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Abstract— In this paper a computational algorithm for nonlinear balanced realization and model reduction based on
Taylor series expansion is proposed. This algorithm requires
recursive computations with respect to the order of the Taylor
series in which we need to solve linear equations with unknown
parameters in each step. Furthermore, the proposed method is
applied to a double pendulum system. Some numerical simulations demonstrate the effectiveness of the proposed algorithm.

I. I NTRODUCTION
The nonlinear extension of the state-space concept of
balanced realizations has been introduced in [1] by extending
the controllability and observability Gramians to nonlinear
functions called controllability and observability functions.
After this paper, many results on nonlinear balancing and
model reduction have been reported, e.g. [2], [3], [4], [5], [6].
In particular, singular value functions which are nonlinear
state-space extension of the Hankel singular values in the
linear case play an important role in the nonlinear Hankel
theory. However, the original characterization in [1] was
incomplete in the sense that they are not unique and the
resulting model reduction procedure gives different reduced
models according to the choice of different set of singular
value functions.
One of the authors proposed a new characterization of
Hankel singular value functions which have closer relationship to the gain structure of the Hankel operator in [7].
Further a new balanced realization and model reduction
method has been proposed in [8], [7], [9], [10] in which
almost unique reduced order models are obtained. However,
in this method, we need to solve several partial differential
equations to obtain the balanced realization. Moreover, only
the existence of C ∞ solutions are guaranteed and how to
compute them was not clear. Generally, to obtain a closedform solution of these equations is quite difficult. Therefore, we should resolve computational difficulties arising
from computing balanced realization in practical viewpoint.
Concerning this point, Newman et al. [3], [4] proposed
an effective computation algorithm based on the theory of
stochastically excited dynamical systems and also found a
closed form solution of a partial differential equation to be
solved in balanced realization for a special class of systems.
However, their method relies on the old (less precise) version
of balanced realization in [1] and we need more precise
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investigation to obtain the newly developed balanced realization [10]. In this paper, we propose a computation algorithm
for the new balanced realization and truncation based on
Taylor series expansion. Our method requires analytic state
space realization of input-affine continuous-time nonlinear
systems.
There are two sets of partial differential equations to be
solved in balanced truncation procedure. One is a set of a
Hamilton-Jacobi-Bellman equation and a Lyapunov equation
to obtain the controllability and observability functions, and
the other is a first order partial differential equation with
respect to the controllability and observability functions
to obtain a coordinate transformation converting the system into the balanced realization. How to solve HamiltonJacobi-Bellman equations have been investigated by many
researchers and here we adopt a classical result [11] based
on Taylor series expansion. With respect to the latter partial
differential equation, we also apply a Taylor series expansion
to both the new coordinates and the Hankel singular value
functions. This yields a procedure to determine the unknown
coefficients of the Taylor series recursively. The proposed
algorithm can always be executed in a recursive manner
and we only need to solve linear equations in each step.
Furthermore, the proposed algorithm is applied to a double
pendulum example and a reduced order model is calculated
using 4th oder Taylor series approximation. Some numerical
simulations demonstrate the effectiveness of the proposed
method. These results also reveals the effectiveness of the
nonlinear balanced truncation method proposed in [8], [7],
[9], [10].

II. N ONLINEAR BALANCED REALIZATION AND MODEL
REDUCTION

Here we briefly refer to the preliminary results which are
the basis of the results reported in this paper. Let us consider
an input-affine continuous-time nonlinear system

Σ:

ẋ = f (x) + g(x)u
y = h(x)

(1)

with x(t) ∈ Rn , u(t) ∈ Rm and y(t) ∈ Rr . Here we need
the following assumptions for the plant.
Assumption A1 Jacobian linearization of Σ is controllable,
observable and asymptotically stable. Furthermore the Hankel singular values of the linearized system are distinct.
For this system, controllability function L c (x0 ) and ob-

servability function L o (x0 ) are defined as follows
Lc (x0 )

:=

inf

u ∈ L2 (−∞, 0]
x(−∞) = 0, x(0) = x0

1
u2L2
2

(2)

1
y2L2 , x(0) = x0 , u(t) ≡ 0.
(3)
2
These functions can be obtained by solving a pair of
Hamilton-Jacobi equations.
Theorem 1: [1] Consider the system Σ in (1). Suppose
that Assumption A1 holds and that there exists a neighborhood of W and a smooth observability function L o (x) on W .
Then Lo (x) is the unique smooth solution of the HamiltonJacobi equation
Lo (x0 )

