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Abstract. Partial-inversion compilers generate programs which com-
pute some unknown inputs of given programs from a given output and
the rest of inputs whose values are already given. In this paper, we pro-
pose a partial-inversion compiler of constructor term rewriting systems.
The compiler automatically generates a conditional term rewriting sys-
tem, and then unravels it to an unconditional system. To improve the
efficiency of inverse computation, we show that innermost strategy is
usable to obtain all solutions if the generated system is right-linear.

1 Introduction

Roughly speaking, an inverse of a program P with one argument is a program
P′ such that P(a) = b coincides P′(b) = a for any data a and b. In case of a
program P with two arguments, its full inverse program P′ satisfies that P(a, b)
= c coincides P′(c) = (a, b) for any data a, b and c. On the other hand, a partial
inverse of P with respect to the first argument is a program P′′ such that P(a, b)
= c coincides P′′(c, a) = b.

We can find inverse programs in practical cases. Data compression and ex-
traction commands (for example, gzip and gunzip) are examples of a program
with one argument and its inverse. For a cryptographic encoder E(x, k) with a
symmetric key k, the decoder D(y, k) can be seen as a partial inverse of E(x, k)
with respect to the second argument. Other typical examples of partial-inverses
are subtraction for addition and division for multiplication.

The inversion sometimes helps us to generate a program from a specification
given by equations. For example, the function gcd that computes the greatest
common divisor is specified by the equations gcd(x+y, y) = gcd(x, y), gcd(x, 0) =
x and gcd(x, y) = gcd(y, x). From these equations, we can construct the following
program: 




gcd(z, y) → gcd(z − y, y), x− 0 → x,
gcd(x, 0) → x, s(x)− s(y) → x− y,
gcd(x, y) → gcd(y, x).

Subtraction used in the above program is the partial inverse of addition in the
specification. In this case, we fortunately know the definition of the subtraction.
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However, we do not always know the definition of the needed inverse. For ex-
ample, it is not easy to code division as a recursive function by hand, while the
function of division is well-known.

Can we automatically construct an inverse from a given program? This naive
question motivates the study of inversion compilers. A (partial-)inversion com-
piler is an algorithm which automatically generates a (partial) inverse for a given
program. In this paper, we present a partial-inversion compiler in the framework
of term rewriting systems (TRSs), prove its correctness, and discuss the efficiency
of the computation done by inverses generated by the compiler.

The partial-inversion compiler which we propose generates a partial-inverse
EV-TRS (a TRS with extra variables that appear only in right-hand sides of
rewrite rules) from a given constructor TRS. The compiler consists of two stages.
In the first stage, the compiler generates a conditional TRS (a CTRS) as a
partial-inverse program. In the second stage, the compiler transforms it to an
equivalent EV-TRS, being based on the method of unraveling [14, 17, 19]. We
prove the correctness of the compiler, that is, the generated EV-TRS is really a
partial-inverse of the given TRS.

In inverse computation, it is not easy to handle values which are erased in the
forward computation. In order to represent a guess of such a value, we exploit
extra variables. Although the reduction of an EV-TRS is essentially infinitely-
branching and non-terminating, the reduction can be simulated by narrowing
sequences starting from ground terms [16]. The termination problem of such
narrowing is closer to that of the TRS reduction than that of the ordinary
narrowing. Therefore, the existence of extra variables in the generated systems
is not disadvantageous for the compiler in this paper. The compiler sometimes
generates a TRS (which has no extra variable), and it is terminating if it is lucky.

In logic programs like Prolog, inverse computation is realized by narrowing-
based computation. However, the execution of inverse computation in Prolog
does not terminate in some practical cases, when solving erased values in the
forward computation. By contrast, the corresponding generated EV-TRS of our
compiler terminates and bring all solutions by the depth-first search.

Unraveling brings a problem into the compiler. The reductions of CTRSs can-
not be always simulated by the unraveled CTRSs completely. Unravelings [14, 19]
which are developed in order to analyze properties of CTRSs, are not suitable for
the simulation of the CTRS reduction. In this paper, we show that the combina-
tion of membership conditional [25] and context-sensitive [12] reductions brings
the completeness. We also introduce another syntactic condition of CTRSs [17]
for the completeness.

Another important issue for inverse computation is the efficiency. It is often
necessary to find all normal forms of a given term. However, the exhaustive
search is inefficient. In this paper, we show that the generated EV-TRSs always
satisfy ILRJ property which is a part of conditions in [21] for the completeness
of the innermost strategy on TRSs.

This paper is organized as follows. Section 2 prepares notations. In Section 3,
we define a partial-inversion compiler of constructor TRSs, and prove its correct-
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ness. In Section 4, we discuss the computation of the generated EV-TRSs, and
in Section 5 the improvement of the efficiency of partial-inverse computation. In
Section 6, we state some related works briefly and give concluding remarks. The
missing proofs of theorems will be shown in the full version of this paper [18].

