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Interactions of exploding and surrounding plasmas are analyzed with theory and particle simulations
for the case in which the initial velocity v0 of the exploding plasma is perpendicular to the weak
external magnetic field B0; because of the fast v0 and weak B0, the gyroradius v0 / ⍀i is much longer
than shock widths. After the penetration of the exploding ions, the electric field induced by the
cross-field plasma motion quickly accelerates the surrounding ions in the direction perpendicular to
v0 and B0. Owing to the magnetic force, however, the surrounding ions that were once overtaken by
the exploding ions can pass them later. Because the electron guiding centers move with the E
⫻ B drift, the two kinds of electrons are not mixed. Further, because of the deceleration of the
exploding ions in the front layer, the plasma density and magnetic-field strength go up there. This
field reflects the surrounding ions forward and exploding ions backward. This generates two large
pulses, which then develop into forward and reverse shock waves. Up to the generation of the two
pulses, the time and length scales are basically determined by v0 and B0. © 2007 American Institute
of Physics. 关DOI: 10.1063/1.2734580兴
I. INTRODUCTION

Shock waves can be generated from strong disturbances,
such as laser implosions, solar flares, and supernova explosions, and play a crucial role in the development of the system; see Refs. 1–5, and references therein. They have been
studied, therefore, by many authors from various points of
view; for instance, nonlinear wave propagation, energy transport, particle acceleration, and evolution of supernova remnants; see Refs. 6–11, and references therein. Further, laboratory experiments of shock waves with use of intense lasers
have recently started to model astrophysical phenomena,
such as supernovae.12
In a collisional fluid, the local velocity distribution function of particles should be nearly Maxwellian even after a
strong disturbance has been generated. The time in which a
shock wave is formed may be estimated from the characteristic curves of the fluid.6
Shock formation processes in collisionless plasmas
would be quite different from those in collisional fluids. In a
collisionless plasma, ion and electron velocity distribution
functions can be far from Maxwellian for long periods of
time. Therefore, if an explosion occurs in a plasma without
external magnetic fields, the exploding plasma could penetrate deep into the surrounding plasma. The two plasmas
having different fluid velocities can overlap in a wide area,
which will not occur in collisional fluids. Some kinds of
two-stream instabilities may then play some role in relaxation and shock formation processes.13 Spitzer suggested,14
however, that if there is an external magnetic field, it would
affect the plasma evolution and shock formation.
In the present paper, we study the interaction between
exploding and surrounding plasmas and resultant formation
a兲
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processes of shock waves in an external magnetic field. We
are particularly interested in the case in which the field is so
weak that the ion gyroradius is much greater than the shock
width.
The gyroradii can be considerably larger or smaller than
the shock width, depending on the plasma density, speed, and
magnetic-field strength B. Roughly speaking, the width of
the shock transition region is independent of B and is proportional to n−1/2
e , where ne is the plasma 共electron兲 density;
it is ⬃c /  pe 共electron skin depth兲 for quasiperpendicular
shock waves and ⬃c /  pi 共ion inertia length兲 for oblique
shocks; for a more precise discussion on the shock width,
see, for instance, Refs. 15–19. For a plasma density ne
= 1 cm−3, their lengths are c /  pe = 5.3⫻ 105 cm and c /  pi
= 2.3⫻ 107 cm. The gyroradius is proportional to v0 / B,
where v0 is the particle speed. Hence, it can be smaller than
c /  pi in strong magnetic fields. For instance, if a plasma
moves with a speed v0 = 109 cm s−1 in an external magnetic
field with B = 1 G, the ion 共hydrogen兲 gyroradius is i0 = 1.0
⫻ 105 cm, which is ⬃1 / 200 of the above c /  pi. In weak
magnetic fields, i0 can be much greater than c /  pi; we study
such cases in this paper. For a magnetic field such that B
= 10−6 G, which is a typical strength of interstellar magnetic
fields, the ion gyroradius is i0 = 1.0⫻ 1011 cm, which is
⬃4000 times as large as the c /  pi. 共The gyroradii for thermal speeds are shorter than these in many cases. We have
taken large v0 because we are interested in high fluid velocities.兲
In Sec. II, we analyze the motions of exploding and surrounding particles for a case in which the initial velocity of
the exploding plasma, which is taken to be v0 = 共v0 , 0 , 0兲, is
perpendicular to the external magnetic field B0 = 共0 , 0 , Bz0兲
while the surrounding plasma is at rest; these two semiinfinite plasmas initially have a plane common boundary.
The cross-field motion of the exploding ions induces electric
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field Ey perpendicular to both v0 and B0. In the region where
the exploding ions have penetrated, this electric field accelerates the surrounding ions in the y direction; vy is then
converted to vx by the v ⫻ B force. In addition, vx of the
exploding ions is converted to vy. As a result, the surrounding ions that have been overtaken once by the exploding ions
can pass them later. Electron guiding centers move with the
E ⫻ B drift; thus, the exploding electrons are always behind
the surrounding electrons.
In Sec. III, we use a one-dimensional 共one space coordinate and three velocities兲, relativistic, electromagnetic particle simulation code to study these processes. To observe the
evolution of moving long plasmas, we take a large grid size
of 16 384. It is found that the trajectories of exploding and
surrounding particles support the above theoretical predictions, penetration and deceleration of the front part of the
exploding ions, and overtaking of the surrounding ions. Figures of phase spaces and field profiles show that immediately
after the penetration of the exploding ions, the acceleration
of the surrounding ions in the y direction begins; these velocities are then quickly converted to vx, which leads to the
overtaking. Furthermore, around the time when the flow velocity vx of the exploding ions has sufficiently decreased in
the front layer, collective effects become important. The
plasma density increases, and the magnetic field becomes
strong there. The intensified magnetic field in the front layer
reflects the surrounding ions forward and the exploding ions
backward, which generates two large pulses. This time is of
the order of the ion gyroperiod, ⍀it ⬃ 1. The two pulses develop into shock waves, one going forward and the other
backward. 共We do not expect that these pulses satisfy the
Rankine-Hugoniot relations. These pulses are in a collisionless plasma; as stated above, the velocity distribution functions near the pulses can deviate considerably from Maxwellians. In either ion-acoustic waves or magnetosonic
waves, we know soliton solutions. In collisionless plasmas,
the symmetry of these soliton solutions can be destroyed by,
for instance, particle reflection from the wave front, particle
trapping, and instabilities. These waves with nonsymmetric
profiles are commonly called shock waves.20–23 In the
present paper, we also call nonsymmetric large-amplitude
magnetosonic pulses the shock waves.兲
We summarize our work in Sec. IV.
II. CONSIDERATIONS ON PLASMA MOTIONS

