equation
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S5 ~ X2S ! sV1Vs ~ X2S ! 1Vs ~ X2S ! sV1S 1 ,
U5 ~ X2U ! uV1Vu ~ X2U ! 1Vu ~ X2U ! uV1U 1 ,
T5 ~ X2T ! cV1Vc ~ X2T ! 1Vc ~ X2T ! cV1T 1

~5.2!

1 ~ X2T ! rV1Vr ~ X2U ! 1Vc ~ X2T ! rV
1 ~ X2U ! lV1Vl~ X2T ! 1Vl~ X2T ! cV
1 @ Vl~ X2T !# rV1 @ Vr ~ X2T !# cV1 @ Vr ~ X2T !# rV
1 @ Vu ~ X2T !# lV,
X5I1S1U1T
gives the Parquet sum of the direct diagrams of the connected 2-EDM generated by W E5 , in terms of V, I, G (1) , and
G (1)
5 . The quantities S 1 , U 1 , and T 1 are given by
S 1 5V ~ s 1 1s 2 ! V,
U 1 5V ~ u 1 1u 2 ! V,

where s1 and s2 indicate two connecting methods of two
vertices with G (1) and G (1)
5 lines. The proof of Eq. ~5.2! is
given in Appendix B. The shorthand notation VsV represents
the formula

E

E

~5.3!

G (1) ~ x 81 u q ! P ~ q u r 8 ! R (1)
5 ~ r 8u r !

3 P ~ r u q 8 ! G (1) ~ q 8 u x 1 ! dq•••dr 8 .

~5.4!

(1)
R (1)
5 (r 8 u r)52iG 5 (r 8 u r) is a 1-EDM generated by W E5 .
The diagram of vertex V with four G (1) legs is replaced with
V G of Eq. ~3.8!. Through this procedure, VsV becomes

VsV5

E

V G ~ r 81 ,r 82 u q 1 ,q 2 ! P ~ q 1 u q 81 ! P ~ q 2 u q 82 !

3V G ~ q 81 ,q 82 u r 1 ,r 2 ! dq 1 . . . dq 82

(1)
3G (1)
~ x 2 u r 2 ! dx 1 •••dx 82
4 ~ x 1u r 1 ! G

~5.38!

which contains no time integration, in contrast to Eq. ~5.3!.
(1)
In short, change V in Eq. ~5.2! with V G , G (1)
5 with PR 5 P,
and the definition of the five connecting operations from Eq.
~5.3! to Eq. ~5.38!. Solution X of Eq. ~5.2! gives the Parquet
sum of the direct diagrams of the 2-EDM generated by W E5 ,

~5.5!

and the corresponding term in which the left and right legs
are changed. G (1)
4 denotes the 1-GF generated by W E4 ,

J→0

in which x and y denote the set of time, position, and spin
coordinates. Note that the s, u, c, r, and l operations require the time integration.
We then rewrite Eq. ~5.2! in terms of 1- and 2-RDMs. We
first attach four external G (1) legs to each term in X and set
the time variables of the external legs to zero. Next, each
G (1) connecting two vertices is replaced with the rhs of Eq.
~3.6!, and the G (1)
5 is replaced with
G (1)
5 ~x8
1 u x 1 ! '2i

G (1) ~ r 81 u x 81 ! G (1) ~ r 82 u x 82 ! V ~ x 81 ,x 82 u x 1 ,x 2 !

8 u x 1 ! 5 lim
iG (1)
4 ~x1

V ~ x 81 ,x 82 u y 1 ,y 2 ! G (1) ~ y 1 u y 81 ! G (1) ~ y 2 u y 82 !

3V ~ y 81 ,y 82 u x 1 ,x 2 ! dy 1 . . . dy 82

in terms of 1- and 2-RDMs. This rewriting procedure is general and applicable to other EDM diagrams.
Connected 2-EDM generated by W E2 is given by replacing one perturbation potential ṽ in the connected G (2) with
as G (1) in which one
v (r,r 8 ) d (t) d (t 8 ). We refer to G (1)
2
perturbation potential ṽ is replaced with v (r,r 8 ) d (t) d (t 8 ).
Each term in the direct diagrams of this connected 2-EDM is
approximated by joining the several vertices with several
G (1) lines and one G (1)
2 line with s, u, c, r, and l opera(1)
(1)
tions. Addition of the R (1)
2 52iG 2 to the R 5 yields this
sum.
We then consider the 2-EDM generated by W E4 . Typical
examples of the R (n)
c diagrams generated by W E4 are shown
in Figs. 1~d!–1~f!. In Figs. 1~e! and 1~f!, an incoming leg and
an arbitrary internal position x 8 are connected with the line
w(r,r 8 ) d (t 8 ). Any R (2)
diagrams are classified into two
c
kinds. Each diagram in the first kind is separated into the two
diagrams containing w(r,r 8 ) d (t 8 ) and the vertex V by
breaking one G (1) line, such as Fig. 1~d! and some diagrams
in Fig. 1~f!. The sum of these direct diagrams is given as

E

T 1 5V ~ c 1 1c 2 ! V1V ~ r 1 1r 2 ! V1V ~ l 1 1l 2 ! V,

VsV5
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d 2 W E4
d J * ~ x 81 ! d J ~ x 1 !