2 Preliminaries

This paper follows general notations of term rewriting [2, 20].
Let V be a countably infinite set of variables. The set of all terms over a

signature F and V is denoted by T (F ,V). Especially, we abbreviate the set
T (F , ∅) of all ground terms to T (F). The set of variables occurring in one of
terms t1, . . . , tn is represented by Var(t1, . . . , tn). Identity of terms is denoted
by ≡. The root symbol of a term t is represented by root(t). For a context
C[, . . . , ] with n holes ¤ at positions p1, . . . , pn and for terms t1, . . . , tn, the
notation C[t1, . . . , tn]p1,...,pn

(or simply C[t1, . . . , tn]) denotes the term obtained
by replacing ¤ at pi with ti for i = 1, . . . , n. We denote the (proper) subterm
relation by E (C). The term σ(t) obtained by applying a substitution σ to a
term t is abbreviated to tσ. The composition σσ′ of substitutions σ and σ′ is
defined as tσσ′ ≡ σ′(σ(t)).

An (oriented) conditional rewrite rule l → r ⇐ c over a signature F consists
of the left-hand side l (∈ T (F ,V) \ V) (lhs), the right-hand side r (∈ T (F ,V))
(rhs) and the conditional part c which is a sequence s1 → t1, . . . , sk → tk of
oriented conditions with {s1, t1, . . . , sk, tk} ⊆ T (F ,V). We write l → r instead
of l → r ⇐ c if it is unconditional (that is, if k = 0). We denote by ρ : l → r ⇐ c
the rule l → r ⇐ c with a unique label ρ. The set EVar(ρ) of all extra variables
of ρ : l → r ⇐ c is defined as EVar(ρ) = Var(r, c) \ Var(l).

An (oriented) conditional rewriting system (CTRS) over a signature F is a
finite set of oriented conditional rewrite rules over F . A CTRS is a term rewriting
system with extra variables (EV-TRS) if its every rule is unconditional, and then
it is a term rewriting system (TRS) if it is an EV-TRS without extra variables.
We use R⇐ and S⇐ for CTRSs (possibly EV-TRSs), and R and S for EV-TRSs.
For a CTRS R⇐, the rewrite relation of R⇐ is denoted by −→R⇐ . To specify
the position p for s −→R⇐ t, we write s −→p

R⇐ t. The set of all normal forms of
R⇐ is denoted by NFR⇐(F ,V). Conditional rewrite rules ρ : l → r ⇐ c are
classified according to the distribution of variables among l, r and c, as follows:
ρ is in type 3 if Var(r) ⊆ Var(l, c), and in type 4 if no restriction is imposed.
An i-CTRS contains only conditional rewrite rules of type i. A CTRS R⇐ is
said to be deterministic if every rule ρ : l → r ⇐ s1 → t1, . . . , sk → tk ∈ R⇐ is
deterministic, that is, Var(si) ⊆ Var(l, t1, . . . , ti−1) for 1 ≤ i ≤ k.

The set of defined symbols for a CTRS R⇐ over a signature F is DR⇐ =
{ root(l) | l → r ⇐ c ∈ R⇐ }. The signature is partitioned as F = DR⇐ ]
CR⇐ where ] is the disjoint union of sets. Function symbols in CR⇐ are called
constructors of R⇐. A term t in T (CR⇐ ,V) is called a constructor term of R⇐. A
constructor system is a CTRS R⇐ such that every rule f(t1, . . . , tn) → r ⇐ c ∈
R⇐ satisfies {t1, . . . , tn} ⊆ T (CR⇐ ,V). A CTRS R⇐ is convergent if it is confluent
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Fig. 1. The structure of the partial-inversion compiler proposed in this paper.

and strongly normalizing with respect to −→R⇐ . We use a, b, c as constructors,
f , g, h as defined symbols, and x, y, z as variables.

3 Partial-Inversion Compiler

In this section, we present a partial-inversion compiler of constructor TRSs which
consists of two stages (Fig. 1). The first stage is an actual partial-inversion which
generates a partial-inverse CTRS from a given constructor TRS. The second is
the unraveling which transforms the CTRS to an equivalent EV-TRS [20].

We prepare special constructors {tp0, tp1, . . .} to denote the tuple (t1, . . . , ti)
of terms t1, . . . , ti as tpi(t1, . . . , ti). The tuple tp1(t) of a term t may be abbre-
viated to the term t. The reason why introducing such symbols is that inverses
of n-ary functions return tuples of some terms.

An index for an n-ary defined symbol f is a natural number i such that 1
≤ i ≤ n, which intuitively stands for an argument position of f . We use sets
of indexes for f to represent which arguments of f are given. For a set I of
indexes for f , we denote by |I| the cardinality of I. The j-th index of I in the
increasing order is denoted by Ij . That is, if I = {i1, . . . , im} and ij < ij+1 for
all 1 ≤ j < m, then Ij represents ij . The notation Ī denotes the complement of
I, that is, Ī = {1, . . . , n} \ I. For a set D of defined symbols, the set of all pairs
of a defined symbol and a set of indexes for the symbol is denoted by ID: ID =
{ (g, I) | g ∈ D, I ⊆ {1, . . . , |g|} } where |g| is the arity of g.

3.1 Definition of Partial-Inverses

Here we give a concrete definition of partial-inverses.

