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This paper reinterprets firm-specific training and examines the firm’s optimal training

policy. The notable feature of our model is that the extent of usefulness of skills is

determined by the relationship between firms. That is, the worker’s productivity depends

not only on how the current firm requires specific skills but also on how the other does.

Specificity matching between two firms plays an important role in the determination of

productivity. We analyzed what conditions are necessary for the firms that require firm-

specific skills to exist in a competitive market. In our model, worker's risk aversion is

shown to be essential for the existence of these firms.

1 Introduction

This paper will make an attempt to
tackle a simple question on firm-specific
skills. That is, in the competitive product
market where all the firms are producing
the same goods making use of firm-specific
skills, is it possible that they coexist at the
market equilibrium? It might be a dis-
advantageous factor for firms to adopt
firm-specific technology since it requires
firm-specific skills and reduces the market
value of human capital. Many researchers
have shown the characteristics of training
policies under the existance of firm-specific
skills, but have not examined satisfactorily
how the firms’ profits differs depending on
skill specificity. This paper will deal with
the problem of what conditions are
required to make it possible that the firms

adopting different firm-specific technol-

ogies coexist at the market equilibrium.

The dichotomy of skills between firm-
specific and general ones has been recog-
nized since the seminal study by Becker
(1964).% General skills are defined as
being useful in the other firms as well as in
the current, while specific skills being pro-
ductive only in the current firm. According
to Becker, firms never pay for the invest-
ments in general training since they can not
recoup it. But the recent study by Acemog-
lu and Pischke (1999a, 1999b) showed that
firms will pay for general training when a
market is imperfect. This is because
market imperfection makes workers
recoup lower return from training than the
one realized in a competitive market, that
is, general skills are rewarded as if they are
partly specific.

There has been several examinations,

which elaborate Becker's dichotomy, as

% Received for publication October 4, 2001. Revision accepted for publication May 8, 2002. (Editor)
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well as Acemoglu and Pischke’s papers.
McLaughlin (1994) regarded a worker as a
collection of skills and constructed a model
taking into consideration that the valuation
of skills must be firm-specific on the
ground that some skills are more valuable
in one firm than in another. Stevens (1994)
introduced the notion of transferable train-
ing, which is not equally effective for all
firms, but is useful for some firms. Mar-
imon and Zilibotti (1999) constructed a
model that specifies the two-sided heter-
ogeneity of firms and workers. That is,
workers and firms are assumed to be dis-
tributed along a circle and the angle
between the matched parties determines
their productivity.

The purpose of this paper is to intro-
duce intermediate skills, which are classi-
fied between firm-specific and general
polar cases, to examine the effects on the
training policies and to explore for the
conditions under which firms requiring
firm-specific skills can exist in a competi-
tive market. The notable feature of the
model in this paper is that the extent of
how useful the skills that are acquired in
the current firm are in the other depends on
the relationship between two firms. That
is, the worker’s productivity depends not
only on how the current firm requires spe-
cific skills but also on how the other does.
If both firms require more specific skillé
respectively, then the skills acquired in the
current are less useful in the other. There-

fore the specificity matching between two

firms plays an important role in the deter-
mination of productivity. This point has
been neglected in the models where skills
are dichotomized between general skills
and specific ones, because their analysis
are limited to the partial equilibrium.

The problem whether or not the specific
firms can exist in a competitive market is
of theoretical interest and our paper makes
an attempt to tackle this problem. An
important conclusion is that worker’s risk
aversion is essential to for firms requiring
specific skills to coexist in a competitive
market. But interestingly, if workers are
risk-neutral, all the firms in the same prod-
uct market will choose the technology
which requires only general skills. ‘At the
equilibrium, it holds that the higher the
skill specificity is, the more the optimal
amount of training is.

In Section 2, we introduce a basic
framework to examine a long-term con-
tract. Distinguishing highly specific firms
and less specific firms, we examine the
characteristics of both firms. We conclude
this paper in Section 3 by suggesting the
areas where further researches are

required.

2 The Model

2.1 The Assumptions

The model contains many identical
workers and a continuum of firms. All
workers are risk averse and do not dis-

count future income. When a worker
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receives a wage w, he gains the utility
U(w) with U'(w)>0 and U”(w)<0. The
firms are risk neutral and expected profit
maximizers, facing a competitive product
market. Workers live for two periods.

In this paper, we focus on the character-
istics of long-term contracté” and consider
the following two-period model.® The firm
are assumed to offer wage packages that
specifies two-period wages at the beginning
of period 1.¥ In the first period, after
employment decision was made, the
worker receives a training program that
enhances firm-specific skills. The skills
affect his productivity only when he is
assigned to a difficult job at period 2. At
the beginning of period 2, the worker may
move to the firm where only a part of thé
acquired skills is useful. For simplicity, we
assume that such a worker receives a wage
that is equal to his or her productivity
evaluated at a new employer.