.

~5.6!

Each diagram in the second kind cannot be separated into
two diagrams with w(r,r 8 ) d (t 8 ) and without it by breaking
one G (1) line, such as Fig. 1~e! with k51 and the rest diagrams of Fig. 1~f!. In these diagrams, an incoming leg and an
internal position x 8 are connected with the interaction line
w(r,r 8 ) d (t 8 ). We approximated these diagrams by joining V
and I with the s, u, c, r, and l operations. We consider
the direct diagram whose left incoming leg r 1 is connected to
the internal line with w(r 1 ,r 8 ) d (t 8 ). Other terms are obtained by changing the left and right legs and by crossing the
outgoing legs.
Solution X of the equation
S5 ~ X2S ! sV,
U5 ~ X2U ! uV,
T5 ~ X2T ! cV1 ~ X2T ! rV1 ~ X2U ! lV,

~5.7!

X5I1S1U1T,
gives the Parquet sum of these direct diagrams of the connected 2-EDM generated by W E4 , in terms of V, I, and G (1) .
The proof is given in Appendix C. We then rewrite Eqs.
~5.5! and ~5.7! in terms of 1- and 2-RDMs with almost the
same procedure as in Eq. ~5.2!. We first attach three external
G (1) legs to each term in X and set the time variables of these
external legs to zero. Each G (1) connecting two vertices is
then replaced with the rhs of Eq. ~3.6!, and the G (1)
4 is replaced with
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8u r 1 ! '
G (1)
4 ~x1

E

8 u r 1 ! dq 1 dq 18 .
G (1) ~ x 18 u q 1 ! P ~ q 1 u q 18 ! R (1)
4 ~q1
~5.8!

R (1)
4

denotes the 1-EDM generated by W E4 . The diagram of
vertex V with four G (1) legs is replaced with V G of Eq. ~3.8!.
In short, change V in Eq. ~5.7! with V G , and the definition of
the five connecting operations from Eq. ~5.3! to Eq. ~5.38 !,
and solve Eq. ~5.7!. The sum of the solution X and the corresponding terms of changing the left and right legs, and
crossing the outgoing legs, gives the Parquet sum of the
2-EDM generated by W E4 .
Finally, we consider the 1-EDM generated by W E5 , because other 1- and 2-EDMs are written with 1- and 2-RDMs.
The 1-EDM
3

E

w ~ r 2 ,r 3 ! G (3) ~ r 81 ,r 2 ,r 3 u r 1 ,r 2 ,r 3 ! dr 2 dr 3
52 lim
J→0

d 2 W E5
d J * ~ r 81 ! d J ~ r 1 !

1G (1) ~ r 81 u r 1 ! Tr$ wG (2) %

can be calculated from the second term of the lhs of the
equation,
3

E$

w ~ r 81 ,r 3 ! 1w ~ r 82 ,r 3 ! % G (3) ~ r 81 ,r 82 ,r 3 u r 1 ,r 2 ,r 3 ! dr 3

5

1
d 4 ~ W E4 exp W G !
lim
,
2 J→0 d J * ~ r 81 ! d J * ~ r 82 ! d J ~ r 2 ! d J ~ r 1 !

EH

J

VI. DIRECT DETERMINATION OF THE DENSITY
MATRIX

In Sec. V, we derived the integral equations for the Parquet sum of the 2-EDM. This infinite sum includes not only
all the second-order perturbation terms of 3- and 4-RDMs
already reported @4#, but also many other higher-order terms
such as the infinite sum of the ladder and bubble diagrams.
In this section we examine the quality of the Parquet-sum
method through the numerical calculations of atoms and
molecules.
We first summarize our calculational method which is almost the same as the previous one @4#, except that the
2-EDM is directly calculated without constructing the 3- and
4-RDMs explicitly. We solved the Hermite part of the
second-order density equation @Eq. ~1.1! with n52# in matrix form,
i i

j j

R j1 j2 1R i 1i 2 50,
1 2

~6.1!

1 2

1 2

8 ,r 2 u r 1 ,r 2 !
R (2)
42 ~ r 1

1
2 R (1)
~ r 81 u r 2 ! G (1) ~ r 2 ,r 1 ! dr 2 ,
2 4

tion, we approximate the irreducible diagram as w and omit
the higher-order irreducible diagrams. Order analysis implies
that the missing term due to Eq. ~3.6! is more important than
the higher-order irreducible diagrams. We can calculate the
higher-order irreducible diagrams by the approximation of
Eq. ~3.6!, and the missing term due to this approximation by
the original GF method, as was discussed in Ref. @4#.

to calculate the spinless 2-RDM, imposing the normalization,
i i
i i
Hermiticity, and the symmetry (D j1 j2 5D j2 j1 ) conditions on

by setting r 28 5r 2 and integrating this variable. By comparing
these equations, we found the relationship

8u r 1 ! 5
R (1)
5 ~r1
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~5.9!