Definition 1. Let R⇐ be a CTRS over a signature F , and S⇐ be a CTRS over
a signature F ′ satisfying CR⇐ ⊆ CS⇐ . Let f and g be defined symbols of R⇐ and
S⇐, respectively, and I be a set of indexes for f . Then, g is a partial inverse of
f with respect to a set I if the following holds:

for all ground constructor terms t, t1, . . . , tn of R⇐, f(t1, . . . , tn) ∗−→R⇐

t if and only if g(t, tI1 , . . . , tI|I|)
∗−→S⇐ tp|Ī|(tĪ1

, . . . , tĪ|Ī|),

where tp|Ī| ∈ CS⇐ . In particular, g is a full inverse of f if I = ∅. The CTRS S⇐

is called a partial-inverse system of R⇐ with respect to a set DI ⊆ IDR⇐ (simply
called a partial-inverse system of R⇐ when DI = IDR⇐ ) if for every (f, I) ∈
DI , there exists g ∈ DS⇐ such that g is a partial-inverse of f with respect to I.
R⇐ is sometimes called the forward(-computation) system for S⇐.
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mul( s(x), s(y) ) → s( mul( x, s(y) ), y ) )add(

mul( s(x), s(y) ) → s( add( mul( x, s(y) ), y ) )

mul{2}( s(z), s(y) )→ tp1(s(x))⇐add( mul( x, s(y) ), y ) → z

mul{2}( s(z), s(y) )→ tp1(s(x))⇐ add{2}( z, y ) , mul( x, s(y) )→tp1(w) → w

mul{2}( s(z), s(y) )→ tp1(s(x))⇐ add{2}( z, y ) , mul{2}( w, s(y))→tp1(w) →tp1(x)

add(mul(x, s(y)), y) = z

mul(x, s(y)) = w

Step 1.

Step 2.

Step 3.

: replacement

: exchange terms

: given argument

Fig. 2. Sketch of partial-inversion of the third rule of R1.

Example 2. Consider the following convergent constructor TRSs over the signa-
ture {0, s, add, mul, minus}:

R1 =





add(0, y) → y,
add(s(x), y) → s(add(x, y)),
mul(0, y) → 0, mul(x, 0) → 0,
mul(s(x), s(y)) → s(add(mul(x, s(y)), y))

R2 =
{

minus(x, 0) → x,
minus(s(x), s(y)) → minus(x, y).

R2 is a partial-inverse TRS of R1 with respect to {(add, {1})}.

3.2 Idea of Partial Inversion

This subsection intuitively explains how to generate a partial-inverse CTRS from
a given constructor TRS, by using R1 in Example 2 and the pair (mul, {2}).

Roughly speaking, we generate a conditional rewrite rule for a rewrite rule
in a given system R, and a set of indexes for the root symbol of the lhs. The
idea of the generation is based on the essential property of inverses: f(v1, . . . , vn)
= v if and only if f−1(v, v1, . . . , vi) = (vi+1, . . . , vn). For a given pair (f, I) of
a defined symbol f and a set I of indexes for f , we use f I as a symbol of the
partial-inverse of f with respect to I. We add a special rewrite rule for each
(f, I) (as we will show the detail later). The partial-inverse CTRS of R1 with
respect to {(mul, {2})} is generated as follows:

R⇐
3 =





add{2}(y, y) → tp1(0),
add{2}(s(z), y) → tp1(s(x)) ⇐ add{2}(z, y) → tp1(x),
mul{2}(0, y) → tp1(0), mul{2}(0, 0) → tp1(x),
mul{2}(s(z), s(y)) → tp1(s(x))

⇐ add{2}(z, y) → tp1(w), mul{2}(w, s(y)) → tp1(x),
add{2}(add(x, y), y) → tp1(x), mul{2}(mul(x, y), y) → tp1(x).

We give an intuitive explanation by using the third rule of mul. To generate
the fifth rule in R3, we apply the following three steps to it (see Fig. 2):

(Step 1). This step analyzes the rule and classifies variables in the rule into the
given and the unknown, depending on whether value is assigned in future
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execution. The result of this step is illustrated in the second line of Fig. 2.
The pair (mul, {2}) means that the second argument s(y) of mul in the lhs
is given. Hence, the value of y is assigned in the execution. On the contrary,
the value of x is unknown. Therefore, the second arguments of add and mul
in the rhs are given, and their first arguments are unknown1.

(Step 2). This step creates a rule for inverses by exchanging parts of both the left-
and right-hand sides of the rule, except the given arguments in the lhs. When
exchanging, we replace the term add(mul(x, s(y)), y) in the rhs with a fresh
variable z (not used in the rule), and add the condition add(mul(x, s(y)), y) →
z caused by the replacement to the conditional part. This transformation
makes the original rhs a constructor term. We also replace the root symbol
mul in the lhs with the symbol mul{2}.

(Step 3). This step applies Step 2 to the condition part until it becomes deter-
ministic. By applying Step 2 twice to the condition part, we obtain the
conditional rewrite rule of mul{2} illustrated in the bottom line of Fig. 2.

By applying the above three steps to all rules in R1 and all needed pairs
((add, {2}) and (mul, {2})), we obtain the first five rules in R⇐

3 .
In addition to the above three steps, we generate for every pair (f, I) ∈ ID

the special rewrite rule f I(f(x1, . . . , xn), xI1 , . . . , xI|Ī|) → tp|Ī|(xĪ1
, . . . , xĪ|Ī|),

called the inverse-property rule of f with respect to I. These rules are neces-
sary for inverse computation of functions that invoke partial functions. Con-
sider the TRS R4 = R1 ∪ { half(0) → 0, half(s2(x)) → s(half(x)), g(x) →
mul(x, half(s(x))) }. Since we have a derivation g(0) ∗−→R4

0, the inverse com-
putation g∅(0) ∗−→ tp1(0) should hold. If half∅(half(x)) → tp1(x) were missing,
g∅(0) could not be reachable to tp1(0) because the only applicable rule to g∅(0)
is g∅(y) → tp1(x) ⇐ mul∅(y) → tp2(x, z), half(z) → tp1(s(x)) and we must find
z satisfying half∅(z) → tp1(s(0)).

