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We study the pion electromagnetic form factor and the dilepton production rate in hot matter using the
hidden local symmetry theory as an effective field theory for pions and  mesons. In this framework, the
chiral symmetry restoration is realized as the vector manifestation (VM) in which the massless vector
meson becomes the chiral partner of the pion, giving a theoretical support to the dropping  à la BrownRho scaling. In the VM, the vector dominance (VD) is strongly violated near the phase transition point
associated with the dropping . We show that the effect of the violation of the VD substantially suppresses
the dilepton production rate compared with the one predicted by assuming the VD together with the
dropping .
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I. INTRODUCTION
Changes of hadron properties are indications of chiral
symmetry restoration occurring in hot and/or dense QCD
and have been explored using various effective chiral
approaches [1,2]. Dileptons are considered to be promising
probes since they pass through the fireball created in
heavy-ion collisions without further interactions and
must carry information on the modifications of hadrons
in matter. The short-lived vector mesons like the  mesons
are expected to decay into dileptons inside the hot/dense
matter. The dilepton production around the vector meson
resonances mainly come from two-pion processes. An
enhancement of dielectron mass spectra below the =!
resonance was first observed at CERN SPS [3] and it is an
indication of the medium modification of the vector
mesons.
The vector meson mass in matter still remains an open
issue. Although there are several scenarios like collisional
broadening due to interactions with the surrounding hot/
dense medium [2], and dropping  meson mass associated
with chiral symmetry restoration [4,5], no conclusive distinction between them has been done. Dropping masses of
hadrons following the Brown-Rho (BR) scaling [4] can be
one of the most prominent candidates of the strong signal
 which is an order paof melting quark condensate hqqi
rameter of spontaneous chiral symmetry breaking.
The vector manifestation (VM) [5] is a novel pattern of
the Wigner realization of chiral symmetry in which the 
meson becomes massless degenerate with the pion at the
chiral phase transition point. The VM is formulated [6 –8]
in the effective field theory (EFT) based on the hidden local
symmetry (HLS) [9,10]. The VM gives a theoretical description of the dropping  mass, which is protected by the
existence of the fixed point (VM fixed point).
The dropping mass is supported by the mass shift of the
! meson in nuclei measured by the KEK-PS E325 experiment [11] and the CBELSA/TAPS Collaboration [12] and
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also that of the  meson observed in the STAR experiment
[13]. Recently, the NA60 Collaboration has provided data
for the dimuon spectrum [14] and it seems difficult to
explain the data by a naive dropping  [15]. However,
there are still several ambiguities which are not considered
[16 –18]. In particular, the strong violation of the vector
dominance (VD), which is one of the significant predictions of the VM [19], plays an important role [16] in
explaining the data.
In this paper, we shall focus on the dilepton production
from the dropping  based on the VM using the HLS
theory at finite temperature. In the formulation of the
VM, an essential role is played by the intrinsic temperature/density effects of the parameters which are introduced
through the matching to QCD in the Wilsonian sense
combined with the renormalization group equations
(RGEs). We first study how the intrinsic temperature/density effects affect to the dilepton spectra by comparing the
predictions of the VM with the ones obtained without
intrinsic effects. We next pay special attention to the effect
of the violation of the vector dominance (indicated by
‘‘ VD ’’) which is also due to the intrinsic effects. We
make a comparison between the dilepton production rates
predicted by the VM and the ones by the dropping  with
the assumption of the vector dominance. Our result shows
that the effect of the VD substantially suppresses the
dilepton production rate compared with the one predicted
by assuming the VD together with the dropping .
This paper is organized as follows. In Sec. II we give a
brief review of the HLS theory and basics of the VM in
matter. In Sec. III we determine the temperature dependences of the parameters through the matching and RGEs.
Using those in-medium parameters, the form factor and
dilepton production rate are studied in Sec. IV. There, a
comparison of the predictions of the VM with those assuming the VD together with the dropping  is also made. A
brief summary and discussions are given in Sec. V.
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II. HLS THEORY AND VECTOR MANIFESTATION
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In this section, we briefly review the HLS [9,10] and the
notion of the VM of chiral symmetry following
Refs. [6,20].
A. Hidden local symmetry
The HLS Lagrangian is based on the Gglobal  Hlocal
symmetry, where G  SUNf L  SUNf R is the chiral
symmetry and H  SUNf V is the HLS. The basic quantities are the HLS gauge boson and two matrix valued
variables L x and R x which transform as
L;R x ! 0L;R x  hxL;R xgyL;R ;

(2.1)

There are 35 terms of Op4  [6,23] for general number of
flavors Nf (32 terms for Nf  3 and 24 for Nf  2).
Among them, the following Op4  terms are relevant to
the present analysis:
^  
^ V
L 4  z1 trV


(2.2)

where   a Ta denotes the pseudoscalar NambuGoldstone (NG) bosons associated with the spontaneous
symmetry breaking of Gglobal chiral symmetry, and  
a Ta denotes the NG bosons associated with the spontaneous breaking of Hlocal . This  is absorbed into the HLS
gauge boson through the Higgs mechanism, and the gauge
boson acquires its mass. F and F are the decay constants
of the associated particles. The phenomenologically important parameter a is defined as
a

F 2
:
F 2

(2.3)

The covariant derivatives of L;R are given by
D L  @ L  iV L

iL L ;

D R  @ R  iV R

iR R ;

(2.4)

where V is the gauge field of Hlocal , and L and R are
the external gauge fields introduced by gauging Gglobal
symmetry.
In the framework of the HLS, it is possible to perform
the systematic derivative expansion including the vector
mesons as the HLS gauge bosons in addition to the pseudoscalar mesons as the NG bosons [6,21–23]. In this chiral
perturbation theory (ChPT) with the HLS, the Lagrangian
with lowest derivative terms is counted as Op2 , which, in
the chiral limit, is given by [9,10]
L 2  F 2 tr^ ? ^ 
?