:=

∂Lo (x)
1
f (x) + h(x)T h(x) = 0.
(4)
∂x
2
Furthermore, suppose that there exists a smooth controllability function Lc (x) on W . Then L c (x) is the unique solution
of the Hamilton-Jacobi equation
1 ∂Lc (x)
∂Lc (x)
∂Lc (x)
f (x) +
g(x)g(x)T
∂x
2
∂x
∂x

T

=0

(5)

such that ẋ = −(f + gg T (∂Lc /∂x)T ) is asymptotically
stable about 0 on W .
After calculating the controllability and observability functions, we need to find a coordinate transformation converting
a system into the following input-normal/output-diagonal
realization which is a more precise version compared with
the original result in [1].
Theorem 2: [10] Consider the operator Σ with the statespace realization (1). Suppose that Assumption A1 holds.
Then there exist a neighborhood W of the origin and a
coordinate transformation x = Φ(z) on W converting the
system into the following form
1 T
z z
(6)
2
n
1 2
z σi (zi )2 .
(7)
Lo (Φ(z)) =
2 i=1 i
Based on this input-normal (output-diagonal) realization,
we can easily obtain a real balanced realization by re-scaling
the coordinate axes.
Corollary 1: [10] Consider the operator Σ with the statespace realization (1). Suppose that Assumption A1 holds.
Then there exist a neighborhood W of the origin and a
coordinate transformation x = Φ(z) on W converting the
system into the following form
Lc (Φ(z))

=

Lc (Φ(z)) =

n

Here we suppose that Hankel singular value functions are in
order, that is,
min σi (s) > max σi+1 (s).

s=±c

s=±c

Divide the state-space into two subspaces z = (z a , z b ) with
z a = (z1 , . . . , zk ) and z b = (zk+1 , . . . , zn ) and suppose
that singular value function σ k is much greater than σ k+1 .
That is, the state variables in the z a subspace have a bigger
contribution to the input-output behavior than those of z b .
Then we can get a k-th order reduced order model by
truncating the dynamics on the z a subspace as follows
 a
ż = f¯(z a , 0) + ḡ(z a , 0)u
a
Σ :
.
(11)
y = h̄(z a , 0)
The reduced order model Σ a thus obtained preserves
several important properties of the original system such as
controllability, observability and stability.
Theorem 3: [12] Consider the system Σ in (1) and the
divided system (11). Suppose that the system is already
balanced in the sense of Theorem 2 (or Corollary 1). Then
the reduced system Σa is balanced in the sense of Theorem
2 (Corollary 1 respectively), and
σia (zia ) =

σi (zia )

i ∈ {1, 2, . . . , k}

(12)

hold with σia ’s the singular value functions of the system Σ a .
In particular, if W = Rn , then
(13)
Σa H = ΣH .
Here ΣH denotes the Hankel norm of Σ, that is, the L 2 gain of the Hankel operator of Σ. In the rest of this paper, we
will derive a method how to compute this model reduction
procedure based on Taylor series approximation.
III. C OMPUTATION METHOD FOR BALANCED

n

1  zi2
2 i=1 σ̄i (zi )

with a coordinate transformation x = Φ(z) =
−1
(φ
1 (z1 ), φ2 (z1 ), . . . , φn (zn )) where zi = φi (xi ) :=
xi σi (xi ).
Here the functions σ i (·)’s and σ̄i (·)’s are called Hankel
singular value functions. Once we obtain a coordinate transformation x = Φ(z) yielding a balanced realization (or inputnormal realization), we can obtain a reduced order model by
truncating the important states. This method is known as
balanced truncation.
Let us describe the system Σ on the new coordinates z

ż = f¯(z) + ḡ(z)u
Σ:
.
y = h̄(z)

(8)

1 2
Lo (Φ(z)) =
z σ̄i (zi ).
(9)
2 i=1 i
Proof: Suppose that the system is already balanced in
the sense of Theorem 2 without loss of generality. Corollary
can be proved by just defining the new singular value
functions
σ̄i (zi ) := σi (φi (zi ))
(10)

TRUNCATION

A. Hamilton-Jacobi equations
First of all, we need to obtain Hamilton-Jacobi equations
(4) and (5) in order to compute the reduced order model for
a given plant. Since it is difficult to obtain closed solutions
for those partial differential equations in general, we need
to employ a method proposed in [11] to obtain approximate
solutions based on Taylor series expansions. To this end, we
adopt the following assumption.

