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Abstract

Inthisthesis,WeaPPrOaChbyprogramtransformationtoinversecomputation

intermrewriting.

Inversecomputationofagivenprogram(orfunction)isthecalculationofthe

POSSibleinputoftheprogramforaglVenOutPut.Inverseinterpretersarealgo-

rithmicapproachestoinversecomputation,Whichcomputesthepossibleinput

fromaglVenPrOgramandaglVenOutPut.Inversecompilers aretransforma-

tionalapproaches,WhichgeneratesfromaglVenPrOgramaPrOgramCOmPuting

thepossibleinputoftheglVenprOgramforaglVenOutput.Suchagenerated

PrOgramiscalledaninverseprogramofthegivenprogram.Oncetheinverse

PrOgramisgeneratedfortheglVenPrOgram,1nVerSeCOmPutationcanbedone

bytheinverseprogramlnputingaglVenOutPutOftheorlglnalprogram.

Inthisthesis,WePrOPOSeinversecompilersfortermrewritingsystems(TRSs,

forshort)･Asthefirststep,WetreataClassofTRSs,Ca11edPT-TRSs.PT-TRSs

Candefinepuretreelessfunctionswhichareoftenusedinprogramtransforma-

tionsandhaNethefeaturethateachargumentofdefinedsymboIsappearlngln

theright-handsideisavariable.Whiletheycanbeeasilytreatedinprogram

transformation,theirsyntaxisveryrestrictiveandtheclassoffunctionsdefined

asPT-TRSsisnarrow.HenceweextendtheinversecompilerforPT-TRSsto

thatforconstructorTRSs.ConstructorTRSsincludesPT-TRSsproperly,andit

isknownthattheircomputationpowerisequivalenttothatofnlringmachines.

Bothoftheinversecompilersproposedinthisthesisareconsistingoftwo

PartS･Thefirstpartisanactualinversecompilerthatgeneratesfromagiven

TRSaconditionalTRS(CTRS)whichcomputesinverseofthegivenTRS.Wb

Show the correctness ofourinverse compilers by provlng that the generated

CTRSsareinverseprogramsofthegivenTRSs.Thesecondpartisaprogram

transformationofthegeneratedCTRSintoaTRSwithextravariables,Whichis

COnSideredtobeequivalenttothegeneratedCTRS.TRSswithextravariables

arecalledEV-TRSs,Whichcancontainextravariablesintheright-handsidesof
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theirrewriterules.Extravariablesarevariableswhichappearintheconditional

PartOrtheright-handsideofaconditionalrewriterulebutnotintheleft-hand

Side･Inorder to showthe correctness oftheprogram transformationin the

SeCOndpart,WeShowsoundness andcompletenessofthegeneratedEV-TRSs

WithrespecttothetermswhicharetreatedbytheinputCTRSs.

Wbalsoshowthegeneralrelationshipsbetweenthesyntacticpropertiesofthe

inputTRSanditsinverseEV-TRSgeneratedbyourinversecompilers.Three

Ofsuchrelationshipsareveryimportant.OneisthatthegeneratedEV-TRSs

areconstructorsystems.AsecondisthatthegeneratedEV-TRSisaTRSifthe

inputTRSisnon-eraSing.TheotheristhatthegeneratedEV-TRSisright-1inear

(1eft-1inear)iftheinputisleft-1inear(right-1inear,reSPeCtively).

EV-TRSs contain two serious problemsforpracticaluse ofthem.Oneis

thattheirone-StePOfrewriterelationbyarulewhichcontainsanextravariable

isinfinitelybranchingevenifrenamed terms areregarded as the same.The

Otheris that they are not terminating at allifextravariables are contained.

Therefore,EV-TRSsingeneralcannotbeexecutede組ciently.Unfortunately,the

inverseprogramsgeneratedbyourinversecompilersareEV-TRSs.Thereforea

SimulationmethodofrewriterelationofEV-TRSsisnecessary.

TbsimulaterewriterelationofEV-TRSs,WeShowthatnarrowingsubstituting

afreshvariableforeachextravariablecansimulate,aSanarrOWlngSequenCe

Startingfromgroundterms,areWritesequenceofaglVenEV-TRSiftheEV-

TRSisright-1inearoranyredexwhichisreducedintherewritesequenceisnot

introducedbymeansofextrav訂iables.Sincenarrowingisfinitelybranchingup

torenamlngandthosestartingfromgroundtermsaresometimesterminating,

theaboveproblemsofEV-TRSsareaVOided.SincethenarrowingofTRSson

groundtermsisequaltotherewriterelationofthemandeveryrewritesequence

OfTRSscanbeconsideredas agroundrewritesequence,thecomputationof

TRSscanbealsodonebythenarrowing.Hence,theinputandoutputprograms

Ofourinversecompilerscanbeworkedonthesameinterpretation.

Tbrminationis oneoftheimportant propertiesofcomputation.Sincethe

COmputationofourinverseEV-TRSsissimulatedbynarrowlng,tOguarantee

theterminationoftheinversecomputationbyourapproaches,WeprOPOSetWO

terminationproofmethodsofnarrowlng,eSPeCiallystartingfromgroundterms.

Oneisbasedonthenotionofactivechains,andanotherisbasedonthedepen-

dencypairmethodwhichisaterminationproofmethodforrewriterelationsof

TRSs.
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Solutionsofinversecomputationarenotalwaysunique,andhencea11solution

SearChisnecessary.However,itisknownthatallsolutionsearchisexpensive.

Fbrthepurposeofimprovlngefnciencyofinversecomputation,WeShowthat

basic narrowlnglSSufncient tosimulaterewritesequences ofright-1inear EV-

TRSs.Sincetheleft-1inearityisoftenassumedinfirst-Orderfunctionalprograms

andinverse EV-TRSs oflinear constructor TRSs are right-1inear,thisresult

is usefu1forthee組cienceofourinversecomputation.Wb alsoshowthatfor

linearconstructorEV-TRSs,allnormalformsofagiventerminatingtermcan

beobtainedbyinnermostnarrowlng.

Tbgenerateinnermost-terminatinginverseTRSs,Wegiveaconditiononthe

relationshipbetweenthedepthofthebothhandsidesofeachrewriterulesin

theinputnon-eraSingTRSs.Theconditionforeachruleisthat

●therootsymboloftheright-handsideisnotadefinedsymbol,

●the depthoftheleft-hand sideis twoorlessiftheright-handsideis a

Variable,Orlessthanthenumberofconstructorsintheshortestpathfrom

theroottovariablesordefinedsymboIsintheright-handside.

Sinceeveryredexisinnermostinrewritesequencesrepresentinginversecompu-

tation,1nnermOStterminationissufncientasterminationofinversecomputation.

Asanextensionoftheproposedinversecompilers,WetaCklepartialinverse

COmPutation.Partialinversecomputationisthecalculationofsomeofthepos-

Sibleunknowninputforaprogram,agivenoutputandtheknowninput.We

extendtheinversecompilerforconstructorTRSsintoacompilerwhichgenerate

aCTRScomputingpartialinversesoftheinputTRS.

Finally,Wegivesomeexamplesasapplicationsofthegeneratedinversecom-

Pilers.Theseshowsthatinversecompilersareadvantageousoverinverseinter-

PreterS.
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Chapterl

Introduction

1hversecorTWutationisanimportantandusefu1conceptinmanyfields,andan

inverseoperutorisoneoftheprlmitiveoperatorsinprogrammlng.

Inthisthesis,WeaPPrOaChtoinversecomputationintermrewritingfroma

transformationalapproach,thatis,WePrOPOSeinversecompilersfortermrewrit-

ingsystems(TRSs)･Wbalsoanalyzesyntacticpropertiesofgeneratedprograms･
Thatis,WeShowsomerelationshipsbetweensyntacticpropertiesofinputTRSs

andgeneratedprograms.

Asaninverseprogram,OurinversecompilersgenerateaTRS,CalledanEV-

TRS,Whichmayhaveextravariablesthatarevariablesappear1ngOnlyinthe

right-handsidesofrewriterules.Thisfactcausesseriousproblemsforpractical

inversecomputation;ThereductionbyrewriterelationofEV-TRSsarein丘nitely

branchingevenifrenamedterms areregarded asthesame,andtheyarenot

terminatingifcontainingatleastoneextravariable.

TbsoIvesuchproblems,WeShowthatcomputationofthegeneratedprograms

Can be simulated by narrowlng SequenCeS Startingfrom ground terms.Itis

knownthatnarrowing(evenonEV-TRSs)isfinitelybranchingiftherenaming

termsareregardedasthesame.Ontheotherhand,Simulatinggroundrewrite

relationsofEV-TRSsbynarrowlngbringstheterminationforcomputationby

EV-TRSs.AlthoughnarrowlnglS nOt terminatingeven on TRSs,narrOWing

StartingfromgroundtermsisterminatingforsomeEV-TRSs.Hence,itissaid

thattheproblems-infinitelybranchingandnon-termination-CanbesoIved･

Inthenextsection,WeintroduceaproblemwhichmotivatesustOaPPrOaCh

byprogramtransformationtoinversecomputation･

1
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1.1 Motivation

(泡apterユ.血tro血c臼on

Intermrewritingtheories,WeSOmetimestreatprogramswhichdefinesfunctions

byrewriteruleswithleft-handsidesinwhichfunctionsymboIsarenested,While

SuChadefinitionisnotallowedinfirst-Orderfunctionalprograms.Suchprograms

aredi侃culttoexecuteautomaticallyforbothhumanbeingsandcomputers,eVen

iftheyarecorrectinthesenseofthesemantics.Thereasonisthatacertain

kindofreasonlnglSrequired.

Consider
aprogram(function)gcdwhichcomputesthegreatest

common

divisor(G.C.D.)oftwonaturalnumbers.Thefunctiongcdisoftendefinedas
bllows;

†gcd(∬+計,+封)=
タCd(∬,y)

タCd(y,∬+封)= タCd(∬,y)

タCd(∬, 0)= ∬

タCd(0, ∬)=
∬･

TheabovedefinitioniscorrectinthesensethatitisbasedonEuclid'salgorithm.

However,itisnotexecutableautomatically.Fbrexample,gCd(4,2)cannotoutput

thedesirablesolution2.Itisbecause9Cd(4,2)doesnotsyntacticallymatchwith

theleft-handsideg(x+y,X)ofthefirstrulewhichshouldbeapplied.

Ontheotherhand,bydecomposing4into2and2,WeCanmatChgcd(x+y,X)

Withgcd(4,2).Suchmatchingiscalledsemanticmatchin9.Ftomtheexample
above,itis easily known that semantic matching genera11y requlreS tO SOIve

equations,forinstance,X+y=4andx=2.Computationforfindingsolutions

OfgivenequationsissometimescalledinversecorTq)utation.However,describing

SuChreasonlngPreCiselyasanalgorithmwhichworksautomaticallyisnoteasy.

Thus,analgorithmforinversecomputationisrequiredinsemamiicmatching.

Thesemanticunificationof4andx+yintheaboveexampleseemstoan

easytaskbecausealmostallprogrammlnglanguageshavesubtractionoperator

asaprlmitivefunction.However,findinganalgorithmforinversecomputationof

generalfunctions(includinguser-definedfunctions)isnotaneasytask･Consider

thefo1lowingexamplewhichshowsadefinitionofapalindromeofalist[14]:

〈pαヱれかme(叩peγd(∬,γeγeγβe(∬)))=
rγ祝e

pαg哀れかome(叩pe†ld(∬,CO†lβ(y,γeγerβe(∬))))=
rγ祝e

Wherealistconsistsofconsandnil,andappendandreverseonlistsaredefined

asusual.Tbusetheabovedefinitionwithinafunctionallanguage,matChingpat-

ternsoftheformeitherqppend(x,reVerSe(x))orawend(x,COnS(y,reVerSe(x)))
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againstlists,SuChascons(1,COnS(2,COnS(1,nil))).Tbperformsuchsemantic

matchingforeveryfunction,analgorithmforinversecomputation(whichisin-

COrPOrableintootherprograms)isrequired.