3.3 Generation of Partial-Inverse CTRSs

In this subsection, we formalize the idea described in Subsection 3.2. To simplify
the presentation, we focus on generating partial-inverse CTRSs with respect to
ID. We can easily get the CTRS with respect to a subset of ID by collecting
usable rules after the generation.

We first provide definitions (Definition 3–5) necessary to show the first stage
of our compiler. We write C[[t1, . . . , tn]] instead of a term C[t1, . . . , tn] if C is a
constructor context (that is, C[, . . . , ] ∈ T (C ∪{¤},V)) and root(ti) is a defined
symbol for every i ∈ {1, . . . , n}. It is clear that every term s can be represented
in the form of C ′[[s1, . . . , sk]].

Definition 3. Let ρ : f(w1, . . . , wn) → C[[r1, . . . , rm]] be a rewrite rule over a
signature D ] C and I be a set of indexes for f . The set UVar(ρ, I) of variables
in ρ, whose values are unknown, is defined as follows:

UVar ( f(w1, . . . , wn) → C[[r1, . . . , rm]], I )
= Var(wĪ1

, . . . , wĪ|Ī|) \ Var(wI1 , . . . , wI|I| , C[, . . . , ]).
1 The value of mul(x, s(y)) is not given because this term has the unknown variable x.
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The above definition corresponds to the preparation of Step 1 in Subsection 3.2.
An example of the above definition will be found after Definition 5.

For a term t and the set X of unknown variables, we define a label attachment
to each defined symbol in t. The label of the defined symbol g for a subterm
g(t1, . . . , tn) is a set I of indexes for g such that i ∈ I if all variables in ti are
known (no variable in t is not in X).

Definition 4. Let F (= C ] D) be a signature, f(t1, . . . , tn) be a term with f ∈
D, and X be a set of variables. We define the set of indexes which specifies posi-
tions of arguments tis not containing any variable in X, as I (f(t1, . . . , tn), X)
= { i | Var(ti) ∩X = ∅ }.

For a term t, the labeled term Lab(t,X) in which defined symbols are labeled
with a set of indexes, is recursively defined as follows:

– Lab(x,X) = x where x is a variable,
– Lab(c(t1, . . . , tn), X) = c (Lab(t1, X), . . . ,Lab(tn, X)) where c ∈ C, and
– Lab(f(t1, . . . , tn), X) = fI (Lab(t1, X), . . . ,Lab(tn, X)) where f ∈ D and I

= I(f(t1, . . . , tn), X).

The transformation from a rewrite rule f(w1, . . . , wn) → r to the labeled rule
fI(w1, . . . , , wn) → Lab(r,UVar(ρ, I)) corresponds to Step 1 in Subsection 3.2.

We here define the procedure that produces a term and a sequence of condi-
tions, which are parts of constructing a conditional rule from a given rule.

Definition 5. Let F (= C ] D) be a signature. The procedure T , which outputs
a pair of a term and a condition part from an input labeled term, is inductively
defined as follows:

(a) T (x) = 〈 x ; ε 〉 where x is a variable,
(b) T (c(t1, . . . , tn)) = 〈c(u1, . . . , un); Cond1, . . . , Condn 〉 where c ∈ C and T (ti)

= 〈 ui ; Condi 〉 for 1 ≤ i ≤ n,
(c) T (fI(t1, . . . , tn)) =

〈 y ; f I(y, uI1 , . . . , uI|I|) → tp|Ī|(sĪ1
, . . . , sĪ|Ī|), Cond′̄

I1
, . . . , Cond′̄

I|Ī|
〉

where f ∈ D, |I| < n, y is a ‘fresh’ 2 variable, T (ti) = 〈 ui ; Condi 〉 for 1
≤ i ≤ n,
– uĪj

= CĪj
[[uĪj ,1, . . . , uĪj ,mĪj

]], sĪj
= CĪj

[zĪj ,1, . . . , zĪj ,mĪj
],

– Cond′̄
Ij

= CondĪj
, uĪj ,1 → zĪj ,1, . . . , uĪj ,mĪj

→ zĪj ,mĪj
, and zĪj ,k is a

‘fresh’ 2 variable, and,
(d) T (f{1,...,n}(t1, . . . , tn)) = 〈 f(u1, . . . , un) ; Cond1, . . . , Condn 〉 where f ∈ D

and T (ti) = 〈 ui ; Condi 〉 for 1 ≤ i ≤ n,

where we write ε to represent the empty sequence of conditions.
2 This means that

– in the case (c), y 6∈ Sn
i=1 Var(ti, ui, Condi), zĪj ,k 6∈ {y} ∪

Sn
i=1 Var(ti, ui, Condi),

zĪj ,k′ 6≡ zĪj ,k′′ (k′ 6= k′′), and
– in the both (b) and (c), variables introduced in each T (ti) = 〈 ui ; Condi 〉 are

disjoint, that is, (Var(ui, Condi) \ Var(ti)) ∩ Var(tj , uj , Condj) = ∅ for i 6= j.
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It is clear that the above procedure T always terminates and returns a pair
of a term and a conditional part. Note that for T (t) = 〈 u ; Cond 〉, u can be
represented as C[[u1, . . . , un]] (∈ T (F ,V)).

