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Abstract

As the first step of research on functional equations for multiple zeta-functions,
we present a candidate of the functional equation for a class of two variable double
zeta-functions of the Hurwitz–Lerch type, which includes the classical Euler sum as
a special case.

1. Introduction

Let u1, . . . , ur be complex variables. The r-variable Euler–Zagier sum is a kind of
multiple zeta-function defined by the series

ζr(u1, . . . , ur)
∞∑

m1=1

∞∑
m2=1

· · ·
∞∑

mr=1

m−u1
1 (m1 +m2)−u2 · · · (m1 + · · · +mr)−ur (1·1)

which is convergent absolutely when R(ur−k+1 + · · · + ur) > k (1 � k � r). The ana-
lytic continuation of (1·1) as an r-variable meromorphic function has recently been
established (Arakawa and Kaneko [2], Zhao [11], Akiyama, Egami and Tanigawa [1]
and the author [8, 9]). A problem that follows naturally is to search for the functional
equation(s), this has not yet been successful.
The aim of this paper is to propose a candidate of the functional equation for the

simplest case r = 2, that is the classical Euler sum. Hereafter we write it as

ζ2(u, v) =
∞∑

m=1

m−u

∞∑
n=1

(m + n)−v. (1·2)

Let Γ(u), ζ(u) be the gamma function and the Riemann zeta-function, respectively.
Define

g(u, v) = ζ2(u, v)− Γ(1− u)
Γ(v)

Γ(u + v − 1)ζ(u + v − 1).

We use the notation σ�(k) =
∑

d|k d�. Let

Ψ(a, c;x) =
1
Γ(a)

∫ ∞eiφ

0
e−xyya−1(1 + y)c−a−1dy (1·3)

be the confluent hypergeometric function, where Ra > 0, −π <φ <π, |φ + arg x| <
π/2. Then our functional equation can be formulated, in terms of g(u, v), as follows:
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Theorem 1. We have
g(u, v)

(2π)u+v−1Γ(1− u)
=

g(1− v, 1− u)
iu+v−1Γ(v)

+ 2i sin
(π

2
(u + v − 1)

)
F+(u, v), (1·4)

where i =
√
−1 = exp(πi/2) and F+(u, v) is the series defined by

F+(u, v) =
∞∑

k=1

σu+v−1(k)Ψ(v, u + v; 2πik). (1·5)

The series (1·5) is covergent only in the region Ru < 0, Rv > 1, but it can be continued
meromorphically to the whole C2 space.

Remark. The function F+(u, v) itself satisfies a nice functional equation. See
Proposition 2 in Section 3.

In the following sections we will prove the functional equation of a more general
double zeta-function, which will show the duality more clearly. The main result
(Theorem 2) will be stated in the last section.

2. Double Hurwitz–Lerch zeta-functions

When r = 1, the series (1·1) is nothing but the Riemann zeta-function, whose
functional equation is well known. A classical generalization of the Riemann zeta-
function is the Hurwitz zeta-function ζ(s, α) =

∑∞
n=0(n + α)−s, where α > 0. The

functional equation of ζ(s, α) is of the form

ζ(s, α) =
Γ(1− s)
i(2π)1−s

(
eπis/2φ(1− s, α)− e−πis/2φ(1− s,−α)

)
, (2·1)

where φ(s, α) =
∑∞

n=1 exp(2πinα)n−s is the Lerch zeta-function. (See [10, 2·17·3].)
More generally, define the Hurwitz–Lerch zeta-function by

ζ(s, α, β) =
∞∑

n=0

exp(2πinβ)
(n + α)s

. (2·2)

When 0 < β < 1, the functional equation of ζ(s, α, β) is given by

ζ(s, α, β) =
Γ(1− s)
(2π)1−s

(
eπi(1−s)/2e−2πiαβζ(1− s, β,−α)

+ e−πi(1−s)/2e2πiα(1−β)ζ(1− s, 1− β, α)
)

(2·3)

which expresses the transparent duality between, not only s and 1 − s, but also α
and β [4, section 1·8], see also [5, theorem 2�].
In [7], the author introduced the following generalized double zeta-function:

ζ2(u, v;α, w) =
∞∑

m=0

(α +m)−u

∞∑
n=1

(α +m + nw)−v, (2·4)

where α > 0 and w > 0. This double series was further studied in [8]. The reason
for introducing the weight w is to include the Barnes double zeta-function as a
special case u = 0. The above (2·4) is a kind of two-variable generalization of the
Hurwitz zeta-function. In view of (2·3), however, it is better to introduce a more
general double series with some exponential factor, when we consider the subject of
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functional equations. In the present paper we consider the following two-variable
double series of the Hurwitz–Lerch type:

ζ2(u, v;α, β, w) =
∞∑

m=0

(α +m)−u

∞∑
n=1

e2πinβ(α +m + nw)−v, (2·5)

where 0 < α � 1, 0 � β � 1, and w > 0. This series is convergent absolutely when
Ru > 1, Rv > 1.
In this section we prove a certain infinite series expression of ζ2(u, v;α, β, w). The

argument is similar to that developed in [7], hence we only give a brief sketch.
First, similarly to [7, 3·4], we can show

ζ2(u, v;α, β, w) =
1

Γ(u)Γ(v)

∫ ∞

0

yv−1

e−2πiβewy − 1

∫ ∞

0

e(1−α)(x+y)xu−1

ex+y − 1 dx dy. (2·6)

The right-hand side is convergent when Ru > 0, Rv > 1, and R(u + v) > 2. Let

h(z;α) =
e(1−α)z

ez − 1 − 1
z
,

and divide the right-hand side of (2·6) as

1
Γ(u)Γ(v)

∫ ∞

0

yv−1

e−2πiβewy − 1

∫ ∞

0

xu−1

x + y
dx dy

+
1

Γ(u)Γ(v)

∫ ∞

0

yv−1

e−2πiβewy − 1

∫ ∞

0
h(x + y;α)xu−1 dx dy

= g0(u, v;α, β, w) + g(u, v;α, β, w), (2·7)

say. We can show

g0(u, v;α, β, w) =
Γ(1− u)
Γ(v)

Γ(u + v − 1)φ(u + v − 1, β)w1−u−v.

Let C be the contour which consists of the half-line on the positive real axis from
infinity to a small positive number, a small circle counterclockwise round the origin,
and the other half-line on the positive real axis back to infinity. Deforming the path
to the contour C, we have

g(u, v;α, β, w) =
1

Γ(u)Γ(v)(e2πiu − 1)(e2πiv − 1)

×
∫
C

yv−1

e−2πiβewy − 1

∫
C
h(x + y;α)xu−1 dx dy. (2·8)

Since the right-hand side of (2·8) is convergent absolutely for Ru < 1 and any v, in
the same region we obtain

ζ2(u, v;α, β, w) =
Γ(1− u)
Γ(v)

Γ(u + v − 1)φ(u + v − 1, β)w1−u−v

+ g(u, v;α, β, w). (2·9)

This is a generalization of [7, 3·11].
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Since 0 < α � 1, we can apply the method in [7, section 5]. Let Ru < 0, Rv > 1.
Changing the path of the inner integral on the right-hand side of (2·8) by a circle
of large radius R, counting the residues of relevant poles, and letting R → ∞, we
obtain

g(u, v;α, β, w) =
−2πi

Γ(u)Γ(v)(e2πiu − 1)(e2πiv − 1)
∑
n�0

e−2πinαIn, (2·10)

where

In =
∫
C

yv−1

e−2πiβewy − 1(−y + 2πin)u−1 dy. (2·11)

The integral In is similar to Ih(τ ) appearing in [6, section 5]. Applying the
method in [6, pp. 35–37], we obtain the expression of g(u, v;α, β, w) analogous to
[7, 5·4] which can be written, in terms of confluent hypergeometric functions (1·3),
as follows. In the statement, we use the notation

F±(u, v;α, β, w) =
∞∑

k=1

σu+v−1(k;α, β)Ψ(v, u + v;±2πikw), (2·12)

where

σ�(k;α, β) =
∑
d|k

e2πidαe2πi(k/d)βd�. (2·13)

Proposition 1. We have

g(u, v;α, β, w)= (2π)u+v−1Γ(1− u)

×{eπi(u+v−1)/2F+(u, v;α, β, w)+eπi(1−u−v)/2F−(u, v;−α, β, w)} (2·14)

in the region Ru < 0, Rv > 1.