We consider a situation in which two plasmas exist separately at t = 0 in an external magnetic field B0 = 共0 , 0 , Bz0兲. As
shown in Fig. 1, one is in the region x 艋 b having an ion
density niE0 and a high fluid-speed v0共⬎0兲 in the positive x
direction, and the other is in the region x ⬎ b with a density
niS0 at rest. The former can be viewed as an exploding
plasma while the latter is a surrounding plasma. The speed v0
is supposed to be much higher than the Alfvén speed vA and
the ion thermal velocity vTi = 共Ti / mi兲1/2, where Ti is the ion
temperature. Hence, the ion gyroradius i0 = v0 / ⍀i, where ⍀i
is the gyrofrequency ⍀i = qiBz / 共mic兲, is much greater than the
ion inertia length c /  pi and the thermal gyroradius iT
= vTi / ⍀i.

FIG. 1. Exploding and surrounding plasmas at t = 0. The exploding plasma
exists in the region x ⬍ b with a velocity v0.

In addition, the ion gyroradius i0 is mi / me times as large
as that of electrons for the same speed, e0 = v0 / 兩⍀e兩. After
the penetration of the exploding plasma in the surrounding
plasma, therefore, the behavior of the electrons should be
quite different from that of the ions. For the length scale

e0 ⬍ 兩x − b兩 ⱗ i0 ,

共1兲

and for the time scale
兩⍀e兩−1 ⬍ t ⱗ 兩⍀i兩−1 ,

共2兲

we can treat the electrons as strongly magnetized particles.
The drift approximation will therefore be applicable to the
electrons, whereas it is not valid for the ions. We are concerned with plasma behavior in the length scale 共1兲 and time
scale 共2兲 after the penetration.

A. Characteristics of ions and electrons

The two plasmas can overlap in some region in the coordinate space. Their evolution can be described by the Vlasov equation. For the ions, it reads

冉

冊

f
 f qi
f
v⫻B
+v·
+
E+
·
= 0.
t
x mi
c
v

共3兲

The distribution function f is constant along the characteristics,
dx
= v,
dt

共4兲

冉

冊

dv qi
v⫻B
=
E+
.
dt mi
c

共5兲

If the two plasmas are cold, we may write the distribution function of the exploding ions as
f E共x, v,t兲 = niE共x,t兲␦关v − viE共x,t兲兴,

共6兲

and that of the surrounding ions as
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f S共x, v,t兲 = niS共x,t兲␦关v − viS共x,t兲兴,

共7兲

with f = f E + f S.
Firsty, we discuss exploding ions. As in perpendicular
shock waves, we assume that Ez = 0 and that the magnetic
field has only a z component. Then, the equation for viE共x , t兲
would become
dvixE
viyEBz
= q iE x + q i
,
mi
dt
c

共8兲

dviyE
vixEBz
= q iE y − q i
.
mi
dt
c

共9兲

The momentum in the z direction is constant. For onedimensional disturbances,  / y =  / z = 0, the time derivative
in Eqs. 共8兲 and 共9兲 is defined as


d 
= + vixE .
x
dt t

冏

冏

viE ⫻ B
Ⰷ Ex .
c

共11兲

vixE = vd + v⬜ cos共− ⍀it + ␦兲,

共12兲

viyE = v⬜ sin共− ⍀it + ␦兲,

共13兲

where v⬜ is taken to be positive, and vd is given by
cEy
.
Bz

共14兲

Under the initial conditions that vixE = v0共⬎0兲 and viyE = 0,
the initial phase ␦ becomes zero, and
共15兲

v0 = vd + v⬜ .