Assumption A2 The functions f (x), g(x) and h(x) are
analytic.
Assumption A2 implies that the functions f (x), g(x) and
h(x) have a Taylor series expansion
f (x)

= Ax + f h (x) , g(x) = B + g h (x)

h(x)

= Cx + hh (x)

=

Lo (x)

=

1 T −1
x P x + Lhc (x)
2
1 T
x Qx + Lho (x).
2

(14)
(15)

Here P and Q are the controllability and observability
Gramians for the Jacobian linearization (A, B, C) of Σ and
those matrices can be obtained by Lyapunov equations
QA + AT Q + C T C = 0

(16)

P AT + AP + B B T = 0

(17)

(or Riccati equations) related to the Hamilton-Jacobi equations (4) and (5). L hc (x) and Lho (x) describe the higher order
terms. The coefficients of the higher terms L hc and Lho can
be determined recursively by substituting (14) and (15) for
the Hamilton-Jacobi equations (4) and (5). Please see [11]
for details.
B. Balancing coordinate transformation
Here a procedure to compute the coordinate transformation
x = Φ(z) yielding the input-normal realization in Theorem
2 is proposed. Once it is obtained the balanced realization
in Corollary 1 can be obtained straightforwardly by (10) as
in its proof.
n

Lc (Φ(z)) =

σi (zi ) = σi (0) + σih (zi ).

(22)

Substitute this equation for the input-normal realization (6)
and (7), and compare it with the expanded form (20) and
(21). Then we obtain the following relationship.
T −1 P QT = diag(σ1 (0)2 , σ2 (0)2 , . . . , σn (0)2 )

where f h (x), g h (x) and hh (x) describe the higher order
terms. The controllability and observability functions can be
described in a similar way
Lc (x)

Let us also describe σ using Taylor series expansion

1 T
1 2
z z , Lo (Φ(z)) =
z σ(zi )2
2
2 i=1 i

(18)

It is noticed that although there exists a C ∞ coordinate
transformation x = Φ(z) in Theorem 2, the existence of
an analytic one is not known. Further, its uniqueness is not
examined either. Here we assume that there exists an analytic
coordinate transformation and describe it as follows
x = Φ(z) = T z + Φh (z)

(19)

where T is a nonsingular matrix and Φ h (x) denotes the
higher order terms. Substitute this equation for (18) we
obtain
1 T T −1
1
z T P T z + z T T T P −1 Φh (z)
Lc (Φ(z)) =
2
2
1
+ Φ(z)hT P −1 Φ(z) + Lhc (Φ(z))(20)
2
1 T T
1
z T QT z + z T T T Q Φh (z)
Lo (Φ(z)) =
2
2
1
hT
+ Φ(z) Q Φ(z) + Lho (Φ(z)). (21)
2

This means that the 1st order terms of the coordinate
transformation described by T coincide with the similarity
transformation for the input-normal (output-diagonal) realization of the Jacobian linearization (A, B, C) of Σ. The
higher order terms have to satisfy
z T T T P Φh (z) + Φ(z)hT S Φ(z) + 2Lhc (Φ(z)) = 0
z T T T Q Φh (z) + Φ(z)hT Q Φ(z) + 2Lho (Φ(z))
n

=
zi2 σih (zi )2

(23)

(24)

i=1

where S := P −1 . Describe mth order terms as (·) (m) , we
can write mth order terms of (23) as
 T T
(m)
z T P Φh (z) + Φ(z)hT S Φ(z) + 2Lhc (Φ(z))

(m)
= z T T T P Φh (z)(m−1) + Φ(z)hT S Φ(z)

(m)
+2 Lhc (Φ(z))
= 0. (25)
It is clear for equations with order m that first,second and
third terms consist of at most (m − 1)th, (m − 1)th and
(m − 2)th order terms of Φ(z) respectively. Similar structure
is found in (24). Thus, by calculating each coefficient of the
Taylor series terms of the above equations, we can obtain
a series of equations which can be solved recursively as in
the Hamilton-Jacobi equations case. Furthermore, obtained
series of equations are linear in the unknown parameters.
However, since σi (·)’s are still unknown functions, equations
which contain σi ’s must be excluded.
Here the number of unknown parameters, which are coefficients of mth order terms of the expanded Φ(z), N c is
given by
Nc =

(n + m − 1)!n
.
(n − 1)!m!

(26)

Since the equations to determine them consist of coefficients
of (m + 1)th order terms of (23) and (24), by excluding
equations containing σ i ’s, we can obtain the number of them
N e as
2(n + m)!
− n.
(27)
Ne =
(n − 1)!(m + 1)!
In fact, these number parameters satisfy
Nc ≥ Ne ,

(n ≥ 2, m ≥ 2)

(28)

where the equation holds for only n = 2. This means
that this procedure is always executable and the coordinate
transformation can be approximated by a polynomial. Then
the transformation converting the input-normal form (6) and
(7) into the balanced realization (8) and (9) can be easily
executed by (10).

