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　　&y　Hiroshi　Morimoto
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　　　　　　　　　　　　　　　　　　§O　lntroduction

　　Family　of　oPerators　denned　on　i�inite　dimensional　sPacesgives　rise　to　interesting　cy-

des(or　subvarieties)of　innnite　dimension　that　represent　a　topological　ornon-topologica1

feature　of　operator　families.　ln　this　paper　we　will　give　a　general　theory　of　these　cycles,　es-

Pecially　givesolneestimatesalnong　them.　We　will　apply　this　theoryjn　the　nnal　section,

to　cycles　derived　from　Dirac　operators.

　　NVe　take,　as　a　parameter　space　of　operators,a　paracolnpact　space　x　of　innnite

dimension.　We　let　jF　={S,}zEx　be　a　family　of　Fredholm　oPerators　Parametrized　by

x(this　family　will　be　called　Re�θ/mmθΓμijm　in　thesenseof　Elworthy-Tromba[5D･

Associated　to　jF,　there　are　two　kinds　of　cycles　(or　subvarieties　of　x)that　will　be　our

main　interest　in　this　paper.　0ne　is　called　∂θMi㎝-cF/e∂,which　will　be　denned　as　a

representation　of　a　global　structure　of　spaces　consisting　of　solutionsof　y.　The　other　is

called&&z-qc/es,　which　are　determined　by　the　index　(as　a　family)of　jF.　ln　general,　the

latter　cycles　can　be　calculated　using　the　Atiyah-Singer　lndex　Theorem　(for　families　of

oPerators).0ur　aim　is　to　estimate　solution-cycles　(whichare　not　invariant　in　general)by

index-cycles(which　are　topologically　invariant).Especially　wecanprove　a　non-triviality

of　solution-cycles　for　Dirac　operators　using　this　estimate.　XVe　will　denote　solution-cycles

by{;,and　denote　index“cycles　by　6:;.　These　cycleswill　turn　out　to　be　tiedup　with　a
symplectic　geometry　and　a　theory　of　loop　groups,　which　will　be　mentioned　in　forthcoming

publications(cf･[15D.　ln　the　present　paPer,　we　will　show　the　existence　of　cycles,　for　a

family　of　oPerators　jF,　satisfying:

　　　　　　　　　　　　　　|{;(£(y))⊃|φ|;;;㈲d(y)),

here　l　*ldenotes　the　carrier　of　a　cyde　*(or　a　subvariety　)onx(see§2).　We　wi11

Prove,　using　this　estimate,　solne　non-triviality　of　index-cycles　and　solution-cycles　for

Dirac　operators　in　§3.
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Cp-s+｢

　　Let£and£″be　innnite　dimensionaI　Hilbert　spaces　(or　Kuiper　spaces).Let　x　be　a

paracolnpact　space　(of　infinite　dimension).NVe　consider　a　family　of　Fredholm　operators

from£into£″parametrized　by　x.　Let　ηandη″be　infinite　dimensional　vector　bundles

overx　modelled　on　£and£″respectivelyj.e･,　?7,η″have　nbres　equivalent　to　£,£″.A

vector　bundle　morphism　y　:　η→η″will　be　called　a　Fredholm　morphism　if　each　restriction

Soverz(EX)is　a　Fredholm　operator.　VVe　define7111?7lericα/index　of　y　at　z　by

　　　　　　　　　　　　　4=dim(&er(S))-dim(caer(S))･

VVe　will　assume　thisnunlerical　index　is　constant　(w.r.t.　zEX),and　denote　it　by　&.For

simplicity,　we　suppose　&<O.(Thesalneargument　holds　to　the　case　£≧O.)

　　Let　p　and　9　be　non-negative　integers　with　p　-　9　=-&.XVe　set,

　　　　　　　　　　X;,｡(jF)≡X｡,9(jF*)≡{zEX;dim(£er(η))≧p}･

These　vverenrst　investigated　by　U.Koschorke　[7],and　later　apPlied　to　Yang-Mills　theory

by　Atiyah-Jones[2].VVe　take　filtrationsofη,{£n}and{£(゛)‾゛}(n　°　1,2,‥･),consisting

of　subbundles　of　ηsuch　that　£1c£2c‥･,£゛‾1⊃£(゛)‾2⊃‥･,and　such　that

?7=£ne£(゛)‾"(for　any　n).

　　we　now　denneoursolution-cycles　as　follows.　Let　r　and　∂be　positive　integers　with

1<r<s<p.　We　set
　-　-　-　　　　　7

　　　　　　　　　　　　　　　　　　　{;(£g(y)