F 2 tr^ k ^ 

k

1
trV V  ;
2g2

(2.5)

where g is the HLS gauge coupling, V is the field
strength of V , and

^  A
^  
z2 trA

^ V  ;
z3 trV


(2.7)

where
^   1R R y  L L y ;
A
R
L
2

where hx 2 Hlocal and gL;R 2 SUNf L;R global . These
variables are parametrized as
L;R x  eix=F eix=F ;

(2.6)

y
^
1
V
  2R R R

L L yL ;

(2.8)

with R and L being the field strengths of external
gauge fields R and L .
B. Wilsonian matching
The Wilsonian matching was proposed as a novel manner to determine the parameters of EFTs from the underlying QCD [24]. It was applied to the HLS theory in a
vacuum, which gives several predictions in good agreement with experiments [6,24]. The Wilsonian matching has
been applied to study chiral phase transitions at a large
number of flavors [5,6] and at finite temperature/density
[7,8]. The matching in the Wilsonian sense is performed
based on the following general idea: The bare Lagrangian
of an EFT is defined at a suitable high energy scale , and
the generating functional derived from the bare Lagrangian
leads to the same Green’s function as that derived from
original QCD Lagrangian at . Then the bare parameters
of the EFT are determined through the Wilsonian matching. In other words, one obtains the bare Lagrangian of the
EFT after integrating out the high energy modes, i.e., the
quarks and gluons above . The information for the high
energy modes is included in the parameters of the EFT.
We first show the basics of the Wilsonian matching in
the vacuum. The Wilsonian matching is done by equating
the axial-vector and vector current correlators derived from
the HLS to those by the operator product expansion (OPE)
in QCD at the matching scale . For the validity of the
expansion in the HLS, the matching scale  must be
smaller than the chiral symmetry breaking scale  , above
which the ChPT with HLS breaks down. On the other hand,
the matching scale  should be large enough for the
validity of the OPE. In Refs. [6,24,25], several choices of
 around 1.1 GeV were shown to provide good predictions
on the low-energy phenomenology related to the  meson
in real-life QCD.
In the OPE, the axial-vector and vector correlators are
expressed as [26]
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We set the above correlators to be equal to those in
Eq. (2.9) at , up until the first derivative, to obtain the
Wilsonian matching conditions at zero temperature [24].
Quantum corrections are incorporated into the parameters
through the RGEs. Within this framework, several physical
quantities in the low-energy region have been studied and
the predictions of the Wilsonian matching are in good
agreement with experiments. For details, see Refs. [6,24].
For showing a typical prediction of the Wilsonian
matching in the vacuum, let us consider the pion electromagnetic form factor. The leading contributions to the pion
form factor are shown in Fig. 1. The form factor is expressed as
m2

g s g
;
 s  s  4m2 im  s
(2.11)

where denotes the step function. In the above, g  is the
contribution from the direct photon-- interaction, and
the one remaining is mediated by the  meson exchange.
The direct photon-- coupling constant g  in the HLS
is given as
g



1

a0
;
2

(2.12)

ρ
(a)

(b)

FIG. 1. Leading contributions to the electromagnetic form
factor of the pion: (a) the direct  interaction and (b) the
 interaction mediated by the  meson exchange.

a0
;
2

(2.13)

where gm  is the HLS gauge coupling at the  on shell,
  m . g s is the momentum-dependent - mixing
strength given by

(2.9)

GHLS
Q2  
A



with a0 being the parameter evaluated at   0. g is
the  coupling given by
g  gm 

where  is the renormalization scale. These current correlators in the HLS around the matching scale  are well
described by the following forms with the bare parameters:

F s  g
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g s 

m2
 sgm z3 m ;
gm 

(2.14)

where z3 m  is one of the Op4  parameters given in
Eq. (2.7).  s is the momentum-dependent  width given
by


m s  4m2 3=2
 s  p 2
 ;
s m  4m2
(2.15)

 2
m  4m2 3=2
1
2
jg j :
 
4
6m2
We perform the Wilsonian matching as shown in Ref. [6]
using the  mass, m  775:8 MeV, and the pion decay
constant, f  92:46 MeV, as inputs and determine the
parameters of the HLS as1
a0  1:94;

gm   6:02;

z3 m   3:87  103 ;

(2.16)

for QCD  0:4 GeV and   1:1 GeV. In Fig. 2 we show
the pion form factor in the timelike region predicted from
the Wilsonian matching together with the experimental
data obtained from the e e !
p process. We note
that an extra peak of the data at s 0:78 GeV is caused
by the mixing of the  meson with the ! meson due to the
small isospin symmetry breaking, which is neglected in the
present analysis. It can be seen that the Wilsonian matching
well describes the experiment except for the ! region.
Next we apply this procedure to the study of hot/dense
matter. As we noted in the beginning of this subsection, the
bare parameters are determined by integrating out high
frequency modes above the matching scale. Thus, when
we integrate out those degrees of freedom in hot/dense
matter, the bare parameters are dependent on temperature/density. We shall refer to them as the intrinsic temperature/density effects [7,8]. The intrinsic temperature
and/or density dependences are nothing but the indication
that the hadron has an internal structure constructed from
the quarks and gluons. This is similar to the situation where
the coupling constants among hadrons are replaced with
the momentum-dependent form factor in the high energy
region. Thus the intrinsic temperature/density effects play
1