C. Procedure

system are described by

We can summarize the whole procedure to obtain the
reduced order model as follows.

P (x)=−m1 gl1 cos x1−m2 gl1 cos x1−m2 gl2 cos(x1 + x2 )


ẋ1
K(x)=(ẋ1 , ẋ2 )M (x)
ẋ2
M (x)=

2
2
2
2

1) Compute the controllability and observability Gramians P and Q of the Jacobian linearization (A, B, C)
of Σ by solving (17) and (16).
2) Compute a similarity transformation T to diagonalize
P Q.
3) Compute the higher order terms of the controllability
and observability functions L c and Lo by solving the
Hamilton-Jacobi equations (4) and (5).
4) Compute the higher order terms of the coordinate
transformation for the input-normal form in (6) and
(7).
5) Compute the balanced realization by the coordinate
transformation obtained above, and decide the order
k of the reduced order model.
6) Compute the reduced order model by truncation as in
(11).
IV. N UMERICAL EXAMPLE
A. Description of the plant
In this section, we apply the proposed computation procedure to a double pendulum depicted in Figure 1.

µ1

u

x1

m1

where M (x) denotes the inertia matrix. Then the dynamics
of this apparatus is obtained by the Lagrange’s method as
follows


∂L(x) T
d ∂L(x) T
u − µ1 ẋ1
−
=
(29)
−µ2 ẋ2
dt ∂(ẋ1 , ẋ2 )
∂(x1 , x2 )
with the Lagrangian L(x) := K(x) − P (x). This equation
reduces to the system (1) with
⎛
⎞
x3
⎜
⎟
x4


 
 ⎟
f (x) = ⎜
⎝ −1 ∂(K−P ) T
⎠
ẋ1
µ1 ẋ1
M
−
∂(x1 ,x2 ) − Ṁ
ẋ2
µ2 ẋ2
⎛
⎞
0
⎜
⎟
0

 ⎟.
g(x) = ⎜
⎝
⎠
1
M −1
0
See [13] for the detail of the model.
Applying the proposed procedure and computing the coordinate transformation up to 4-th order terms of Taylor series
expansion we can obtain the following Hankel singular value
functions.

σ3 (z3 )2 = 5.83 × 10−5 + 1.51 × 10−4 z32 + o(|z3 |3 )
σ4 (z4 )2 = 9.37 × 10−6 + 9.22 × 10−6 z42 + o(|z4 |3 )

l2
x2

Fig. 1.

m2 l2 + m2 l1 l2 cos x2
m2 l22

σ1 (z1 )2 = 1.98 × 10−1 + 4.14 × 10−4 z12 + o(|z1 |3 )
σ2 (z2 )2 = 1.72 × 10−1 + 3.28 × 10−4 z22 + o(|z2 |3 )

l1
µ2

m1 l1 + m2 l1 + m2 l2 + 2m2 l1 l2 cos x2
m2 l22 + m2 l1 l2 cos x2

m2

Figure 2 plots the Hankel singular value functions σ i (s)’s.
As noted in the figure, the solid (blue) line denotes σ 1 (s),

The double pendulum
0

10

σ1
σ2
σ3
σ4

−1

10

σi (s)

Here mi denotes the mass located at the end of the ith link, li denotes the length of the i-th link, µ i denotes
the friction coefficient of the i-th link, and x i denotes the
angle of the i-th link. We select the physical parameters as
l1 = l2 = 1, m1 = m2 = 1, µ1 = µ2 = 1, g = 9.8 with g
the gravity coefficient. The dynamics of this apparatus can
be described by an input-affine nonlinear system model (1)
with 4 dimensional state-space

−2

10

x = (x1 , x2 , x3 , x4 ) := (x1 , x2 , ẋ1 , ẋ2 ).
The input u denotes the torque applied to the first link at
the fist joint and the output y denotes the horizontal and
the vertical coordinates of the position of the mass m 2 . The
potential energy P (x) and the kinetic energy K(x) for this

−3

10

−1

−0.5

Fig. 2.