　　　　　　={zEX;,｡(,F);dim[(£er(7.))nf゛)-゛]≧dim(&er(S))-s+r}･

This　solution-cycle　has　the　following　global　meaning.　Roughly　speaking,　this　cyclecanbe

regarded　as　a　dennition　of　characteristic　dassesof　innnite　dimensional　bundles　denned　by

kernels　of　the　operators　{S}zEX;,｡restricted　over　the　set　χ;,p゛　Precisely　sPeaking･　1et　us

consider　the　restriction　of　thebundles　?7･　?7″　and　the　operators　‘F　°　{5}zEX;,｡over　x;,p°

We　denote　the　set　of　all　thekernels　ofy　over　x;,p　by　4,9.　For　simplicity　we　assume　t!1at

x;+1,｡+1°@.The“　4,9　willbecome　a　vector　bundle　overx;,p　offinite　constant　rank.

VVe　denote　the　l　゛　th　Chern　dass　of　this　bundle　by　cl(4,9).Thenoursolution　cycle

゛;;;(£″(y))col゛lespollds　to　the　follo゛illgHankel　determinant　with　coemcient(-1)p9:

9-s+r(4,9)･‥cp-s+2r-1(4,9)

cp-s+1(4,9)

●
φ
@

I
I
φ

(4,9)●●●
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　　　This　solution　cycle　is　not　a　topological　invariant,　andouraim　is　to　estimate　this　cycle

by　other　invariant　cycle.　we　will　give　such　an　estimate　from　below　by　a　cycle　denoted

by　g:;(7�(7'))called　i�ez-cyde,which　is　completely　determined　by　the　index　of　the

oPerator　family　y.　This　isour　lnain　theorenl　and　stated　as　follows.

Theorem　1.　nere　ez�jαcF/e　g:;(7�(yDEHAα1

　　　　　　　　　　　　1{;(xer(,F))⊃|φ|;;;(7nd(y)),

α7�sldaαH&cdθmQ≒ydαsj(∈∬*(X))cam9ndi71μQ{;(7�(,F))isαpφ-

71θmalθ/CAem　dα∂∂e∂θL/`a6n&zΓαjαμm4jθL/`y,taid　is　cα/cl/αj�αsαF�ld

θ/MθmαMcej　6a　cθJici㎝1(-1)p9+(p+7')(9-s+Oj

(-1)pG ●●

(-1)p+9+1(4-9+1　‥･

(-1)p+゛G+r ●●●

(-1)p+9+゛+1(4-9+s+1　‥･

(-1)p+9+1G+9+1

　　(-1)゛G

(‾1)p+9+゛+1(4+9+2r-j-1

　　　(-1)p+゛G+r

×

Aere　G　=G(7�(y))･

This　Main　Theorem　will　be　proved　in　§2.

The　following　is　an　immediate　consequenceof　Theorem　1

Corollary　1.　μ`Md�ez-cF/e　4:;(7nd(jF))ij　uH4�,aa　ae　cα�er　a/　ae

�d“'cF/e{;(£“'(jF))is　"1　“7“"Wy　“㎞hμ&μ"゛ele~μce　x･

　　　NVe　will　apply　this　theory　to　a　family　of　coupled　Dirac　operators　on　S4　in　§3.　Let

£)゜(£)[Å]}[Å]∈.4/g　denote　the　family　of　Dirac　operators　coupledwith　connections　over

a　nxed　S&(2)bundleover　S4.　This　family　corresPonds　to　an　element　of　the　infinite

dimensional&-theoryover.4/g(the　quotient　spaceof　theconnection　sPace　modulo　the

gauge　transformation　gro!1P　with　a　nxed　point).NVe　apPly　our　theory　to　this　Dirac　family

£)゜{p[.4]}[.4]∈.4/g　p8･Ir゛lllet&ed　by.4/g　to　obt8111　11ol1'tli゛i`lity　of　o111r　cycles.　IIl　this

regard,　we　have　the　following･
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Theorenl2.　£dp&eα71　θjj　Frime　α7lj　9　αn　injeμΓ　/ejj　Mα71(p-1)/3.　71en　Me

cdam�9yda9　carre9a7�i㎎1(d&d7�ez　cydeM:jF1(7�(z)))ij71㎝-1rit,iα/i71
#*(.4/g,z)･

As　a　corollary　we　have:

corollary　2.　ne　cα�erj`ae　gMin　cyc/e　4ΣM‾1(xer(μ))ij　ul　n　emμya&jd
a/.4/g,

Acknowledgement:　The　author　is　very　much　grateful　to　Pro£J.Eells　and　Prof.　K.　D

Elworthy　for　their　kind　hospitality　at　Mathematics　lnstitute　of　VVarwick　university･
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　　　　　　　　　　　　　　　§1　lnfinite　dimensional　k-theory