Each firm has two types of jobs, denot-
ed by job E and job D respectively. As
simple tasks constitute job E, all the
workers who are engaged in job E are
equally productive at any firm. The pro-
ductivity of workers at job E is normalized
to unity. The amount of training received
at period 1 is denoted by ¢ and the firm
bears its costs ¢(#)=¢. The skills acquired
through training at period 1 increases the
productivity of a worker at job D, which is
denoted by x(#) with the properties x(0)=1,
2’(0)>1, ' (£)>0, and x”(£)<0.2

The existance of skill specificity lowers

productivity at job D in the other firms, but
do not affect productivity at job E. Let «
and & denote the index of skill specificity
of the current firm and the others respec-
tively, taking values from 0 to 1,i. e. «,
a€[0,1]. As « increases, skills are more
firm-specific; =1 means that skills are
perfectly firm-specific. The same is true
for &. The type-a firm refers to the firm
that enhances skills with specificity «.
Thus it is formalized that, when a worker-
trained at the type-e« firm is hired as a
job-D worker at the type-& firm, his output
level will be m(a, &)x(2),® where m(a, &)
refers to the match quality. We assume the
function m(a, &) will have the following

properties: (1) m(e, &)=m(&, @), (2)

am(a, &) om(a, &)
o <0, S <0, and (3)

m(l, &)=m(a, 1)=0 for all a, &.

These critical assumptions reflects that
skills are less useful at the other firms
where more specific skills are required to
work at job D. The traditional theories
which dealt with firm-specific human capi-
tal did not assume productivity deprecia-
tion in this manner. That is, they assume in
a traditional way, when a worker leaves
the current firm, a certain level of deprecia-
tion occurs equally at the others.” In other
words, the model in this paper assumes that
the skill specificity affects productivity
both when a worker separates from the
current firm and when an outside worker
joins the firm. This two-sided aspects of

the skill specificity is a key concept of this
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paper.?

After acquiring the skills, the worker’s
job dissatisfaction becomes known to him.
Let # denote the job dissatisfaction mea-
sured in terms of money. If the expected
utility of employment continuation, that is
consisted of the job dissatisfaction and the
next period’s wage, exceeds that of separa-
tion, he decides to quit the current relation-
ship. We assume that # is a random vari-
able which has a density distribution,
g(u).? In our model, firms do not sort
workers ex-ante by specifying personal
requirements. This implies that the worker
who quits the firm is assumed to face a
random match with a new employer and
receive a wage that is equal to the value of
his productivity. As the firm is assumed to
know the old worker’s productivity after
the employment decision, he is assigned to
job E or job D depending on his productiv-
ity. More formally, if a worker trained at
the type-a works at the type-#&, then he will
be assigned to job D if m(a, &)x(#)=1
holds, or to job E otherwise.!® At this

Productivity
m(e, 0)z(¢) |
1 Job E
Job D
0 : &

o (-)

Figure 1. Productivity after separation
(e[, @D

point, let a; denote the critical level of the
new employer’s index of skill specificity
that determines whether or not a worker is
assigned to job-D. Then, ay refers to a
solution of the equation m(a, &)x(t)=1
with respect to & and a; = a;(a, t) with its

. . aal aal
derivatives Ep <0 and T >0.19

Consider a worker who is trained at the
type-¢ firm quits. Under the condition
m(e, 0)x(£)=1 or equivalently & (a, £)=0
holds, the type-# firms, where &[0, a1],
will assign him to job-D and the other firms
will assign him to job E. Let & a solution to
ma, 0)x(t)=1 with respect to «.!? A
worker trained at the type-« firm which
a &[0, &), have a chance to be employed as
a Job-D worker at the type-& firms, where
#<[0, o), after separation. On the other
hand, there is a case that he will never be
assigned to job-D after separation because
his skills are too specific to utilize at the
This case happens when
m(e, 0)x(#) <1, that is > @.

other firms.

Following the assumptions above, we

Productivity
A
1 Job E
m(a, 0)z(t)
w
0 &

Figure 2. Productivity after separation
(e€l@a, 1D
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can show the expected utility he receives
outside after quit at period 2, EUgu:, in the
following two cases.