(1)
where R (1)
4 and R 5 denote the 1-EDMs generated by W E4
and W E5 , respectively. R (2)
42 denotes the 2-EDM generated by
W E4 and in which the right incoming leg r 2 is connected to
the internal line with w(r 2 ,r 8 ) d (t 8 ). This term is already
calculated with Eq. ~5.7!.
We summarize the calculation method of the Parquet sum
of the 2-EDM in terms of the 1- and 2-RDMs. The 1-EDM
generated by W E1 . . . W E4 and the connected 2-EDM generated by W E1 and W E3 are calculated from 1- and 2-RDMs
directly. Direct diagrams of the connected 2-EDM generated
by W E4 are given with the sum of Eq. ~5.5! and the solution
of Eq. ~5.7!. Other direct diagrams are obtained by changing
the left and right legs. The 1-EDM R (1)
5 generated by W E5 is
calculated with Eq. ~5.9!. The connected 2-EDM generated
by W E5 is calculated with Eq. ~5.2! from G (1) , V G , and R (1)
5 .
Finally 2-EDM is calculated from the 1-EDM, the connected
2-EDM, and the 1-RDM by Eq. ~4.9!.
In the present Parquet sum of 2-EDM, we introduced the
approximation of Eq. ~3.6!. The lowest-order missing term
due to this approximation is the second-order one, which
represents the three-body cluster effect @4#. In the next sec-

2 1

the 2-RDM. The subscript j k and the superscript i k are associated with the annihilation and creation operators, respectively. Because of the Hermiticity of the Hamiltonian, Eq.
~6.1! is also equivalent to the Schrödinger equation, and we
did not use the anti-Hermite part of the density equation. The
spinless 2-RDM and the Hamiltonian were represented in
matrices whose one-electron base are the HF orbitals. The
generalized two-electron integrals were used for simplicity.
We calculated the zeroth- and first-order terms of 2-EDM
separately and summed the second- and higher-order terms
with the integral equations of Eqs. ~5.2! and ~5.7!, which
were solved by the iterative method. We approximate the
irreducible diagram as w and omit the higher-order irreducible diagrams. The multidimensional nonlinear equation
~6.1! was solved by the same Newton’s method as the previous one @4#.
We applied the density-equation method to the following
atom and molecules: Be, NH3 , CH4 , N2 , CO, and C2 H2 with
the double-z basis @18# and Li2 , CH3 OH, C2 H6 , C3 H8 , and
C4 H10 with the minimal Slater-type orbital STO-6G basis
@19#. We compared the accuracy of the present new approximation with the previous second-order one and the SDCI
@20#, full-CI @21# ~in the case of relatively small basis sets!,
and the coupled-cluster single and double excitations with
triple excitations included noniteratively @CCSD~T! for
larger cases# @22#. Experimental molecular geometries @23#
were used and some 1s core orbitals of C and O were frozen.
Tables III and IV show the summary of the ground-state
results. In Table III we compared the energies and the errors
of the RDMs calculated by the Parquet-sum method with the
second-order approximation, SDCI, and full-CI methods.
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TABLE III. Energies and errors of the RDMs calculated by the density-equation methods and the wavefunction methods. Parquet sum indicates the present new approximation, while some results of the secondorder approximation are also presented in Ref. @4#. Errors of the RDMs are measured by the infinity norm.
Numbers in square brackets indicate powers of 10.
Method

Density equation
2nd order
Parquet sum

CH4
4312
8
CH3 OH
735
14
N2
5311
10
CO
5311
10

Full-CI

Energy ~a.u.!
Correlation energy error ~%!
1-RDM error
2-RDM error

Molecule
Active
Electronsa
NH3
4310
8

Wave function
SDCI

256.298 88
4.24
4.72@ 23 #
2.44@ 22 #
240.295 82
3.73
2.27@ 23 #
1.79@ 22 #
2114.711 44
5.24
5.12@ 23 #
2.50@ 22 #
2109.079 09
11.84
9.85@ 23 #
6.70@ 22 #
2112.872 93
10.55
1.87@ 22 #
1.09@ 21 #

256.303 14
0.92
4.67@ 23 #
1.79@ 22 #
240.299 02
0.93
2.67@ 23 #
1.24@ 22 #
2114.715 84
1.81
4.03@ 23 #
2.04@ 22 #
2109.096 36
4.26
2.87@ 22 #
1.16@ 21 #
2112.885 25
4.68
1.47@ 22 #
5.43@ 22 #

256.297 17
5.58
9.86@ 23 #
6.00@ 22 #
240.294 05
5.27
7.82@ 23 #
4.78@ 22 #
2114.710 82
5.72
1.42@ 22 #
5.13@ 22 #
2109.082 19
10.48
2.79@ 22 #
1.16@ 21 #
2112.873 82
10.13
4.14@ 22 #
1.39@ 21 #

256.304 33
0
0
0
240.300 09
0
0
0
2114.718 16
0
0
0
2109.106 05
0
0
0
2112.895 09
0
0
0

a

The number of electrons in the active space.

