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Vlasov simulation of amplitude-modulated Langmuir waves
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Mechanisms for the generation of Langmuir wave packets are studied by performing a
one-dimensional electrostatic Vlasov simulation. The present simulation of a weak-electron-beam
instability without ion dynamics suggests two new processes for the amplitude modulation of
Langmuir waves. The beam instability excites Langmuir modes over a wide wave number range, but
the saturation of the most unstable Langmuir mode “filters” the growth of sideband modes. Specific
upper and lower sideband modes linearly grow to a high saturation level. Then the primary
Langmuir mode is amplified and strongly modulated through interaction with the sideband
modes. © 2006 American Institute of Physics. �DOI: 10.1063/1.2348088�
I. INTRODUCTION

Generation of electron plasma waves during an electron
beam-plasma interaction is one of the most fundamental pro-
cesses in plasmas. Strongly modulated waveforms and wave
packets of Langmuir waves were commonly observed by
spacecrafts in the auroral ionosphere,1–4 the solar wind,5–7

the electron foreshock region,8–10 and the magnetotail.11 The
amplitude-modulated Langmuir waves were also observed in
self-consistent kinetic simulations of electron beam
instabilities.12–17

Several theories were adopted to explain mechanisms for
the amplitude modulation of Langmuir waves. The first is the
modulational instability, i.e., four-wave interaction.12,18,19

However, electron beam-driven Langmuir wave packets ob-
served in the magnetosphere lie well outside the region of
parameter space for which the modulational instability can
proceed.22

The second is the parametric decay of the Langmuir
wave into ion acoustic waves16,20–22 or lower hybrid
waves.1–4 In these processes the amplitude of primary Lang-
muir waves must be high enough to modulate ion distribu-
tions. The observations in the magnetosphere showed that
the amplitude of Langmuir waves packets sometimes ex-
ceeded several hundred mV/m.1–4,16 On the other hand, the
GEOTAIL spacecraft observation in the magnetotail showed
the amplitude of fundamental Langmuir waves was several
hundred �V/m,11 which cannot be explained by the Lang-
muir decay instability.

Another possible mechanism for the amplitude modula-
tion is the “kinetic localization.”13,14 Recently this mecha-
nism developed into the nonlinear trapping theory.15,17 In this
new theory, the amplitude modulation is examined as a result
of nonlinear interaction between the excited electrostatic
waves and electrons trapped in the electrostatic potential
wells. The nonlinear trapping theory gives the spatial length
of modulation as LM =2�vp /�b, where vp represents the
phase velocity of the primary Langmuir mode and �b

��ekL�Ex�kL�� /me represents the bounce frequency of elec-
trons trapped in the electrostatic potential of the primary
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Langmuir mode. Here, e, me, kL, and �Ex�kL�� denote electron
charge, mass of electron, wave number of the primary Lang-
muir mode, and the wave amplitude of the primary Langmuir
mode, respectively. The waveforms of amplitude-modulated
Langmuir waves obtained by the recent computer simula-
tions were quite similar to the waveforms of Langmuir wave
packets observed by the GEOTAIL spacecraft. The simulated
spatial length of modulation was roughly estimated as
LM /2�Lsimulation�LM.17

To understand detailed mechanisms for the amplitude
modulation of Langmuir waves by other processes occurring
in weak-electron-beam instabilities, we performed kinetic
simulations. In contrast to the previous Particle-In-Cell �PIC�
simulations, we used a one-dimensional electrostatic Vlasov
simulation technique, in which the numerical noise level is
much lower than that in PIC simulations.

The paper is structured as follows: First, the numerical
schemes, the simulation model, and the parameters used in
the present study are introduced in Sec. II. Second, the
full details of the Vlasov simulation results are discussed in
Sec. III. Then, conclusion and discussions are presented in
Sec. IV.

II. MODEL AND PARAMETERS

The present one-dimensional Vlasov code uses a third-
order conservative interpolation scheme.23 The simulation
domain is taken along an ambient magnetic field. We assume
two electron components; A very weak electron beam is
drifting against the background major electrons. The density
ratio of the beam component R=nb / �ne+nb� is set as 0.1%,
where the subscripts “b” and “e” represent beam electrons
and background electrons, respectively. We assume that the
beam and background electrons have the equal thermal ve-
locity Vt�Vte=Vtb=1.0. The total electron plasma frequency
is assumed as �pe=1.0. The beam drift velocity Vd is set as
8.0Vt. The number of cells is Nx=8192 in the x direction and
is Nvx

=2048 in the vx direction over a velocity range from
vmax=20.0Vt to vmin=−12.0Vt. The grid spacing is equal to

�x=0.4�e ��e�Vt /�pe�, and the time step is equal to
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�pe�t=0.005. In the x direction we imposed the periodic
boundary condition. In the vx direction we imposed the open
boundary condition where constant numerical fluxes
vmaxf�vmax� and vminf�vmin� are assumed while outgoing per-
turbations of distribution functions are perfectly absorbed.