In Ref. [6], m  771:1 MeV and the pion decay constant at
the chiral limit, F 0  86:4 9:7 MeV, were used as inputs.
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We consider the quantity GA  GV which is a measure
of the spontaneous chiral symmetry breaking in QCD.
Here we assume that the quark condensate approaches
zero when the restoration point is approached from the
broken phase: The phase transition is of second order. In
such a case, as we can easily see in Eq. (2.9), GA  GV in
the OPE approaches zero as
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FIG. 2 (color online). Electromagnetic
p form factor of the pion
as a function of the invariant mass s at zero temperature. The
experimental data were taken from Ref. [44] (indicated by )
and Ref. [45] (indicated by 䊐).

more important roles in higher temperature/density regions, especially near the phase transition point.
It should be noticed that there is no longer Lorentz
symmetry in matter, and the Lorentz nonscalar operators
such as q  D q may exist in the expressions of the OPE
current correlators. However, we neglect the contributions
from these operators since such effects are suppressed by
powers of the matching scale [27,28]. Thus it is a good
approximation that we determine the bare parameters at
nonzero temperature/density through the matching conditions with putting possible temperature/density dependences on the quark and gluon condensates:
 ! hqqi
 T;q ;
hqqi

hG G i ! hG G iT;q :
(2.17)

Through the matching conditions, the temperature/density
dependences of those condensates determine the intrinsic
effects of the bare parameters, which are then converted
into those of the on-shell parameters through the Wilsonian
RGEs.
C. VM in hot/dense matter
The VM was proposed in Ref. [5] as a novel pattern of
the Wigner realization of chiral symmetry with a large
number of massless quark flavors, in which the vector
meson becomes massless at the restoration point and belongs to the same chiral multiplet as the pion, i.e., the
massless vector meson is the chiral partner of the pion.
The studies of the VM in hot/dense matter have been
carried out in Refs. [7,8,19,27,28] and the VM was applied
to construct an effective Lagrangian for the heavy-light
mesons which can describe the recent experimental observation on the D0 ; 1  mesons [29]. We would like to
stress that the VD of the electromagnetic form factor of the
pion is strongly violated near the critical point associated
with the dropping  in the VM [19,30]. In the following,
we briefly review the VM in hot/dense matter.

 2
32 s hqqi
! 0: (2.18)
9
6

This condition GA  GV ! 0 should also be satisfied in
the EFT. We thus impose that these current correlators
approach each other at the bare level, which implies
GHLS
; T; q   GVHLS ; T; q  ! 0;
A

(2.19)

for T; q  ! Tc ; cq . We require that this equality is
satisfied at an arbitrary momentum scale Q near the matching scale . This can be satisfied only when the following
conditions for the bare parameters are met:
g; T; q  ! 0;

a; T; q  ! 1;

z1 ; T; q   z2 ; T; q  ! 0;

(2.20)

for T; q  ! Tc ; cq . The first condition immediately
implies that the bare  mass approaches zero:
M ; T; q  ! 0. The second one leads to the agreement
of two decay constants: F ; T; q   F ; T; q  !
0.
We should note that Eq. (2.20) is realized due to the
intrinsic T=q effects introduced through the Wilsonian
matching. It was shown [6 –8] that these conditions are
protected by the fixed point of the RGEs [see also Eq. (3.7)
in the next section] and never receive quantum corrections
at the critical point. Thus the parametric vector meson
mass determined at the on shell of the vector meson also
vanishes since it is proportional to the vanishing gauge
coupling constant. The vector meson mass m defined as a
pole position of the full vector meson propagator has the
hadronic corrections through thermal/dense loops, which
are proportional to the gauge coupling constant [7,8,19].
Consequently, the vector meson pole mass also goes to
zero for T; q  ! Tc ; cq :
m T; q  ! 0:

(2.21)

near the
By performing the matching to GAOPE  GOPE
V
critical point and using the fact that the vanishing gauge
coupling constant is the fixed point of the RGE, we find
that the  meson mass drops as the chiral condensate,
 T;q ;
m T; q  / hqqi

(2.22)

for T; q  ’ Tc ; cq . Note that the Wilsonian matching
condition at the critical point provides the nonzero bare
pion decay constant, F2 ; Tc ; cq   0, even at the critical point where the on-shell pion decay constant vanishes
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by adding the quantum corrections through the RGEs
including the quadratic divergences [5] and hadronic temperature/density corrections [7,8].
It has been shown that the VD of the electromagnetic
form factor of the pion [31] is accidentally satisfied in
Nf  3 QCD at zero temperature and zero density, and
that it is strongly violated in large Nf QCD when the VM
occurs [30]. The VD is characterized by the direct 
being zero. As one can easily see from Eq. (2.12), the VD
can be well satisfied when the parameter a is close to 2:
a ’ 2. This is actually predicted by the Wilsonian matching in the vacuum as presented in Eq. (2.16). In hot/dense
matter, the parameter a is modified by medium effects and
approaches unity with increasing T=q toward the critical
point, which is due to the intrinsic T=q effects associated
with the chiral symmetry restoration [8,19]. This implies
that the VD is strongly violated near the critical point,
maximally by 50%, and it strongly affects the understanding of experiments on the dilepton productions based on
the dropping  as recently pointed out in Ref. [16]. In the
following sections, we will carry out an analysis of the
spectral function and the dilepton production rate taking
into account the strong violation of the VD.
III. TEMPERATURE DEPENDENCE OF
PARAMETERS
Generally, the parameters of EFTs in hot/dense matter
have dependences on the temperature/density. This is nothing but the indication that the particles expressed by effective fields are composites of the fundamental degrees of
freedom. In the HLS, such dependences (intrinsic temperature/density dependences) can be introduced at the bare
level through the Wilsonian matching. The physical quantities in the low-energy region then have two kinds of
temperature/density dependences, one is the intrinsic effect
and another comes from the ordinary hadronic corrections
included through the temperature/density loops. In the
following analysis, to determine both effects, we consider
the system at finite temperature and zero density.
We consider the intrinsic temperature dependence of the
bare parameters of the HLS Lagrangian based on the
Wilsonian matching. With increasing temperature toward
the critical temperature, the difference of two current
correlators in the OPE approaches zero as in Eq. (2.18).
Noting that the Wilsonian matching condition obtained
from the first derivative of the axial-vector current correlator provides