Hence, the initial ion speed is greater than the drift speed,
v 0 ⬎ v d.
If v0 is equal to vd, then v⬜ = 0; hence, vixE共t兲 = v0 and
viyE共t兲 = 0. This represents an equilibrium plasma flow in the
x direction due to the E ⫻ B drift; i.e., all the ions and electrons move with the drift speed 共14兲. We note that the electric
energy generated in association with the cross-field plasma
motion is much smaller than the kinetic energy,
E2y /共8兲
niE0miv20/2

=

2
v2d vA
Ⰶ 1,
v20 c2

v0
Bz0 .
c

共16兲

where the Alfvén speed is supposed to be much smaller than
the speed of light. This implies that if we suddenly give a

共17兲

In the region where the exploding and surrounding ions coexist, however, this does not hold, and v0 is not equal to vd.
The characteristic curves in the coordinate space corresponding to Eqs. 共12兲 and 共13兲 with ␦ = 0 are given as
v⬜
sin共− ⍀it兲 + xE0 ,
⍀i

共18兲

v⬜
关1 − cos共− ⍀it兲兴 + y E0 ,
⍀i

共19兲

xiE = vdt −

y iE = −

Strong Ey is generated because of the cross-field plasma motion. Since Ex is the longitudinal electric field, the fact that Ex
is weak is a result of charge neutrality, which holds in lowfrequency magnetohydrodynamic phenomena. The field Ex
could become strong only in the vicinity of the front of the
exploding plasma. We therefore ignore Ex in the zeroth-order
analysis for the exploding plasma. 关Relation 共11兲 is an ordering. It does not claim that the ions move with the E ⫻ B
drift.兴
Then, for spatially uniform fields, we obtain solutions

vd =

Ey ⯝

共10兲

We assume the following ordering:
Ey ⬃

high initial speed v0 to a plasma in the entire region, this
system would quickly reach an equilibrium state, generating
Ey without losing much kinetic energy. In this case, substituting the relation vd ⯝ v0 in Eq. 共14兲, we find the field
strength as

where 共xE0 , y E0兲 is the initial position; xE0 艋 b. We denote the
x position of an exploding ion that is initially at the boundary, xE0 = b, by xiEb共t兲. Equation 共12兲 indicates that vixE becomes zero at
⍀it = arccos共− vd/v⬜兲.

共20兲

If vd / v⬜ 艌 1, the velocity vixE would not change sign, and xiE
would monotonically increase.
We use the drift approximation for the motions of the
exploding and surrounding electrons,
vex = vd .

共21兲

Consequently, the two kinds of electrons, which are initially
separated in the coordinate space, will not be mixed up later.
This boundary is denoted by xeb共t兲; hence, xeb共0兲 = b.
Next, we consider the surrounding ions. Because viS共0兲
= 0, the v ⫻ B force is small in the early phase. We therefore
include the effect of Ex as well as Ey. However, we still use
the assumption that the electric field ratio rxy = Ex / Ey is
small,
兩rxy兩 = 兩Ex/Ey兩 Ⰶ 1.

共22兲

We suppose that the front of the exploding ions, xiEb共t兲,
passes a position xS0 at tS for the first time,
xS0 = xiEb共tS兲 = vdtS − 共v⬜/⍀i兲sin共− ⍀itS兲 + b.

共23兲

For ⍀it ⬍ 1, tS is approximately given as tS = 共xS0 − b兲 / v0.
Then, on account of Eq. 共22兲, we find from the equation of
motion that
vixS共xS0,t兲 = vd关1 − 共1 + r2xy/2兲cos共− ⍀it⬘ − rxy兲兴,

共24兲

viyS共xS0,t兲 = − cEx/B − vd共1 + r2xy/2兲sin共− ⍀it⬘ − rxy兲,

共25兲
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共see Secs. II B and III兲, we denote the gyrofrequency at
xiEb共t兲 by ⍀iE and that at xiSb共t兲 by ⍀iS. We then have

冉 冊

r2
v⬜
vd
sin共− ⍀iEt兲 = −
1 + xy sin共− ⍀iSt + rxy兲
2
⍀iE
⍀iS

−

+

vd
rxy .
⍀iS

共32兲

Because rxy is small, this becomes
v⬜
vd
sin共− ⍀iEt兲 =
关sin共− ⍀iSt兲 − rxy cos共− ⍀iSt兲兴
⍀iE
⍀iS

−
FIG. 2. Theoretical trajectories of xiEb, xiSb, and xeb.

+

冉 冊

共26兲

where t⬘ = t − tS共xS0兲. The speed of the surrounding ions is
small in the early phase. However, it becomes comparable to
vd later.
If we ignore the v ⫻ B force in the equation of motion,
we obtain
vixS共xS0,t兲 = 共qi/mi兲Ext⬘ ,

共27兲

viyS共xS0,t兲 = 共qi/mi兲Eyt⬘ ,

共28兲

xiS共xS0,t兲 = 关qi/共2mi兲兴Ext⬘2 + xS0 .