　　　This　section　is　devoted　to　a　brief　sketch　of　innnite　dimensional　k-theory.　0ur　refer-

enceis　K.D.Elworthy　and　A.Tromba　[5].This　section　may　be　omitted　for　those　whoare

familiar　with　this　subject.　Throughout　this　section,　£,£″will　denote　infinite　dimensiona1

Hilbert　spaces　(or　Kuiper　spaces).Let£sp(£,£″)denote　the　set　of　all　split　maPs　from　£

into£゛.This　spaceadmits　a　manifold　structure　((fDouady[4]).NVe　denote　by　F(£',£D

the　space　of　a1I　Fredholm　operators　from　£into£″,and　by　&(£,£″)the　set　of　elements

of　numerical　index　£.Let　G£(£)denote　the　general　lineargrouP　of£,and　let　G£c(£)

denote　the　grouP　of　automorPhisms　of　£thatareof　tyPe　identity　plus　compact　oPerator.

LetβF(£,£″)be　the　space　of　bounded　oPerators　of　nnite　rank.

　　　Let　j　be　an　arbitrary　fixed　class　of　some　innnite　dimensional　spaces.　A　Class　of

subsPaces?(£,F)of£(£,F)(£,FEjEI)is　called　a　perturbation　class　if　and　only　if　the

followingsaresatisfied:

(i)lf5,g　and　/i　areelements　of　j)(G,£),P(F,G)and　j)(£,F)resPectively,then　/lo∫

belongs　to　?(G,F)and　!7　o　/l　to　?(£,G)･

(ii)RF(£,F)+j)(£,F)=jF(£,F)

(iii)3F(£,F)⊂P(£,F).

　　　A　typical　example　of　?(£,£″)is　the　set　of　all　compact　operators　of　£into£″,and

this　will　beour　rnain　object.　We　denote　by　G£･(f)a　subgroup　of　G£(£)consisting　of

operators　that　are　type　of　Me711i4　plus　element　of　?(£,£).AG£P(£)-vector　bundle　is

a　vector　bundle　with　nbre　£with　structure　group　reduced　to　G£j=･(£).Let　x　and　x″

beparacolnpa£t　spa£es,　and　consider　trivial　vector　bundles　x　x£,X″×£″.Fix　some

elementTof£(£,£″).Then　a　vector　bundle　map

　　　　　　　　　　　　　　　　　　　/:XX£→X″×£″

is　called　£(T)'bundle　map　if　and　only　if　there　exist　an　open　covering　{Q}jEJ　ofx　and　a

collection{£;}jEJ　of　nnite　dimensional　subspaces　of　£″such　that　for　any　z　EQ　,　there

exists　some　/4　∈?(£,£″)such　that

£=T+/l｡
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and　/4(t7)Eg　for　any　(z,　t7)EQX£.A　layer　bundle　structureonavector　bundleover
x　modeled　on　£is　denned　to　be　a　maximal　collection　of　trivializations:

such　that　each　comPosition:

　　(Qφ,),Ej,

4:f1(㈲→17,×£

φ･･{1:㈲nQ)×£→(QnQ)×£

is　an　£(7)-bundle　map　(here　7　denotes　ldentity).Both　the　notion　of　layer　bundle　mor-

phisms　and　the　notion　of　equivalence　are　denned　inanatural　way　among　layer　bundles.

　　　Let　usnovv　consider　a　continuousfamily　of　Fredholm　operators.　NVe　nx　a　paraconF

pact　space　x.　Let　7r1　:　β1→x　and　7r2　:　β2→x　be　vector　bundlesoverx　with　nbre　£

and£″.A　vector　bundle　morphism

y:β1→β2

is　called　a　Re��m　ma96m　ofindex　£(or　5-morphism)if　and　only　if　each　restriction

over　z　Ex　of　,F,　S　:　7rF1(z)→{1(z)belongs　to　F･,(£,£″).Layer　bundles　and

Fredholm　morphislns　arerelated　as　follows･　(See　K.D.Elworthy　and　A.J.Tromba　[5])･

Proposition　1.

　　(i)£d　y:　jEI　→XX£&eα&-ma9㎞mθtlerαμMcθmpαdsμce　x.　ne7d&re

ezisbα7£714w　/αμΓ　h7lj/e　jlrlchre　μe71θ1�&reαμer417r,,F}£j㎝βjld　Mαly

is㎜£(7)-h�/e　m9･

　　(ii)£d　7r£&eα/αμΓ&㎜jle　jlrldlre　㎝7r　:　β→XX£n㎝Mere　ez�jα

j7o-marμism　y:　j　→XX£adaα17r£={7r,y}£.