1
F2 ; Tc 
 2 1
8
2



s 22 h s G G iTc
 0;
 3
4
(3.1)

even at the critical point, we can expand the difference of
two correlators GA  GV as
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 2

F ; T 2
2
F2 ; T
 a  1  2

F2 ; T
2g2 ; Tz3 ; T  2

 2z2 ; T  z1 ; T;

GHLS
Q2   GVHLS Q2  ’ g2 ; T
A

(3.2)
near the critical point based on the VM. Comparing
Eq. (3.2) with Eq. (2.18) and requiring no cancellations
among the terms in the right-hand side of Eq. (3.2), we see
that both bare g and a  1 are proportional to the quark
condensate provided by the Wilsonian matching near Tc
[7]:
 2T ;
g2 ; T / hqqi

 2T
a; T  1 / hqqi

for T ’ Tc :
(3.3)

This implies that the bare parameters are thermally evolved
following the temperature dependence of the quark condensate, which is nothing but the intrinsic temperature
effect.
We should note that the above matching conditions hold
only in the vicinity of Tc : Eq. (3.3) is not valid anymore far
away from Tc where ordinary hadronic corrections are
dominant. For expressing a temperature above which the
intrinsic effect becomes important, we introduce a temperature Tf , the so-called flash temperature [32,33]. The
VM and therefore the dropping  mass become transparent
for T > Tf . On the other hand, we expect that the intrinsic
effects are negligible in the low-temperature region below
Tf : Only hadronic thermal corrections are considered for
T < Tf . Based on the above consideration, we adopt the
following ansatz of the temperature dependences of the
bare g and a2:
for T < Tf
for T > Tf




g; T  constant;
a; T  1  constant;
 T;
g; T / hqqi
 2T :
a; T  1 / hqqi

(3.4)

In the following analysis, we assume that the quark
condensates scale as Tc  T1=2 , as in the mean field
case for example. Then, the above ansatz in Eq. (3.4) gives
the following temperature dependences of the bare g and a,
which approach the VM fixed point near Tc :
2
As was stressed in Refs. [6,20], the VM should be considered
only as the limit. So we include the temperature dependences of
the parameters only for Tf < T < Tc  .
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g; T  Tf  Tg; T  0
T  Tf 

2
T  Tf2 1=2
 g; T  0 1  2
;
Tc  Tf2

TABLE I. Input parameters in the present analysis. The values
listed in the second row are fixed by performing the Wilsonian
 1 GeV  0:253 GeV3 and
matching at T  0 with hqqi
hs G G i  0:012 GeV4 .

a; T  Tf  Ta; T  0

T  Tf  1 fa; T  0  1g

f (GeV)
0.092 46


T 2  Tf2 
 1 2
;
Tc  Tf2

F  (GeV)
0.149

(3.5)

where is the step function. Although the matching scale
 can also depend on temperature in hot matter, we assume
that it does not have any temperature dependence in the
present analysis. Since the Wilsonian matching conditions
[see Eqs. (3.1) and (3.2) together with Eq. (2.18)] do not
provide a substantial temperature dependence on the ratio
F ; T= as well as the parameter z3 ; T, we assume
that the bare z3 and bare F do not have any T dependences:
z3 ; T  z3 ; 0;

F ; T  F ; 0:

(3.6)

For making a numerical analysis including hadronic
corrections in addition to the intrinsic effects determined
above, we take Tc  170 MeV as a typical example and
Tf  0:7Tc as proposed in Refs. [32,33], where the value
of Tf is fixed based on the following consideration: The
gluon condensate which leads to the trace anomaly in QCD
is divided into the soft glue as a mean field and the hard
glue as the fluctuation. The soft glue gives spontaneous
breaking of scale invariance and the hard glue explicitly
breaks it. The anomalous breaking from the quark part is
 with mq being the current quark
proportional to mq qq,
mass which indeed vanishes in the classical level if mq 
0. The soft glue melts toward the chiral phase transition
point, and eventually the scale invariance is restored at Tc .
(Although the scale invariance is still explicitly broken by
the hard glue, it has nothing to do with hadron masses.) In
Ref. [4] an effective chiral Lagrangian which reproduces
the proper scaling behavior even in the level of the EFT
was presented and the BR scaling was proposed based on
the notion of the melting soft glue. The BR scaling deals
with the quantity directly locked to the quark condensate
and hence the scaling masses are achieved exclusively by
the intrinsic effect. According to the lattice calculation
[34], the gluon condensate starts to drop around T 
0:7Tc and remains finite at Tc which is about half of that
at T  0. The melting soft glue is due to the intrinsic
temperature effect which comes in at Tf .
For the bare parameters of the HLS Lagrangian at T 
0, we use the ones determined through the Wilsonian
matching for QCD  0:4 GeV and   1:1 GeV (Nc 
3 and Nf  3), which well describe [6,24] the experiments
at T  0 as briefly shown in Sec. II B. For later convenience, we summarize our input parameters in Table I.

m (GeV)
0.139 57

m (GeV)
0.7758

QCD (GeV)
0.4

 (GeV)
1.1

a
1.31

g
3.63

z3   103
2:55

Tc (GeV)
0.17

Tf
0:7Tc

...
...