In the present study we did not consider ion dynamics,
because the amplitude modulation of Langmuir waves can
occur without ion dynamics in weak-electron-beam
instabilities.17 This assumption is needed to exclude the am-
plitude modulation by modulational or decay instabilities in
which ion mode waves are involved. We also imposed a
single wave mode perturbation only at the most unstable
wave number kL=77·2� /Nx�x�0.1476Vt /�pe. This is also
needed to neglect the effect of initial thermal fluctuations. In
the previous PIC simulations, there appeared electron
bunches in the velocity-versus-position phase space at the
end of the linear stage.15,17 However, the pattern of the elec-
tron bunches was strongly affected by “enhanced” initial
thermal fluctuations of PIC simulations. Note that we need a
seed perturbation at the outset of a Vlasov simulation. The
numerical procedure for the initialization is described in Ref.
24. Later we also imposed a white noise as the initial pertur-

FIG. 1. �Color online� Temporal evolution of the weak-beam instability for
the case with a single-mode perturbation. �Top� Energy histories of the total
electric field and the primary Langmuir modes �kL=77·2� /Nx�x
�0.1476Vt /�pe�. �Middle� Energy histories of two sideband modes
kl=71·2� /Nx�x�0.1361Vt /�pe and ku=83·2� /Nx�x�0.1592Vt /�pe.
�Bottom� The temporal waveform of the electric field at x /�e=0. The am-
plitude and wave power of the electric field are normalized by me�peVt /e
and �me�peVt /e�2=neTe, respectively. The mode number represents the num-
ber of spatial oscillation cycles in the x direction.
bation to see the effect of the initial perturbation.
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III. SIMULATION RESULTS

A. Excitation of primary and sideband modes

Figure 1 shows the temporal evolution of the weak-beam
instability. In the top panel we plot energy histories of the
total electric field and the primary Langmuir modes
�kL=77·2� /Nx�x�0.1476Vt /�pe�. The middle panel shows
energy histories of two sideband modes kl=71·2� /Nx�x
�0.1361Vt /�pe and ku=83·2� /Nx�x�0.1592Vt /�pe.
The bottom panel shows the temporal waveform of the elec-
tric field at x /�e=0. The electric field is normalized by
�neTe=�nemeVt

2=me�peVt /e.
The primary Langmuir mode grows from the imposed

seed perturbation ��Ex�2	10−14neTe�, while other modes
grow from the minimum noise level of the double-precision
numerical computation �	10−30�. The total energy of the
electric field is contributed only by the primary Langmuir
mode until �pet	1800, because sideband modes around kL

saturate at a very low level with the saturation of the primary
Langmuir mode. On the other hand, the energy histories
of the two sideband modes �71� and �83� show that they
did grow at almost the same growth rate to a level higher
than the saturation level of the primary Langmuir mode.
Note that the saturation level of the primary Langmuir mode
is �Ex�2	10−5neTe.

When the amplitude of the sideband modes becomes
higher than the saturation level of the primary Langmuir
mode, the primary Langmuir mode is amplified by interac-
tion with these sideband modes. Then the waveform shows a
strong modulation. There also appears apparent difference
between the energies of total electric field and the primary
Langmuir mode, implying that the modulated waveform con-
sists of many wave modes.

Figure 2 shows the frequency spectrum obtained by
Fourier transformation of the electric field data for
�pet=7000–8000. The amplitude-modulated Langmuir
waves have a broader frequency spectrum, showing several
discrete spectrum components at frequencies higher than the
electron plasma frequency. The frequency spectrum �Fig. 2�
and waveform �Fig. 1� of the amplitude-modulated Langmuir
waves after the saturation of the sideband modes are very

11,17

FIG. 2. Frequency spectrum obtained by Fourier transformation of the elec-
tric field data for �pet=7000–8000. The wave power is normalized by
�me�peVt /e�2=neTe.
similar to those observed by the GEOTAIL spacecraft.
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B. Amplitude modulation processes

Figure 3 shows correlation between electron trapping
phenomenon in velocity versus position phase space and spa-
tial modulation of the electric field. In the left panels we plot
x -vx phase-space diagrams at �pet=1000, 2000, and 4000. In
the middle and right panels we plotted the corresponding
spatial profiles of the electric field and their wave number
spectra, respectively.