EUquit[Zj, a, x(t)]

:/::A‘alm'”U[p-m(af, &) x(#)—u]

f(&)dag(u)du 1
+/::./Q:<a,t) U(p—u)f(&)dag(u)du,
for a<[0, &]

EUI]uit[pr a, x(t)]
=/:: Ulp—uwg(uydu=Ulx(®)], (©2)

for €[, 1]

Here we utilize the certainty equivalent
of EU,u:., which is denoted by #(p, , ),
that is )

Ul£(, a, )]1=EUmulp, @, ()]
Note that if «<[&, 1], the certainty equiva-
lent is independent of « , we differentiate
the case by letting £=2%(p) as is shown in
the last part of equation (2). If otherwise,

we obtain its derivatives 892(1;) >0 and

a:gg) <0, which play an important role in

our analysis, and their derivation are
shown in the Appendix. As a worker will
quit if Ulw,—u)<U(Z), or wy,—£<u, we
can show that quit probability of a worker,

g, is given by
0= [ gwdu=qw—=2, )

and the conditional expected utility of job
when he continues to work at the current

firm, EUsgy, i5™

wz-ﬁ
/: Uw,—u)g(u)du
wz——-ﬁ‘
/ g(u)du

w4
[m Uw,—u)g(u)du

EUsiay=
(4)

1—q

The firm selects w,, w, and ¢ to maxi-
mize the expected profit, =, subject to the
worker’s supply condition. As equations
(1) and (2) say that the worker’s expected
productivity after separation has two
cases, depending on the equilibrium amount
of training, it is convenient to distinguish

the two cases.

2.2 The characteristics of highly specific
firm’s behavior

In this subsection, we examine the case
that the condition @> & holds at the equi-
librium. It means that the skills embodied
in the current firm have no value at others
and that the expected productivity is unity
at any firm. In this case, the certainty
equivalent of the expected utility after quit
is independent of ¢, that is £=%(p). We
name such firms highly specific firms. We
might say that this case deals with the
firm-specific skills in Becker’s sense,
because the skills embodied here is utterly
useless at the other firms. We can expect
that the condition holds for the firms which
the value of « is sufficiently high as will be
shown below. Noting that no gain is der-
ived from a worker employed from the
outside at period 2, the expected profit to

such a firm is given by
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r=p—(w +1)+(1-g)[px(t)—w.], (5)
where q:fwz_im g(u)du= q(w, —%(p)).
The worker’s supply condition is given by

U(wy)+[1—g(w. —x(p))]

w2—%(P) .

/: - U(w,—u)g(u)du 6)
1-¢q

+q(w,—x()) U(x(p))=1T,

where U refers to the exogenous level of

expected life-time utility.
Here we define the following Lagran-
gian function,
L=p—(w,+ 5+1-)[px(t)—w,]

+2{U@)+ [T Ul - wgt)

du-+q(u =) UGN~ T},

where A is a nonnegative multiplier. Then,
.the first-order necessary conditions are the

following equations.
w2—X(p)
%_—_— U(wl)-y/_‘m Uw,—u)g(u)du .

(7
+g(w.—x(p)) U(x(p))— U=0.

oL , _
T 1+ 20 (w)=0, (8)

2L = (14— 5]
—q' () [px(t) —w,]
+1 [ :Hm U'(w,—u)g(u)du ©)
+ {2 —2(6)) U(x(p))
+a'(w, —x(p)) U(x(p))} =0,
L = 141 gl — )] ()=0. (10)

The system described by the above
conditions can be simplified in the follow-
ing way. From (3), we know that ¢'(w,—
#(p))= —g(w,—x(p))<0. Using this rela-

tionship, the last two terms in (9) reduced

to zero and we have the modified version of
(9) as follows.
—[1—g(w,— ()] — ¢’ () px(t) — 2]

e (11
+a /: “u (wy—u)g(u)du=0. )

Let t* denote the solution of the system
described by the equations from (7) to (10)
and «* denote that of the equation
m(ea, 0)x(¢*)=1 with respect to «, that is,
m(a*, 0)x(¢*)=1. We can say that a* is
the equilibrium level of &. Then, we estab-
lish the following proposition.

Proposition 1 For a=a*, all the bype-a
firm’s optimal amount of training is of the
same. In this case, if w,<x(p), the period-
2 wage is less than the productivity value.
Proof As none of the equations from (7) to
(10) depend on the value of «, it is easy to
see all the type-a firms where a = a* have
the same strategy. Substituting (8) into
(11) and rearranging it give us the follow-

ing.'®

() —w,= ‘:q—,(‘bﬁ{l— q(w.—p)

—2 f S U ’(wz—u)g(u)du}

e

(s, — 1)) g(at) dzz}

L[

{1 — W}g(u} du>0.