Note that the intrinsic effects also generate the Lorentz
noninvariance for the bare parameters and thus the on-shell
parameters, which were neglected here since such effects
are much suppressed by the matching scale [28]. We show
the temperature dependences of the bare parameters g and
a in Fig. 3.
Next we incorporate quantum corrections into the parameters following the RGEs at one loop [24]:
Nf
dF 2

3a2 g2 F2 22  a2 ;
d
242


Nf
da
2
2


a  1 3aa 1g  3a  1 2 ;
d
242
F
2
2
N
dg
87  a 4
f

g;

d
6
242
Nf 1 2a  a2
dz
:
(3.7)
 3
d 42
12



These parameters are evolved starting from the matching
scale toward their on shell and the parameters at the
physical scale are obtained. In the following we put a bar
over the parameters of the Lagrangian to clarify that the
barred quantities include the intrinsic effects and are renormalized at the mass shell of relevant particles: e.g.,
g  g  m ; T;

a  a  m ; T;

F   F   0; T;
z3  z3   m ; T;
p
   g F  :
M
F   a F   m ; T;

(3.8)

Physical quantities are obtained by including the hadronic corrections generated through thermal loop diagrams
at one loop. The hadronic correction to the vector meson
mass is given by [7,19]3
3

In the following analysis, we include the hadronic thermal
corrections only for the leading order parameters, F , F , and g.
For the calculation of the form factor F , z2  z1 is irrelevant.
Although g s includes z3 , by which a 30% deviation of experiments from the KSRF I relation can be explained in the vacuum
[6,24], we will neglect the hadronic correction to it.
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where the functions I and J are listed in Appendix A and
the soft pion limit for ft;s was taken.
In general, there are two decay constants for  (longitudinal ). However, they become identical to each other
when the bare Lagrangian has the Lorentz invariance:

1.5

(a)
a
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  ; T ;
ft T2  F 2  Nf I2 T   2 I4 T  J14 M
M


1
ft Tfs T  F 2  Nf I2 T a  2 I4 T
3M

  ; T  J12 M
  ; T ;
(3.11)
 J14 M

;T

;T

1.3

f T2  ft T2  ft Tfs T

1.25
1.2

Nf 2
  ; T
a I2 T  J12 M
4
0
  ; T:
2J1
M

 F 2 
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T Tc

As we show in Appendix B [see Eq. (B8)], the momentumdependent - mixing strength is given by

1.05

(b)
FIG. 3. Temperature dependences of (a) the bare gauge coupling constant g and (b) the bare parameter a.


a 2
  ; T
Nf g 2  G2 M
12

33  2 2 
  ; T ;
M F3 M ; M
16

 2
m2 T  M

5 2 
J M ; T
4 1 
(3.9)

where the functions J, G, and F are listed in Appendix A,
and m is defined at the rest frame of the  meson,
~ 4
p  m ; 0.
Differently from a vacuum, the Lorentz invariance is not
manifest anymore due to the heat bath. The in-medium
pion decay constants, and the temporal and spatial components ft;s are defined by [35]
h0jJ50 jpi  ift p0 ;

h0jJ5i jpi  ifs pi ; (3.10)

where J5 denotes the axial-vector current. The order parameter of the chiral symmetry is defined as the pole
residue of the axial-vector current correlator following
Ref. [36], which provides ft fs [27]. On the other hand,
the ft is the wave function renormalization constant of the
 field [27,37]. The hadronic corrections to two piondecay constants are [7,19]
4

(3.12)

In medium, the full vector meson propagator consists of the
longitudinal and tranverse parts, DL and DT . The vector meson
masses defined as the pole positions of DL and DT are identical
at the rest frame.

 2 T  sz3 ;
g s; T  gf

(3.13)

where f2 T includes both intrinsic and hadronic temperature effects as in Eq. (3.12), while g and z3 include only the
intrinsic one.
We show the temperature dependences of the  meson
mass, m T, and the - mixing strength at  on shell,
g s  m ; T, in Fig. 4. In this figure the dashed lines
show the temperature dependences of the physical quantities when only the hadronic corrections are included, i.e.,
the parameters of the HLS Lagrangian are assumed to have
no temperature dependence. The solid lines show the full
temperature dependences by including the intrinsic temperature effects into the bare parameters as given in
Eqs. (3.5) and (3.6). Figure 4(a) shows that the vector
meson mass including only the hadronic correction
changes little with temperature and the hadronic correction
gives a positive contribution to m , had ’ 5 MeV. In the
temperature region above the flash temperature, T=Tc >
Tf =Tc  0:7, the  mass with the intrinsic effect rapidly
drops corresponding to the rapid decreasing of the gauge
coupling as shown in Fig. 3. In Fig. 4(b) we can see that the
hadronic effect gives a negative correction to the mixing strength at  on shell. This is dominated by the
decreasing of f : In the low-temperature region, Eq. (3.12)
is approximated as
ft T2  ft Tfs T ’ F 2 

Nf 2 2
a T ;
48

(3.14)

for T  m . Above the flash temperature, the intrinsic
effect causes the rapid drop of the gauge coupling g, which
further decreases the g toward zero.
As we show in the next section and in Appendix B, the
 and the  couplings appearing in the imaginary
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FIG. 4. Temperature dependences of (a) the vector meson mass
m and (b) the - mixing strength g . The solid curves denote
the full (both intrinsic and hadronic) temperature dependences.
The dashed curves include only the hadronic temperature effects.