共29兲

共30兲

Indeed, Eqs. 共24兲–共26兲 reduce to Eqs. 共27兲–共29兲, respectively,
under the condition 共30兲.
Figure 2 shows the trajectories of particles that are initially at the boundary x = b: xiEb for exploding ions, xiSb for
surrounding ions, and xeb for electrons, which we have
drawn with the aid of Eqs. 共18兲, 共21兲, and 共26兲. Here, the
input parameters are v0 / c = 0.5, Ey / Bz0 = 0.25, and rxy = 0.1.
共We have chosen these values so that we can compare Fig. 2
with the simulation results in Sec. III.兲 The following relation holds in the early phase:
xiSb共t兲 ⬍ xeb共t兲 ⬍ xiEb共t兲,

冉 冊

tan −

共31兲

because vixS ⬍ vd ⬍ v0 for ⍀it Ⰶ 1. In the region xeb ⬍ x
⬍ xiEb, which will be called the front layer, there exist three
kinds of particles; surrounding ions and electrons and exploding ions. In the region xiSb ⬍ x ⬍ xeb, there exist exploding ions and electrons and surrounding ions.
The two characteristic curves xiEb共t兲 and xiSb共t兲 meet
again later. We can obtain this time from Eqs. 共18兲 and 共26兲.
Since the field strengths at xiEb共t兲 and xiSb共t兲 may be different

⍀ it
vd + v⬜
=−
.
2
rxyvd

共34兲

Since the right-hand side gives a large value in magnitude,
we see that
⍀ it ⬃  .

共35兲

When ⍀iE ⫽ ⍀iS and rxy Ⰶ 1, from Eq. 共33兲 we have a rough
estimate,
v⬜
vd
sin共− ⍀iEt兲 =
sin共− ⍀iSt兲.
⍀iE
⍀iS

−

These equations suggest that the motion vixS would act to
suppress the longitudinal electric field Ex. Because of the
transverse electric field Ey 共ⰇEx兲, viyS quickly increases after
the penetration of the exploding ions. Using Eq. 共28兲, we can
rewrite the inequality qiviySB / c ⬍ qiEx as
⍀it⬘ ⬍ rxy .

共33兲

where the terms up to r2xy were retained. In the case in which
⍀iE = ⍀iS共=⍀i兲, this can be further reduced to

r2
vd
xiS共xS0,t兲 = vdt⬘ +
1 + xy sin共− ⍀it⬘ − rxy兲 + xS0
2
⍀i
vd
+ rxy ,
⍀i

vd
rxy ,
⍀iS

共36兲

If v⬜ / ⍀iE Ⰶ vd / ⍀iS, we obtain ⍀iSt ⬃ .

B. Collective effects

The electrons that exist in the front layer, xeb ⬍ x ⬍ xiEb,
at time t were in the region b ⬍ x ⬍ xiEb共t兲 initially. We therefore have the following relation:

冕

xiEb共t兲

xeb共t兲

neS共x,t兲dx = neS0关xiEb共t兲 − b兴,

共37兲

where neS0 is the initial density of the surrounding electrons.
Let 具neS典 designate the electron density averaged over x in
this layer. Then, we obtain
xiEb共t兲 − b
具neS典
=
.
neS0 xiEb共t兲 − xeb共t兲

共38兲

Using the charge neutrality condition, niE + niS = neS, we find
the width of the front layer as
xiEb共t兲 − xeb共t兲 =

neS0
关xiEb共t兲 − b兴.
具niE + niS典

共39兲

As niE increases, the coefficient neS0 / 具niE + niS典 should
decrease. The width 共xiEb − xeb兲 should therefore be smaller
when the density of the exploding plasma is high, niE
Ⰷ neS0, than when niE ⬃ neS0. This will be quantitatively examined with simulations below in Fig. 12 in Sec. III B.
Magnetic-field lines, as well as the plasma, should be
compressed in this layer, because the field lines are frozen in
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the electron fluid. In fact, because the electrons move with
the E ⫻ B drift, we can put the z component of Faraday’s law
into the following form:

Bz 
+ 共vexBz兲 = 0.
t x

共40兲

We have the continuity equation for the electrons if we replace Bz by ne. The electron density ne is governed by the
same equation as Bz.
Further, Eq. 共37兲 indicates that the plasma density in the
front layer should become quite high around the time given
by 共34兲, when xiEb and xeb are close. The magnetic field
should also become strong there. As will be shown in Sec. III
with simulations, this has significant effects on plasma
behavior.
III. SIMULATIONS OF PLASMA COLLISION
A. Simulation model