1.2 Background

Intheprevioussection,Wehavedescribedthatinver苫eCOrTq)utationisacertain

reasonlngWhichistosoIveequations,SuChasx+y=4.

Moregenerally,inverβeCOrTWutationisthecalculationofthepossibleinputs

OfaprogramforaglVenOutput,Whilestandardcomputationisthecalculationof

theoutputofaprogramforglVenlnPutS.Advancesofinversecomputationhave

beenachievedintheareaoflogicprogrammlng,basedonsolutionsemerglng

fromlogicandprooftheory.Inversecomputationcanbealsoconsideredasa

SpeCialcaseofequationalunificationwhichisoneofthemostimportantprob-

1emsinfunctionallanguages･InversecomputationisusedinsoIvingequational

unification,Semanticmatchingandsoon.

Fbrma11yspeaking,inversecorTtPutationisconsideredasawaytosoIveinver苫e

PrOblemformalizedasfo1lows[44】;

LetP:Dn→Dbeacomputableprogram(orfunction)whereD

isasetofdatavalues)andPisglVeninalanguageL･FbraglVen

OutputVandinputsvk+1,･･･,VnWhicharealreadyknown,find(a1l

Of)thepossibleinputsvl,.‥,VkSatisfying

P(叫,…,γた,仇+1,…,γ陀)=肌 (1.1)

DetermlnlnglnPutSdatavl,･･･,Vkforprogramp,itsinputdatavk+1,･･･,Vnand

itsoutputdatavsuchthatp(vl,･･.,Vn)=V,isinversecomputation.
Approaches toinverse computation are distinguished between two types･

Oneisanalgorithmicapproachcalledaninverseinterpreterthatperformsin-

VerSeCOmPutation,andtheotherisatransformationalapproachca11edanin-

VerSe
COrTq)iler(ainversetrunslator,OraPrP9ruminverter)thatgeneratesa

PrOgramP-1whichperformsinversecomputationforaglVenprOgram,thatis,

P蠣1(γ,鞠+1,‥.,〃乃)=(仇,…,Uた)[3].

Aninverseproblemiseitheroftwotypes,aカJllinver3ePrVblemorapartial

inverseprvblem[45].Afu11inverseproblemisthecasethatk=ninequation

(1･1),andapartialinverseproblemistheremainingcase,thatis,1≦k<

n･Inthisthesis,theword`inverse,means`fu11inverse,.Approachestothese
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inverseproblemsfromaninverseinterpreterandaninversecompilerareshown

inFigurel.1andl.2,reSPeCtively.

Inthesequel,it argues about generalcomparisonofthefbatureofinverse

interpretersandinversecompilers.

●Inverseinterpretersworkeverytimewheninversecomputationofpisre-

quired,fromaglVenPrOgramP,Whileinversecompilersworkoncefora

PalrOfpandanumberkasapre-PrOCeSSOfinversecomputation.

●Whilemost ofinverseinterpreters cansearchallsolutions,allofinverse

COmPilersrequlreaStrategyOftheinterpretationfortheirgeneratedpro-

grams,Whichenablesinterpretationoftheprogramstosearchallsolutions.

Iftheordinaryinterpreterofthegeneratedprogramsdoesnothavesuch

astrategyunfortunately,thenonesneedtogive(developandimplement)
SuChastrategytoit.

●Sinceinverseimierpreters are algorithms andinverse compilers generate

programsforinversecomputation,disc11SSlngtheoreticalpropertiesofin-

VerSeinterpreters,S11Chasprovlngthecorrectness,theterminationandso

On,maybemoredi瓜cultthandoingofinversecompilers.Fbrinstancein

termrewriting,tOprOVetheterminationofinversecomputationwhichis

donebyaprogramgeneratedbyaninversecompiler,WeCanuSeSeVeral

techniqueswhichhavealreadyproposedtoprovetheterminationofterm

rewritingsystems.

●Programsgeneratedbyinversecompilersareusableforseveralpurposes

Whileinverseinterpretersarenot.Inotherwords,PrOgramSgeneratedby

inversecompilersaremoreincorporableintootherprogramsthaninverse

interpreters.

Thefirstworkonprvgruminversionappearstobe【35],SuggeStinga"gener-

ateandtestapproach"fornmingmachines.Afterthen,inverse舟nctionsare

mentionedonlytwiceinthetextbookonrecursivefunctions[10].
Asatechniqueforsemanticunification,SOmealgorithmsforinversecompu-

tationofconvergentconstructorTRSsareproposedandimprovedin[12,13,14],

Whichisclassifiedintoinverseinterpreters.Narrvwin9[28]whichisamethodfor

equationalunification,1SalsoclassifiedintoinverseinterpretersforTRSs.Then,

WeCOnSiderequationalunificationmethodsasinverseimierpreters.
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∴∴ (仇,…,γ乃)

(仇,…,γ几)

prOgram

Figurel･1‥Approachestofu11inversecomputationforP(vl,･.･,Vn)=V･

P

(巧叫叶1,…,U乃)

(γ,γ机_レ‥,〃几)

∴∴ (叫,…,γた)

(叫,…,γた)

prOgram

Figurel･2‥Approachestopartialinversecomputationforp(vl,…,Vn)=V.
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仇iversalResoIvingAborithm[1,3,2,19】isaninverseinterpreterforfirst-

Orderfunctiona11anguages.Thisalgorithmisafu11yautomatedprograminver-

Sionmethod,Whichconstructsaprocesstreefromtheobjectprogram,andsolu-

tionsareextractedfromtheleavesofthetreeinformofsubstitution/restriction

pairs･Theexperimentsin[20]applytheideaofprototypingprogramminglan-
guage tooIsfrom robust semantics.An approach to software verification by

PrOgraminversionispresentedin[21].
AninversecompilerfortheapplicativeprogramminglanguageR(わIispro-

POSedin[44,45].Thiscompilerproducesaninverseprogramwrittenin
WhichisanextendedlanguageofRefalwithnon-deterministicconstruct.This

methodapproachestobothfu11andpartialinversecomputations.Thattrans-

formationisfine-lookingandvisiblyskillfu1.However,thecorrectnessofthat

transformationisnotdiscussed.Syntacticpropertiesandotherproperties,SuCh

astermination,Ofthegeneratedprogramsarenotdiscussed,tOO.

AmethodforinvertingaglVenprOgramWithrespecttoaglVenOutPutis

developedin[48],Whichgeneratesafinitedaggrammarthatgivesacomplete

descriptionoftheinput:"Running"thedaggrammarproducesa(possiblyin-

finite)setoftermsthatwillcontainalltuplesoftermsthatresultinthegiven

Output.

Fhnctioninversionisalsoconsideredin[23];Thegeneralone-argumentfunc-

tioninversionalgorithmanditsspecializationintheBackus'sFPlanguageare

described.

Amethodforsynthesizingrecursiveinversesforfirst-Orderfunctionsarepre-

Sentedin[24].Anautomaticsystemforsynthesizingrecursiveprogramsfrom
first-OrderfunctionalprogramsisInvX[29]･

Asfarasweknow,thereisnoinversecompilerwhoselnputandoutputare

writtenarethesamelanguage,lnOtherwords,bothofthemareexecutableon

thesameinterpretation.

1.3 0verview ofthe Thesis

ThenextchapterglVeSpreliminariesoftermrewritingtheories,Whichareneed

lateron.

In Chapter3,Wefirst propose aninversecompilerfor TRSs whichdefine

Puretreelessfunctions.Weshowthecorrectnessoftheinversecompiler,thatis,

ageneratedprogramperformsasinversecomputationoftheinput.Wbsecond
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extendtheaboveinversecompilertothatforconstructorTRSs.Wbshowthe

COrreCtneSS Ofthe extendedinverse compiler･Wb also show the relationship

betweenthesyntacticpropertiesoftheinputandoutput.

Puretreelessfunctionswhichisthefirsttargetofourinversecomputation,

areoftentreatedinprogram transformations･Their representationpoweris

restrictedandtheircomputationpowerisweakthanthatofnlringmachines･

Howevertheyaresuitableforthefirststepofprogramtransformationandpro-

gramanalysis･Then,WeeXtendthetargettoconstructorTRSsofwhichthe

Wholeclassproperlyincludesa11puretreelessfunctions.Theclassofconstruc-

torTRSsisstandardintermrewritingsinceitisknownthattheircomputation

POWerisequlValenttothatofnmingmachines.Therefore,theextensionofthe

targettoconstructorTRSsisvaluable.

Eachoftheinversecompilerswhichweproposeinthisthesis,COnSistoftwo

programtransformations:aPrPgraminverterfromaninputTRSintoacondi-

tionalTRS(CTRS)whichisaninverseprogramoftheinput,andatransfor-

mationso-Cal1ed unravelin9fromthegeneratedCTRSintoaTRS withextra

Variables(anEV-TRS,forshort).Extravariablesarevariablesappearingonly
intheright-handsidesofrewriterules･AlthoughCTRSs areenoughforin-

VerSeCOmputationinthesensethattheycorrectlydefineinversesofinputs,We

transformthemintoEV-TRSs.Thereasonisthat

●COmPutationofCTRSsismorecomplicatedthan(EV-)TRSs,

●introducingreductionstrategiesincomputationofEV-TRSsiseasierthan
inthatofCTRSs,

●thetransformationofCTRSsintoEV-TRSsisusefu1toanalyzetheprop-

ertiesofCTRSs,eSPeCia11ytheterminationproperty.

Hence,thetransformationofCTRSsintoEV-TRSsisvaluable.

InSection3･6･5,WeanalyzepropertiesofthegeneratedEV-TRSs,SuChas

SyntaCticproperties,termination,COnfluenceandsoon.Wbshowthatinverse

EV-TRSsgeneratedbytheinversecompilerofconstructorTRSshavenoextra

Variable(thatis,theyareTRSs)iftheinputarenon-eraSing.Wealsoshowthat
OurinverseEV-TRSsareright-1ineariftheinputareleft-1inear,andthoseare

left-1ineariftheinputareright-1inear.

In Chapter4,Wegive aconditionofaninput constructor TRS to obtain

aninnermostterminatingTRS(withoutextravariables)bythesecondinverse
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COmPilerwhichisforconstructorTRSs.Theconditionisrelatedwiththedepth

Ofthebothhandsideofrewriterules.Sinceeveryredexis theinnermostin

rewrite sequences representinglnVerSe COmPutation,1nnermOSt terminationis

Su伍cientasterminationofinversecomputation.

InChapter5,tOaChievepracticalinversecomputation,WeShowthatnar-

rowlngWithsubstitutingafreshvariableforeachextravariablecansimulatea

groundrewritesequenceofanEV-TRSiftheEV-TRSisright-1inearortheany

redexwhichisreducedintherewritesequenceisnotintroducedbymeansofex-

travariables.ThisresultsoIvestheproblemsforpracticalinversecomputation,

Whichareinfinitelybranchingandnon-terminationofreductionofEV-TRSs･

Treatingonlygroundrewritesequencesissu伍cientbecausevariablesoccurrlng

inrewritesequencesworkasthesamewithconstants.