FIG. 5. Temperature dependences of (a) the parametric 
coupling g  and (b) the parametric direct-  coupling
g  . The lines denote the temperature dependences including
only the intrinsic effects.

part of the photon self-energy do not have the hadronic
temperature corrections in the present one-loop calculation. So we need the parametric  coupling and the
parametric direct-  coupling. By extending the form
given in Eqs. (2.12) and (2.13), they are given by

effect as given in Eq. (3.5). This causes an increase of g 
toward 1=2, which implies the strong violation of the VD.


a0
;
g  T  g
2
g

 T

1


a0
;
2

(3.15)

(3.16)

IV. FORM FACTOR AND DILEPTON SPECTRA
A lepton pair is emitted from the hot/dense matter
through a decaying virtual photon. The differential production rate in the medium for fixed temperature T is
expressed in terms of the imaginary part of the photon
self-energy Im as
dN
2
1
~ T  3 2 q =T
~ T; (4.1)
Imq0 ; q;
4 q0 ; q;
dq
 M e 0 1


where a0
is defined as [19]
F2   m ; T
F 2

:
a0
  2  2
F   0; T
F

(3.17)

Here we should note that the barred quantities include only
the intrinsic effects. In Fig. 5, we show the temperature
dependences of g  T and g  T. In Fig. 5(a) the rapid
decrease of the parametric  coupling g  occurs
above the flash temperature because of the drop of the
gauge coupling g caused by the intrinsic effect.
Figure 5(b) shows the temperature dependence of the parametric direct-  coupling g  . In the temperature region below the flash temperature, g  is almost zero
realizing the VD. Above the flash temperature, the parame
ter a0
starts to decrease from 2 to 1 due to the intrinsic

where   e2 =4 is the electromagnetic coupling constant, M is the invariant mass of the produced dilepton,
~ denotes the momentum of the virtual
and q  q0 ; q
photon. The three-momentum integrated rate is given by
Z d3 q~ dN
dN
~ T;
s; T 
q ; q;
(4.2)
2q0 d4 q 0
ds
p
with s  M2 and q0  q~ 2 M2 . We will focus on an
energy region around the  meson mass scale in this
analysis. In this energy region it is natural to expect that
the photon self-energy is dominated by the two-pion process, and its imaginary part is related to the pion electromagnetic form factor F s; T through
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1
s  4m2 3=2
Im s; T  p
jF s; Tj2 ;
6 s
4
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with the pion mass m . By extending Eq. (2.11) into the inmedium expression, the form factor is written as
F s; T  g

 T

m2 T

F
70
60
50
40
30
20
10

T=0
T = 0.4Tc
T = 0.6Tc
T = 0.75Tc
T = 0.8Tc
T = 0.85Tc

(4.3)

g s; T g  T
;
 s  s  4m2 im T s; T

2

(4.4)

0.2
where we neglected the temperature dependences of the
pion mass. The details are given in Appendix B.
Using the in-medium parameters obtained in the previous section, we calculate the thermal width of the 
meson. We present the temperature dependence of the
width in Fig. 6. The dashed line shows the temperature
dependence of  when only the hadronic effect is included. Since g  is independent of T and m slightly
increases with T as shown in Fig. 4(a) (dashed line), 
increases with T which implies that the hadronic effect
causes the broadening of the  width. The solid line in
Fig. 6 shows the temperature dependence of  when the
intrinsic effect is also included for T > Tf . In this case
g  as well as m decrease with T as g in the VM, and the
width  decreases as  g 3 ! 0.
Now, let us calculate the pion form factor and the
dilepton production rate. Figure 7 shows the electromagnetic form factor F given in Eq. (4.4) for several temperatures. In Fig. 7(a) g s, m , and  in the form factor
include only the hadronic temperature corrections, and
g  and g  have no temperature dependence. There
is no remarkable shift of the  meson mass but the width
becomes broader with increasing temperature, which is
consistent with the previous study [38]. In Fig. 7(b) the
intrinsic temperature effects are also included into all the
parameters in the form factor: g s, m , and  include
the intrinsic effect in addition to the hadronic one, and
GeV
0.2

ρ

0.15
0.1
0.05
0.2

0.4

0.6

0.8

T Tc

FIG.
p
 6. Decay width of the  meson as a function of T=Tc for
s  m . The dashed curve includes only the hadronic temperature effects. The solid curve denotes the full (both intrinsic
and hadronic) temperature dependences.
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(a)
F
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0.8
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GeV

2

(b)
FIG. 7 (color online). Electromagnetic
p form factor of the pion
as a function of the invariant mass s for several temperatures.
The curves in the upper panel (a) include only the hadronic
temperature effects and those in the lower panel (b) include both
intrinsic and hadronic temperature effects.

g  and g  include the intrinsic one. At the temperature below Tf , the hadronic effect dominates the form
factor, so that the curves for T  0, 0:4Tc , and 0:6Tc agree
with the corresponding ones in Fig. 7(a). At T  Tf the
intrinsic effect starts to contribute, and thus in the temperature region above Tf the peak position of the form
factor moves as m T ! 0 with increasing temperature
toward Tc . Associated with this dropping  mass, the width
becomes narrow, and the value of the form factor at the
peak increases as [7]

2 
2



g g  
g
1




:
(4.5)




2
 m  
g 2
g  m
As noted in Sec. II C, the VD is controlled by the
parameter a in the HLS theory. The VM leads to the strong
violation of the VD (indicated by ‘‘ VD ’’) near the chiral
symmetry restoration point, which can be traced through
the Wilsonian matching and the RG evolutions. Thus the
direct photon-- coupling, g  , yields nonvanishing
contribution to the form factor together with the  meson
exchange. When the VD is assumed to be valid even in hot
matter, i.e., g   0, one obtains the following constraint
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FIG. 8.pTemperature dependence of the - mixing strength
g for s  m . The dash-dotted curve corresponds to the case
with the VD assumption. The solid curve includes the effect of
the VD violation due to the VM.

on g by imposing the normalization of the electromagnetic charge at s  0:
gVD
s; T 


m2 T
 z3 T:
 sgT
g  T

(4.6)