Example 6. UVar, I, Lab and T perform for the fifth rule of R1 as follows:

UVar( mul(s(x), s(y)) → s(add(mul(x, s(y)), y)), {2} ) = {x},
I( add(mul(x, s(y)), y), {x} ) = {2}, I( mul(x, s(y)), {x} ) = {2},
Lab( s(add(mul(x, s(y)), y)), {x} ) = s(add{2}(mul{2}(x, s(y)), y)),

T ( s(add{2}(mul{2}(x, s(y)), y)) )
= 〈 s(z) ; add{2}(z, y) → w, mul{2}(w, s(y)) → x 〉.

We finally define the partial-inversion from constructor TRSs into CTRSs.

Definition 7. Let R be a constructor TRS over a signature F . For a rewrite
rule ρ : f(w1, . . . , wn) → r ∈ R and a set I of indexes for f , its corresponding
conditional rewrite rule InvRule(ρ, I) of f I is defined as follows:

InvRule( f(w1, . . . , wn) → r, I) =
f I(C[y1, . . . , ym], wI1 , . . . , wI|Ī|) → tp|Ī|(wĪ1

, . . . , wĪ|Ī|)
⇐ u1 → y1, . . . , um → ym, Cond

where T ( Lab(r,UVar(ρ, I)) ) = 〈 C[[u1, . . . , um]] ; Cond 〉, each yi is a vari-
able with yi 6∈ Var(w1, . . . , wn), and (Var(C[[u1, . . . , um]], Cond) \ Var(r)) ∩
Var(y1, . . . , ym, w1, . . . , wn) = ∅.

The partial-inverse CTRS Inv(R) is defined as follows:

Inv(R) = { InvRule(ρ, I) | ρ : f(w1, . . . , wn) → r ∈ R, I ⊆ {1, . . . , n} }
∪{ f I(f(x1, . . . , xn), xI1 , . . . , xI|I|) → tp|Ī|(xĪ1

, . . . , xĪ|Ī|) | (f, I) ∈ IDR } ∪R.

The extended signature F is defined as F = F ] { f I | (f, I) ∈ IDR
}.

The generation of conditional rules by InvRule corresponds to Step 2 and Step 3
in Subsection 3.2. Note that our approach does not require the left-linearity of in-
put systems. It is clear that InvRule(ρ, I) is exactly a deterministic conditional
rewrite rule and then Inv(R) is exactly a deterministic CTRS over the signature
F . For a CTRS S⇐ and a set D of defined symbols of S⇐, we use (S⇐)|D for all
rules in S⇐ that are necessary to calculate terms in T (D ∪ CS⇐ ,V).

Example 8. Consider R1 again. For (mul, {2}) and (mul, {1, 2}), we obtain by
Inv the following CTRS:

R⇐
5 = Inv(R1)|{mul{2},mul{1,2}}

= R⇐
3 ∪





mul{1,2}(0, 0, y) → tp0, mul{1,2}(0, x, 0) → tp0,

mul{1,2}(s(z), s(x), s(y)) → tp0 ⇐ add(mul(x, s(y)), y) → z,

mul{1,2}(mul(x, y), x, y) → tp0



 ∪R1.

The following theorem shows that the CTRS obtained by Inv from a given
constructor TRS can perform the inverse computation of innermost derivations
of the TRS. For a TRS R, we write −→

in R as the innermost reduction of R.
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Theorem 9. Let R be a constructor TRS over a signature F . Let (f, I) ∈ IDR

and t, t1, . . . , tn be normal forms of R. Then, f(t1, . . . , tn) ∗−→
in R t if and only if

f I(t, tI1 , . . . , tI|I|) −→Inv(R) tp|Ī|(tĪ1
, . . . , tĪ|Ī|).

It is clear that every normalizing reduction sequence of convergent TRSs can
be simulated by an innermost sequence. Hence, the above theorem implies the
following corollary:

Corollary 10. Let R be a convergent constructor TRS over a signature F . Let
(f, I) ∈ IDR

and t, t1, . . . , tn be normal forms of R. Then, f(t1, . . . , tn) ∗−→R t if
and only if f I(t, tI1 , . . . , tI|I|) −→Inv(R) tp|Ī|(tĪ1

, . . . , tĪ|Ī|).

From the above corollary and the fact T (CR) ⊆ NFR(F ,V), the CTRS Inv(R)
is exactly a partial-inverse system of the convergent constructor TRS R with re-
spect to IDR in the sense of Definition 1. In addition, it is clear that (Inv(R))|DI
for some subset DI ⊆ IDR

is a partial-inverse CTRS of R with respect to DI .

3.4 Unraveling to Unconditional Systems

As the second stage of the compiler proposed in this paper, we here give the
unraveling for deterministic CTRSs [20]. For a set A = {a1, . . . , an}, ~A denotes
a list a1, . . . , an for a unique representation of A.