The full-CI dimension of the CO molecule is about 4.8
3106 , which is the largest in Table III, while the number of
the free parameters in the 2-RDM is about 4.83103 . In Table
IV we compared the results with the CCSD~T! energies and
CCD moments, because the full-CI calculations are currently
difficult for these molecules.
As seen in these tables, the energies of the second-order
approximation are comparable with the SDCI results, and
those of the Parquet sum are comparable with the CCSD~T!
or the exact results. The Parquet-sum method significantly
improves the energies of all the molecules. Energy errors of
the Parquet sum are about one-half to one-third of those of
the second-order approximation for both singly bonded and
triply bonded molecules. The correlation energy errors of the
density-equation method are improved as the system becomes large, which is seen by comparing the results of the
homologous series of alkanes, C2 H6 , C3 H8 , and C4 H10 . The
fact that the energy errors from the full-CI or CCSD~T! energies are almost constant irrespective of the molecular size
shows the size-consistent nature of the present densityequation method, because CCSD~T! is a good approximation
of CCSDT, which is size-consistent.
In Table III we also compared the errors of the 1- and
2-RDMs measured by the infinity norm, which is the maximum row sum of the error matrix, while the row sum is
calculated by adding the magnitudes of the elements in a

given row. The second-order approximation gives better
RDMs than the SDCI method, while the Parquet sum gives
the RDMs of accuracy similar to or better than the secondorder approximation, except for the N2 molecule. The Parquet sum may overcorrect the errors of the RDMs of the N2
molecule, although it significantly reduces the energy error.
The dipole moment of the CO molecule is a good test, because the Hartree-Fock method predicts the opposite direction @24#. The Parquet-sum method gives the dipole moment
of 0.0691 a.u., which is slightly larger than the exact value of
0.0417 a.u. The second-order approximation and the SDCI
give the dipole moments of 0.0344 and 0.0586 a.u., respectively. The Parquet-sum method yields a less accurate dipole
moment than the second-order approximation, although it
yields the 1-RDM of smaller error measured by the infinity
norm.
In Table IV we compared the accuracy of the dipole or
quadruple moment. For the singly bonded molecules, the
Parquet sum gives moments almost the same as, or slightly
better than, those by the second-order method, and the results
of both methods agree well with the exact one. For the C2 H2
molecule, the Parquet sum gives a slightly worse moment
than the second-order method, although it significantly reduces the energy error.
We next applied the density-equation method to the excited states. Currently our program is applicable to the
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TABLE IV. Energies and multiple moments calculated by the density-equation methods and the wavefunction methods. Parquet sum indicates the present new approximation. Results are compared with
CCSD~T! energies and CCD moments. Numbers in square brackets indicate powers of 10.
Method

Density equation
2nd order
Parquet sum

Wave function
CCSD~T!

Energy ~a.u.!
Correlation energy error ~%!
Dipole or quadrupole moment ~a.u.!b

Molecule
Active
Electronsa
C2 H6
737
14
C3 H8
10310
20
C4 H10
13313
26
C2 H2
5315
10

SDCI

279.209 24
3.45
0.4279
2118.228 68
3.21
9.126@ 23 #
2157.249 73
3.09
0.8021
276.980 06
7.61
4.642

279.213 18
0.858
0.4290
2118.234 10
0.764
9.107@ 23 #
2157.256 74
0.680
0.8022
276.987 08
4.03
4.486

279.204 48
6.58
0.4307
2118.215 59
9.12
9.048@ 23 #
2157.224 69
11.69
0.8130
276.975 59
9.89
4.817

279.214 49
0
0.4298 c
2118.235 79
0
9.010@ 23 # c
2157.258 72
0
0.8022 c
276.994 97
0
4.628 c

a

The number of electrons in the active space.
Quadrupole moment is given in the case of the zero dipole moment.
c
CCD moment.
b