Figure 8 shows the temperature dependence of the mixing strength g at  on shell with VD (dash-dotted line)
and VD (solid line). In the low-temperature region, T <
Tf , the hadronic corrections to m and g  are small, so
, is almost
that the - mixing strength with VD, gVD

stable against the temperature (see the dash-dotted line),
while g with VD gets a non-negligible hadronic correction in the HLS, which causes a decreasing against the
temperature (see the solid line). Near the critical temperature, T > Tf , on the other hand, both m and g  drop due
to the VM and the above ratio also decreases since
 However, compared to the g with VD ,
m2 =g  / g.
the decreasing of gVD (dash-dotted line) is much more
gentle. This affects the pion form factor which exhibits a
strong suppression provided by decreasing g in the VM.
Figure 9 shows the form factor and the dilepton production rate integrated over three-momentum, in which the
results with VD and VD were compared. The figure shows
a clear difference between the curves with VD and VD . In
the low-temperature region, T  Tf , the hadronic effects
are dominant compared with the intrinsic ones, so both
curves almost coincide. A difference between them starts
to appear around T  Tf and increases with temperature. It
can be easily seen that the VD gives a reduction compared
to the case keeping the VD. The features of the form factor
as well as the dilepton production rate coming from twopion annihilation shown in Figs. 9(a)–9(e) are summarized
below for each temperature:
(a) and (b) (below Tf ).—The form factor, which has a
p
peak at the  meson mass s 770 MeV, is slightly suppressed with increasing temperature. The extent of the

suppression in the case with VD is greater than that with
VD. This is due to the decreasing of the - mixing
strength g at finite temperature (see Fig. 8). At T < Tf ,
g mainly decreases by hadronic corrections. In the case
with VD, however, gVD
is almost constant. The dilepton

rate (a) has two peaks, one is at the  meson mass and the
other is lying around the low-mass region. The later peak
comes from the Boltzman factor of Eq. (4.1). For a rather
low temperature the production rate is much enhanced
compared with the  meson peak since the yield in the
higher mass region is suppressed by the statistical factor.
With increasing temperature those peaks of
pthe production
rate (b) are enhanced and the peak at s m clearly
appears. In association with decreasing g , one sees a
reduction of the dilepton rate with VD .
(c), (d), and (e) (above Tf ).—Since the intrinsic temperature effects are turned on, a shift of the  meson mass
to the lower mass region can be seen. Figure 8 shows that
g is further reduced by the intrinsic effects and decreases
much more rapidly than gVD . Thus the form factor, which
becomes narrower with increasing temperature due to the
dropping m , exhibits an obvious discrepancy between the
cases with VD and VD . The production rate based on the
VM (i.e., the case with VD ) is suppressed compared to
that with the VD. We observe that the suppression is more
transparent for larger temperatures: The suppression factor
is 1:8 in (c), 2 in (d), and 3:3 in (e).
As one can see in (c), the peak value of the rate predicted
by the VM in the temperature region slightly above the
flash temperature is even smaller than the one obtained by
the vacuum parameters, and the shapes of them are quite
similar to each other. This indicates that it might be difficult to measure the signal of the dropping  experimentally, if this temperature region is dominant in the evolution
of the fireball. In the case shown in (d), on the other hand,
the rate by VM is enhanced by a factor of about 2 compared with the one by the vacuum . The enhancement
becomes prominent near the critical temperature as seen in
(e). These imply that we may have a chance to discriminate
the dropping  from the vacuum .
V. SUMMARY AND DISCUSSIONS
We studied the pion electromagnetic form factor and the
thermal dilepton production rate from the two-pion annihilation within the HLS theory as an effective field theory
of low-energy QCD. In the HLS theory the chiral symmetry is restored as the VM in which the massless  meson
joins the same chiral multiplet as pions. In order to determine the temperature dependences of the parameters of the
HLS Lagrangian, the Wilsonian matching to the operator
product expansion at finite temperature was made by applying the matching scheme developed in the vacuum
[6,24] and at the critical temperature [7,19,27,28].
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114006-11

MASAYASU HARADA AND CHIHIRO SASAKI

PHYSICAL REVIEW D 74, 114006 (2006)

In the Wilsonian matching to define a bare theory in a
hot environment, the bare parameters are dependent on
temperature, which are referred to as the intrinsic temperature effects. At low temperatures the chiral properties of inmedium hadrons are dominated by ordinary hadronic loop
corrections. The dropping  is realized in the HLS framework due to the intrinsic effects and thus they play crucial
roles especially near the chiral phase transition. In order to
see an influence of the intrinsic temperature effects, we
presented the form factor including full temperature effects, i.e., the intrinsic and hadronic effects, and compared
it with that including only hadronic corrections. The 
meson mass m is almost stable against the hadronic
corrections and one does not obtain the dropping m .
Accordingly, the peak of the form factor including
only
p
the hadronic effects is located at around s m
770 MeV even at finite temperature. The form factor is
reduced with increasing temperature and, correspondingly,
becomes broader. On the other hand, the Wilsonian matching procedure certainly involves the intrinsic temperature
effects in the analysis and provides the dropping m as the
VM. The form factor above the flash temperature Tf thus
starts to present a shift of m to the lower invariant mass
region. Associated with the dropping , the form factor
becomes sharp.
One of the significant predictions of the VM is a strong
violation of the VD of the pion form factor. The VM
predicts that the VD is violated near the transition temperature Tc in which the direct photon-- does contribute
to the form factor in addition to the  meson mediation. It
crucially affects the analysis of dilepton yields. We presented the form factor and the dilepton production rate with
and without the VD assumption together with the dropping
. For T  Tf the result shows only a small difference
between those two cases since the VD is still well satisfied
at low temperatures. A clear difference can be seen for T >
Tf where the intrinsic temperature effects contribute to the
physical quantities. The form factor and consequently the
dilepton production rate, taking account of the violated
VD, are reduced and exhibit an obvious difference near
Tc compared to those with the VD. Such behaviors can be
understood from the in-medium - mixing strength g .
At T  Tf , g mainly decreases due to the hadronic
corrections and does not show a big difference. With
increasing temperature but still below Tf , g shows a
discrepancy between the cases with/without the VD, which
is roughly 17% around T  0:6Tc . The intrinsic temperature effect comes in at Tf and provides a more rapid
. This variation reaches about
decreasing of g than gVD

40% at T  0:85Tc and eventually causes a precise difference of the production rate by a factor 3:3.
Several comments are in order. The HLS Lagrangian has
only pions and vector mesons as physical degrees of freedom, and a time evolution was not considered in this work.