Definition 11 ([20]). Let R⇐ be a deterministic CTRS over a signature F .
For every conditional rewrite rule ρ : l → r ⇐ s1 → t1, . . . , sk → tk in R⇐, we
prepare k fresh function symbols uρ

1, . . . , u
ρ
k, called U symbols, neither of which

appears in F . Then, the set of rewrite rules determined by ρ is defined as follows:

U(ρ) = { l → uρ
1(s1, ~X1), uρ

1(t1, ~X1) → uρ
2(s2, ~X2), · · · , uρ

k(tk, ~Xk) → r }
where Xi = Var(l, t1, . . . , ti−1) ∩ Var(r, ti, si+1, ti+1, . . . , sk, tk). The system
U(R⇐) =

⋃
ρ∈R⇐ U(ρ) is an EV-TRS over the extended signature FU(R) = F ]⋃

ρ∈R⇐{ uρ
i | 1 ≤ i ≤ |ρ| } where |ρ| denotes the number of the conditions of ρ.

It is clear that R⇐ is a 3-CTRS if and only if U(R⇐) is a TRS.

Example 12. The CTRS R⇐
3 in Subsection 3.2 is unraveled by U as follows:

U(R⇐
3 ) =





add{2}(y, y) → tp1(0),
add{2}(s(z), y) → u1(add{2}(z, y)), u1(tp1(x)) → tp1(s(x)),
mul{2}(0, y) → tp1(0), mul{2}(0, 0) → tp1(x),
mul{2}(s(z), s(y)) → u2(add{2}(z, y), y),
u2(tp1(w), y) → u3(mul{2}(w, s(y))), u3(tp1(x)) → tp1(s(x)),
add{2}(add(x, y), y) → tp1(x), mul{2}(mul(x, y), y) → tp1(x).

The unraveled CTRS cannot always simulate any rewrite sequence of an
original CTRS completely. It holds for every deterministic CTRS R⇐ over a
signature F that, for every terms s and t in T (F ,V), s

∗−→R⇐ t implies s
∗−→U(R⇐)

t. However, the converse does not hold in general (see Example 7.2.14 in [20]).
The converse is called the simulation-completeness of U for R⇐. That is, for
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every terms s and t in T (F ,V), s
∗−→U(R⇐) t implies s

∗−→R⇐ t. In Section 4, we
will show two solutions of this problem.

The unraveled CTRSs may produce some garbage normal forms, which con-
tain U symbols. When U is simulation-complete, we can easily recognize whether
a obtained normal form is garbage or not.

4 Computation of Partial-Inverse EV-TRSs

The rewrite relation of the generated systems has two problems to be solved. One
is the existence of extra variables, and the other is the simulation-incompleteness
of the unraveling U. In this section, we state briefly that the first problem does
not matter, and then we deal with the second problem from two approaches: a
restriction against the rewrite relation, and a syntactic constraint on CTRSs.

4.1 On Extra Variables

Extra variables cause infinitely-branching and non-termination of the rewrite
relation. However, these troubles are solved by narrowing [10] starting from
ground terms — every EV-normalized rewrite sequence with the ground initial
term has a narrowing sequence which starts from the same initial term, and of
which the last term is more general than the last of the rewrite sequence, and
vice versa [16]. Here a rewrite sequence is said to be EV-normalized , denoted by
−→ev , if a normal form is substituted for each extra variable in every reduction
step of the rewrite sequence. In the subproof of Theorem 9 (see [18]), the inverse
computation f I(t, tI1 , . . . , tI|I|) −→Inv(R) tp|Ī|(tĪ1

, . . . , tĪ|Ī|) is constructed from
the innermost derivation f(t1, . . . , tn) ∗−→

in R t, substituting normal forms for extra
variables. In addition, such a reduction can be easily simulated by the unraveled
CTRS. These facts mean that every partial-inverse computation for innermost
normalizing derivation can be represented by a (ground) EV-normalized rewrite
sequence of the generated EV-TRSs.

Proposition 13. Let R be a constructor TRS over a signature F . Let (f, I) ∈
IDR

and t, t1, . . . , tn be normal forms of R. If f(t1, . . . , tn) ∗−→
in R t, then there ex-

ists an EV-normalized rewrite sequence such that f I(t, tI1 , . . . , tI|I|)
∗−→ev U(Inv(R))

tp|Ī|(tĪ1
, . . . , tĪ|Ī|).

Thus, the necessary rewrite sequences for partial-inverse computation can be
simulated by narrowing starting from ground terms. Every step of narrowing is
finitely branching up to renaming, and the non-termination is less serious in the
narrowing starting from ground terms than in the ordinary narrowing. In fact,
some EV-TRSs terminate with respect to narrowing starting from ground terms,
while they do not terminates with respect to the ordinary narrowing.

4.2 On Simulation-Incompleteness of Unraveling

The second problem stated in the beginning of this section is caused from the
disordered evaluation of rules that originate in conditional parts (as shown in
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Example 7.2.14 of [20]). It is solved by combining the membership conditional
and context-sensitive reductions.

We first give definitions of three reductions for the unraveled CTRSs: the
membership conditional reduction [25], the context-sensitive reduction [12] and
their combined reduction.