The sign of last equation is positive if
w, <x(p) holds. This is because the concav-
ity of U guarantees that U’'(w,)>
U(x(p)> U'(wn—u) for all u<w,—x(p).
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Therefore, the bracket in the integral at
the last equation always takes a positive
value. As we know that —¢’(-)>0, we can
show the sign of the last equation is posi-
tive, that is px(#)>w». (Q. E. D)

As a worker who acquired highly spe-
cific skills can not utilize his skills outside
the current firm, the quit probability is
reduced to the minimum level. The fact
that the period-2 wage is suppressed below
the productivity value parallels the results
of Azariadis’ implicit contract theory
(Azariadis (1975)). In a model incorporat-
ing worker’s disutility at period 2, as Car-
michael (1983) notes, firms will induce
workers to quit by offering as much wages
as possible. That leads to the property that
px(t)—w,=0 holds if a worker is risk-
neutral: The residual between px(¢) and w,
can be said to reflect the risk premium the
. firm can gain owing to a worker’s risk
aversion. With worker’s risk-neutrality
and competitive product market, as Ohashi
(1988) has also shown, the wage profile has
a positive slope, that is w,=p—¢ and
w,=px(t). Worker's risk aversion makes
the wage profile flatter as is shown in
Proposition 1. If the firm earns zero profit
at the equilibrium, we can see that
w, > p—t and w, <px(£) hold. The profit of

highly specific firms, #, is independent of

the level of skill specificity, that is —3—3:0

for aza*.

2.3 The characteristics of less specific
firm's behavior

Next let us focus on the case that the
condition m{a, 0)x(#*)>1 holds. In this
case we will analyze the type-a firms
where & <a*, and we name them less spe-
cific firms. In this case, there is a possibil-
ity that a worker can utilize the skills
embodied in the current firm to the others.
The expected profit is given by the same

function as the equation (5), but the quit

probability is given by ¢= fw w_& g(u)du=

q(w,— %), where £ refers to the certainty
equivalent of the expected utility after quit
at the period 2. Note that the value of £ is
a function of the two variables; the
amount of training, ¢, and the skill

specificity, «, with the derivatives %>0

and %< 0.1% The worker’s supply condi-

tion is also modified to the following form.
Ulwy)+[1—g(w,—£)]
/: :2-5: Uw,—u)g(u)du
1-q
+q(uw—~2)UR)=T.
‘We modify the Lagrangian function as

follows.
L'=p—(w,+ )+ [1— g(w, — )] [p2(£) — w.]

+2{UG)+ [ 7 U — ) () s

+ g(w,—2) U(%)~ U}

We obtain the following first-order neces-
sary conditions through the same proce-

dure that we have proceeded at the case of
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highly specific firms.

’ we—2%
%I‘T:U(wl)Jr/_‘w U(ws~ 1) g(ae) du

(12)
+q(w,—2) U(£)— U=0.
G =~ AU (w)=0 (13)
= —[1—g(w,—%)]
— g (w,—2)[px(£)— w,] (14)
+ A'[:M U'(w,— 1) g(u) du=0,
oL’

= =1+1—g)px’(£)

(= E Y= e~ ] I
—Ag(uw,—2) U’ (%)} =0.

Rearranging (14) with the same opera-

tion at the analysis of highly specific firms,

we obtain the following condition.

Y RO
— )

() —we= TG
g(u)du.
(16)

At this point, given p and U, less spe-
cific firms will choose the optimal level of
w,, w, and t according to the equations
from (12) to (15) and achieve the maxim-
ized profit.

There is, however, a possibility that the
equilibrium level of maximized profit
varies depending on skill specificity, «. If
it occurs, the firm will gain more profit by
varying the level of skill specificity.!® To
examine whether there is such a possibility
or not, we obtain the following equation

from the envelope theorem.

ORI

—q(w,—2) U’ (2)}
where 7(a ) refers to the equilibrium level
of expected profit ofthe type-o firm. If

dz (a' ) <0 holds, all the firms will prefer

to the least specific firm, that is & =0, and

6’7r(a') ===£>( holds, all the firms will adopt

more specific technology, that is, e =a*.

As we know that gx and

—q'(w,—%)>0, we can see that %j):o

holds at the equilibrium if the condition
px(t)—w,>0 is satisfied. As our model
relys on the continuous distribution of
firms, it is a crucial requirement.

Let us interpret what equation (17)
stands for. The first term in the second
bracket of (17) refers to the marginal
returns from adopting more specific tech-
nology. Skill specificity makes quit proba-
bility smaller because it lowers the worker’
s productivity outside. If there is a gap
between productivity and wage, firms will
obtain marginal returns from the increased
stay probability. On the other hand, the
second term of the bracket means that
specific technology will simply become cost
to workers. Less usefulness of skills to the
others gives a negative effect on a worker’s
participation constraint, and firms need to

compensate it.