We now use a one-dimensional 共one space coordinate
and three velocities兲, relativistic, electromagnetic particle
simulation code with full ion and electron dynamics24 to
study the penetration of an exploding plasma in a surrounding plasma and resultant formation of shock waves.
At t = 0, we have an exploding plasma with a fluid velocity v0 = 共v0 , 0 , 0兲 in the region x ⬍ b and a surrounding
plasma at rest in the region x ⬎ b in a uniform external magnetic field B0 = 共0 , 0 , Bz0兲. Their initial densities are chosen to
be niE0 = 2niS0. Because qi = −qe in the simulations, the initial
ion and electron densities are the same; niE0 = neE0 and niS0
= neS0. To observe the long-time evolution of the two plasmas, we take a large system size L = 16384⌬g, where ⌬g is
the grid spacing. The numbers of simulation particles are
Ni = Ne ⯝ 1.05⫻ 106. Other simulation parameters are as follows. The ion-to-electron mass ratio is mi / me = 100. The
speed of light is c / 共 pe⌬g兲 = 4, where  pe is the electron
plasma frequency calculated with use of the density averaged
over the entire plasma region. The magnetic field strength is
兩⍀e兩 /  pe = 0.1; hence the Alfvén speed is vA / 共 pe⌬g兲 = 0.04.
The thermal speeds are vTi / 共 pe⌬g兲 = 0.1 and vTe / 共 pe⌬g兲
= 1.0; the sound speed is cs / 共 pe⌬g兲 = 0.18 for the specificheat ratio ␥e = ␥i = 5 / 3. The speed of the linear magnetosonic
wave is vms / 共 pe⌬g兲 = 0.18, where vms is defined by vms
= 共vA2 + cs2兲1/2. The time step is  pe⌬t = 0.05.
B. Simulation results

Figure 3 displays the trajectories of exploding ions 共top
panel兲, surrounding ions 共middle panel兲, and electrons 共bottom panel兲. For comparison, we have drawn the trajectories
of xiEb 共thick solid lines兲 and xiSb 共thick dotted lines兲 in all
the panels. Here, the initial speed of the exploding ions is
v0 / 共 pe⌬g兲 = 2.05. Inspection of the top and middle panels
shows that the surrounding ions begin to move upon the
passage the exploding ions. We see that xiEb moves faster
than xiSb in the early phase. However, xiSb is soon accelerated
and passes xiEb共t兲 at ⍀i0t = 2.1 共 pet = 2100兲, where ⍀i0 is the
ion gyrofrequency calculated with use of the external magnetic field strength. This time is consistent with the order

FIG. 3. Ion and electron trajectories. The top, middle, and bottom panels
show, respectively, exploding ions, surrounding ions, and electrons. The
thick solid and dotted lines indicate xiEb共t兲 and xiSb共t兲, respectively. The
dash-dotted line in the bottom panel represents xeb共t兲.

estimate 共35兲. Some ion trajectories near the ion overlapping
region rapidly change their directions. This scattering begins
shortly before viEb becomes zero for the first time. As a result, crossing of trajectories occurs even among the lines of
exploding ions and among surrounding ions. This suggests
that localized strong fields are generated. The bottom panel
shows that the exploding electrons 共solid lines兲 do not pass
the surrounding electrons 共dotted lines兲, indicating that they
are not mixed. Their boundary xeb, which is represented by
the thick dashed-and-dotted line, is between xiSb and xiEb for
⍀i0t ⱗ 2. After ⍀i0t ⯝ 1, on both sides of the boundary xeb,
we find regions where the trajectory lines are concentrated.
These two regions gradually move away from each other. Ion
trajectories are also concentrated in these regions. These are
shock waves, one propagating forward in the surrounding
plasma away from xeb and the other backward in the exploding plasma.
Figure 4 displays phase spaces and field profiles at an
early time ⍀i0t = 0.2: from top to bottom, pixE 共momentum px
of the exploding ions兲, pixS 共px of the surrounding ions兲, py of
the two kinds of ions, pexE, pexS, electron density 共the number
of electrons per cell兲, magnetic field Bz, and electric fields Ex
and Ey. Electron phase space 共x , py兲 is not shown here; it
looks quite similar to 共x , px兲 because the electron gyroperiod
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FIG. 4. Ion and electron phase spaces and field profiles at ⍀i0t = 0.2. Here,
ne is the number of electrons per cell.

FIG. 5. Ion and electron phase spaces and field profiles at ⍀i0t = 0.8.

is short 共px and py of the electrons, however, have different
average values due to the E ⫻ B drift兲. Comparison of the top
and second panels shows that the exploding ions have penetrated considerably deep in the region of the surrounding
ions by this time, while the fourth and fifth panels indicate
that the exploding and surrounding electrons are clearly
separated at their boundary xeb 共the two kinds of electrons
overlap in a narrow region of the order of the electron gyroradius兲. The magnetic field is intensified in the ion overlapping region. From the electron density profile 共the ion density is not shown here because ni ⯝ ne兲, we notice that some
instabilities are growing near the left- and right-hand boundaries of the ion overlapping region 共near xiSb and near xiEb兲.
Except for these short-wavelength fluctuations, however, ne
is roughly constant in the ion overlapping region at this moment; neS has become approximately three times as high as
that in the upstream region, neS0. Since neS0 = neE0 / 2, this
indicates that neS has been compressed more strongly than
neE; i.e., neS / neS0 = 2neE / neE0 at this moment. The magnetic
field is thus stronger in the front layer xeb ⬍ x ⬍ xiEb than in
xiSb ⬍ x ⬍ xeb.
Figures 5, 7, and 8 show the same quantities at later
times; note, however, that the length scale is twice as large as
that in Fig. 4. At ⍀i0t = 0.8 共Fig. 5兲, pixE’s are still much
greater than pixS’s. They are, however, getting closer in the
front layer. The piyS’s, which were nearly zero in Fig. 4, are
growing faster than pixS’s and piyE’s, which is in accord with
the theoretical prediction in Sec. II. The pixE’s are being con-