0

s

0.5

Hankel singular value functions

1

the dotted (green) one denotes σ 2 (s), the dashed (red)
one denotes σ3 (s) and the dashed and dotted (cyan) one
denotes σ4 (s), respectively. This figure shows that, in this
region, the values of σ 1 (s) and σ2 (s) are much larger than
those of σ3 (s) and σ4 (s). Therefore, we can see that an
appropriate dimension of the reduced order model is 2.
Once we determine the reduced order, we can obtain obtain
the reduced order model directly by applying the procedure
proposed in the previous section.
B. Simulations
We have executed some simulations of the original and
reduce models to evaluate the effectiveness of the proposed
algorithm. Here the time responses for impulsive inputs are
depicted in the figures. Figure 3 describes the time response
of the horizontal movement and Figure 4 describes that of
the vertical one. In the figure, the solid (blue) line denotes
the response of the original system, the dashed (red) one
denotes that of the linearized reduced order model, and the
dashed and dotted (green) one denotes that of the nonlinear
reduced order model.
0.15

Original model
Nonlinear reduced model
Linearized reduced model

0.1

0.6
0.05

horizontal displacement

horizontal displacement

approximate the behavior of the original model well. However, in Figure 4, one can observe that the trajectory of
the linear reduced order model is quite different from the
original whereas the trajectory of the nonlinear reduced order
model is almost identical with that of the original system.
This is due to the fact that the linearization of the vertical
displacement of the mass m 2 is 0 since it consists of a
cosine function of the state. These simulations demonstrate
the effectiveness of the nonlinear balanced truncation.
We also show the time responses for sinusoidal input
u(t) = sin 2.5t. The frequency of this input is close to
the natural frequency of the Jacobian linearization of the
original model. As in the previous case, Figure 5 describes
the times response of the horizontal movement and Figure 6
describes that of the vertical one. In the figure, the denotation
of each line is the same as in the impulsive case. Because
of the frequency of the input, resonance occurs. We can
see that the nonlinear reduced order model can represent
this phenomenon in both directions. though the linearized
reduced order model can not do in the vertical direction.
Those results also exhibits the advantage of the proposed
method.
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The vertical displacement with impulsive input
Fig. 6.

In Figure 3, all trajectories are identical which indicates
that both linear and nonlinear reduced order models can

The vertical displacement with sinusoidal input

On the other hand, this simulation shows a rather small

movement with respect to the angle x 1 of the first link.
Trajectory of the nonlinear reduced order model for a much
bigger movement with respect to x 1 does not fit the trajectory
of the original system well. This is because the approximation order (4 in this case) is too small for such a movement
and we need to obtain a higher order approximation in this
case, although we need more computational effort for higher
order approximations.

Since 2m/(m − 1) ≤ 3 for m ≥ 3, following inequality is
shown.
2m
≥ 0, (n ≥ 3).
n−
m−1
Thus the difference is positive, that is N c − N e in this case.
It follows from those three cases that N c ≥ N e for n ≥ 2
and m ≥ 2. This completes the proof.
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In this paper, a computational algorithm for nonlinear
balanced truncation based on Taylor series expansion is proposed. We have shown that the coordinate transformations to
obtain the balanced realization can be computed, if the state
space realization (f, g, h) is analytic. This algorithm requires
a recursive computation with respect to the order in which
we need to solve linear equations for unknown parameters in
each step. Furthermore, the proposed method is applied to a
double pendulum system. Some numerical simulations have
demonstrated the effectiveness of the proposed algorithm
which cannot be achieved by linear balanced truncation.
A PPENDIX
This appendix proves inequality (28) which is one of
necessary conditions to compute the coefficients of Taylor
series expansion of a coordinate transformation x = Φ(z).
This proof is divided into following three cases.
(a) Case n = 2
(b) Case m = 2
(c) Case m ≥ 3, n ≥ 3
(a). Substitute n = 1 for (26) and (27). Then we obtain
Nc

=

Ne

=
=

2(m + 1)!
= 2(m + 1),
m!
2(m + 2)!
−2
(m + 1)!
2(m + 2) − 2 = 2(m + 1).

Thus N c = N e .
(b). Similarly, by substituting m = 2 for (26) and (27),
N c and N e are as follows
1
(n + 1)!n
= n2 (n + 1)
Nc =
2(n − 1)!
2
1
2(n
+
2)!
Ne =
− n = n(n2 + 3n − 1).
(n − 1)! 3!
3
Difference between N c and N e is
n
N c − N e = (n − 2)(n − 1).
6
Since the right hand side is positive for all n > 2, the
inequality N c > N e is shown.
(c). Finally, consider the case n > 3 and m > 3. By
calculating difference between N c and N e , we obtain
Nc − Ne

=
=

2(n + m)!
(n + m − 1)!n
−
+n
(n − 1)!m!
(n − 1)!(m + 1)!


(n + m − 1)!(m − 1)
2m
n−
+ n.
(n − 1)!(m + 1)!
m−1
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