As we know that -gf— %0 always holds,
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using (17), the condition ng,(—;—)—=0 can be

written as follows and let us call it the
survival condition of less specific firms.
- q’(wz—fc‘)[px(t) — 0]
—Aq(w,—2) U (®)=0:
If the condition (18) is satisfied for

(18)

a<[0, a*j,”’ the type-a firms will exist at
the equilibrium.

Proposition 2 When the less specific firms
exists at the equilibrium, the optimal wages-
must satisfy the condition px(£)>w,. If
wy <X holds, the condition is always satis-
Jied.

Proof The condition (18) requires that
px(£)—w,>0 holds. If it does not hold, the
left hand of equation (18) is negative. It is
sufficient to hold that w,<£. The proof
follows the same procedure given in that of
Proposition 1. (Q. E. D.)

Proposition 2 tells us why the specific firms
can exist at the equilibrium. If the skills
obtained after training are less useful to
other firms, the worker must face a wage
decrease because his productivity is lower
at other firms than at the current. The
wage decrease makes quit probability low
or equivalently stay probability high. As
the current firm will pay a wage less than
his productivity, it is possible to increase
the expected profit from increased stay
probability. That is the reason for the
specific firms to exist. Though Black and
Loewenstein (1997) have also shown there
may be a gap between productivity and

wage, but the gap is an essential element in

our model. Note that, if workers were to
be risk-neutral, the condition (18) is never
satisfied. Here we establish the following
proposition.
Proposition 3 If workers are visk-neutral,
any specific firms, that is, all the bype-a
Sirms except a=0 will never exist at the
equilibrium.
Proof From the risk-neutrality we obtain
px(t)—w,=0 from (16).'® In this case the
right hand of (17) is strictly negative. It
follows that the profit of the type-a firms,
where a#<e&* is decreasing function of
skill specificity. As that of highly specific
firms, where o = a*, is the same, the firm’
s profit are maximized at «=0. (Q. E. D.)
Let us interpret the meaning of Proposi-
tion 3. If workers were to be risk-neutral,
as the firm’s optimization program maxi-
mizes the social welfare because it can be
easily checked from that A =1. Then, the
firm-specific training is socially unfavor-
able because of uselessness to other firms.
Uselessness of skills lowers their expected
income after the separation and it is simply
disadvantageous for workers. The risk-
neutrality of workers gives no opportunity
for the firms to gain the gap between
Though skill

specificity contributes to raise the stay

productivity and wage.

probability, the firm will receive no gain
from it. In our model, we found the ratio-
nale that specific firms can exist at the
equilibrium in worker’s risk-averse behav-
ior. To avoid wage depreciation, workers

will stay even if the firms assign firm-
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specific training. On the other hand, the
firm will gain profits from such a behavior
of workers.

Inserting the condition (18) into equa-
tions (14) and (15), these first-order neces-

sary conditions are modified as follows.

I 1 glun— )]+ Ag(wa— D) U(2)
2
wa—%
—l—)L/_-ea U (wy— 1) g(at) du=0,
(19)
oL’

O 1+ 11— glw,— )]pr (£)=0. (20)

Now we can see the characteristics of
the less specific firms described by the
equations (12), (13), (19) and (20). We can
obtain the following interpretation from
the equation (20). When the less specific
firms determines the optimal amount of
training, it is determined by equating the
expected marginal value of employment
continuation to marginal cost of training.

As the previous condition (15) is deter-
mined without considering the survival
condition, it indicates a cooperative condi-
tion in a sense that permits skill enhance-
ment to utilize at the other employers.
That is, marginal cost of training equals
expected marginal productivity plus mar-
ginal effects on firm and worker owing to
the usefulness of skills to the other firms.
Under the partial analysis, an optimal
amount of training is determined by con-
sidering two cases ; both employment con-
tinuation and separation.!®

Our model, however, is not confined to

the partial analysis, because it considers

the market condition, that is, the equilib-
rium level of maximized profit. Under the
setting, the condition of optimal training is
modified to the one that evaluates employ-
ment continuation only. Even though the
skills obtained via training can be utilized
to the other firms after separation, the firm
will choose the optimal level of trainin-
gwithout considering its usefulness to the
other.

Since ¢ is endogenous, we conduct a
comparative static analysis on the system
consisting of the four equationé. Through
the analysis, we can obtain the following
results.