closed-shell state, and we focused on the closed-shell, twoelectron excited states of the Be atom and Li2 molecule. The
calculation method is the same as for the ground state. We
used the double-z basis @25# for the Be atom and the minimal
STO-6G basis @19# for the Li2 molecule, and the experimental molecular geometry @23#. Table V shows the calculated
results of two closed-shell excited states of the Be atom, and
one closed-shell excited state of the Li2 molecule. Because
Be has four electrons, 4-RDM is essentially equivalent to the
wave function, and the density-equation method is equivalent to the wave-function approach. On the other hand, the
results of the six-electron system of the Li2 molecule indicate
the possibility of determining the excited-state 2-RDM by
the functional approach.
As shown in Table V, the Parquet sum gives more accurate energies and 2-RDMs than the second-order method.
Both methods give almost the same energies and density
matrices as those of the SDCI method. Since the closed-shell
two-electron excited state is often higher in energy than the
open-shell one-electron excited state, the wave function
cannot be approximated well with one Slater determinant,
and the approximation of the RDMs is more difficult than the
ground state. This explains why we could not calculate the
RDMs of the excited states of other molecules. Li2 with
1 1
STO-6G basis is an exception: both the 1 1 S 1
g and 8 S g
states are well approximated with each Slater determinant, in
which two valence electrons occupy s (2s) bonding and
s * (2p) antibonding orbitals, respectively. If we write the
Hamiltonian as H5 f 1w int , where f and w int are the Fock
operator and the correlation potential, and reduce the correlation potential to half, H5 f 1w int/2, we can calculate the
2-RDMs of both the ground and excited states with the same
symmetry by the density-equation method. This result suggests that the density-equation method can be applied to the

excited states if the proper functional for the excited state is
used. In this approach, the orthogonalization condition of the
wave functions is never explicitly imposed. These conditions
will be satisfied automatically if we use the accurate functional, because our Hamiltonian is a Hermitian operator.
We examine some necessary conditions of the
N-representability, the P, Q, and G conditions @2#, which are
the non-negativities of the 2-RDM, 2-hole RDM, and the g
matrix. Table VI shows the percentage of the sum of the
negative eigenvalues of the P, Q, and g matrices compared to
the sums of their eigenvalues. This table shows that the calculated 2-RDMs contain nonrepresentable components, but
the impurity fraction is small and around 1023 % for both the
ground and excited states. These fractions are almost constant or even become smaller as the molecule becomes large,
which is seen by comparing the results of C2 H6 , C3 H8 , and
C4 H10 molecules. The Parquet sum improves the
N-representability of the 2-RDMs for singly bonded molecules, and their deviations are almost always smaller than
the corresponding second-order results. For the triply bonded
molecules, some are improved and others are not. A small
deviation from the exact N-representability is due to an inaccuracy of the decoupling approximation of the RDMs. We
also point out that all the 1-RDMs calculated by the densityequation method satisfied the ensemble representability condition: all the eigenvalues lie in the range of zero to two @2#.
We then discuss various iterative methods used in the
density-equation method. Since the ground-state 2-RDM is
the zero-temperature limit of the finite-temperature 2-RDM,
the limit b →1` of the solution of the differential equation
~2.2! gives the ground-state 2-RDM. Hence the discretization
of the differential equation of Eq. ~2.2!,
G (2) ~ b 1D b ! 'G (2) ~ b ! 2D b R (2) ~ b ! ,

~6.2!
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TABLE V. Energies and errors of 2-RDMs of the ground and excited states calculated by the densityequation method. Parquet sum indicates the present new approximation.
Method

Density equation
2nd order
Parquet sum

3 1S
1.00~2020!
6 1S
0.99~0220!

8 1S 1
g
1.00
(220•••02)
1 1S 1
g
1.00
(2220•••0)
8 1S 1
g
1.00
(220•••02)

Full-CI

Energy ~a.u.!
Energy error ~a.u.!
2-RDM error ~Euclidean norm!

State
Main
config.a
Ground
1.00~2200!

Wave function
SDCI

Be atom
214.582 69
214.582 69
2.53@ 26 #
4.06@ 26 #
4.06@ 25 #
1.14@ 24 #
211.762 86
211.754 00
21.92@ 27 #
8.86@ 23 #
1.25@ 24 #
2.14@ 22 #
23.056 04
23.053 47
22.81@ 26 #
2.54@ 23 #
2.19@ 24 #
3.87@ 22 #
Li2 molecule
214.032 29
214.033 48
214.035 02
2.78@ 23 #
1.23@ 23 #
3.97@ 23 #
7.77@ 22 #
2.95@ 22 #
7.15@ 22 #
Li2 ~1/2 correlation potentialb!
211.396 81
211.399 18
211.399 28
1.08@ 24 #
3.58@ 26 #
2.47@ 23 #
3.58@ 22 #
2.49@ 23 #
2.97@ 24 #
210.393 39
210.393 66
210.393 44
3.79@ 25 #
2.58@ 24 #
3.03@ 24 #
2.16@ 23 #
2.97@ 24 #
3.12@ 22 #

214.582 70
21.54@ 25 #
4.68@ 25 #
211.762 90
23.54@ 25 #
1.47@ 24 #
23.056 04
24.29@ 25 #
2.74@ 24 #