verted to piyE’s. The conversion is particularly enhanced in
the front layer. This is related to the fact that the magnetic
field has become stronger there than in other regions; Eqs.
共13兲 and 共25兲 indicate that py’s increase in magnitude more
rapidly in a higher Bz in the early phase. In the density and
field profiles, we still find short-wavelength fluctuations.
Their amplitudes are, however, kept small. 关The instability is
thought to be caused by the cross-field relative velocities of
the two kinds of ions and electrons. Because it does not play
an important role in the development of the two plasmas,
we do not go into details of the instability32–37 共see the
Appendix兲.兴
Figure 6 shows the force on particles in the y direction at
⍀i0t = 0.8. 关Each value, Fy = 共Ey − vxBz / c兲 / B0, is an average
over particles in ten cells.兴 For the exploding ions 共top left
panel兲, these values are negative in the front layer xeb ⬍ x
⬍ xiEb, while they are closer to zero behind it. That is, the
magnetic force exceeds the electric force in the front part; the
conversion of vx to vy, therefore, occurs in a time scale of a
gyroperiod. The two forces are, however, almost balanced in
the region x ⬍ xeb; consequently, the ions behind the front
layer move nearly straight in the x direction, as was shown in
Figs. 3–5. These different motions result in the compression
of the exploding ions in the front part. It is interesting to
note, however, that the forces on the surrounding ions are
positive, particularly in the front layer 共middle left panel兲; as
a result, the forces that are averaged over all the ions are
nearly zero in the entire region 共bottom left panel兲. The right
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FIG. 6. Forces in the y direction at ⍀i0t = 0.8. For the exploding ions in the
front layer 共xeb ⬍ x ⬍ xiEb兲, the magnetic force dominates the electric force.
At this moment, 共xeb − b兲 / 共v0 / ⍀i0兲 = 0.53.

panels show electrons. The forces are nearly zero at all the
points for both the exploding and surrounding electrons, indicating that they move with the E ⫻ B drift.
In the field profiles at ⍀i0t = 1.2 共Fig. 7兲, we find two

FIG. 7. Ion and electron phase spaces and field profiles at ⍀i0t = 1.2.

FIG. 8. Ion and electron phase spaces and field profiles at ⍀i0t = 2.0.

large peaks near xeb. The left and right peaks mainly contain
exploding and surrounding ions, respectively. Around these
peaks, pixE’s and pixS’s are strongly deformed. The two peaks
are formed because the rise in Bz in the front layer reflects
the exploding ions backward 共relative to the electrons there,
in which the magnetic fields are frozen兲 and the surrounding
ions forward; note that the ion and electron speeds were in
the order vixS ⬍ vd ⬍ vixE before the reflection. Because of the
reflection, the distribution functions are highly anisotropic
near the two pulses. As Fig. 8 shows, the reflected particles
eventually move to the downstream region owing to the
magnetic force; as a result, the kinetic energy of random
motions increases behind the pulses. 共For the ion reflection
by a shock wave, see Refs. 20 and 25–30. For shock simulations for a plasma containing positrons, see Ref. 31.兲 These
two peaks propagate as magnetosonic pulses 共compare Figs.
7 and 8兲. Their velocities from time ⍀i0t = 1.2 to 4.2 are
9.2vms 共right pulse兲 and 5.1vms 共left pulse兲. Their velocities
relative to the electron boundary xeb, whose velocity is
6.3vms, are 2.9vms 共right pulse兲 and −1.2vms 共left pulse兲; the
latter is therefore the reverse shock, moving back in the exploding plasma. The exploding and surrounding electrons are
still clearly separated in the coordinate space.
Figure 9 shows the force on particles Fy at ⍀i0t = 1.2. In
contrast to Fig. 6, the exploding ions have positive Fy’s near
the front layer, 0.8ⱗ 共x − b兲 / 共v0 / ⍀i0兲 ⱗ 0.9. This is due to the
reflected ions. In addition, instead of the exploding ions, the
surrounding ions have negative Fy’s near the front layer. In
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FIG. 9. Force Fy at ⍀i0t = 1.2. Surrounding ions in front of xeb have negative
Fy. At this moment, 共xeb − b兲 / 共v0 / ⍀i0兲 = 0.8.