　　(iii)Rri=1,2,1d5&e　5-marμisms　a./`7r,　:　j,　→xi�axx£.7k7d&

cθΓΓe9θ7�i㎎1αμΓh7�leμΓldlrej{7ri　,　S　}£　αΓe　e9li㎜le711　b　eαdθaer　l/`α7�㎝/y

l/`aere　ez�sαwdθΓ　h7lj/e　i∂θmθΓμi∂m/l:β1→β2　sld　lAα1

&4　-　F1　:　j1　→XX£

isα71£(O)-h7�/em9μΓα7ly　lri■α/izαliθnθL/゛　jE11

　　　　　　　　　　　　　　　　　　　　　　　　6



　　lf　we　are　given　a　continuous　lnap　y　from　x　into　5(£,£),then　this　map　may

be　regarded　as　some　R-morphism　jF　from　β=XX£into　x　x£.NVe　denote　the

corresponding　layer　bundle　structure　on　7r　:　β→xby{7r,,F}P(notice　that　Proposition1

holds　also　for　P-bundles).VVe　denote　{X,y}P={7r,y}P.　The　following　proposition　is

a　criterion　for　the　e(luivalence　of　layer　bundle　structures,　and　follows　from　Proposition　1.

Proposition　2.　FθΓi=1,2jdS&ecθ㎡inlθl∂?71αμμQm　x　i7zla　5(E,£).na　ae

car7`e9a7�i㎎/αμHna　slrEarej　{X,£}j=･αΓe　e9lit･α/e711　1㎜j㎝/yQ`aere　ez�s

αm9Ay'ram　x　i711θG£(£)st･d　Mα1μΓα7ly　z　EX,

　　　　　　　　　　　　　　y(z)-5(z)/l(z)Ej)(£)･

　　Take　a　complementary　nltration　of£,{£n},{£(゛)‾゛},n　°　1,2,‥･,with£nC£n+1,

£(`)‾゛⊃£(゛)‾゛‾1,£ne£゜゜‾゛(for　any　n).(Note　that　this　nltration　is　for　vector　sPace

and　is　difrerent　from　nltrations　given　for　bundles　such　as　ηin　the　previous　section)･

Let4:G£(n)→G£c(£)be　natural　injections.　We　set　£=limn→c｡4,G£((x))=

1imn→cx,G£(n).Then　we　have:

Proposition3(K.D.Elworthy,　R.Palais).71e　m9　z　:　G£((x))→G£c(£)ijα4θmθ19y

ql&�e7lce.

　　This　ProPosition　holds　for　any　perturbation　class　?　replacing　G£c(£)with　G£P(£)･

This　result　was　proved　in　full　generality　by　R.Palais　and　K.D.Elworthy　independently･

For　compact　operatorsjt　was　proved　by　R.Palais　and　Svarc.　This　proPositionconnects

the　notions　of　G£c-bundles　and　G£(cx))-bundles.

　　Let£;t(X)denote　the　group　of　stable　equivalence　classes　ofG£c-bundles.Let

[x,jO](resp･[x,jM)denote　the　homotopy　classes　of　maps　from　x　into　30　=

limβ0(n)(resp.j&=1im,Sg(n)).The　following　proposition　follows　from　Proposition3:

Proposition4.&μ(X)iHjamarμida[X,jO]rre9･[X,R7]j,

　　NVe　denote　by　£y(X)the　group　of　stable　equivalencedassesof&-morphisnls　over

x.　Then　we　have　the　following　proposition(c£Koschorke[7]and　Elworthy-Tromba[5]):

　　　　　　　　　　　　　　　　　　　　　　　7



Proposition5･　4(X)iHjamarμida&;゛(X),

　　For　7'　∈&y(X),we　will　denote　the　corresponding　map　by　Ψ[nE[X,β&]in　view

of　Proposition　4　and　Proposition　5.
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§2.　1nfinite　dimensional　cycles

　　　ln　this　section　we　will　discuss　on　a　structure　of　cycles　derived　from　kernels　of　oper-

ators,　and　will　derivesolneestimates　for　these　cycles　using　index　cycles.

　　　Let£be　an　infinite　dimensionaI　Hilbert　space　(or　more　generally　Kuiper　space)･

From　the　results　of　the　previous　section　we　have　an　isomorphism　called　index　:

7�:[x,5(£,£)]→Å･(x)(=[x,jo](re9･[x,jM)･

This　yields,　through　∬*(jθ)(resp.#*(j&)),a　weIFknown　theory　of　characteristic

dasses　for　families　of　Fredholm　operators　(c£,U.Koschorke[7]).VVe　will　take　hereafter,

as　a　scaler　neld,　complex　number　neld　C　and　restrict　ourselves　to　complex　theory　of

characteristic　dasses.　ln　view　of　the　results　in　the　previous　section,　note　that　there　is

also　a　theory　of　characteristic　dasses　for　the　group　&y(x).