This is a generalization of [7, 5·5].

Remark. Since σ�(k;α, β) andF±(u, v;α, β, w) are periodic (of period 1) with respect
to α and also with respect to β, we can extend the definition of g(u, v;α, β, w) for any
real α and β by this periodicity.

3. Properties of F±(u, v;α, β, w)

In this section we discuss the basic properties of the functions F±(u, v;α, β, w).
First recall well-known properties of Ψ(a, c;x). They are the transformation formula

Ψ(a, c;x) = x1−cΨ(a − c + 1, 2− c;x), (3·1)

[3, formula 6·5(6)], and the asymptotic expansion

Ψ(a, c;x) =
N−1∑
k=0

(−1)k(a − c + 1)k(a)k
k!

x−a−k + ρN (a, c;x), (3·2)

[3, formula 6·13·1(1)], where N is an arbitrary non-negative integer, (a)k =
Γ(a + k)/Γ(a) and ρN (a, c;x) is the remainder term which can be explicitly



Functional equations for double zeta-functions 5
written as

ρN (a, c;x) =
(−1)N (a − c + 1)N

Γ(a)

∫ ∞eiφ

0
e−xyya+N−1

×
∫ 1

0

(1− τ )N−1

(N − 1)! (1 + τy)c−a−N−1 dτ dy. (3·3)

First we assume Ru < 0 and Rv > 1. From (2·12) and (3·1) we have

F±(u, v;α, β, w) =
∞∑

k=1

σu+v−1(k;α, β)(±2πikw)1−u−v

×Ψ(1− u, 2− u − v;±2πikw). (3·4)

Applying the fact

σu+v−1(k;α, β)k1−u−v = σ1−u−v(k;β, α) (3·5)

to (3·4), we find

F±(u, v;α, β, w) = (±2πiw)1−u−v

∞∑
k=1

σ1−u−v(k;β, α)

×Ψ(1− u, 2− u − v;±2πikw)

= (±2πiw)1−u−vF±(1− v, 1− u;β, α, w), (3·6)

which is the functional equation for F±(u, v;α, β, w).
Applying (3·2) to (3·4), we obtain

F±(u, v;α, β, w)

=
N−1∑
j=0

(−1)j
j!

(v)j(1− u)j(±2πiw)−v−j

∞∑
k=1

σu+v−1(k;α, β)
kj+v

+ (±2πiw)1−u−v

∞∑
k=1

σu+v−1(k;α, β)k1−u−v

× ρN (1− u, 2− u − v;±2πikw)

=
N−1∑
j=0

(−1)j
j!

(v)j(1− u)j(±2πiw)−v−j

×φ(j − u + 1, α)φ(j + v, β)

+ (±2πiw)1−u−v

∞∑
k=1

σu+v−1(k;α, β)k1−u−v

× ρN (1− u, 2− u − v;±2πikw). (3·7)

Noting

|σu+v−1(k;α, β)| � σR(u+v)−1(k),

similarly to [7, 6·3] we find that the second term on the right-hand side of (3·7) is
convergent absolutely for Ru < N and Rv > −N +1. Therefore, sinceN is arbitrary,
(3·7) implies that F±(u, v;α, β, w) can be continued meromorphically to the whole C2

space. Summarizing the above argument, we now obtain
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Proposition 2. The function F±(u, v;α, β, w) can be continued meromorphically to
the whole (u, v) space, and satisfies the functional equation

F±(1− v, 1− u;β, α, w) = (±2πiw)u+v−1F±(u, v;α, β, w). (3·8)

4. The main result

Now it is easy to complete the proof of our main result, that is the functional
equation of ζ2(u, v;α, β, w), which is written in terms of g(u, v;α, β, w) as follows.