Definition 14. Let R⇐ be a deterministic CTRS over a signature F . The mem-
bership conditional rewrite relation −→

M U(R⇐) on T (FU(R⇐),V) is defined as
−→
M U(R⇐) = { (s, t) | s−→p

U(R⇐) t, ( ∀u, u C s|p implies u ∈ T (F ,V) ) }.
Let µ be a mapping from FU(R⇐) to a set of argument positions for f such

that µ(u) = {1} for all u ∈ FU(R⇐) \ F , and µ(f) = {1, . . . , n} for all n-ary
function symbol f ∈ F . The set Oµ(t) for a term t ∈ T (FU(R⇐),V) is defined
recursively as follows:

– Oµ(x) = ∅ where x is a variable, and
– Oµ(f(t1, . . . , tn)) = { ijq | 1 ≤ j ≤ m, q ∈ Oµ(tij

) } where f ∈ FU(R⇐) and
µ(f) = {i1, . . . , im}.

The context-sensitive rewrite relation −−→
CS U(R⇐)(µ) on T (FU(R⇐),V) is defined

as −−→
CS U(R⇐)(µ) = { (s, t) | s−→p

U(R⇐) t, p ∈ Oµ(s) }.
The membership context-sensitive (MCS) rewrite relation −−−→

MCS U(R⇐)(µ) is
defined as −−−→

MCS U(R⇐)(µ) = (−→
M U(R⇐)) ∩ (−−→

CS U(R⇐)(µ)).

Remark that these three reductions on narrowing are defined similarly. It is clear
that −−−→

MCS U(R⇐)(µ) ⊆ −→
M U(R⇐) ⊆ −→U(R⇐), and −−−→

MCS U(R⇐)(µ) ⊆ −−→
CS U(R⇐)(µ)

⊆ −→U(R⇐). From these facts, both the termination of −→U(R⇐) and the µ-
termination of −−→

CS U(R⇐)(µ) guarantee the termination of −→
M U(R⇐), −−→CS U(R⇐)(µ)

and −−−→
MCS U(R⇐)(µ). To prove the termination of them, we can use existing tools,

such as AProVE [5], TTT [8], mu-term [13]. The MCS reduction above is im-
plemented as the particular case of MEP [4], and then we can use the technique
in [4] to prove the termination of −−−→

MCS U(R⇐)(µ).
We here discuss the simulation-completeness with respect to the MCS reduc-

tion. Consider the rule ρ : f(x, y) → x ⇐ g(x) → z, g(y) → z and the correspond-
ing unraveled rules U(ρ) = { f(x, y) → uρ

1(g(x), x, y), uρ
1(z, x, y) → uρ

2(g(y), x, z),
uρ
2(z, x, z) → x }. The U symbol uρ

1 is used to evaluate in the first argument the
first condition g(x) → z, and to deliver the value of variables x and y via the
rest of its arguments (that is, the second and third). From this observation, no
redex in either of k-th argument (2 ≤ k ≤ n) of u should be reduced until u
is reduced, and u should not be evaluated until the evaluation of the first ar-
gument is finished. These evaluations are kept by the context-sensitive and the
membership reductions, respectively. Hence, conditional parts of rules in R⇐ are
evaluated in proper order on −−−→

MCS U(R⇐)(µ).

Theorem 15. For every deterministic CTRS R⇐, U is simulation-complete
with respect to −−−→

MCS U(R⇐)(µ).

Proof (Sketch). This theorem can be proved straightforward by induction on the
length of the rewrite sequences of −→U(R⇐). ut
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As another solution of the second problem stated in the beginning of this
section, we have shown some results on the simulation-completeness of U with
respect to the ordinary rewrite relation [17].

Theorem 16 ([17]). Let R⇐ be a deterministic CTRS.

– If either U(R⇐) is a left-linear TRS or U(R⇐) is right-linear and non-
erasing, then U is simulation-complete for R⇐ with respect to −→U(R⇐).

– If U(R⇐) is left-linear, then U is simulation-complete for R⇐ with respect
to −→ev U(R⇐).

Note that syntactic conditions of CTRSs that the unraveled CTRSs are left-
linear, right-linear and non-erasing, respectively, are shown in [17]. Theorem 16
may not be applicable to other unravelings, while −−−→

MCS U(R⇐)(µ) may provide the
simulation-completeness to them. According to Proposition 13, the restriction
of the rewrite sequences to −→ev U(R⇐) does not affect the computation of the
generated EV-TRSs.

From Theorem 9 and the discussion in this section, we can conclude that our
method is correct.

5 Improving Efficiency of Partial-Inverse Computation

In this section, we show that the efficiency of partial-inverse computation can be
improved by the innermost strategy without loss of completeness if the systems
are right-linear.

It has been shown in [23] that for every right-linear overlay TRS, all normal
forms of terminating terms can be obtained by innermost strategy. As shown in
the following theorem, this result has been extended.

Theorem 17 ([21]). Let R be an ILRJ and right-linear TRS, and s be a ter-
minating term. For all normal forms t of s, s

∗−→
in R t.

Here the inside critical pairs of a CTRS R⇐ are the critical pairs obtained from
rules overlap at non-root positions. The CTRS R⇐ is said to be inside left-to-
right joinable (ILRJ, for short) if every inside critical pair 〈s, t〉 (s ←−ε< · −→ε t)
satisfies s

∗−→R⇐ t. Note that overlay systems are ILRJ.
Our partial-inverse EV-TRSs are sometimes not overlay. For example, R⇐

5

in Example 8 is not overlay because they have the defined symbols add and mul
in the first arguments of the lhs’s of the inverse-property rules. From the same
reason, the combination of forward and inverse programs such as R1 ∪ U(R⇐

3 )
are not always overlay. However, R⇐

3 in Subsection 3.2 and U(R⇐
3 ) in Example 12

are ILRJ. In fact, the generated partial-inverse systems are always ILRJ.