this region, some surrounding ions have high vx. These ions
had once been overtaken by the exploding ions in the front
layer and have passed them again. Their high vx’s are then
converted to vy’s by the magnetic force. This explains the
fact that in Fig. 3, many of the exploding ions continue to
move nearly straight while some of the surrounding ions
suffer a sharp decrease 共and subsequent increase兲 in vx after
⍀i0t ⲏ 1.5, like xiEb in 1 ⱗ ⍀i0t ⱗ 2.5.
From Figs. 3–8, we have seen that around the time
⍀i0t = 1, xiEb is considerably decelerated and the plasma and
magnetic field are compressed in the front layer. Around this
time, the collective effects suggested in Sec. II B appear,
which are not included in the theoretical analysis in Sec.
II A. Then, two magnetosonic pulses are generated near the
front layer and move away.
Essentially the same phenomena have been observed in
simulations with different field strengths and density ratios.
Figure 10 compares the development of the density profile
for the external magnetic field strength 兩⍀e兩 /  pe = 0.1 共left
panels兲 and that for 兩⍀e兩 /  pe = 0.5 共right panels兲; other parameters, such as the initial densities and velocities, are the
same. The circles, triangles, and crosses, respectively, indicate the positions of xiEb, xiSb, and xeb. Even though the external magnetic field in the right panels is five times as strong
as that in the left panels, the density profiles in the left and
right panels at the same times are quite similar. Since the
−1
and
time and length are, respectively, scaled in units of ⍀i0
v0 / ⍀i0 in these panels, this indicates that the magnetic field
plays a fundamental role in the formation of shock waves.
Figure 11 also supports this; it shows density profiles for
higher density ratios, niE0 / niS0 = 5 共left panels兲 and niE0 / niS0
= 10 共right panels兲. The strength of the external magnetic
field is 兩⍀e兩 /  pe = 0.1, and other parameters are the same as
those in the previous simulations. In both panels, we again

Phys. Plasmas 14, 053110 共2007兲

FIG. 10. Electron density profiles for 兩⍀e兩 /  pe = 0.1 共left panels兲 and for
兩⍀e兩 /  pe = 0.5 共right panels兲. The circles, triangles, and crosses, respectively,
indicate the positions of xiEb, xiSb, and xeb. The left and right panels show
quite similar profiles at the same times.

find two large peaks at ⍀i0t = 1.2; one then propagates forward relative to the electrons and the other backward.
After the two pulses are generated at ⍀i0t ⯝ 1, the evolution of the density profile is rather complicated, owing to
the complex motions of exploding and surrounding particles.
In either left or right panels in Fig. 10, for instance, the
amplitude of the backward pulse is especially large at ⍀i0t
= 2.5. This is mainly related to the motion of the reflected
exploding ions; ion reflection can cause amplitude oscillation
of magnetosonic pulses.28 This enhancement of the amplitude is therefore temporary, lasting for a period ⍀i0t ⯝ 0.5 in
these cases. For the parameters of Fig. 11, this phenomenon
occurs at ⍀i0t ⯝ 4, which is not shown here.
Finally, we mention the effect of the initial density ratio
niE0 / niS0 on the width of the front layer, ⌬fr = xiEb − xeb. Figure
12 shows the time variations of ⌬fr for various density ratios.

FIG. 11. Electron density profiles for the initial density ratio niE0 / niS0 = 5
共left panels兲 and for niE0 / niS0 = 10 共right panels兲.
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time of the formation of the two pulses, ⍀it ⬃ 1, the time
scale is determined basically by the magnetic field, and the
length scale by B0 and v0.
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FIG. 12. Time variations of front-layer widths ⌬fr. The width decreases with
increasing density ratio niE0 / niS0.

Each width has its maximum value at ⍀i0t ⯝ 1. As expected
from the discussion in Sec. II B, it decreases with increasing
density ratio niE0 / niS0. It seems, however, that there is a
lower bound. The maximum values of ⌬fr for niE0 / niS0 = 5
and 10 are nearly the same and are of the order of the gyroradius of thermal ions iT; ⌬fr = 0.14共v0 / ⍀i0兲 = 2.7iT.
It is noted that xiEb is not necessarily the front of the
exploding ions for ⍀i0t ⲏ 1.5 共see Fig. 3兲. Further, Figs. 10
and 11 show that xiEb is overtaken by xeb. The “front layer⬙
defined as the region xeb ⬍ x ⬍ xiEb disappears after producing
the two pulses.
IV. SUMMARY