ItisclearthatnarrowingofTRSsongroundtermsisequivalenttotherewrite

relation.Hence,target TRSs ofinversecomputationalsowork onnarrowlng

Similarlyonrewriterelation.This means that target TRSs andtheirinverse

EV-TRSs generatedbyourinverse compiler workonthesameinterpretation

㍑αrmぴ2mg･

Itiswell-knownthatterminationisoneofthemostimportantpropertiesfor

COmPutation.InSection5.2,aSateChniquetoguaranteeterminationofinverse

COmPutation,WePrOPOSetWOterminationproofmethodsfornarrowlngOfEV-

TRSs(startingfromgroundterms)･Oneisbasedontherelationoffunction

CallsofEV-TRSs.Theotherisbasedonthedependencypairmethodwhichis

ausefu1tooltoprovetheterminationofrewriterelation.

In Section5.3,Wediscuss thestrategyfor narrowlngderivations onright-

1inearEV-TRSs.Itisknownthatforright-1inearconstructorTRSs,allnormal

formsofaglVenterminatingtermcanbeobtainedbyinnermoststrategy･Then,

We Canimprove theefEciency oftheinverse computationofnon-eraSlngCOn-

StruCtOrTRSs.WeshowthatforlinearconstructorEV-TRSs,allnormalforms

WithrespecttonarrowlngOfaglVentermfromwhichnarrowlngisterminating,

Canbeobtainedbyinnermostnarrowlng.WbalsoshowthatbasicnarrowlnglS

S11臨cienttosimulaterewritesequencesofright-1inearEV-TRSs.EV-TRSsgen-

eratedbyourinversecompilerareingeneralnotconfluentasshownbythefact

thatinverseimagesofmany-tO-Onefunctionsareone-tO-many･Itisknownthat

SearChingallsolutionsisveryexpensive.Therefore,introducingtheinnermost

StrategylmprOVeSthee伍ciencyofcomputationofthegeneratedEV-TRSs･

Tbimprovee臨ciencyofinversecomputation,WeShowthatinnermostnar-
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rowlngCanfinda11solutions ofaglVengrOundtermwhichis terminatingon

narrowlng.WbalsoshowthatbasicnarrowlnglSSu伍cientforinversecomputar

tionofleft-1inearprograms.

In Chapter6,We taCklepartialinverse byextendingtheinverse compiler

Ofconstructor TRSs whichis proposedin Chapter3.Wb extend thelatter

inverse compiler,Whichisfor constructor TRSs,tO apartialinverse compiler

thatgeneratesaconditionalTRSwhichperformsaspartialinversecomputation

Oftheinput.

Inthisthesis,Wealsodealwithpartialinversecomputation,byextending

theproposedinversecompilerforpartialinverseEV-TRSs.Thispartialinverse

COmpilercanautomaticallygeneratesthedefinitionsofsubtractionanddivision

fromthedefinitionofadditionandmultiplication,reSPeCtively.

InChapter7,WeShowthreeapplicationsofinverseprogramswhicharegen-

eratedby'ourinversecompilers.Inthefirstofthem,WeglVeaSOlutionofour

motivationproblem,thatis,thatourmotivationprogramgcdcanbetransformed

intoanequivalentexecutableprogram,byincorporatingtheinverseprogramof

"+"intotheprogram.

InChapter8,WeCOnCludethisthesisandshowourfutureworks.

Throughthisthesis,itisshownthattheprogramwhichperformsasinverse

COmPutationofanlnPutprOgram,Canbeautomaticallyobtainedbytheinverse

COmpilersproposedhere.





Chapter2

Preliminaries

Thisthesisfo1lowsstandardnotationsoftermrewriting[7,30,42].

2･1 BinaryRelationsand Orderings

LetD･beabinaryrelationonasetS.WbsaythatD>is

●tranSitiveiffforalla,b,C∈S,aC>bandbD>CimplyaDC,

●rぴe∬宜uei仔α♭αbrallα∈β,

･豆γ棚e血ei仔｢(α[>α)brallα∈g,

●Symmetriciffforalla,b∈S,aC>bimpliesbc>a,

●aSymmetricifftherearenoelementsa,b∈Ssuchthata<bandaD･b,and

●antisymmetriciffforalla,b∈S,aC>bandbc>aimplya=b.

Anequivalencerelationisareflexive,tranSitiveandsymmetricrelation.

Apartialorderin91>isabinarylrreflexiveandtransitiverelation･Notethat

everypartialorderinglSaSymmetric.Aquasi-Orderm91Sabinaryreflexiveand

transitiverelationと.ArqPexivepartialorderin9isaquasi-Orderingthatisalso

antisymmetric.Notethata-<bmeansb>a,anda〆bmeansr(a>b)(and

Similarlyforと)･

ArelationD･OnaSetSiscalledtotal(orlinear)ifaD･b,a=borい>aforall

αandわing.

1Inthispaper,thephrase以partialordering乃willalwaysmean㍑irreflexivepartialorderingM･

11
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2.2 Abstract ReductionSystems

AnabstrtLCtreductionsystem(ARS,forshort)isapairA=(S,→)where→is

abinaryrelationonthesetS,thatis,→⊆S
x S.Insteadof(a,b)∈→we

Writea→bandwesaythataisreduced(orirreducible)tob･Notethat→is
OftencalledthereductionrelationofA,andwemaywrite→^insteadof→･

A†℃ductionsequenceofA(or→-SequenCe)iseitherafinitesequenceao→al
→･･･→an Oraninfinitesequenceao→al→･･･OfelementsinS.Afinite

sequencea｡→al→･･･→anmaybeabbreviatedtoa｡旦an,Where旦is

ca11ednjbldcoITq)OSitionof→.Therelation阜istheidentityonS,thatis,旦

=((a,a)la∈S).Thetransitiveclosure与of→isdefinedas与=Ui,｡-ち･
Thereflexiveandtransitiveclosure与of→isdefinedas与=Ui≧｡与･Leta,b

∈Swithaちb.Wbsaythatbisanormalhrm(orirreducible)ofawithrespect
to→ifthere exists no element c∈S such that b→c.The set ofallnormal

formsofawithrespectto→isdenotedbyNF:,andthesetofallnormalforms

Withrespectto→isdenotedbyNF+,thatis,NF→=Ua｡SNF:･Wbsaythat

aisstrvnglynormalizin9(orterminating)withrespectto→,WrittenasSN?,
ifthereisnoinfinite→-SequenCeStartingfroma.Wealsosaythataisweakly

normalizin9Withrespectto→,WrittenasWN?,ifithasatleastonenormal
formwithrespectto→.Aissaidtobestrvn91ynormalizing(orterminatin9)

Withrespectto→,WrittenasSN→,ifSN?foralla∈S･^issaidtobeweakly

normalizingwithrespectto→,WrittenasWN→,ifWN?foralla∈S･Ais

calledcorポuentifforalla,bl,b2∈S,blキa-$b2impliesbl与cキb2forsome

C∈S.AiscalledconvergentifitisconfluentandSN→.

2.3 Tbrms

Asi9naturt:∑isasetofカ`nCtionsymboIs,Whereeachf∈∑isassociatedwitha

non-negativeinteger,thearityoffwhichisrepresentedbyarity(f)･Fhnction
SymboIswhosearityiszeroarecalled constantsymboIs.LetXbeacountably

infinitesetofvariables.Throughtthisthesis,WeuSeXasacountablyinfinite

SetOfvariables.WbassumethatQnX=¢foranysignatureQ.Weusex,y,Z

as variables.

Let Fbeasignature.Theset T(F,X)ofalltermsover7(andX)is

inductivelydefinedasfollows:

･X⊆T(7,X)(thatis,eVeryVariableisaterm),
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･forallf∈7witharity(f)=n,andalltl,･･･,tn∈T(7,X),Wehave
f(tl,‥･,tn)∈T(F,X)(thatis,aPPlicationoffunctionsymboIstoterms

yieldsterms).

Atermwhichconsistsofoneconstantsymboliscalledconstant.Wtdenotethe

SetOfvariablesoccurringintermstl,…,tnbyVar(tl,‥.,tn).Wbuses,t,uaS

terms,anda,basconstants･Atermt∈T(7,X)iscalled9rVundiffVar(t)=0.

Thesetofallgroundtermsover7isdenotedbyT(F,¢)orsimplyT(7).Identity

Oftermsisdenotedby≡.Ⅵねsaythattislinearifnovadableoccurstwiceint.If

fisaunaryfunctionsymbol,thenfn(t)abbreviatesthetermf(f(･･･f(t)･･･)),

thenJbldqpplicationofftot･Fbratermt,Sym(t)denotesthesetofall

functionsymboIsappearingint,thatis,Sym(x)=¢andSym(f(tl,…,tn))=

(J)uU≡1鞄m(り･
Let7beaslgnatureandtbeatermover7.Thesetofallpositionsofthe

termtisasetO(t)ofstringsoverthealphabetofpositiveintegers,Whichis
inductivelydefinedasfo1lows:

･Ift…X∈X,thenO(t)=(E),WhereEdenotestheemptystring.

･Iff≡J(fl,…,り,thenの(り=(ど)uU≡1(卸Ip∈0(り)･

Theposition Eis called the rvotpositionofthe term t,and thefunction or

Variablesymbolatthispositioniscalledthervotsymboloft･Ⅵ屯writeroot(t)

torepresenttherootsymboloft.Thepr所xorderin9definedas

P≦qiffthereexistsp/suchthatpp′=q

isapartialorderingonpositions.Wbsaythatthepositionspandqareparullel,

WrittenaspH q,iffpandqareincomparablewithrespectto≦.Itisobvious

thatforparallelpositionspandq)thereexistsapositionrandpositiveintegers

i,jsuchthati≠j,P=rip,andq=rjq′forsomep/,q,.Inthiscase,Pissaid

tobemort,l所thanqifi<j,Pissaidtobemo†℃ri9htthanqifi>j.The

POSitionpiscalledaboveqifp≦qandpisstrictlyaboveqifp<q(belowis
definedanalogous1y)･Fbrp∈0(t),thesubtermqft atposition'p,denotedby

tIp,isdefinedbyinductiononthelengthofp:

●叛…f,

･J¢1,･‥,りl句≡壬豆l｡･
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Notethat,forp=iq,P∈0(t)impliesthattisoftheformt≡f(tl,･･･,tn)

Withi5;n･WbsaythattLpisaprvpersubtermifE<p･Wbwritet臣uto

representthatatermuisasubtermoft,andwritetD>utOrePreSentthatuis

apropersubtermoft･Wbcallp∈0(t)a舟nction-SymboIpositionifroot(tlp)

isafunctionsymbol,andavariablepositionifroot(tIp)isavariablesymbol･

Wbdenotethesetofa11function-SymbolpositionsoftbyO7(t),andtheset

OfallvariablepositionsoftbyOx(t).Thesizeoftermtdenotedbyl可isthe

CaPabilityofO(t).