Proposition 4 When the less specific firms
determines the amount of training by the
optimal policy, an increase of skill
specificity leads to an increase in the
amount of traiming wunder the less
restricted conditions.

Proof Taking the derivatives of the four
equations with respect to «, we can obtain

%>0 under the conditions: (1) | U"(2}]

is sufficiently small and (2) U'(®)=
1—U"(%£). For details, see the Appendix.
Q. E.D)

If a worker quit the relationship with
the specific firm, he must face a wage
depreciation due to the skill specificity. To
compensate the disadvantage, firms can
offer high wages in exchange for harder
training, which is a source of wage growth.
As firms make risk-averse workers better-

off by offering flatter wage profile, they
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receive the opportunity to receive gains
from a gap between productivity and wage.
Skill specificity itself prevents a worker
from quitting so that the firms can assign a
large amount of training with an increased
probability of recouping their investments.
The agreement of the both sides’ needs can
be achieved under the less restricted condi-
Though Ohashi
(1988) have proved that more specific

tions described above.

firms will assign a harder training, this
property holds when the analysis are

extended to consider the market condition.

2.4 Further Analysis

In this model, facing a competitive
market, all the firms earn zero profit at the
equilibrium. To calculate the expected
profit of the highly specific firm, which is
denoted by m, we obtain the following
equation from (5).

mlp, t*(), Ul=p—wi—t*
+[1—g(wz—x(p)] (21)
[px(t*)—ws],

where w{, wi and £* denote the solution of

the equations from (7) to (10).

Note that the value of = depends on p
and U, but is determined irrespective of the
distribution of firms with respect to skill-
specificity, i. e. f(#). Once p and U are
determined, the value of = is also deter-
mined. If the value is positive, all the firms
might choose the highly specific technol-
ogy, and if it is negative, no firm will adopt
it. Were the level of p and U are correctly

determined, the highly specific firms earn

zero profit.

Let us examine the case of less specific
firms. The expected profit of less specific
firms, denoted by m, is
mla, p, Ha, p), Ulf(a)]

=p—(w,+£)+[1—q(w, — ) [ px(£)—w,].
(22)
where w;, w. and { denote the solution of
the equations (12), (13), (19) and (20).
Facing the competitive market, firms earn
zero profit at the equilibrium. As our
model adopts the continuous distribution of
firms, the following two conditions must
hold at the equilibrium.
mla, p, a, p), Ulf(@)]=0, (23)
Omle, p, Ha, p), Ulf(@)] _ (24)

o

Note that the condition (24) is satisfied
if equation (18) holds. Though p and U are
exogenous in our model and we have not
specified the dynamics that describes how
the distribution of firms with respect to
skill specificity changes, we can expect
that the model closes in the following way.
Depending on the funétions g(+) and x(2),
the combination of p and U.are determined
to satisfy m[p, t*(p), U]=0.
survival condition (18) and the zero profit

condition (23), the shape of distribution

From the

f(#) are determined. Unless we specify the
functions, we can not predict how the equi-
librium distribution of firms becomes.
Unfortunately our model becomes compli-
cated when we proceed to a calculation of
equilibrium profits. We utilized the condi-

tion (17) or equivalently equation (24) as a
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necessary condition.

3 Conclusions

The present paper has dgveloped the
analysis of firm-specific training with con-
sidering market conditions. One of the
main results of this paper is that worker’s
risk aversion is essential for the firms
requiring highly specific skills to coexist in
a competitive market. That is, if workers
are risk-neutral, all the firm in the same
product market will choose the technology
requiring only general skills.

Under less restricted conditions, higher
skill specificity leads to an increase in the
optimal amount of training. If a worker
quit the relationship with such a firm, he
must face wage depreciation due to skill
specificity. To compensate the disadvan-
tage, firms can offer high wages in
exchange for harder training, which is a
source of wage growth. As firms make
risk-averse workers better off by offering
flatter wage profile, they receive the oppor-
tunity to receive gains from a gap between
productivity and wage. Furthermore, skill
specificity itself prevents a worker from
quitting so that the firms can assign a large
amount of training with an increased prob-
ability of recouping their investments.
Worker's risk-neutrality, however, gives no
room for such an opportunity and simply
leaves the disadvantages of adopting firm-
specific technology.

The interesting finding of this paper is

that, though there is usefulness to the other
firms, the amount of training is determined
without considering its usefulness to the
other. That is, regardless of positive exter-
nalities from usefulness to the other, the
firms will choose training intensity neglect-
ing such externalities.