We have studied shock formation processes arising from
the collision of two plasmas, which we called the exploding
and surrounding plasmas, for the case in which the initial
velocity of the exploding plasma, which is taken to be v0
= 共v0 , 0 , 0兲, is perpendicular to the external magnetic field,
B0 = 共0 , 0 , Bz0兲. We have assumed that v0 is high and B0 is
weak so that the ion gyroradius v0 / ⍀i is much greater than
the width of the shock transition region.
It is analytically shown that immediately after the penetration of the exploding plasma, the electric field Ey, which
is induced by the cross-field plasma motion, accelerates the
surrounding ions in the y direction 共perpendicular to v0 and
B0兲; their velocities are soon converted to vx owing to the
v ⫻ B force. The vx of the exploding ions in the front layer
goes down from v0 also by the magnetic force; as a result,
roughly a half gyroperiod after the penetration, the exploding
ions in the front part are overtaken by the surrounding ions
that were initially near the boundary. The electron motions
are described with the E ⫻ B drift; hence, the exploding and
surrounding electrons are not mixed. In the front layer of the
exploding ions, the plasma and magnetic-field lines are compressed.
We have then verified these predictions with onedimensional 共one space coordinate and three velocities兲,
electromagnetic particle simulations. Furthermore, they show
that the intensified magnetic field in the front layer reflects
the surrounding ions forward relative to the electrons and the
exploding ions backward. This results in the generation of
two large magnetosonic pulses propagating away from the
front layer as forward and reverse shock waves. Up to the

APPENDIX: INSTABILITIES DUE TO CROSS-FIELD
ION MOTIONS

We discuss here instabilities that could grow in the ion
overlapping region in the present simulations. The electronelectron two-stream instability should be unimportant in the
present case because the electron kinetic energy corresponding to v0 is me / mi times as small as that of the ions. Further,
the time and length scales in which two electron streams can
exist are only of the order of the electron gyroperiod and
gyroradius, respectively. We therefore consider instabilities
due to cross-field ion motions.
In the 1970s, many authors studied instabilities caused
by ion motions across a magnetic field to explain the experiments of turbulent heating.32 Among them, the modifiedtwo-stream instability was thought to be especially
important;33 one obtains its dispersion relation under the assumption that the ions are effectively unmagnetized while
the electrons are magnetized.
The physical situations in the present simulations differ
from those for the above instability in that we have two
different ion groups and the wavenumber k is perpendicular
to B. As in the modified-two-stream instability, however, the
length scale of the fluctuations observed in the early stage of
the simulations is much shorter than the ion gyroradius. With
calculations similar to those in Ref. 33, therefore, we obtain
a dispersion relation for a system with two ion beams,
1+

2pe

−

⍀2e − 2

2pa
2pb
−
= 0,
共 − kUa兲2 共 − kUb兲2

共A1兲

where the subscripts a and b denote two different ion groups.
共To compare with the simulations in Sec. III, we interpret the
two ion groups as the exploding and surrounding ions.兲
Assuming that  is given as  = kUb + i␥ and that ␥2
2 2
Ⰶ k Ub, we have approximate growth rates as

␥ =  pb

冉

2pe
k2U2b − ⍀2e

+

2pa
−1
k2共Ua − Ub兲2

冊

−1/2

.

共A2兲

We have growing waves if

2pe
k2U2b − ⍀2e

+

2pa
⬎ 1.
k2共Ua − Ub兲2

共A3兲

We will also have unstable waves of the form  = kUa + i␥. If
 pa ⬃  pb, the growth rates of these two modes should be of
the same order.
Figure 13 shows the time variation of a Fourier amplitude nk共t兲 of density perturbations for the simulation shown
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FIG. 13. Time variation of a Fourier amplitude of density perturbations.
Here, the amplitude is normalized to that of the k = 0 mode.

by Figs. 3–9. Here, the amplitude is normalized to that of
k = 0 mode. We have plotted 兩nk共t兲兩2 for the mode that had the
longest growth time. Its wavenumber is kiT = 12 and satisfies
the condition 共A3兲. In the early phase, ⍀i0t ⬍ 0.4, 兩nk共t兲兩2
increases nearly exponentially from the initial thermal level
with a growth rate ␥ = 4.8⍀i0. This value is 70% of the
growth rate estimated from Eq. 共A2兲 with Ua = −Ub = v0 / 2,
which are the values in the early stage in the rest frame of the
electrons. We see that 兩nk共t兲兩2 grows to values approximately
50 times as large as its initial one. Around the time ⍀i0t
= 0.4, it is saturated and then begins to decrease. This quick
saturation would be due to the rapid change in the shape of
the velocity distribution functions; i.e., the electron velocity
distribution quickly spreads in the ion-overlapping region
关the dispersion relation 共A2兲 is based on a cold plasma
model兴, and the relative velocity between the exploding and
surrounding ions reduces.
Before closing this Appendix, we make a brief mention
of the Weibel instability, which was first studied by Weibel in
1959.34 He theoretically showed that transverse electromagnetic waves can grow in a plasma with anisotropic electron
temperature. Recently, magnetic field generation due to electron counter streaming in electron-positron plasmas has attracted a great deal of attention in astrophysical plasmas.35,36
These instabilities are also referred to as the Weibel instability. In addition, a similar subject has been studied in laserproduced electron-ion plasmas.37 In these studies, electron
flow is parallel to the external magnetic field 共or there is no
external magnetic field兲. Since we are concerned with crossfield plasma motions in the present paper, either the Weibel
instability studied in the first paper34 or that in recent
ones35–37 is unimportant. If we extend our study to high-
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