Theorem 2. Let 0 < α � 1, 0 � β � 1, and w > 0. Then we have the functional
equation

g(u, v;α, β, w)
(2π)u+v−1Γ(1− u)

=
g(1− v, 1− u; 1− β, 1− α, w)

(iw)u+v−1Γ(v)
+ eπi(u+v−1)/2F+(u, v;α, β, w)

− eπi(1−u−v)/2F+(u, v; 1− α, 1− β, w). (4·1)
When β = 1, we define g(1−v, 1−u; 0, 1−α, w) = g(1−v, 1−u; 1, 1−α, w) (see the

remark at the end of Section 2). In particular, when α = β = 1, from (4.1) we obtain

g(u, v; 1, 1, w)
(2π)u+v−1Γ(1− u)

=
g(1− v, 1− u; 1, 1, w)

(iw)u+v−1Γ(v)
+ 2i sin

(
π

2
(u + v − 1)

)
F+(u, v; 1, 1, w).

(4·2)
Theorem 1 is a special case of this formula.

Proof of Theorem 2. First of all we note that, in view of Proposition 2, we now know
that (2·14) gives the meromorphic continuation of g(u, v;α, β, w) to the whole (u, v)
space. Changing u, v, α, β by 1− v, 1− u, 1− β, 1− α in (2·14), we have

g(1− v, 1− u; 1− β, 1− α, w) = (2π)1−u−vΓ(v)
{
eπi(1−u−v)/2F+

× (1− v, 1− u; 1− β, 1− α, w) + eπi(u+v−1)/2F−(1− v, 1− u;β − 1, 1− α, w)
}
.

Substituting (3·8) into the right-hand side of the above, we obtain
g(1− v, 1− u; 1− β, 1− α, w)

=Γ(v)wu+v−1{F+(u, v; 1− α, 1− β, w) + F−(u, v; 1− α, β − 1, w)}
=Γ(v)wu+v−1{F+(u, v; 1− α, 1− β, w) + F−(u, v;−α, β, w)}. (4·3)

From (2·14) and (4.3), by eliminating the terms F−(u, v;−α, β, w), we arrive at the
desired assertion.

It is highly desirable to extend our result to multiple zeta-functions (1·1) for r � 3.
We can show the integral expression

ζr(u1, . . . , ur) =
1

Γ(u1) · · ·Γ(ur)

∫ ∞

0
· · ·

∫ ∞

0
xu1−1
1 · · ·xur −1

r

× 1
ex1+···+xr − 1

1
ex2+···+xr − 1 · · ·

1
exr − 1 dx1 · · · dxr (4·4)

(cf. [2, theorem 3(i)]). Similarly to (2·7), we can divide this into 2r−1 integrals. By
using the beta integral formula, we can see that the simplest integral among them,
corresponding to g0(u, v;α, β, w) in (2·7), can be expressed as a product of Γ-factors
and a zeta-function. However it does not seem easy to find transformation formulas
for remaining integrals.
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[3] A. Erdélyi et al. (the Bateman Manuscript Project). Higher transcendental functions, Vol. I,
(McGraw-Hill, 1953).

[4] A. Ivic. The Riemann zeta-function (Wiley, 1985).
[5] S. Kanemitsu, M. Katsurada and M. Yoshimoto. On the Hurwitz-Lerch zeta-function.

Aequationes Math. 59 (2000), 1–19.
[6] M. Katsurada and K. Matsumoto. Asymptotic expansions of the mean values of Dirichlet

L-functions. Math. Z. 208 (1991), 23–39.
[7] K. Matsumoto. Asymptotic series for double zeta, double gamma, and Hecke L-functions.

Math. Proc. Camb. Phil. Soc. 123 (1998), 385-405; Corrigendum and addendum, ibid. 132
(2002), 377–384.

[8] K. Matsumoto. Asymptotic expansions of double zeta-functions of Barnes, of Shintani, and
Eisenstein series, Nagoya Math. J., to appear.

[9] K. Matsumoto. The analytic continuation and the asymptotic behaviour of certain multiple
zeta-functions I, J. Number Theory 101 (2003), 223–243.

[10] E. C. Titchmarsh. The theory of the Riemann zeta-function (Oxford, 1951).
[11] J. Zhao. Analytic continuation of multiple zeta functions. Proc. Amer. Math. Soc. 128 (2000),

1275–1283.