214.582 69
0
0
211.762 86
0
0
23.056 01
0
0
214.036 25
0
0
211.399 28
0
0
210.393 70
0
0

a

CI coefficient and electron occupations in the Hartree-Fock orbitals.
Correlation potential of Li2 molecule is reduced to half.

b

in which D b is a small ‘‘time’’ step, yields the iterative
method for the ground state. Valdemoro and co-workers and
Mazziotti used similar methods @3,5#, and Mazziotti analyzed
the iterative method in connection with the power method.
The structure of the statistical operator implies that the wavefunction component with energy E i in 2-RDM grows at the
rate of e 2D b (E i 2E 0 ) by propagating a single time step D b ,
where E 0 is the ground-state energy of the fermion system. If
the approximate functional does not yield the components
with energies lower than E 0 in the 3- and 4-RDMs, the iterative method of Eq. ~6.2! converges. On the other hand, if
the approximate functional yields the non-N-representable
components of lower energies, and does not decrease the
fractions of the components at a rate less than e D b (E i 2E 0 ) ,
this iterative method diverges. According to our experience,
the simple iterative method of Eq. ~6.2! is unstable and difficult to converge, even for the small-enough D b . Hence we
used Newton’s method which is stable and behaves well, but
requires more computational time. Since it may be an obstacle to apply the density-equation method to large systems,
a more efficient iterative method must be devised.
Recently, Mazziotti applied the density-equation method
to the quasispin model which is a nice benchmark for testing
many-body theory, with as many as 40 particles by using his
original approximation @5#. While the special symmetry of
the model makes it possible to calculate the exact solution by
diagonalizing the matrix of dimension (N11), the model

has a nontrivial solution and reproduces the difficulty of the
correlation problem. Mazziotti contracted Valdemoro’s
4-RDM functional with our previous second-order correction
for the 4-RDM @the fourth term of Eq. ~3.3c!# to generate a
system of equations for the 3-RDM. From a given 2-RDM,
this system of equations yields the 3-RDM which is correct
through second order. It significantly improves the accuracy
of Valdemoro’s 3-RDM functional. In his scheme, the approximated 4-RDM automatically contracts to the 2-RDM
from which it was made.
Mazziotti also proposed the ‘‘ensemble representability
method’’ ~ERM! to reconstruct the p-RDM from the 2-RDM
without an explicit functional. The ERM requires that the
p-RDM contracts to the 2-RDM, and also it satisfies the
p-ensemble representability restriction that the p-RDM be
Hermitian, antisymmetric, and positive semidefinite. Since
these conditions are only necessary for N-representability
when p is less than the number of the electrons, the solution
is not unique and a family of solutions including the exact
p-RDM results. He compared the accuracy of the 4-RDMs
reconstructed by the ERM with his functional approach. The
ERM is less accurate for the ground state than his reconstruction functional, but more accurate for the excited states.
These two reconstruction methods together with the
second-order density equation were applied to the quasispin
model @5#. These methods yield the ground-state energies
and the 2-RDMs comparable to or better than those of SDCI.
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TABLE VI. Percentage of the sums of the negative eigenvalues
of the 2-RDM, 2-HRDM, and g matrix compared to the sums of
their eigenvalues. Parquet sum indicates the present approximation.
Numbers in square brackets indicate powers of 10.

a

Molecule
Activea

Method

CH4
4312
C2 H6
737
C3 H8
10310
C4 H10
13313
N2
5311
CO
5311
C2 H2
5315

2nd order
Parquet
2nd order
Parquet
2nd order
Parquet
2nd order
Parquet
2nd order
Parquet
2nd order
Parquet
2nd order
Parquet

Be (3 1 S)
232
Li2 (8 1 S 1
g )
337

2nd order
Parquet
2nd order
Parquet

2-RDM
Ground state
9.67@ 23 #
1.66@ 23 #
3.52@ 23 #
1.40@ 25 #
1.59@ 23 #
2.60@ 26 #
1.16@ 23 #
2.48@ 27 #
7.75@ 23 #
4.05@ 24 #
5.85@ 23 #
8.07@ 25 #
1.36@ 22 #
4.65@ 24 #
Excited state
6.39@ 25 #
7.12@ 25 #
1.69@ 21 #
7.57@ 22 #

2-HRDM

g matrix

2.45@ 24 #
0
2.34@ 23 #
1.17@ 22 #
1.13@ 23 #
3.67@ 26 #
8.70@ 24 #
2.06@ 26 #
7.22@ 24 #
1.24@ 22 #
5.28@ 24 #
1.04@ 23 #
4.10@ 24 #
1.45@ 23 #

1.07@ 23 #
9.52@ 24 #
1.46@ 23 #
1.90@ 24 #
1.00@ 23 #
1.40@ 24 #
1.05@ 23 #
1.01@ 24 #
2.83@ 23 #
3.61@ 22 #
7.21@ 23 #
7.25@ 23 #
2.26@ 23 #
1.04@ 22 #

9.70@ 25 #
1.07@ 24 #
3.97@ 23 #
4.61@ 24 #

1.89@ 25 #
2.06@ 25 #
1.93@ 21 #
7.34@ 22 #

Active space used in the calculation.