　　　Let　77,　77″　be　innnite　dimensional　vector　bundlesoverx,　and　let

　　　　　　　　　　　　　　　　　　　　y:77→77″

be　a　Fredholm　morPhismj.e･　,　acontinuousfamily　of　Fredholm　oPerators　parametrized

by　x.　Denote　the　Cherndassesof　this　family　by　C(7�(y)).Let　i　be　thenunlerica1

index　of　jF(here　we　supPose　&is　constant).NVe　set,　for　integers　p,　9　with　p　-　9　°　-&,

　　　　　　　　　X;,｡(y)=X｡,9(jF*)={zEX;dim(£er(£))≧p}･

　　We　now　denne　kernel-cydes　(or　solution-cydes)of　7'.　Let　r,s　be　integers　with　1　≦

r≦s≦p.　Take　comPlement　ary　filtrationsof　77　consisting　of　subbundles　{£n},{£゜゜‾71},

n　°　1,2c‥,such　that　£1C£2C°‥,£(゛)‾1⊃£(゛)‾2⊃‥',andη=£ne£(゛)‾7l　for

any　n.　Thenweset　:

{;(A'er(y))={zEX;,｡(jF);dim[&er(S)∩£-']≧dim[&er(S)]-s+r}

This　solution　cycle　is　interesting　by　itself,　but　not　a　toPOlogical　invariant.　There　is　on　the

other　hand　a　very　useful　topological　invariant,i.e.jndex　of　families　of　operators.　0ur　aim

in　this　section　is　to　estimate　solution-cycles　from　below　with　cycles　(called　index-cycles)

determined　by　index　of　families.
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Weare　noivin　a　position　to　prove　Theorem　1　(in　the　introduction)

Proof　of　Theorem　1.

　　　The　idea　is　to　nnd　a　newfamily　of　operators　parametrized　by　x;,p(y).This　family

can　be　called　a　sort　of　intermediate　family,　becauseit　is　related　to　both　the　family　of

kernels　of　y　and　the　index　of　y.

　　　XVe　will　consider　bundle　operators　such　as　i&711ily　7?&jcθm7αd　9eΓα1θΓ.　ln　terms　of

k-theory,　this　situation　is　described　as　follows.　Take　as　a　perturbation　class　?　the　compact

operators　on　the　class　βconsisting　of　infinite　dimensionaI　Kuiper　spaces((fSection　1).

The　layer　bundle　structure　is,　here,　an　innnite　dimensional　vector　bundle　structure　with

the　structure　grouP　reduced　to　thoseof£(7)-automorphisms　that　are　ldentity　Plus　nnite

rank　oPerator.　From　K.D.Elworthy　and　A.Tromba　[5]we　see　that　the　inclusion　map　of

G£FR(£)into　G£P(£)is　a　homotopy　equivalence.　Therefore　the　objects　with　which

vve　are　concerned　are　vector　bundles　with　the　structure　group　reduced　from　G£(£)to

G£｡(£)･

　　　Since　y　:　η→77″　is　a　Fredholm　morphism　and　77″　may　be　assumed　to　be　trivial　(as

a　topological　vector　bundle)jt　follows　from　Proposition　l　that　y　induces　a　layer　bundle

structure　on　77･(Although　we　have　restricted　ourselves　,in　the　Previous　section,　to　the

case　of　numerical　index　zero,　thesanleargument　holds　for　thoseofnon-zero　nunlerical

index.)

　　　Let　7rs　:　£→£(゛)-s　denote　thecanonicaI　Projection.　Let　jF*={g}zEx　denote

the　collection　of　duaI　Fredholm　morphism　of　jF.　Recall　that　the　solution-cyclecan　be

determined(on　the　subset　x;,p‾χ;+1,p+1)by　the　following　inequality:

dim[&er(S)∩£(゛)-']≧p-s+r.

Notice　that　this　is　equivalent　to　the　inequality:

　　　　　　　　　　dim[imαμ(g)∩4]≧r.

Let　l　be　゛ll　81bit“I'y　illtegel`″ith　O　≦1≦p.　F&゛∈4;(£e7'(jF)),゛d　sllppose　th8･t

&々o&er(jF,)]=1.
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Thenvve　seethat　the　following　equalities　hold　for　this　z:

　　　　　　　　　　　　　　　　　　　　dim[&er(7r゛　･£)]=1+r,

　　　　　　　　　　　　dim[co&er(7rj　･　a)]=9-s+r+1-p･

COIlseqllelltly　゛e　see　th8･t　゛　ES;;;(£e゛(y))if　゛lld　o�yif

　　　　　　　　　　　　　zEX;,p(y)nxp+r,9-1+r(7rs　゛　jF*)･

　　Denote　the　trivial　bundle　Rp‾9ex　by　lp-9.　Then　there　are　natural　injections:

i:η→ηelp‾9,

　　　　　　　　　　　　　　　　　　　j:£(゛)‾"→η･

　　Consider　the　Fredholm　morphisms　i･j･7r･jF*and　i　･　roverx.　From　Proposition　2,

it　follows　that　they　give　equivalent　layer　bundle　structures.　ln　Section　1,　we　noticed　that

these　structuresare　associated　to　maps　into　innnite　manifolds　of　Fredholm　operators.　XVe

will　denote　these　maps　from　x　into　5　by　Ψ[i･j･7r･y*]andΨ[i･jF*]resPectively(see

the　previous　section).Notice　that　they　are　homotopic.　Thenive　seethatΨ[j･7r･jF*]and

Ψ[jF*](these　are　nlaps　of　x　into　F-λ,)are　homotopic.

　　Recall　that　the　sPace　F-λ,(i.e･　,　Fredholm　operators　of　numerical　index　-&)is　ho-

motopic　to　F-&+.for　any　s.　Therefore　there　exists　a　map　from　x　into　£1+.that

corresponds　to　Ψ[r]through　this　homotopy　equivalence.　This　dennes　aFredholm　mor-

Phismoverx　that　we　will　denote　by　(r)+s　.　Denote　the　corresponding　map　form　x

into£o,　by　Ψ[(r'μ,].Similarly,the　map　(j･7r･r)4-,　can　be　defined.

　　We　see　that　7r･y　and　(y*)+･give　an　equivalent　layer　bundle　structure,　because　7r･y

is　equivalent　to　(j･7r･7'*)f,.　ThereforeΨ[7r･y*]andΨ[(Γμ,]are　homotopic.

　　Let　us　consider　the　following　subvariety　in　£λ,+.:

4+,,9-,+,={/∈£,｡(£,£');dim[&er(/)]≧p+r,dim[co&er(/)]≧9-s+r}

This　is　the　closure　of　the　subvariety　considered　in　U.Koschorke　[7].Consider　the　restric-

tions　of　7r　‘　7'*and(jr*)+j　overλ;,p(y).Then　we　have　two　sets　inx;,p(y*):

　　　　　　　　　　　　　xp+r,9-s+r(7r　°　jF*),xp+r,9-s+r((y*)+s),
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through　the　homotopy　among　Ψ[7r･y*]andΨ[(r)+.]thatare　exactly　the　inverse　images

of　the　subvariety　ylp+r,9-s+r　through　these　operators.

　　　Because　it　is　possible　to　take　the　maP　Ψ[(7゛*)+s]that　is　in　general　position　with

respect　to　the　subvariety　ylp+r,9-s+r,　we　have,　taking　its　inverse　image,　an　innnite　di-

“lellsiol18･l　cyde　il1　x　delloted　by　4;;((y*)+･)･

Remark

　　　Note　that　the　map　Ψ[(7'*)+s]is　not　simply　a　restriction　ofΨ[n　to　x;,p.　Roughly

speaking,　the　map　Ψ[(y*)+.]can　be　regarded　as　αGa∂∂iαnm9θu/゛αGnjsiα7l　m9　(o｢

secθ7l｣θ�erGαlssiα7l　m9)w.r.t.　the　family　of　operators　(jF*)+s.(cf･,[13D･

　　　ln　case　that　x;,｡(y)is　in　general　position･　we　define:

　　　　　　　　　　　　　F,s｡,9((7'*)f｡)≡X;,｡(jF)∩α;;;((7'*)f｡)･

The　cycle　x;,p(y)represents　the　following　cohomology　class　of　x:

(-1)p9　×

●● (-1)"“1Go6(7�(y))(-1)゛G,(7�(jF))

(-1)““1c｡-o1(7�(y))･‥　　(-1)゛G(7�(y))

　　lt　is　llot　dimc111t　to　see　th゛t　the　cycle　°;;;((r)+･)I'eplesellts　the　follo゛illg　coho-

mology　class:

　　　　　　　　　　　　　(-1)(p+9)(9-s+r)×

(-1)"'G4-｡(7�(jr))　　･‥(-1)"“'゛1Gou,-,-1(7�(y))

I
@
S

(-1)p+9+s+1Cp-9+j+1(7nd(jF))･‥

φ
●
ー

(-1)"'GH-｡(7�(jF))

　　ln　case　that　λ;,p(jF)is　not　in　gener゛l　position･　we　see　that　there　is　a　cycle　in　the

illtelsectiol1　X;,｡(y)∩4;((y*)+s)iepleselltillg　the　s°le　coho°ology　d゛ss　゛　゛bo゛e.　We

denote　it　also　by　{;((r)f,)･

　　Becausethe　maps　Ψ[7r　･　jF*]andΨ[(jF*)+.]are　homotopic,　wecannndjn　the　set

xp+r,9-s+r(7｢゜｣F*)･`cyde　holologolls　to　the　cycle　?;;;((y*)+s).　We　dellote　it　by
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φ;:;(7�(jF)).Then　it　is　easily　verined　that　this　cycle　represents　the　cohomology　class

determined　by　the　polynomial　in　the　assertion　of　Theorem　l　and　that

1
9

　
1
　
ー
!―

　
g- (£er(n⊃|φ|;;;(7�(y)),

here　l　*ldenotes　the　carrier　of　a　cycle　*.