LetFbeasignature.Let□¢7UXbeaspecialconstantsymbol,Called

thehole.AcontextisaterminT(7∪(口),X)･Thesetofallcontextswith

OCCurrenCeSOfロisdenotedby官n(F,X).Wbabbreviate官1(F,X)to官(7,X)･

Notethat官0(F,X)=T(7,X).IfC∈官n(7,X)andtl,...,tnaretermS,then

C[tl,‥.,tn]istheresultofreplacingtheoccurrencesof□withtl,…,tnfrom

lefttoright.WhenweexplicitlyspecifythepositionspiOf□inC,WeWrite

C[fl,…ふ】pl,...動･

2.4 Substitutions

Let7beasignature.AsubstitutionisafunctionJ:X→T(7,X)suchthatJ(x)

≠xforonlyfinitelymanyxs･The(finite)setofvariablesthatJdoesnotmapto

themselvesisca11edthedomainofJ:Dom(J)=(x∈XIJ(x)≠x)･IfDom(J)

=(xl,…,Xn),thenwemaywriteJaSJ=(xlト+cT(xl),･･･,XnL+q(xn))･The

rungeofcTis7aan(J)=(J(x)lx∈Dmn(0･)),andthevariablerun9eOfJCOnSists

Ofthevariablesoccl∬ringin7aan(J):V7hn(J)=Ux｡D｡m(q)Var(cT(x))･Wbcall

JgrOundifV7aan(J)=0.Tbsimplifynotations,WemayabbreviateDom(Jl)

∪…UDom(Jm)toDom(cTl,…,qm)(andsimilarlyfor7hnandV7aan)･

Anysubstitutiono-Canbeextendedtoamapping∂:T(7,X)→T(7,X)as

fo1lows:forx∈X,∂(x)…J(x),andforanon-Variabletermt≡f(tl,…,tn)

Wedefinea-(t)…f(a･(tl),…,a･(tn)).WbsometimessimplywritexJ(resp･ta-)

insteadofJ(x)fortheapplicationofthesubstitutionJtOthevariablex･Let

J,Obesubstitutions.IfDmn(cT)=Dom(cT)andq(x)…0(x)forallx∈Dom(J),
thenJandOareequivalent,WrittenasJ=0.

ThecorTTPOSitioncTOoftwosubstitutionsJandOisdefinedasxJO≡∂(J(x)).

Obvious1y,JOisamappingofXintoT(F,X),andsincexJO≡Xholdsforallx

∈X＼Dom(J,0),Weknowthatitisagainasubstitution･Inaddition,itiseasyto

Seethatcompositionofsubstitutionsisanassociativeoperation.Thedefinition
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Ofcompositionmakessurethattheextensionofthecompositiono-Oisjustthe

compositionoftheextensionsofJandO,thatis,JO=3∂(where∂∂denotes

justtheusualcompositionofmappings).Tbsimplifynotation,WeuSua11ydo

notdistinguishbetweenasubstitutionJ:X→T(7,X)anditsextension∂:
T(7,X)→T(7,X).Inthefollowing,CTWi11beusedtodenoteboth.Wbuse

J,0,6and77forsubstitutions.

AtermtiscalledaninstanceofatermsiffthereexistsasubstitutionJSuCh

thatJ(s)…t･Thetermssandtarecalledrenamin9S(orvariants)ofeachother
ifftheyareinstancesofeachother.

LetT′⊆T(F,X)･Wbca11JaT′-Substitutionif7hn(J)⊆T′.Thesetof

allT′-SubstitutionsisdenotedbySub(T′).Therestrictionofasubstitutioncrto

avariablesetV⊆XisdefinedasJJv=(xト+J(x)lx∈Dom(cT)nV).
AsubstitutionJismoregenerulthanasubstitutionq′ifthereisasubsti-

tution6suchthatJ'=J6.InthiscasewewritecrSJ′.Itisknownthatthe

relationSonsubstitutionsisaquasi-Ordering.Aun所eroftermssandtisa
Substitutiono･SuChthatsg…tJ.Ifaunifierofsandtexists,thensandtare

Saidtobeun訴able･AunifierJOftermssandtiscalledmost9enerulifJSJ,
forallunifiersJ/ofsandt･Itisknownthatamostgeneralunifieroftwoterms

isunlqueuptOrenamlngSifitexists.Hence,Wedenotethemostgeneralunifier

Oftermssandtbymgu(s,t)ifitexists.

2.5 Abstract TbrmRewritingSystems

Let→beabinaryrelationontermsover
aslgnature7.Therelation→is

Called monotone(or closedundercontexts)ifforalltermss,t,S→timplies
C[s]→C[t]forallcontextsC∈官(F,X).AnabstrtLCttermreWritin9SyStem

(A771S,forshort)overthesignature7isanARSA=(T(7,X),→).A→-

SequenCeto→tl→‥･iscalled9rDundifthetermtoisground,anditiscalled

totally9rVundiftiisgroundforalli≧0.TbspecifyaslgnatureforNF→,We

WritelW→(7,X)insteadofNF→.Aissaidtobe9rVundstrDnglynormalizin9
(or9rOundterminating)withrespectto→,WrittenasGSN→,ifSN{forevery

groundtermt∈T(7).TheATRSAissaidtobe9rVundweaklynormalizing

Withrespectto→,WrittenasGWN→,ifWN{foreverygroundtermt∈7-(7)･
Aiscalled9rDundconveryentifAisconfluentongroundterms(thatis,the

ATRS(T(X),→)isconfluent)andGSN→･Theinnermostderivation忌Ofthe

relation→isthebinaryrelationontermsoverFthatisdefinedas;C[s]忌
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C′[t]iffC,C′∈官(7,X),C[s]→C′[i],S→tandeverypropersubtermuofs

isinnormalformswithrespectto→･The榔一mOStinnermostderivation忘〉

Of→isdefinedas,;intheabovedefinitionof忌,thepositionofsisthemost

leftamongthepositionsqsuchthatqispara11elwithpand(C[s])fq▼isnotin

normalformswithrespectto→,thatis,(qlpl(q,(]s/,(C[s])Iq→s/))･The
ri9ht-mOStinnermostderivation→Of→isdefinedas;intheabovedefinition

Of忌,thepositionofsisthemostrightamong(qlpIIq,(]s′,(C[s])lq→s′))･
WbuseSIN→,WIN→,GSIN→andGWIN→,Calledtheinnermostnormalizin9

properties,insteadofSN忌,WN忌,GSN豆andGWN忌,reSPeCtively.

2.6 ConditionalTbrmRewritingSystems

AnorientedconditionaFrewriteruleoverasignature7isatriple(l,r,Cond),

Writtenasl→r≠Cond,Wherelisanon-VariabletermoverFandrisaterm

OVer7.Wbsaythatlisthel鯛-handsideoftherulel→r≠Cond,risthe

ri9ht-handsideoftherule,andthatCα托distheconditionalpartoftherule.The

COnditionalpartCondisasequenceCondl∧･･･∧CondnofconditionsCondiin

theformofeithertrueors→t,Calledanorientedcondition,Wheren>Oand

s,taretermSOVer7.Tbsimplifynotation,WemayabbreviatesequencesCond/∧

trueortrue∧CondlinconditionalpartstoCondl.Thesetofallvariableswhich

OCCurinconditions→tisdenotedbyVar(s→t),andthesetofallvariablesin

COnditionalpartCondisdenotedbyVar(Cond):Var(Cond)=∪≡1Var(CwLdi)

whereVar(true)=0.Fbrtermsul,...,um,WeabbreviateVar(ul,…,um)u
U≡1Var(Condi)toVar(ul,･･･,um,Condl,…,Condn)･Notethatasubsequence

Ofconditionalpartsisalsoaconditionalpart.IftheconditionalpartCondis

intheformtrue∧･･･∧true,thenl→r≠Condiscalledanunconditional

rewriterule(orsimplyarewriterule),anditmaybeabbreviatedtol→r･Tb

Simplifythenotationofconditionalrewriterules,WemayglVetheunlquelabel

P,Writtenasp:l→r≠Cond,foreachconditionalrewriterulel→r≠Cond

andmaywritepinsteadofeitherl→r≠Condorp:l→r≠Cond･

Wbsaythat
aT(7,X)-SubstitutionJandabinaryrelation→OntermS

OVer7鋸血的theconditionalpartCond,WrittenasCond(q,→),ifeitherofthe
fo1lowlngholdsinductively:

●Condisinformoftr11e,

●Condisinformofs一鯛tandscT一+tJ,Or



2.6.α)nd止血ユd了もmRew出血g伽fe皿S 17

･CondisinformofCondl∧…∧Condn(n>1)andCondi(J,→)forl≦i
≦れ.

LetRbeafinitesetofconditionalrewriterulesoveraslgnature7.The

n-levelrewriteγ℃lation豆RaSSOCiatedwithRisinductivelydefinedasfo1lows:

･甘月=¢,and

●てゴ月=?月∪((C阿p,C[叩]p)lβ‥g→γ≠Coれd∈月,

C∈官(ア,∬),J∈β壷(γ(ア,∬)),Coれd(J,ラ月))

Where?Risthereflexiveandtransitiveclosureof?R･

TherewriterelationofRis→R=Un≧｡豆R･Tbspecifythepositionpandthe

rulepforC[lJ]→RC[rolintheabovedefinitionof豆R,WemayWrite→望,P]or
→芸insteadof→R･

An
orientedconditionaltermrewritingsystemisanATRS(T(7,X),→R)

COnSistingofthe set ofallterms over aslgnature7and therewriterelation

of afinite set R of oriented conditionalrewrite rules.Since this thesis treat

Onlyorientedconditionaltermrewritingsystems,WeCallanorientedconditional

rewriteruleandanorientedconditionalrewritingsystemsimplya conditional

rt,Writeruleandaconditionalrewritin9SyStem(CmS,forshort),reSPeCtively.
Wbabbreviate(T(F,X),→R)toR.Aninstanceoftheleft-handsides ofa

COnditionalrewriteruleinRiscalleda redex.

Let p:l→r≠Condbe aconditionalrewrite rule over aslgnature7.

Variableswhichoccurnotintheleft-handsideloftherulepbutineitherthe

right-handside r ortheconditionalpartCondarecalled extravariablesofp,

thatis,inVar(r,Cond)＼Var(l).Thesetofallextrav訂iablesofpisdenotedby

どVαγ(β)‥gVαr(β)=Vαγ(γ,Coγld)＼Vαγ(J).

ACTRSRiscalledatermrt,Writingsystemwithextruvariables(EtLmS,

forshort)ifitcontainsonlyunconditionalrewriterules.TheCTRSRisaterm

rt,Writin9SyStem(TTl昂forshort)ifitisanEV-TRSandeveryrewriterulel→r

∈月satis丘eslノαγ(g)⊇Vαγ(γ).
Aconditionalrewriterulel→r≠Condwillbeclassifiedaccordingtothe

distributionofvariablesamongl,randCond,aSfo1lows:

Type Requlrement

6 Vαγ(γ,Coγもd)⊆Vαγ(g)
2 Vαγ(γ)⊆Vαγ(g)
3 勒申)⊆Vαγ(g,Coれd)
4 Norestrictions
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Ann-CmScontainsonlyrewriterulesoftypen.Thusal-CTRShasnoextra

Variables,a2-CTRShasnoextravariablesontheright-handsidesoftherules,

anda3-CTRSmaycontainextravariablesoftherulesprovidedthatthesealso

OCCurintheconditionalpart.Itisclearthateveryi-CTRSisaj-CTRSforl≦

i<j≦4.ItisalsoclearthateveryEV-TRSisa4-CTRSbutnota3-CTRSifit

hasatleastoneextravariable,andeveryTRSisal-CTRS.Hence,theclassof

allEV-TRSsisincludedinthatofal14-CTRSsbut notinthatofa113-CTRSs.

ACTRSRoveraslgnature7iscallednormalifeachtiisanormalformof

Rforeveryrulel→rく=Sl一鯛tl∧…∧sn→tn∈R･

2.7 Syntactic Properties of ConditionalTbrm

RewritingSystems

LetRbeaCTRSandp:l→r≠Condbeaconditionalrewriterule･Therule

Piscalledl鯛-1ineariflislinear,andca11edright-1inearifrislinear.TheCTRS

Risca11edlduinearifeveryruleinRisleft-1inear,andca11ed right-1inearif

everyruleinRisright-1inear.TheCTRSRiscalledlinearifitisleft-1inearand

right-1inear.Therulepisca11ednon-erYLSin9(orvariable-PreSerVing)ifVar(l)⊆

Var(r)･WbsaythatRisnon-eruSin9ifeveryruleinRisnon-eraSing･Therule

PISCalledcollqpsin9ifrisavariable.Riscalledcollqpsingifeveryrulein月is

COllapslng.