The ERM also yields the energy of the excited state with the
same symmetry as the ground state. The energy was calculated somewhat lower than the exact energy. He also applied
the third-order density equation with his functionals of the 4and 5-RDMs to the quasispin model.
The ERM with the second-order density equation may be
viewed as the density-equation method which uses the
4-RDM as a basic variable. Harriman suggested that such a
method yields highly degenerated incorrect solutions at almost all the energies, unless enough N-representability restrictions are imposed @10# because of the indeterminacy of
the equation. It is surprising that the ERM yields the energies
and the 2-RDMs comparable to or better than SDCI by imposing very few conditions. There are some questions that
must be clarified in the ERM, for example the dependence of
the solution on the calculation algorithm, the extent of the
nonuniqness of the solution, and the applicability to other
systems such as atoms and molecules. However, the ERM’s
possibility to yield the exact solution without any complicated functional is very attractive. Judging from the results
of the quasispin model, we feel that his method seems to be
very hopeful, and we anticipate the results of other systems,
such as atoms and molecules.
VII. CONCLUSIONS

In this paper we discussed methods to determine the
second-order reduced density matrix ~2-RDM! of the ground
and excited states, finite-temperature systems, and large systems without using the wave function by solving the density
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equation. We discussed the foundations to reconstruct the
higher-order RDMs in terms of the lower-order ones. We
presented a new equation for the direct determination of the
RDMs of the finite-temperature canonical ensemble and
showed that only the exact RDMs satisfy this equation. We
reformulated our previous approximation method for 3- and
4-RDMs and examined the accuracy of the approximation
for the excited states. The structure of the energy density
matrix was analyzed by the generating-functional technique.
Using the similarity of the diagrams between the Green’s
function and EDM, we derived the integral equations which
sum up the Parquet diagram of the 2-EDM without explicitly
constructing the 3- and 4-RDMs. This new approximation
together with the second-order density equation was applied
to the ground states of some molecules. The energy errors of
the previous approximation were significantly reduced, giving almost the same energy as the exact or CCSD~T! one.
We also calculated the closed-shell excited states of the Be
atom and Li2 molecule. The present density-equation method
gave more accurate results than the SDCI method. We discussed the relationship between the iterative method and the
finite-temperature density-equation method.
This paper reported the direct calculational method of the
Parquet sum of 2-EDM, which is the first step in applying
the density-equation method to large systems such as polymers and metals. The method based on the density matrix
can be applied to large systems more easily than the wave
function approach. In large systems the off-diagonal elements of 1-RDM and the vertex part of 2-RDM can be approximated as zero, if we use the localized one-electron basis. Hence we can calculate the 2-EDM with the
computational time which scales linearly to the system size,
by only skipping the calculation of the negligible offdiagonal elements. Although the calculational method of the
2-EDM with linear system-size scaling is trivial, a new
stable iterative method whose computational time also scales
linearly must be devised to apply the density-equation
method to large systems. In this paper we also discussed
methods to determine the RDMs of the excited states and the
finite-temperature systems. To make these methods practicable, new approximate functionals for the 3- and 4-RDMs
are necessary which are accurate enough for these systems.
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APPENDIX A: DERIVATION OF THE FERMI
DISTRIBUTION FUNCTION

We will show that Löwdin’s formula for n-RDM @9#,
1
G (n) 5
n!

U

G ~ r 18 u r 1 !

•••

A
G ~ r 8n u r 1 !

A
•••

U

G ~ r 18 u r n !

G ~ r 8n u r n !

,

~A1!

together with the first-order equation of Eq. ~2.2! yields the
Fermi distribution function for the noninteracting system.
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We denote 1-RDM as G in this appendix. After a short calculation, we obtain the equation in matrix form,
2 ] b G ij 5 v kj G ik 2G kj v lk G il .

~A2!

Using the Hermiticity of G and v , we obtain the following
equation:
v kj G ik 2G kj v ik 5 @v ,G # ij 50

~A3!

which indicates v and G have coeigenfunctions for each b .
We represent v and G as the diagonal matrices and their
eigenvalues e i and g i . Therefore

g i 5 ~ 11e be i 2c ! 21 ,

~A4!

where c is a constant, satisfies Eq. ~A2!. If we write the
constant c5 bm , we get a Fermi distribution function. Although Löwdin’s formula is valid only for the Slater determinant wave function, and the approximated RDMs do not
give the original 1-RDM of finite temperature, we obtain the
correct solution.
APPENDIX B: PROOF OF EQ. „5.2…