The time �pet=1000 corresponds to the saturation stage
of the primary Langmuir mode, in which we found the sinu-
soidal waveform and the corresponding uniform phase-space
vortices. We also found the generation of harmonics Lang-
muir modes,24–26 but this is not focused on in this paper.

At �pet=2000, there appear electron bunches in the
phase space. These bunches due to electron trapping takes
place in association with the coherent spatial modulation of
the electric field in this stage.15,17 The power spectrum shows
several peaks with a wave number interval of �kL

=6·2� /Nx�x=0.0115Vt /�pe. This result suggests that the
spatial modulation is not due to a wave mode with a long
wavelength but due to sideband modes with the wave num-
ber difference of �kL.

In the present simulation result, the frequency and wave
number of the primary Langmuir mode are �L /�pe=1.024
and kLVd /�pe=1.181, respectively. The saturated amplitude
of the primary Langmuir mode is �Ex��2.0�10−3nemeVt

2 /e.
Thus the phase velocity and bounce frequency are given as
vp /Vd=0.8671 and �b /�pe=0.0486, respectively. With these
quantities we obtained the spatial length of modulation as
LM /�e�896.77, the wave number of which corresponds to
�kM �3.654·2� /Nx�x. The spatial length of modulation in
the present simulation result at �pet=2000 is shorter than
that obtained based on the nonlinear trapping theory.17 How-
ever, the generation of upper and lower sideband modes can-
not be explained by the nonlinear trapping theory. The trap-
ping velocity of the primary Langmuir mode in the saturation
stage is given as vT�2�b /kL=0.0823Vd. Thus wave modes

FIG. 3. �Color online� �Left� Velocity versus position phase-space distributi
waveforms, and �left� the wave power spectra �Ex�2 versus wave number. The
�me�peVt /e�2=neTe, respectively.
with phase velocities �L /kL−vT�vp��L /kL+vT are stabi-
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lized by the saturation of the primary Langmuir mode. On
the other hand, wave modes with phase velocities outside
this range continue to grow even after the saturation of the
primary Langmuir mode. The wave numbers at the upper and
lower limits of phase velocity are computed as

�

vp
�

�L

�L/kL + vT
	 1.0786Vd/�pe

and

�

vp
�

�L

�L/kL − vT
	 1.3048Vd/�pe.

These values are almost equal to the wave numbers of lower
and upper sideband modes. Thus the generation of the upper
and lower sideband modes and the coherent modulation of
primary Langmuir mode in the saturation stage are because
Langmuir waves are excited over a wide wave number range
by the electron beam instability but the linearly unstable
modes are “filtered” by the nonlinear trapping. The sideband
modes with wave numbers kL−�kL�kx�kL+�kL are stabi-
lized by the saturation of the primary Langmuir mode. The
difference in wave number between the primary Langmuir
mode and its sidebands can be analytically estimated as

�kL = kL −
�L

�L/kL + vT
� 2

�b

�L
kL = 2

�b

vp
, �1�

which corresponds to the lower limit of the spatial length of
modulation obtained by the previous theory.17

In the saturation stage of the sideband modes,
�pet=4000, we found a strong spatial modulation of electric
field. The wave energies of the upper and lower sideband
modes exceed the wave energy of the primary Langmuir
mode. Then the wave energy of the primary Langmuir mode
is amplified to a one-order higher value. Finally there appear
spatial Langmuir wave packets. The envelope of the Lang-
muir wave packets propagates at the group velocity of Lang-

nctions at �pet=1000, 2000, and 4000. �Middle� The corresponding spatial
litude and wave power of the electric field are normalized by me�peVt /e and
on fu
amp
muir waves which is slower than their phase velocities. The
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stable propagation of envelope is observed as the strong am-
plitude modulation in temporal waveforms. The wave num-
ber spectrum shows a turbulent feature by the interaction
between the primary Langmuir mode and its upper and lower
sidebands. The turbulent feature suggests that wave packets
consist of Langmuir waves with various wave numbers but
different phases. The phase-space plot also does not show
any coherent structure in the turbulent stage, which suggests
that the electron bunches in the phase space seen in the satu-
ration stage of the primary Langmuir mode are not the strong
spatial amplitude modulation itself in this highly nonlinear
stage but are a source of it.