By suggesting that skill usefulness is
determined by the relationship between
firms, we can see how the firm-specific
training is characterized in the labor mar-
kets. We have emphasized that the
worker’s productivity depends not only on
how the current firm requires specific skills
but also on how the other does. The deter-
mination of the expected productivity out-
side after separation, however, is just given
from the assumption and seems to lack the
theoretical background at this point in our
model. Yet it might be safe to say that,
even if some skills have usefulness to the
other firms or, in other words, have gener-
ality, the extent of contribution to produc-
tion may vary across the firms.

As our study just cast a light on the case
of long-term contracts, the analysis of
short-term contracts with firm-specific
training should be examined. In this case,
the bargaining between firms and workers
or the possibility of renegotiation will
arise. As our model has complicated-
structure, it may be necessary to modify
the model drastically for the analysis of
short-term contracts. The problem is left

to future works.
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4 Appendix

4,1 Derivation of the function £(p, a, )
and its derivatives

Under the assumption that each firm
has two jobs, i. e. job-D and job-E, there is
a critical level of the new employer’s index
of skill specificity, which decides whether a
newly matched worker is assigned to job-D
or not. Let a; denote the critical value. In
other words, a; denotes a solution of the
equation m(a, &)x(#)=1 with respect to &
and when a worker separates from the
type-a firm, he can be assigned to job-D at
type-& firm if & 2@, holds. We can write

a=a(a, t) with aaal <0 and 85)?

EU,u;: denote the expected utility that a

>0. Let

worker can receive outside after quit at
period 2. If m(a, 0)x(¢#)>1 or equivalently
a(a, t)>0, some firms will assign a
worker trained at the type-« to job-D and
EU,gy: can be written as follows.

EUquidl 9, @, 2(8)]

[
—ulf(a)dag(u)du
+/~:£(a,” U(p—u)f(a)dag(u)du.
(A1)

Here, using the function z(p, «, t), we

~m(a, &) x(t)

define the certainty equivalent of EU,; in
the following way.

ULz, a, )]=EUuup, , x(2)]
From (A1), we can show the derivatives of
the function EUuul«, x(¢)] as follows.

OEUguiel p, e, x(8)]
ot

:[:l""“)(],[pm(a’ @)x(8)—u)
-pm(a, &)x'(1)f (&)dag(u)du
+/::[ Ulpma, a)x(t)—u]

—U(b—u)lf(ax)

et [

[pma, a)x(t)—ulf(&)dag(u)du>0.
(A2)

g(u) du

a,t
m(ar, a)U’

OE Uil p, a, x(2)]

O

- /::/o‘“(“'“ U'lpm(a, &)x(2)—u]

p 9B (1) (0 dag ()

= o’ (t)/ /‘“(" t) am(a’ &)

-U'lpm(a, Zy)x(t)—ulf(&)d&g(u)du<0.
(A3)
The last inequity of (A3) is obtained

om(a, &)

from the assumption oy <0. Aswe

know that U(:) is monotonically increas-
ing function, we obtain the following prop-

erties of the function £(-).

0%(p, a, t) >0
ot !

B(p e 8) o, (A5)

In addition, if m(«, 0)x(¢)<1 or equiva-

(A4)

lently a(e, t, £)<0, no firm will assign a
worker who is trained at the type-a to
job-D, then the certainty equivalent of
expected utility depends only on p. This
means that it can be written as #(p, «, {)=
z(p). It follows from
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EUquiz[py a, x(4)]
= [" [ U ) (a)dag(u)u

:/: U(pﬂu)llf(&)d&g(u)du
:_[: Up—u)g(u)du=Ulz(p)].

Differentiating by p, we obtain

ax(p)
3 >0.

It follows from

OE Ui p, @, x(8)]
ap

—_—/:: U (p—u)g(u)du>0.

4,2 Proof of Propovsition 4

For notational simplicity, let the sub-

scripts 1, 2, 3 and « accompanied to L refer
to the derivatives of L with respect to wy,
wy, I and « respectively. The same rule
applies to twice differentials. For example,

2
L,; means aiulé

Let wus denote

the worker’s supply constraint by s(-)=0.
Taking the derivatives of the equations
(12), (13), (19) and (20) with respect to «,
we obtain the following equation.?® Note
that we omitted the prime accompanied to
L.

0 & s s ||d Sa
ss Ly 0 0 || dw, 0
= — de.
Sz 0 Ly, Ly || dwe L
$s 0 Ly La|f di Lia
(A6)

with the following notations :

§ = U,(w1)>0y

we—%
SZZ[ U(w,—u)g(u)du>0,
ss=pq(- )U’(x)——>0

sa=qlw,— %) U’(£)~a§—<0
L,=2U0"(w)<0,
Ly=L;=— q,( ')px'(t)>0,

wa—4
Lzz:CI'(')‘*‘l/:m U"(w,— 1) g(u)du<0,

Lia=q/(-)( -2 1-2079)]

20 C)( =25+ 2g( U (@)ZE

If w,<%, then 1—AU(£)>0 holds and, in
addition, if | U"(£)| is sufficiently small, we
have Ly« <0.