Let s and t beterms over aslgnature7.Wb say that s overlqpst at a

function-SymboIpositionp(∈OF(t))ifsisunifiablewithtLp･LetRbeaCTRS

OVer7,Pl:ll→rl■≒Condlandp2:l2→r2≠Cond2beconditionalrewrite

rulesinlL Wbsaythattheruleplisoverlqppin9atafunction-SymboIposition

q(∈OF(l2))ofplifllOVerlapsl2atthepositionq･Moreover,Plandp2are
rvot-OVerlqppingifq=e,andtheyareinside-OVerlqppingifE<q･Supposethat

Var(ll)nVar(l2)=0,l2…C[u]pwithugXplOVerlapsp2atP･LetcT=

mgu(u,ll)･Then,WeCa11〈C[rlJ]p,r2CT〉acriticalpairofRwithrespectto→R,

andaninstanceof〈C[rlJ]p,r2J〉acriticalpeakofRwithrespectto→R･Wb

alsocallcriticalpair〈C[rlCT]p,r2J〉andinstancesofitinsideifE<p･Rissaid
tobenon-OVerlqppingifeverytworulesinRarenotoverlapplng,anditisca11ed

anoverlaysystemifeverytworulesarenotinside-OVerlapplng.

TherulesofaCTRSRoverasignature7partition7intotwodigointsets

as bllows:
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･DR=(root(l)ll→r≠Cond∈R)ofdqPnedsymboIs,and

･CR=ア＼p月Ofcoγもβ吉和cわ門.

Atermt∈7-(CR,X)iscalledaconstructorterm(ofR).Fhrthermore,theCTRS

Risaconstructorsystemifeveryrulef(tl,…,tn)→r≠Coれd∈Rsatisfies

tl,･･･,tn∈T(CR,X).Itisobviousthatconstructorsystemsareoverlaysystems.

WbwriteC肛tl,･･･,tn刀insteadofatermC[tl,…,tn]ifCisaconstructorcontext

(thatis,C∈官n(CR,X))androot(ti)isadefinedsymbolofRforl≦i≦n.

Throughout this thesis,We Willuse the operator td todenotethe

unionofsets･Fbrexample,tOemPhasizethat7isthedidointunionofDRand
CR,WeWilloftenwrite7=DR也CRinsteadof7=DRUCR.

LetRbeaCTRSover7.AdefinedsymbolfofRissaidtobes櫛ciently

COrTWleteifforallgroundconstructortermstl,…,tn∈T(CR),thereexistsa

groundconstructortermt∈T(CR)suchthatf(tl,…,tn)ちRt.
Aconditionalrewriterulep:l→r■≒=Sl一損亡1∧･･･∧sn～tniscalled

deterministicifitsatisfiesVar(si)⊆Var(l,tl,...,ti_1)forl≦i≦n.A4-CTRS
iscalled deterministicifallofitsconditionalrewriterulesaredeterministic2.

LetRbeaCTRSoverasignature7andF⊆DR･R/Fdenotestheset

(l→r≠Cond∈Rlroot(l)∈F)･DR,FdenotesthesetofdefinedsymboIs

WhichisnecessaryforcomputingfunctionsinF)thatis)DR,FCOntainingFis

theleastsetthatcontainsf∈Sym(r)nDRforeveryrulel→r≠Condwith

root(l)∈DR,F･RFdenotestheCTRS(l→r≠Cond∈R(root(l)∈DR,F)･
ItisclearthatR=RDR･

2.8 ReductionOrderings

Let♭beabinaryrelationontermsoveraslgnature7.WesaythatDisclosed

undersubstitutionsifsD>timplies鋸=>tqforallT(7,X)-Substitutionsg.
A partialordering>is called wellJbundedifthe ATRS(T(F,X),>)is

StrOnglynormalizingwithrespectto>.

Ar℃Writeorderin91SaPartialorderingontermswhichisclosedundersub-

Stitutionsandcontexts.AreductionorderinglSaWell-foundedrewriteordering.

Thestrictpartofaquasi-Orderingとisapartialordering>Sdefinedas,

βトSfi仔βとfandf盗β,
2Thisdefinitionisanaturalextensionofthatfor3_CTRSs.
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andthestable-Strictpart>SSisdefinedas,

S>SStiffso->StJforallgroundsubstitutionsJ･

Thequasi-OrderingとiscalledwellJbundedifitsstable-Strictpart>SSiswell-

founded.Aquasi-reductionordermglSaWe11-foundedquasi-Orderingとthatis

closedundercontextsandsubstitutions.

ThePnitemultisetextension>mu10fapartialordering>onasetSisdefined

as;M>mulNiffthereexistfinitemultisetsX,YofSsuchthat

･¢≠ズ⊆〟,

･Ⅳ=(〟＼ズ)出y,and

●forally∈Y,thereexistsanx∈Xsuchthatx>y･

Let>pbeapartialordering,Calledaprecedence(ordering),OnaSignature7･

Thecorrespondingrtmrsivepathorderin9(rpo,forshort)>,P｡OntermSOVer7

isdefinedas,S…f(sl,･･･,Sm)>,P｡tiff

●Siと,P｡tforsomeiwithl≦i≦m,Or

･f…タ(fl,…,㍍),Jトpタ,andβと.p｡ち払rl≦戎≦m,Or

･t…仙,･‥,fm)and(β1,.‥･,βm巨器官(fl,…,fm)･

Notethat>芯ゴdenotesthefinitemultisetextensionof>,,｡･



Chapter3

InverseCompilers:

TransformationsforInverse

Computation

Inthischapter,Wedefinewhatisaninversesystem(CTRS)ofaCTRSand
thenweproposetwoinverse compilers ofTRSs.Theformer oneisfor pure

treelessfunctionswhichareoftenusedinprogramtransformations.Thelatter

Oneis an extension of theformer to constructor TRSs.Each of theinverse

COmpilersfirstproducesaninverseCTRSofaglVenTRS,andthentransforms

thegeneratedCTRSintoanEV-TRSwhichworkssimilarlytothegenerated

CTRSwithrespecttoinversefunctionsandconstructorterms.

Thischapterisorganizedasfo1lows.InSection3.1,WedefineinverseCTRSs.

Section3･2introducespuretreelessfunctionsandtherelationshipbetweenpure

treelessfunctionsandconstructorTRSs.InSection3.3,Weintuitivelyexplainan

ideaforgeneratinglnVerSeS.InSection3.4,WePrOPOSeaninversecompilerfor

puretreelessTRSsandshowthecorrectnessofthetransformation.Section3.5

explainsanideatoextendtheinversecompilerforpuretreelessTRSstothatfor

COnStruCtOrTRSs.InSection3.6,WePrOPOSeaninversecompilerofconstructor

TRSs,Whichisansimpleextensionofthefirstone.Wbalsoshowthecorrectness

Ofthelattertransformation.InSection3.7,Weimprovetheinversecompilerfor

Puretreelessfunctions.

21
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3.1InverseSystems

WbfirstgiveaconcretedefinitionofaninversesystemofaCTRS,Whichcom-

PuteSinversesoffunctionsdefinedbytheCTRS.

Wbpreparespecialconstructors(tpo,tPl,…),CalledtttplesymboIs,tOrePre-

Senttuples(tl,…,ti)ofi-termStl,.‥,ti,enCOdingastpi(tl,･･･,ti)･Thereason

WhyintroduclngtuPlesymboIsisthatinversesofn-aryfunctionsreturnnterms,

forexample,f-1(t)=(tl,…,tn)forn-aryfunctionfwithf(tl,･･･,tn)=t･The

tupletpl(t)ofonetermtmaybeabbreviatedtothetermt･

IntroducingtuplesymboIs,WedefineinverseCTRSsasfo1lows･

Definition3.1.1(InverseCTRS)LetRbeaCmSoverasi9naturt,F,R'

わeαCmぶ0眠rαβ如αね陀ア,αれd(C月＼(咄lO≦り)⊆C月′･肋β叩兢欄f

ad所nedsymbolg qfR′is aninverse qFad所nedsymbolf qfRげallqfthe

舟〃0び豆mタ九0は

･tP几∈C月′び九er℃m=arity(J主α乃d

･かαggCOmβれ血汀fermβf,fl,…,fmび肋代印eCfわ月,J(fl,…ふ)ち月f
好タ(りち月′tP乃(fl,…ふ)t

77LeCmSR,iscalledaninversesystemqfRぴthe†℃eXistsaninver3ed頭ned

SymbolqfR′jbreverydqflnedsymbolqfR.Especially,R′is calledaninverse

SyStem qfRwithrespecttoasetD⊆DR qFd所nedsymboIsqfRぴR′d所nes

αれ乞mγerβeq′eγeγyd所㍑edβymあog虞犯か月,β･

Notethatthefirstconditiontpn∈CR′aboveisnotnecessaryifn=1andtpl(t)
isabbreviatedtot.

Example3.1.2LetasignatureF=(double,half,S,0).Considerthefo1lowing

TRSs over7:

Rl=(double(0)→0,double(s(x))→S2(doubJe(x))),

R2=(half(0)→0,half(s2(x))→S(haJf(x)))･

ThecommonconstructortermsofRlandR2areinformsofsn(0)forn≧0.Rl

andR2areinversesystemsofeachothersincewehavedouble(sn(0))ちRIS2n(0)

andhaff(s2n(0))与R2Sn(0)･
□
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3.2 Pure Treeless:Functions and Constructor

TRSs

Inthissection,WeeXplainpure treeless舟nctionandconstructorTRSs,both

Ofwhicharethetargetsofinversecomputationinthisthesis.Ⅵ屯firstgivea

definitionofpuretreelessfunctionsandthenclarifytherelationshipbetweenthe

ClassesofallpuretreelessfunctionsandallconstructorTRSs.

Wbfirstexplainwhatisapuretreelessfunction[8,49].Thisthesisfo1lowsthe

definitionin[8].Thesimplicityofthedefinitionofpuretreelessfunctionsmakes

iteasytounderstandideas)definitionsandpropertiesofprogramtransforma-

tions･Therefore,puretreelessfunctionsareoftenusedastargetsinprogram

transformations,SuChasddbrestation[49],fusiontran旦わrmation[8】andsoon.
Wbintroducetreelesstermstowhichtheright-handsidesofrulesofpure

treelessfunctionsarerestricted.

Definition3･2･1(Simpletreelessterms)Let7beasi9naturedivided

d所nedsymboIsandconstructors:7=D出C.AsimpletreelesstermoverFis

豆㍑血c如egyd所れedαβカヱgoぴβご

● 陥rねわgeβα柁β如岬geか℃egeββねmβ.

･ザc由αCO那加cわr乱助訂ity(c)=れα乃d的,‥.,ff几α陀5豆叩ge如egeββ

ねmβ,仇eγも兢eねmc(軌,…,f㍍)由β豆†叩geか℃egeββ.

●〝J由αd所れedβymむogび助訂ityげ)=れαmd∬1,…,‰α代M血潮eβ,

兢eγも娩eねmJ(∬1,‥.,∬乃)由βま†叩ge打eeヱeββ.

Itis clear that variables,COnStantS and constructorterms aresimpletreeless

terms.

ExamPle3･2･2ConsidertheTRS月1inExample3.1.2agaln.ThetermsO,

S(x),S(double(0))ands2(doubJe(y))aresimpletreeless.Ontheotherhand,the

termsdouble(double(x)),double(s(y))anddoubJe(0)arenot. 口

PuretreelessfunctionsdeterminedbyTRSsaredefinedasfo1lows[8].