C. Evolution of the velocity distribution function

To study a mechanism for the amplification of the pri-
mary Langmuir mode by interaction with the sideband
modes, we show averaged velocity distribution functions at
�pet=1000, 2000, and 4000 in Fig. 4. In the saturation stage
of the primary Langmuir mode ��pet=1000� we found the
formation of a plateau over the trapping velocity range
�L /kL−vT�vx��L /kL+vT. However, this velocity distribu-
tion function is still unstable, and thus the upper and lower
sideband modes can grow linearly. At �pet=2000, the veloc-
ity distribution function is modified by the nonlinear trapping
due to the upper and lower sideband modes, and at the ve-
locity distribution function there appears to be a positive
gentle slope over a wide velocity range, which makes the
primary Langmuir mode unstable again. At �pet=4000, we
found the formation of a plateau over a wide velocity range
and there is no further excitation of electrostatic waves. We
conclude that the amplification of the primary Langmuir
mode and the formation of wave packets are because of this
quasilinear-type modification of the velocity distribution
function.

D. Effect of initial perturbation

We applied a single mode initial perturbation in the
present simulation, which is not realistic. We performed an-
other simulation run with a white noise. Figure 5 shows the
temporal evolution of this run. The energy histories and tem-
poral waveform are presented in the same format as the data
shown in Fig. 1.

All the wave modes grow from the imposed seed pertur-
bation ��Ex�2	10−14�, but at different growth rates. The pri-

FIG. 4. Electron velocity distribution functions averaged over x at
�pet=1000, 2000, and 4000.
mary Langmuir mode quickly saturates earlier because this
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has the maximum growth rate. However, the saturation level
of the primary Langmuir mode becomes much lower than the
previous case, because sideband modes around kL saturate at
a level much higher than in the previous run with a single-
mode perturbation. The energy histories of the two sideband
modes �71� and �83� shows that they continue to grow lin-
early even after the saturation of the primary Langmuir
mode, as seen in the previous run. The primary mode again
becomes unstable because of the phase-space mixing by in-
teraction between the primary and sideband modes. There
appear to be electron bunches in the phase space in the linear
stage, not in the saturation stage as seen in the previous run.

In summary, the mechanism for the amplitude modula-
tion in the run with a white noise is the same as that in the
run with a single mode perturbation. However, the amplitude
of the Langmuir mode is modulated in a much earlier stage.
Note that these results are consistent with the previous PIC
simulation result by Usui et al.17

IV. CONCLUSION AND DISCUSSIONS

We performed one-dimensional electrostatic Vlasov
simulations of a weak-electron-beam instability and found
that Langmuir wave packets were generated by two pro-
cesses without ion dynamics. The first is the nonlinear trap-
ping filter, by which linearly unstable upper and lower side-

FIG. 5. �Color online� Temporal evolution of the weak-beam instability for
the case with a white noise. �Top� Energy histories of the total electric field
and the primary Langmuir modes �kL=77·2� /Nx�x�0.1476Vt /�pe�.
�Middle� Energy histories of two sideband modes kl=71·2� /Nx�x
�0.1361Vt /�pe and ku=83·2� /Nx�x�0.1592Vt /�pe. �Bottom� The tempo-
ral waveform of the electric field at x /�e=0. The amplitude and wave power
of the electric field are normalized by me�peVt /e and �me�peVt /e�2=neTe,
respectively. The mode number represents the number of spatial oscillation
cycles in the x direction.
band modes are enhanced at specific wave numbers. The
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second is the nonlinear velocity-space interaction between
the primary Langmuir mode and its upper and lower side-
band modes. The saturated primary Langmuir mode is again
amplified by the modification of the velocity distribution
function. The temporal amplitude modulation and packets of
Langmuir wave are observed as the result of the spatial
modulation propagating at the group velocity.

It is noted that we also performed another simulation run
with ion dynamics. However, the temporal evolution of the
weak-beam instability and the generation processes of Lang-
muir wave packets were almost the same as those found in
the run without ion dynamics. This is because the amplitude
of excited Langmuir waves is too small for Langmuir decay
instabilities to occur.

The generation of Langmuir wave packets by Langmuir
decay instabilities �e.g., Refs. 10 and 16� are not focused in
this paper. In these processes involving ion modes, the wave
field energy must be of the order of electron thermal energy.
Thus simulations of such a strong-beam instability are left as
a future study. However, the amplitude modulation of Lang-
muir waves studied in this paper includes both cascading and
inverse-cascading processes, which would play an important
role in the generation of Langmuir turbulence.
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