Theorem 18. Let R be a constructor TRS over a signature F . Assume that
for every rule l → r ∈ R, the rhs r is weakly normalizing for the innermost
reduction. Then, Inv(R) ∪R and U(Inv(R)) ∪R are ILRJ.

Proof. By the construction of Inv(R), inside overlaps in Inv(R) ∪ R happens
between rules f(w1, . . . , wn) → r ∈ R and f I(f(x1, . . . , xn), xI1 , . . . , xI|I|) →
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tp|Ī|(xĪ1
, . . . , xĪ|Ī|) ∈ Inv(R). Hence, we have inside critical pairs only in the form

〈f I(r, wI1 , . . . , wI|I|), tp|Ī|(wĪ1
, . . . , wĪ|Ī|)〉. By the assumption, there exists a nor-

mal form t of R such that r
∗−→
in R t. Then, we have f(w1, . . . , wn) −→

in R r
∗−→
in R t.

It follows Theorem 9 that f I(t, wI1 , . . . , wI|I|) −→Inv(R) tp|Ī|(wĪ1
, . . . , wĪ|Ī|), and

hence f I(r, wI1 , . . . , wI|I|)
∗−→Inv(R)∪R tp|Ī|(wĪ1

, . . . , wĪ|Ī|). Therefore, Inv(R)∪R

is ILRJ. The case of U(Inv(R)) ∪R is similar to the above case. ut

In this case , it is clear that (Inv(R))|DI ∪ R and U((Inv(R))|DI ) ∪ R for DI
⊆ IDR

are also ILRJ. Now we suppose that forward computation is convergent,
and then the assumption holds. Hence, the assumption is not really a restriction
for the generated systems. It also holds that the CTRS S⇐ ∪ (R∪ (Inv(R))|DI )
(or S⇐ ∪ (R ∪U((Inv(R))|DI )) is ILRJ if S⇐ is ILRJ, because the assumption
that they are constructor-sharing systems is adequate.

From Theorem 17 and 18, innermost strategy is effective to improve the
efficiency of reductions by the right-linear partial-inverse systems, without loss
of the reachability to solutions.

The MCS reduction −−−→
MCS U(R⇐)(µ) does not eliminate any necessary reduc-

tion sequence starting from a given term. Innermost strategy does not also elim-
inate such a sequence, when all of the conditions in Theorem 17 are satisfied.
Therefore, in such cases, the MCS reduction with innermost strategy (that is,
−−−−−→
MCS,in U(R⇐)(µ)) is not less efficient than either −→

in U(R⇐) or −−−→
MCS U(R⇐)(µ).

6 Related Works and Conclusion

Full-inversion compilers have been studied in [6, 7, 11, 22] which are applicable to
several functional languages, and of which the correctness was not discussed (not
proved). By contrast, we have shown the correctness of our method. Moreover,
the discussion in Section 5 seems the first work on improving the efficiency of
inverse computation. A partial-inversion compiler is considered in [22], which is
for the programming language Refal (as like constructor normal CTRSs), and
in which the non-determinism of inverses is solved by representing output of
functions as a set. Bidirectional transformation [9] based on the bidirectional
updating in the field of database, uses bidirectional languages which is a similar
notion to the partial inversion.

There is another approach to inverse computation. Inverse interpreters are
procedures that compute unknown inputs from the program and a given output.
Several kinds of interpreters have been studied in [1, 3, 24]. Inverse interpreters
seem to deal easily with partial-inverse problem. The algorithm in [3] (which is
consists of inference rules) essentially resembles our method in the sense that the
input class is (ground-)convergent constructor TRSs. The algorithm terminates
if the input TRS is constructing . We believe that the EV-TRS generated by
our compiler from a constructing TRS is terminating with respect to narrowing
starting from ground terms. Moreover, we have the example TRS R4 which is
not constructing but whose inverse is terminating.
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The inverse computation in this paper can handle general solutions by vari-
ables that represent arbitrary terms. The compiler proposed in this paper is of
course applicable to functions which returns multiple values, because the com-
piler can handle them by rules in the form of f(· · ·) → tuple(v1, . . . , vm). The
resulted TRS of the unraveling may be optimized. For example, u1 and u3 in
U(R⇐

3 ) are nonsense.
We have encountered some examples that the efficiency of −−−−−→

MCS,in U(Inv(R))(µ)

is equal to that of −→
in U(Inv(R)). It is a future work to analyze the detail of the

efficiency. We are also interested in relationships between syntactic properties
of an input TRS and the generated EV-TRS, for example, a condition of R
inducing the right-linearity of U(Inv(R)).

Which is more effective, full inverses or partial inverses? Full inverses are in-
cluded in partial inverses, and partial inverses can compute by the corresponding
full-inverses because the results of the full inverses contain all solutions of par-
tial inverses. Full inverses seems to be less efficient than partial inverses, but we
know some desirable properties of syntactic relationships between forward and
full-inverse programs. Analysis for this problem is another future work.
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