Thus it is not possible to make a direct comparison of our
results with experimental data. However, a naive dropping
m formula, i.e., Tf  0, as well as VD in hot/dense matter
are sometimes used for theoretical implications of the data.
As we have shown in this paper, the intrinsic temperature
effects together with the violation of the VD give a clear
difference from the results without including those effects.
It may then be expected that a field theoretical analysis of
the dropping  as presented in this work and a reliable
comparison with dilepton measurements will provide evidence for the in-medium hadronic properties associated
with the chiral symmetry restoration, if complicated hadronization processes do not wash out those changes.
Our analysis can be applied to a study at finite density. In
particular, to study dilepton production rates under the
conditions for CERN SPS and future GSI/FAIR should
be addressed as an important issue. In such a dense environment, the particle-hole configurations with the same
quantum numbers of pions and  mesons are crucial
[39]. The violation of the VD has also been presented at
finite density in the HLS theory [8]. Therefore the dilepton
rate as well as the form factor will be much affected by the
intrinsic density effects and be reduced above the ‘‘flash
density.’’
Recently the chiral perturbation theory including vector
and axial-vector mesons as well as pions has been constructed [40,41] based on the generalized HLS [10,42,43].
In this theory the dropping  and A1 meson masses were
formulated and it was shown that the dropping masses are
related to the fixed points of the RGEs, which gives a VMtype restoration, and that the VD is strongly violated also in
this case. Inclusion of the effect of the A1 meson as well as
the effect of collisional broadening will be done in future
work.
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APPENDIX A: FUNCTIONS
In this appendix, we list the integral forms of the functions which appear in the expressions of the hadronic
n M; T, Fn p ; M; T,
corrections. The functions In T, Jm
0
3
and Gn p0 ; T (n, m: integers) are given by
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Z d3 k jkj
~ n3
;
23 ek=T  1
Z d3 k
~ n2
1
jkj
n
Jm
M; T 
;
23 e!=T  1 !m
Z d3 k
~ n2
1
4jkj
F3n p0 ; M; T 
;
23 e!=T  1 !4!2  p20 
Z d3 k jkj
~ n3
~2
4jkj
;
Gn p0 ; T 
~ 2  p2
23 ek=T  1 4jkj
0
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Using the formulas shown in Refs. [6,20], we obtain


 
1 s  4m2 3=2 g  2
LT
Im V s  
;
48
g
s


g 
1 s  4m2 3=2
; (B5)
g 
s


ImLT
Vk
48
g
s


1 s  4m2 3=2
ImLT
s


g  2 :
k
48
s

In T 

(A1)

where we define
p
!  k2 M2 :

(A2)

APPENDIX B: IMAGINARY PART OF THE
PHOTON SELF-ENERGY
In this appendix, we show the imaginary part of the
photon self-energy obtained in the HLS. The photon selfenergy used in Sec. IV is related to the vector current
correlator in the HLS as
Im s  s ImGV s:

V ,


,
Vk

(B1)

Here g  and g  are expressed by the parameters of the
Lagrangian as in Eqs. (2.12) and (2.13). We put a bar over
the parameters to clarify that the barred quantities do not
include the hadronic temperature corrections and include
only the intrinsic effects, when they are considered in hot
matter. We define the  propagator D s and the
momentum-dependent - mixing strength g s as
D s 
g s 

Let
and
denote the V-V, V-V , and V -V
two-point functions, respectively. These two-point functions are decomposed as [6,20]
g q2  q q LT q2 : (B2)

By using the two-point functions, the vector current correlator GV s is expressed as [6,20]
GV 

LT
SV LT
V  2Vk 

SV

sLT
V

 LT
k :

(B3)

By noting that SV does not have an imaginary part for s <
4m2 at one loop, the imaginary part of the current correlator is expressed as
ImGV 

2
SV  s ReLT
Vk 
ImLT
V
2
jSV sLT
V j
S  s ReLT
V
Vk
 ImLT
Vk
SV sLT
V
;
 ImLT
k


SV  s ReLT
Vk
SV


sLT
V 

(B4)

up to higher order terms such as ReLT
2 and ReLT

Vk
Vk
LT
ImVk .

 SV s
g



sLT
V s

;
(B6)

s ReLT
s:
Vk

In the present analysis, we consider the energy region
around the  meson mass, s m2 . Then we use the
following approximate form for the  propagator:


k

 q  g S q2 

1
g 2 SV s

D s ’

1
;
m2  s  s  4m2 im 

(B7)

where both m and  include the hadronic temperature
effects in addition to intrinsic ones. We should note that
there is not substantial momentum dependence in SV s
for s < 4m2 , since the pion loop does not contribute to
SV s except for the tadpole diagram. Then, in the mixing strength g s, we take V s ! V s  0 
f2 . Furthermore, we neglect the momentum dependence
of ReLT
s for consistency with the approximation
Vk
adopted in Eq. (B7). This implies
 2  sz3 ;
g s ’ gf

(B8)

where z3 includes the intrinsic temperature effect.
By using the above quantities, the imaginary part of the
current correlator ImGV in Eq. (B4) is expressed as


1 s  4m2 3=2
ImGV s 
48
s
 jg  g sg  D sj2 ; (B9)
which leads to Eq. (4.3).
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