We want to sum up two kinds of diagrams.
~1a! The diagrams in which several two-body vertices V
and one irreducible diagram I are connected with
s, u, c, r, and l operations.
~1b! The diagrams in which several two-body vertices V
are connected with s, u, c, r, and l operations, and also
in each diagram, one of the G (1) lines linking two vertices is
replaced with G (1)
5 .
Since V is the sum of all the direct vertex diagrams, V has
any diagrams in VxV where x represents one of the five
connecting operations. Hence any diagrams having a factor
of VxV can be thrown away.
Consider the diagram in which an irreducible diagram and
two or more vertices are connected with the five operations.
Because this diagram is reducible, we can separate a vertex
by breaking two G (1) lines. However, we cannot separate the
irreducible diagram, because if we could, the diagram in
which the vertices are connected with five operations are left,
and by assumption there are no such diagrams.
Next we consider the diagrams with three or more vertices in the set ~1b!. Because this diagram is reducible, we can
separate a vertex by breaking two G (1) lines, but we cannot
separate a vertex by breaking the G (1) and G (1)
5 lines for the
same reason.
We then analyze the s-channel equation. Similar proof
holds for the u-channel equation. The following two sets
contain all the s-reducible diagrams we want to sum up more
than once, together with the forbidden diagrams with a factor
of VxV.
~2a! Diagrams of a sV and Vsa in which we can separate
a vertex by breaking two G (1) lines. a is either the irreducible, or the reducible diagram in sets ~1a! and ~1b!.
~2b! Diagrams of Vs 1 V and Vs 2 V, where s 1 and s 2 denote
two connecting methods of two vertices by G (1) and G (1)
5
lines.
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Since the set ~2b! is added to the equation explicitly, we
will show that all the distinct diagrams we want to sum up in
~2a! are contained in (X2S)sV, Vs(X2S), and Vs(X
2S)sV. X denotes the Parquet sum which contains irreducible and reducible diagrams. S denotes the sum of the
s-reducible diagrams in X. We first note that no diagram
appears more than once in these three sets, because Table II
shows that there is no way to rewrite them. These three sets
contain any s-reducible diagrams of a sV and Vs a . Consider
the diagram a sV. If a is irreducible, or reducible in one of
the u, c, r, and l operations, a sV is contained in (X
2S)sV. If a is s-reducible, a 5Vs b and b must not be
s-reducible, because in other cases, a sV has a factor of VxV.
Hence a sV is contained in Vs(X2S)sV. Diagram Vs a is
similarly treated. We demonstrated that the sum of (X
2S)sV, Vs(X2S), Vs(X2S)sV, and V(s 1 1s 2 )V gives all
the s-reducible diagrams.
Next we analyze the t-channel equation. The following
two sets contain all the c, r, and l-reducible diagrams we
have to sum up.
~3a! Diagrams of a xV and Vx a (x5c, r, l) where a is
either the irreducible diagram, or the reducible diagrams in
sets ~1a! and ~1b!.
~3b! Diagrams of Vx i V, where x i 5 $ c i ,r i ,l i ;i51,2% connects two vertices by G (1) and G (1)
5 lines.
Since the set ~3b! is added to the equation explicitly, we
will consider set ~3a!. Thirteen kinds of diagrams in Eq.
~5.2!, (X2T)cV, . . . , @ Vu(X2U) # lV, are disjointed, since
Table II shows that no diagrams can be transformed into
each other. These thirteen kinds of diagrams contain any
c-, r-, and l-reducible diagrams. Consider the diagram
a cV. If a is irreducible, or reducible in s- or u-channel, a cV
is contained in (X2T)cV. If a is r-reducible, a 5Vr b and
b must not be u-reducible, and hence a cV is contained in
@ Vr(X2U) # cV. If a is l-reducible, a 5Vl b and b must not
be reducible in the c, r, and l channels; hence a cV is contained in @ Vl(X2T) # cV. Other diagrams of Vc a , a rV,
Vr a , a lV, and Vl a are similarly treated. This completes the
proof of Eq. ~5.2!.

APPENDIX C: PROOF OF EQ. „5.7…

We want to sum up the distinct diagrams in which several
vertices V and one irreducible diagram I are connected with
s, u, c, r, and l operations, and also the left incoming
leg of the composite diagram is directly connected to the
irreducible diagram. For the same reason as in Appendix B,
we do not have to sum up any diagrams having a factor of
VxV. Hence we can remove a vertex from the composite
diagram by breaking two G (1) lines, but we cannot remove
the irreducible diagram. The diagram we want to sum has the
form of a xV, because in the diagram of Vx a , the left incoming leg is not directly connected to the irreducible diagram.
Consider the diagram (X2S)sV, where X denotes the sum
of the Parquet diagrams and S denotes the sum of the
s-reducible diagrams in X. No diagram appears more than
once in this set, because Table II shows that there is no way
to rewrite it. Hence we conclude that the sum of the
s-reducible diagrams under consideration equals (X2S)sV.
The same proof holds for u- and t-channel equations.
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