= —g (N =Z5)pwn>0.

Therefore, by Cramer’s formula, we obtain

the following equations.

0 s S Sa
—11ss Lu O 0
5T NS A0
Ss 0 Liga Laa
where |D| means the determinant of the
coefficient matrix. We have | D] <0 from
the second-order condition. Then, we
obtain
dt =1

de — D™

{seLii[$:Ls2— Ss Loz ]+ 528511 Lo
—53Lsa Ly +5H{Loa Lar— LaaLz,]}
(A8)
In the bracket of the right hand, the sign of
the term s2[L,alss—Lsal,;] can not be
easily identified, while all the other terms
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are positive

Iaa-[/dz”'LaaLzz
= (g (-
{—20()1@-1+ U ()]

wz—«i‘
_’1[& U”(wz—u)g(u)du}
I U(®)—1+U"(%)>0 holds, the term

mentioned above have a positive sign,
therefore the sign of -E%— will be positive.

To summarize, under the conditions (1)

w, <%, (2) | U"(2)| is sufficiently small, and

(3) U'(2)>1— U"(%) holds, the sign of 7‘%—

will be positive. (Q. E. D.)
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Notes

1) We can see a good survey on skills and
training in Smits and Stromback (2001).

2) The exclusive usefulness of firm-specific
training or relation-specific investments causes
underinvestment problem that is called hold-up
problem (MacLeod and Malcomson (1993a,
1993b), Malcomson (1997)). To examine the
problem, short-term contract models serve
effective tools.

3) On constructing the basic structure in this
paper, we are motivated from the model of
Ohashi (1988).
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4) The framework of our model is similar to
that of the full-competition regime in Acemog-
lu and Pischke (1999b). Their model, however,
assume that training is general.

5) Though we introduce the heterogeneity of
firms later, the function that determines effi-
ciency of training, i. e. x(¢), is assumed to be
common across the firms. This assumption
avoids an easy conclusion that the firm has
high efficiency of training when skill
specificity is high.

6) When the output realization is assumed in
this manner, the element of training can not be
decomposed into the general/specific training
in Becker’s sense. The assumption formalize a
situation in which firms have differentiated
skill requirements and skill specificity is deter-
mined by the relationships between firms.

7) It seems to me that traditonal theories have
defined the firm-specific skill in the relation-
ship between only two types of firm or the
current firm and the competitor ; general skill
enhances the productivity equally at both,
while firm-specific skill only at the current
firm. In this paper, as the heterogeneity of
firms is introduced, the relationship between
the currentand the competitor is modified.

8) When both workers and firms are heteroge-
neous, the matching of the two is crucial to
determine productivity. Crawford and Knoer
(1981) represented such an idea with the one-
to-one function. Marimon and Zilibotti (1999)
utilized a circle, where both workers and firms
are distributed along and the angle of the two
determines productivity.

9) When a worker is hired at the new employer
after separation, he is assumed to face a new
draw of job dissatisfaction from the same
distribution.

10) If, at the eqilibrium, 1> m(a, 0)x(#) holds, no
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firm will assign the worker who quitted the
type-a to job D.

11) To obtain these properties, differenciate
m(ea, &)x(t)=1.

12) From the definition, (0, #)=&(#).

13) In the case where £=2%, the definition of ¢
and EUs., given by (3) and (4) are applied by
replacing % by *.

14) We assume that —g’(w,—p)=g(w,—p)*0.

15) We can see how the derivatives of the func-
tion £(+) are obtained in the Appendix.

16) Here, we have made the following assump-
tions implicitly. At the very initial stage, a
firm choose its production technology or
specificity of required skill randomly. Further-
more, as a firm adjust its skill specificity
smoothly, it matters the derivatives of expect-
ed profit with respect to skill specificity.

17) Here we assume that by adjusting the distri-
bution of firms with respect to skill specificity,
(&), properly, the condition (18) holds for all
« that belongs to the domain K.

18) As the risk neutrality means U’(-)=0, we

Uw,—u) _
have BZON =1

19) We can find similar results, for example, in
equation (18) of Ohashi (1988) or Proposition 5
of Acemoglu and Pischke (1999b).

20) One of helpful readings on static optimiza-
tion or comparative statics is Léonard and
Long (1992).
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