　　　　This　completes　the　proof　of　Theorem　1
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§3.　AppUcation　to　Dirac　Operators

　　　ln　this　section　we　apply　the　results　of　the　previous　section　to　a　family　of　couPled

Dirac　oPerators　and　show　a　certain　non-triviality　of　solution-cycles　and　index-cycles　of

these　Dirac　operators.

　　　Let　?　be　a　principal　bundleoverS4　with　the　structure　group　G　=Sly(2).　Fix　a

point　in　S4,　denoted　by　(x),and　nx　a　base　point　in　the　nbreoveroo,denoted　by　j‰.We

restrict　ourselves　to　the　case　of　the　instanton　number　£>O.　Let　g&denote　the　gauge

transformation　grouP　that　is　supposed　to　be　μali4　at　the　base　point.　Let　.4λ;denote

the　afnne　spaceof　allconnections　j　on　?.　We　set　C&=j1/g&.

　　　Let£j=･denote　the　associated　vector　bundle　to　?　(with　the　standard　representation).

XVe　consider　a　family　of　oPerators,　consisting　of　Dirac　operators　coupled　to　connections　y1

in　?　actingonnegative　spinors(with　value　£j))taking　its　value　in　positive　spinors(with

value£P).　There　is　a　natural£2-extension　of　coupled　Dirac　operators　(cf.　Grolnov-

Lavvson　[6D.　Henceforth　we　consider　these　£2-extensions　as　a　family　of　Dirac　operators

.For　a　given　λ∈.4,　we　denote　by　jλ4　the　Dirac　operator　coupled　to　the　connection　4

that　a£ts　on　negative　spinors　with　value　£j'.　Then　this　dennes　afamily　of　oPerators　with

parameter　space　j,　and　hence　gives　an　element　of　the　innnite　dimensional　k-theoryover

Q°jμgA,　,　which　we　will　hereafter　denote　by　£)゜(Z)[4]}[.4]Ecμc£,Sectiol11)･

　　　XVe　nx　a　comPlementary　nltration　of　negative　spinors(with　value　jE¥)denoted　by

{£n},{£cx,-n}(n=1,2,…).Throughout　this　section　p　will　denote　an　odd　prime　number

and　9　will　denote　a　non-negative　integer　with　9　≦(p-1)/3.　We　shall　apply　the　results

of　the　previous　section　to　the　following　solution-cycle　of　Dirac　families:

the　carrier　of　which　is　the　set

M:Σ
1,p-1

1,9 (£er(Z))),

　　　　　　　　　　　　{μ]EX;,｡-1(μ);&er(,Z)[A])C£(゛‾(゛‾1)}.

　　From　Theorem　1,　weknow　that　there　isan　index-cycle　4Σ1:F1(7�(μ))that　esti-

mates　the　solution-cycle　from　below,　corresponding　to　the　cohomology　class　(∈#*(Q))

of　the　polynomial　given　in　Theorem　1.
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　　　ln　this　section　we　will　prove　Theorem　2.　Non'triviality　of　the　cycles　λ;,p　was　Proved

by　Atiyah-Jones　[2].　Here　we　have　to　deal　with　polynomials　corresponding　to　various

subcydes　in　x;,p･

proof　of　Theorem　3

　　　R)r　a　positive　integer　y　we　denote　by　Cjv(R4)the　quotient　space　of　ordered　y-

tuples　of　distinct　points　in　R4　by　the　action　of　the　symmetric　group　Σjv,and　we　wil1

call　it　theconfiguration　space.　For　thisconnguration　space,　there　isasocalled　t゛Hoot

construction,　which　is　a　map:

4:Gv(R4)→Rv,

hereμy　is　a　manifold　of　dimension　8n　nbred　on　the　moduli　sPace　of　instantons　of

degree　yV　with　fibre　SO(3)(cf･,　Atiyah-Drinfeld-Hitchen-Mannin　[1D.　We　will　denote　the

standardⅣ-dimensional　representation　of　7r1(Gv(R4))(sΣjy)by　crjv･

　　　XVe　now　Proceed　to　prove　non-triviality　of　the　cohomology　class　determined　by　the