Definition3･2･3(Puretreelessfunction)LetRbea771Soverasignature

F･Ad所nedsymbolfqfRiscalledapuretreelessfunctionげR/(f)isineither

舟mばげ娩eカ肱川融邪
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何局/(J)=(J(∬1,･‥,∬陀)→#)ぴゐeγ℃ff由αβ豆叩ge如egeββねmo∽rア

α㍑d∬1,…,∬mα代d痩0血ち0γ

作ノ月/(J)==極(動力…,勘桝),恥2,…,恥mi)→鴫ll≦宜≦た,C豆∈C月)

ぴんeγ℃Cl,.‥,Cたα陀d彿代mf伽meαCん0兢eγ,据1,…,ffたα代β豆†叩ge如egeββ

fermβ0∽rアαれd∬抽…,∬壱,陀り恥2,…,恥m`α柁d五郎0哀れfuαrぬあge5ルreγe†甘

打血統1≦宜≦た.

me TRSRiscalledpuretreeless PT-TRS,hrshoruげeveryd所nedsymbol

qfRispurt:treeless.Especially,Riscalledpuretreelesswithrt:SPeCttOaSetF

⊆p月げd頭乃edβymわogβげ月びe即eγ甘d痴れedβymわog乞陀ダ由p餌代如egeββ･

ItisclearthatPT-TRSsarenon-OVerlapplngleft-1inearconstructorTRSs･

Example3.2.4TheTRSsRlandR2inExample3.1.2arepuretreeless･The

fo1lowlngTRSwhichcomputesadditionofnaturalnumbersencodedbysandO

isalsopuretreeless:

R3=(add(0,y)→y,add(s(x),y)→S(add(x,y)))･

□

Thedefinitionofsimpletreelessterms(Definition3.2.1)isasimpleexten-

sionofthatoftreelesstermsseenin[8】,relaxingthelinearityoftreelessterms･
Therefore,thedefinitionofpuretreelessfunctionsinthisthesisisalsoasimple

extensionoftheoriginalofpuretreelessfunctionsin[8]･
Aconstructortermwhichcontainsatleastoneconstructoriscalledapattern,

anditiscalledasirTq)lepattemifitcontainsjustaconstructor,thatis,informs

Ofc(xl,...,Xk)･Apatternwhichisnotsimpleiscalledanestedpattem･Itis
knownthatanydefinitionofafunctionwithnestedpatterninthefirstargument

canbetranslatedtoanequivalentdefinitionwithonlysimplepatterns【6】.
The descriptioninpuretreelessfunctionsis veryrestricted sinceitis not

allowedthemtocontainanestofdefinedsymboIsintheright-handsideofrewrite

rules.Fbrexample,anyPuretreelessfunctioncannotexpressthemultiplication

Ofnaturalnumbers,basedontheusualdefinition:

0×y=0, 0+封=y,

S(∬)×y=∬×y+y,S(∬)+y=S(∬+y)･
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Themultiplicationofnaturalnumbersisdefinedasapuretreelessfunctionin

thefo1lowlngWay:

R4=(mulpT(0,y)→0,

muJpT(s(x),y)→addmul(y,X,y),

addmul(0,y,Z)→murpT(y,Z),

addmu[(s(x),y,Z)→S(addmul(x,y,Z))).

The3-aryfunctionaddmu]computestheadditionofitsfirstargumentandthe

multiplicationofthesecondandthirdarguments,thatis,addmul(vl,V2,V3)=
Vl+v2×V3Whereviisanaturalnumber.

Sincethedescriptioninpuretreelessfunctionsisveryrestricted,thecom,

Putabilityofpure treelessfunctionsis weakerthanthat ofnlring machines,

thatis,thepuretreelessexpressioncannotdefineallcomputablefunctions[49].
Fbr example,thereis nopuretreeless definitionofthefunctionflatten which

COmPuteSalistconsistingofallleavesofaglVenbinarytree;

f]atten(nif)=nil, flatten(branch(x,y))=COnS(fratten(x),flatten(y),

append(ni[,y)=y,aPPend(cons(x,XS),yS)=COnS(x,aPPend(xs,yS))

Wherelistsareconstructedbyconsandnil,andbinarytreesbybranchandnil.It

isobviousthatthefunctionfIattenabovecanbeeasilydefinedbyaconstructor

TRS･Itis also clear that PT-TRSs are constructor systems.Therefore,the

Classofallpllretreelessfunctions(PT-TRSs)isproperlyincludedinthatofall
COnStruCtOr TRSs.

Ontheotherhand,thecomputabilityofconstructorTRSsisequivalentto

thatofnlringmachines.Itisbecausetheycanexpressallrecursiveprpgrum

SChemes(1USi)[30]anditisknownthatthecomputabilityofRPSsisequalto
thatofThringmachines.

HerewedescribethegeneralformofrewriterulesofPT-TRSs.LetFbe

asignaturedividedintodefinedsymboIsandconstructors:7=D ttlC.Itis

ClearthateverysimpletreelesstermcanberepresentedasC旺tl,...,tn刀bya

COnStruCtOrCOnteXtC∈官n(C,X)andtermstl,…,tnWithroot(ti)∈D.Then,
thefo1lowlngPrOpOSitioniseasilyledfromDefinition3.2.3.

Proposition3.2.5Letl"eaP71TRS.Everyrewriteruleinlusrqresented

αβ娩eわggoて〃戎陀タカmご

J(p,∬2,…,∬几)→q伍(∬1,1,…,∬1,叩1),…,ん(∬m,1,…,∬mルm)刀
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ぴんerep由e助erαγαわα鋸eorαβ如岬gepα批m,J(p,∬2,…,∬陀)由肋e叫C由

αCOれβかⅦCむ汀COれね∬fげ兄弟豆βαd飾れedβymあogげ月αれd∬壱,J∈Vαγ(p)∪
(∬2,･‥,諾几)･

3.3 IdeaforTransformation

Inthissection,WeglVeanintuitiveexplanationofanideaforthetransforma-

tions,WhichweproposeinthischapterasinversecompilersforPT-TRSsand

COnStruCtOrTRSsrespectively.

Eachoftheinversecompilersinthischapterconsistsoftwoparts:aaCtual

PrPgrYLminverterfrom aninput TRS to a CTRS whichis aninverse ofthe

inputTRS,andanunruvelingtransformationfromthegeneratedCTRStoan

equivalentEV-TRS.Thefirsttransformationisourmaintransformationasan

inversecompiler.Thereasonwhyourinversecompilersconsistoftwopartswill

beshowninthefo1lowlngeXplanation.

Wbfirstconsiderapropertywhichaninverseofanyfunctionshouldsatisfy

ingeneral.Asamathematicalpropertyofinverses,thefo1lowlngequationholds

for allinverses:

J~1(J(∬))=∬

wherefisafunction(inotherwords,adefinedsymbol)andf-1isaninverseof
f.Generalizingtheaboveequationforn-aryfunctionsbydecodingann-term

tuple(xl,…,Xn)asthetermtpn(xl,･･･,Xn),WeObtainthefo1lowingequation:

J~1(J(諾1,…,∬几))=tP陀(∬1,…,∬陀)･ (3･1)

Iftheaboveequationisconsideredasarewriteruleoff~1,SuChasystemis

notusefu1forpracticalinversecomputation.Itisbecausetheargumentoff-1

isthetermf(xl,･･･,Xn)whoserootsymbolisadefinedsymbolfoftheinput

TRS.Therefore,WetrytOtranSformagivenTRSusingtheequation(3.1)which

inversesshouldsatisfy.

A basicidea ofour transformationis to construct one rulefor eachrewrite

rulef(･･･)→rinagivenTRS,bytransformingitasfo1lows;

Stepl.Applytheinversefunctionf-10fthegivenfunctionftothatrewrite

ruleJ卜･)→γ;

Step2.ReplacethebothhandsidesoftheruleobtainedafterStepl;
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Figure3･1‥Outlineoftransformationofarulef(s(x),y)→c(g(x),h(x,y)).

Step3･RemovealldefinedsymboIsofthegivenTRS月byreplacingeachterm

WhoserootsymbolisadefinedsymbolofR,Withafreshvariable,andthen

addingsuchreplacementintheconditionalpart;and

Step4･Simplifytherulebyreplacingeachtermg.1(9(ul,‥.,um))withaterm

tupletpm(ul,･･･,um),basedontheequation(3.1).

AninstanceoftheabovetransformationisshowninFigure3･1･Constructing

Oneruleforeachrewriteisanaturalapproachbecauseeachrewriteruleofa

glVenfunctiondefinessomepropertyofthefunction.

TheabovetransformationStepト40faglVenreWriteruleistechnicaland

henceweexplainthedetailinthefo1lowlngParagraphs･

ConsideraPT-TRSRandadefinedsymbolfoflLAsshowninProposi-
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tion3.2.5,eVeryreWriteruleoffcanberepresentedasfo1lows:

J(p,諾2,…,£m)→q伍(町1,…,諾1,陀1),･‥,ん(㌫叫,…,∬m,乃m)』(3･2)

WhereLisadefinedsymbolofR.
AfterSteplisdonefortheaboverule,WeObtainthefo1lowlngrule:

J~1(拍,∬2,…,∬れ))→J~1(q伍(町1,…,∬1,nl),…,ん(∬m,1,…,£m,几m)刀)･

(3･3)

Inthesenseofmathematics,theequationobtainedbyapplyingafunctiontoan

invariantequation,alsoholds,thatis,

S=timpliesg(s)=9(t)foreveryunaryfunctiong･

Sincearewriterulecanbeconsideredasanequationwithadirection,these-

manticoftherule(3.3)iscorrect(thecorrectnessofthewholetransformation

wi11beshowninSubsection3･4･2)･
NextStep2isdone.Thenweobtainthefo1lowlngrule‥

J~1(q伍(町1,…,∬1,乃1),…,ん(£m,1,…,∬叩m)刀)→J~1(Jb,∬2,…,∬几))･

(3･4)

BecausethedefinedsymboIsA,...,LnofRarestillremainingintheleft-hand

Side,thenextprocedureStep3isnecessary.

Tb eliminate defined symboIs fl,...,Ln ofR,aS thefirst substep ofthe

Step3,WerePlacethetermsL(xi,1,･･･,Xi,ni)withfreshvariablesyi‥

J~1(C臥,…,‰刀)→J~1(J(p,£2,…,∬m))

whereyi…L(xi,1,…,Xi,ni)･Here,theword'fresh'meansthatyi¢Var(p)

∪(x2,...,Xn)andyl,…,ym aredi毎Oint･Asthesecondsubstep,Weadd

theorientedcondition£~1(yi)っ∴㌃1(ム(xi,1,…,Xi,ni))whichisobtainedby

applyingStepland2totheequationyi…L(xi,1,…,Xi,ni),intotheconditional
part,aSfo1lows:

J~1(C匝1,…,ym刀)→J~1(J(p,∬2,…,∬几))

幸吉1(yl)→左1伍(町1,‥･,∬1,ml))

∧…∧㍍1(ym)→㍍1(ん(∬m,1,…,∬m陶))･

(3･5)

Finally,Step4isdone.Inthisstep,atermSuChasg,1(g(tl,…,tk))inthe

rule(3.4)isreplacedwiththek-termtuPletpk(tl,…,tk)basedontheproperty



3.4.血耶eCbmpilerゐrPure二汁eelessTRSs

(3.1),andhenceweobtainthefo1lowingconditionalrewriterule:

J~1(C睦1,…,ym刀)→tP陀(p,∬2,…,∬m)

≠芹1(yl)→tPれ1(町1,…,∬1,れ1)

∧…∧㍍1(ym)→恥m(∬m,1,…,諾m,乃m)･

29

(3.6)

ACTRSR-1consistingofonlyruleslike(3.6)isaconstructorsystembecause

theargumentCByl,...,ym刀off-1intheleft-handsideof(3.6)isaconstructor
term.

Ontheother hand,apPlying Step3and4totheequation(3･1)is not

Su侃cienttogenerateusefulconditionalrewriterulesofinverses.Ifitisdone,

thenthefo1lowlngruleisobtained:

J~1(y)→恥(諾1,…,∬陀)≠J~1(y)→恥(∬1,…,∬m).

Itisclearthattbeaboveruleisredundant andusable.

Tbformalizetheaboveideaoftransformation,WefocusOnStep3because

Stepl,2and4arestraightforwardandcanbedefinedsyntactically,andhence

theyareeasilydefinedafterStep3isdone･Fbrexample,therule(3･6)iseasily

COnStruCtedfromtheoriginalrule(3･2)withthesubstitutivetermC[yl,…,ym刀
Ofthe term q伍(xl,1,…,Xl,nl),･･･,ん(xm,1,‥･,Xm,nm)刀andthe conditional

partf[1(yl)→tPnl(xl,1,･･･,Xl,nl)∧･･･∧L;1(ym)→tPnm(xm,1,･･･,Xm,nm)･
Therefore,insteadofStep3,WeglVeaPrOCedurewhichgeneratestheconstruc-

tortermandtheconditionalpartfromtheinputtermsimilarlytoStep3,that

is,

C【yl,…,ym]and

芹1(yl)→恥1(町1,…,∬1,几1)∧…∧㍍1(ym)→tP几m(£m,1,…,∬m,乃m)

丘omq伍(∬1,1,…,∬1,れ1),…,ん(£m,1,･‥,∬m酋m)刀･
Inthenextsection,WeWillformalizetheaboveidea,andthenwewillshow

thecorrectnessofthetransformation(theaboveidea),thatis,theaboveR-1

COmPuteSinversesoffunctionsdefinedintheinputsystemR.

3.4 Inverse CompilerforPureTreelessTRSs

Inthissection,WeglVeaPreCisedefinitionofourinversecompiler,fo1lowlngthe

ideadescribedinSection3.3.

TbrepresenttheinversefunctionsymboIs definedbyourinversecompiler,

weusethesymbol#.Thatis,f#istheinversefunctionsymbolofthedefined



30 Chapter3.LnverseCompilers:ⅡansゐmlationsLbrInvemeCbmputation

Symbolf.ThisthesisassumesthatanyTRSRoveragivensignatureFprovides

noconstructorwiththesuperscription#:CRn(f#lf∈7)=0.Suppose
thattheslgnatureFdividedintotheconstructorsetCandthedefined-SymboI

setD:7=C也■D･Wedefinetheslgnature7#determinedby7asfollows:

ア#=ア∪り#け∈p)∪抽l整(血ty(J))≦豆≦芋芳(山ty(川)･

3.4.1 Generation ofInverse CTRSs

AsaformalizationofStep3,Wefirstdefineaprocedure沸TWhichoutputsthe

pair4u;CondDofatermuandaconditionalpartCondfromaninputsimple
treelesstermr.Thisprocedure沸TdefinesStep3formally.

Definition3.4.1(卑T)Let7beasignaturt,dividedintotheconstrutorsetC

α乃d偽ed飾れed-βymわogβefp;ア=C出p.乃epmce血門弟Tわ卯舶edαβか叩ge

如eJeββferm由虞犯血cf血egyd痴れedαβカヱg皿,βご

れ上界T(∬)=4∬;true》ぴんe†℃∬由αUαわα晦

作ノ卑T(c(fl,…ふ))=《c(叫,…,祝乃);Co†もdl∧…∧Coれd乃卦

びんe†℃C∈Cα犯d昂T(り=《祝豆;Co†鳴》,肌d

｢り沸T(J(∬1,…,∬氾))=抽;J#(y)→tPれ(∬1,…,‰川

びんe†℃J∈pαれd封由αカ℃βんγαわα鋸e.

乃e礼,0†豆伽β九,虞犯｢りme肌用血如何日成(∬1,…,∬几),αれd血作ノ,γαわαあgeβ

戎几如血ced血沸T(り=4叫;Coれ銭》α几d卑T(ち)=4叫;Coγl句}α柁d豆如0叫

兢欄f由,Vαγ(恥Coれd豆)nlノαγ(ち,叫,Coγも句)=¢かeαCん宜αれdjび納豆≠J･

Sincethesizeofinputtermsisfinite,theaboveprocedure沸Tterminatesand

alwaysreturnapalr.

Example3.4.2Considerthefo1lowlngPT-TRSagaln:

R3=(add(0,y)→y,add(s(x),y)→S(add(x,y)))･

Inputtingterms(add(x,y))to卑T,Wehavethefollowingresult:

易T(s(add(x,y)))=《s(z);add#(z)→tP2(x,y)D.

□
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Thefo1lowlngPrOPOSitionshowstherelationshipbetweenaglVenlnputtermand

theoutputpairofatermandaconditionalpartof昂T.

Proposition3.4.3Let7beasignaturedividedintotheconstructorsetC and

兢e d飾れed-βymわogβeまpごア=C也lか.エeffわeαβ豆γr甲よe如egeββfermび助

士≡q伍(∬1,1,‥･,£1,陀1),…,ん(∬m,1,…,∬m酋m)刀α几dβ叩pOβe肋α子弟T(り=

《祝;Co†ld》.乃e†l,

(り視…C【yl,‥.,ym],αれd

作ノCoれd=∧≡1ガ(眺)→tP叫(町…,∬豆,乃i)

かβOme即αわα抽βyl,…,ymβ祝Cん伽fy豆¢Vαγ(C)u U≡1(恥1,…,∬豆,几`)･
肋代0γer,げf由J哀れeαr,兢eγ乙

作ノ祝毎払e叩

砂tp陀i(町1,･‥,∬壷,陀i)由肋eαち

何恥`(恥1,…,∬盲,れi)∩恥J(∬ブル‥,∬れ)=¢か哀≠J,αれd

のVαγ(C)ntp乃i(動力…,∬豆,陀`)=臥

Prvqf Theclaims(a)and(b)followfromthedefinitionof昂T.Theclaims(c)-

(f)fo1lowfromthelinearityoft. □

Now,uSingtheaboveprocedure昂T(Step3),Wedefineatransformation

WhichformalizeStepl,2and4.

Definition3･4･4(ヱれVpT)LetRbeaP71mSoverasignature7.乃etruns-

わmα知れヱれ叫T q′P㌢m鮎由d痴れedαβわggoぴβニ

ヱm恒(月)=(J#(γ′)→tPれ(p,∬2,…,諾几)≠Coれd

lJ(p,∬2,…,∬m)→γ∈月,沸T(γ)=《γ′;Coγもd♪,

(Vαγ(γ′,Co†ld)＼Vαγ(γ))nlノαγ(p,∬2,…,∬乃)=¢).

ItisclearthatヱれVpT(R)aboveisafinitesetofconditionalrewriterulesoverthe

slgnature7#andhenceaCTRSoverF#･ThecorrectnessofヱわvpT,i･e･,the

factthatヱmvpT(R)isaninversesystemofR,WillbeprovedinSubsection3.4.2.
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Example3.4.5ThePT-TRSR3inExample3.4.2istransformedby加vpTtO

thefo1lowlngCTRS:

R5=ZnvpT(R3)=(add#(y)→tP2(0,y),

add#(s(z))→tP2(s(x),y){=add#(z)→tP2(x,y)).

□

In the rest ofthis subsection,We discuss a relationship betweenfunction

SymboIsofaPT-TRSRandthegeneratedCTRSヱれVpT(R)fromR,andalso

SyntaCticpropertiesofヱれVpT(R)associatedwiththoseof月.

Proposition3.4.6LetRbeaP71mSoverasignatureF.

｢り助er甘d飾れedβymわogげヱれUpT(句coれβ由ねげαd飾れedβymあogげ月αmd楓

兢欄f由,pZ叩,(月)=(J#け∈p月)･

作ノ助ery舟mc知れβymわog哀れア由αCO陀5かⅦCわrげ加γpT(月),兢欄f由,ア⊆

ら肌｡,(月)･

｢り助eryfermo∽γア由αCO†lβ血cわrねmげヱれ叩T(月),班欄ま由,T(ア,∬)⊆

丁(G血｡,(勒∬)･

Prvqf FtomDefinition3･4･4,eVeryreWriterulef(p,X2,…,Xn)→r∈Ris

transformedtotheconditionalrewriterulef#(r′)→tPn(p,X2,...,Xn)≠Cond

∈ヱれVpT(R)where昂T(r)=《r′;CondD.Then,itfo1lowsfromthedefinition

OfdefinedsymboIsthatp加vpT(R)=(f#lf∈DR)･Hence,theclaim(a)holds･

Itisclearthattheclaim(b)fo1lowsfrom(a),andtheclaim(c)followsfrom

(b). □

Proposition3.4.7LetR beaP71mSoverasignature7andarewriterule

β‥J(p,∬2,…,∬陀)→q伍(∬1,1,‥･,∬1,陀1),…,ん(∬m,1,…,諾m,汀m)刀∈且乃eれ,
仇e柁e戒虎β肋eカggo乱血gcoγもd戎如乃αg陀びわfem`ge哀れヱれ叫T(旦)ご

J#(C[yl,…,‰])→恥(p,紘･‥,∬乃)≠∧だ(眺)→恥(町,…,∬豆,几`)

び九e†℃y宜≠Vαγ(p)∪(∬2,…,∬陀),tP陀(p,∬2,…,∬れ)由肋e叫C由αCO㍑βかⅦCむげ

fermqfヱわγpT(月)αれdVαγ(C)⊆Vαγ(p)∪(∬2,‥.,∬陀)･肋柁0即er,卯んem`geβ

由r豆タんトg豆㍑eαr,兢eγも娩eαわ0γeCO†ld戎而0れαg陀び而e門`geβαf哀訴eβ兢e舟ヱgoび虞犯g如o

pγ叩er加eβご
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何Vαγ(C[yl,‥･,‰])nU≡11ノαγ(恥`(∬ゆ…,勘酋))=¢,α乃d

作ノVαγ(tp叫(恥1,…,勘酋))nlノαγ(恥ブ(£抽･‥,∬れ))=¢かα㍑y乞α乃dJ

W宜兢乞≠ブ.

PrY)qf TheclaimsofthispropositionclearlyholdfromProposition3.2.5,3.4.3

andDefinition3.4.4. □

The above Proposition3.4.7andthelinearityofrewriterulesprovidethe

fo1lowlngPrOPOSition.

Proposition3.4.8Letl"eaP71TRSoverasi9naturt:7.

･〝月由g研一g哀れe叫娩eγ1三和叫T(昂)由噛んH戎㍑eαr.

･〝月由噛ん日加eαれ娩eγもヱれ叩T(呵由坤-g哀れeαr.

3.4.2 Correctness ofGeneration

Inthissubsection,WeShowthatforanyPT-TRSR,theCTRSヱれVpT(R)isan

inversesystemof月.

Theorem3.4.9LetR be
aP71mSoverasi9naturef.Letf

be a d所ned

βymわogげ月αれdf,fl,…,f循むe co†もβfr祝Cわrfemもβび鵡代印eCfわ凡 me†も,

拍1,…,り与月毛好J#(り→肋p,(月)恥(fl,…,り･

Prvqf Wbfirstprovetheonly-げpartbyinductiononthenumberkofstepsof

J(fl,…,りち月f.