POlynomial　given　inTheorem　l　withresPect　to　the　cycle　φ;ΣU‾1(7�(Z)))using　a　tech-
nique　of　increasing　instanton　numbers,　(the　idea　of　which　is　due　to　Atiyah-Jones　[2D,

we　wiII　reduce　the　problem　finally　to　thevanishing　theorem　of　Lichnerowitcz　[9].lor

this　purpose　it　sumces　to　prove　the　non-triviality　of　the　corresponding　cohomology　class

on●4Ⅳ/gy　for　some　higher　instanton　number　Ⅳ,for　example,　jV　=3p9.Here　vve　use

invariance　of　7nd(£))with　respect　to　instanton　numbers.　Henceforth　we　will　nx　N=3Pq･

　　　Consider　the　restriction　of　7nd(£))onto　the　spaceof　self-dual　connectionsof　instanton

number　jV.　lt　follows　from　the　Lichnerowitz゛svanishing　theorem　that　the　kernel　bundle

of　p　vanishes　on　the　spaceof　self-dual　connections.　Therefore　the　problem　is　reduced　to

an　analysis　of　the　cokernel　of　Z),i.e･　,　the　kernel　bundle　of　Z)*on　the　spaceof　seIFdua1

Yang-Mills　connections.

　　　From[1]it　follows　that　the　puII-back　of　this　kernel　bundle　of　p*by　the　map　θjv　is

isomorPhic　to　a　vector　bundle　on　the　space　Cjv(R4)that　is　naturally　associated　to　the

representation　･7Ⅳ.We　will　denote　again　this　bundle　by　･7'jv,　and　its　Chern　classes　by

φ･jv)･

　　　Let　"　゜　39.　The　p‘Sylo゛　sllbglollP　ofΣp　8･lldΣnp　゛re　Zp　゛d　(Z.)゛lespecti゛ely.　Let

us　consider　the　p-Primary　part　of　the　Chernclassesof　the　vector　bundle　associated　to　the
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st゛ndald　representation　″np.　Considering　partitionsof　set　{1,2,‥･,np}into　n-blocks,

we　get　the　following　maPs:

　　　　　　　　　　　　　　　　　　　(C｡)“→G｡,

　　　　　　　　　　　　　　　　　　　(ΣJ,)゛→G,｡･

Note　th8･t　by　restricting　Chern　class　c(″np)to(Zp)"゛ehavec(9)…c(9)in#*((Z｡)"),

which　determines　the　p'primary　part　of　c(Qp).Let　u　denote　the　free　generator　of　#*(Zp)

of　order　p.　Thenvve　seec((7'p)=1-up-1.

　　The　polynomial　given　by　Theorem　l　for　the　index　cycle　φp‾1'p‾1p　-　1,9(7nd(p))

turns　out　to　be　the　following:

9-1(7�(p)) ●●●

(-1)“1c｡-9(7�(p))･‥

c2(｡-1)(7�φ)) ●●●

(-1)“1c2.-o1(7'�(Z)))･‥

(-1)9+19+ 9-2(7�(,∂))

ー
ー
1

c｡-1(7�(,∂))

(-1)“1c2.0-3(7�(Z)))

c2(｡-1)(7�(1)))

　　ln∬*((Zp))7weseethat　the　cohomology　class　associated　to　this　polynomial　reduces

(mod　p)to　the　following:

[9-1((ynp)]9×[c2(p-1)(‘ynp)]9

　　VVe　will　see　that　thecoemcient　of　the　term　9-1　×...×9-1　of　this　polynomial　is

the　following:

　　　　　　　[39G　･｡-1j),]･[29C2　･(｡-1)-95]･‥[2G･(｡-1)-9-2(9-1)5]･(*)

This　follows　from　the　observation　that　in　[cp-1((ynp)]9　thecontribution　of　the　form　(for

instance)

　　　　　　　　　　　　　　　　9-1×‥.×9-1×1×‥.×1

　　　　　　　　　　　　　　　　　　　　　9

to　the　term

　　　　　　　　　　　　　　　　　　　　cp-1　x　･‥×9-1

9
　
　
　
β
0

3
　
　
　
1



is　39C9　'p-1　4･　and　the　contribution　to　[c2(p-1)((7'np)]9　of　the　form

　　　　　　　　　　　　　　　1×‥.×1×9-1×‥.xcp-1

　　　　　　　　　　　　　　　　　　　　　　　　　　29

1S

　　　　[29G　°(･-1)-9R]゛[29-2C2　°(｡-1)-9-2R]･‥[2C2　°(･-1)-9-2(9-1)R]･

　　Since　39　<p,　weseethat　the　integer　(*)is　not　zero　(mod　p).This　comPletes　the

proof　of　Theorem　2.
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