Sincetis aconstructor term ofR,Wehave k>0.Then,from Proposi-

tion3･2･5,WeCanaSSumethefo1lowlng:

J(fl,…,㍍)…J(p,∬2,‥.,∬陀)J

→宝,P](q伍(町1,…,∬1,ml),…,ん(勒1,…,∬m,触)刀)J土ち月f

Whereβ:J(p,∬2,…,諾れ)→C眺(町1,…,∬1,陀1),‥･,ん(∬m,1,‥.,∬m,乃m)刀∈月

andpiseitheravariableorasimplepattern･Romtl,･･･,tn∈T(CR,X),WeCan

assumewithoutlossofgeneralitythatJisaT(CR,X)-Substitution.Itfo1lows

fromC∈官m(CR,X)thatt…(CJ)[ul,…,um]forsomeul,…,um∈T(CR,X).
Then,Wehavethefo1lowlngSequenCe:

ム(恥1,…,∬豆,乃£)J与月祝豆
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Whereki≦k-1andxijCT∈T(CR,X)･Then,bytheinductionhypothesis,the
fo1lowlngholds:

だ(祝豆)→肋｡,(月)恥(勒,…,∬宜,陀`)J･

Ontheotherhand,WehavethefollowingruleinヱmvpT(R)fromProposi-

tion3.4.7fortherulep:

J#(C[yl,…潮誹→tP陀(p,∬2,…,£乃)

睾∧≡1ガ(眺)→tPm`(町,…,∬宜,乃i)∈加叫T(月)･

LetO=JIva,(p,X2,...,Xn)UU≡1(yiト+ui)･Sinceyi¢Var(p,X2,‥･,Xn)fo1lows
fromProposition3･4･7,Oisasubstitution･ThenOand与肋｡T(R)Satisfythe

conditionalpartoftheaboveconditionalruleoff#andhence

f#(t)…f#(C[yl,･･･,ym])0→hv,T(R)tPn(p,X2,…,Xn)0…tPn(tl,…,tn)･

Secondly,We PrOVe theifpart byinduction on thelevelk ofthe rewrite

relationoff#(t)子hvpT(R)tPn(tl,…,tn)･
Wbassumethattherewritestepf#(t)?=nv,.(R)tPn(tl,･･･,tn)isdoneby

thefo1lowingruleinヱ陀VpT(R):

J#(C[yl,…,ym】)→tPれ(p,∬2,…,∬乃)

≠∧≡1J㌘(眺)→軋`(恥1,…,∬豆,m`)∈加叩T(月)･

FtomtheconstructionofヱれVpT(R),WealsohavethefollowingruleinR:

J(p,∬1,…,∬几)→C眺(∬1,1,…,∬1,乃1),…,ん(∬m,1,…,∬m,陀m)刀∈且

ThenthereexistsasubstitutionOwhichsatisfieswithlき加v,T(R)theconditional
partoftheaboveconditionalrewriteruleinZnvpT(R),anditsatisfiesa1lofthe
払1lowlng:

●眺β≡fゎ

･(C[yl,…,ym】)β…f,and

●pβ…fl,∬五β≡f豆払r2≦戎≦れ.

ItclearlyfollowsfromtheformofrulesinhvpT(R)thatjF(yi)Od=nv,T(R)
tpni(xi,1,･･･,Xi,ni)0･ItisalsoclearthatyiO,Xi,jO∈T(CR,X)･Then,bythe
inductionhypothesis,Wehavethefo1lowlng:

ム(勒1,…,∬宜,乃`)β与月y豆β豆･
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Therefore,thefollowlngholds:

J(fl,…ふ)…J(p,∬2,…,∬陀)β

→月(q伍(∬1,1,…,諾1,乃1),…,ん(∬m,1,…,£m,几m)刀)β
与月(C[yl,…,ym])β…壬.

□

AccordingtoTheorem3.4.9,hvpT(R)isaninversesystemof月inthesenseof
Definition3.1.1.

Example3.4.10ConsiderthePT-TRSR3andtheCTRSR5inExample3.4.2

and3.4.5,reSpeCtively.The addition ofland2is computed by R3aS the

fo1lowlngreWritesequence:

add(s(0),S2(0))与R3,S3(0)･

Ontheotherhand,Wehavearewritesequence

add#(s3(0))→R5tP2(s(0),S2(0)),

Whichisoneofinversecomputationofadd(s(0),S2(0))ちR3S3(0)･
□

Inverse CTRSs generated byヱ托VpT are nOt always confluent,While every

PT-TRSis confluent.Fbr example,We have more three rewrite sequences,

add#(s3(0))→R5tP2(0,S3(0)),add#(s3(0))→R5tP2(s2(0),S(0))andadd#(s3(0))

→R5tP2(s3(0),0)foradd(s(0),S2(0))ちR3S3(0)inExample3･4･10･

3.4.3 Transformation ofCTRSsinto EV-TRSs

ACTRSgeneratedbythetransformationヱわvpTCanbeeasilytransformedinto

anunconditionalonebecausetheformofconditionalrewriterulesintheCTRS

isrestrictedasshowninProposition3.4.7.Inthissubsection,WeShowatransfor-

mationUpTOfthegeneratedCTRSintoanEV-TRS.Wbalsoshowaninterest-

ingpropertybetweeninputPT-TRSRanditsinverseEV-TRSUpT(ヱねvpT(R))

generatedbyヱれVpTandUpT,thatis,ifRisright-1inearthenUpT(hvpT(R))is
left-1inear,andifRisleft-1inearthenUpT(ヱ㍑VpT(R))isright-1inear.

Throughthis thesis,We aSSume that variablesin X are ordered by some

totalordering>xthatforallx,y∈X,X≠yimplieseitherx>x yory>x

X･FbrafinitesubsetX⊆X,Vlist(X)denotesthelistofallvariablesinX
Whichisdeterminedbytheordering>x,thatis,Xl<xx2<x…くxXnimplies

V結成((∬1,…,∬乃))=∬1,.‥,∬几.
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Definition3.4.11(UpT)LetRbeaCTRSoverasi9naturt:7･Stq)POSethat

e眠ryCOmd哀知れαg柁びわfer祝geg→γく≒∧≡1β豆→f虚βαf榔eβVαγ(β1,…,βm)⊆
Vαγ(g).凡reαCんmg叩∈月,ひep門pα代αカ℃βん舟れC如乃βymあoguPぴん豆c九由れOf哀れ

ア■乃e摘花旦わmα如花町pTq′αCOれd摘0れαg佗び摘er祝g叩‥g→γく≒∧≡1β豆→f宜
由d所陀edαβカggoぴβご

UpT(p)=(l→uP(Vlist(X),Sl,･･･,Sm),uP(Vlist(X),tl,･･･,tm)→r)

ぴんe†℃ズ由αβefげγαrぬあgeβ叩peα血lタ虞犯み0兢gαれdγ,兢欄f由,ズ=Vαγ(g)n
Var(r).NotethatUpT(l→r)=(l→r).UpTCanbeextendedonCmSi,that

is,UpT(R)=∪｡∈RUpT(p)･

Jb,TdenotestheslgnaturedeterminedbyR,7andUpT,definedas凡,T=7

∪(uPIp∈R).ItisclearthatUpT(R)intheabovedefinitionisanEV-TRS

OVertheslgnatureJbp.･ItisalsoclearthatdefinedsymboIsofRaredefined

SymboIsofUpT(R)andconstructorsofRand加vpT(R)areequivalent,thatis,

Du,T(R)=DRU(uPIp∈R)andCR=CupT(R)･

Example3.4.12Thefo1lowingTRSisobtainedbyUpTfromtheCTRSR5in

Example3.4.5:

R6=UpT(R5)(=UpT(ヱれVpT(R3)))

=(add#(y)→tP2(0,y),

add#(s(z))→ul(add#(z)),ul(tp2(x,y))→tP2(s(x),y)).

□

Nextweshowthatforaright-1inearPT-TRSRoverasignature7,theEV-

TRSU,T(肋,T(R))iseq｡ival｡ntt｡th｡CTRS肋pT(R)withrespe｡tt｡t云rms
f#(t)wheretisaconstructortermover7#.

Theorem3.4.13LetR beaP71mSoverasi9naturt:7.Letf be
ad所ned

βymむogげ月αれdfん…ふわeco陀β加cわrfermβげ凡乃eれ,J#(り→加叩,(R)

tpn(tl,…,tn)好f#(t)ちu,T(hv,,(R))tPn(tl,…,tn)･

Prvqf Wbfirstprovetheonly-げpartbyinductiononthelevelkoftherewrite

relationoff#(t)才知｡T(R)tPn(tl,‥･,tn)･

W6assumethatf#(t)?加pT(R)tPn(tl,･･･,tn)isrewrittenbyarulef#(r/)→

tpn(p,X2,…,Xn)≠Cond∈ヱわvpT(R)wherepiseitherav訂iableorasimple

Pattern.Then there exists a substitution O such that r′0…t,PO…tl,XiO
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…tiandCond(0,てラ=nvpT(R))‥f#(t)…f#(r/)0→hv,T(R)tPn(p,X2,･･･,Xn)0…
tpn(tl,･..,tn).Sincet,tl,...,tn∈T(CR,X),WeCanaSSumeWithoutlossof

generalitythatOisaT(CR,X)-Substitution.

･ConsiderthecaseofCond=true.Then,Wehavetherewriterulef#(r′)→

tpn(p,X2,...,Xn)∈UpT(ヱmvpT(R))andhence

J#(f)…J#(γ′)β→u｡,(肋｡,(月))恥(p,∬2,…,∬氾)β…恥(fl,…,り･

･ConsidertheremainingcaseofCond=∧≡1jF(yi)→tPni(xi,1,…,Xi,ni)･
Inthiscase,Wehavethefo1lowingrulesinUpT(ヱ陀VpT(R)):

f#(r′)→uP(Vlist(X),fF(yl),…,jE(ym))∈UpT(hv,T(R)),

uP(Vlist(X),tPnl(xl,1,･･･,Xl,nl),･･･,tPnm(xm,1,･･･,Xm,nm))

→tPn(p,X2,.‥,Xn)∈UpT(ヱれVpT(R))

WhereX=Var(r′)nVar(p,X2,…,Xn).

Itfo1lowsfromCond(0,急hvp.(R))thatwehavetherewritesequence
jF(yi)0急加v,T(R)tPni(xi,1,･･･,Xi,ni)0･SincehvpT(R)isaconstructor

SyStemandOisaT(CR,X)-Substitution,WealsohavejF(yi)Od肋,T(R)
tpni(xi,1,…,Xi,ni)0･WeCanaSSumeWithoutlossofgeneralitythatOisa

T(CR,X)-Substitution･HenceyiO,Xi,jO∈T(CR,X)･Then,bytheinduc-

tionhypothesis,Wehavethefo1lowlng:

だ(眺)βち恥(肋｡,(月))恥(勒,…,∬宜,几壷)β･

Therefore,thefo1lowlngreWritesequenceexists:

f#(t)…f#(r/)0→upT(hvp,(R))uP(Vlist(X),fF(yl),･･･,jE(ym))0

→町扁肋｡,(月))uβ(Vg摘(ズ),恥1(町1,･‥,∬1,陀1),

…,tP几m(£m,1,…,∬m,几m))β
→u扁肋｡,(月))恥(p,∬2,…,∬穐)β≡恥(fl,…,り･

Nextweprovetheぴpartbyinductiononthenumberkofstepsoff#(t)

→up,(=nv,T(R))tPn(tl,…,tn)･Sincek>Oholdsclearly,WeCanaSSumethefo1-
lowlng:

f#(t)…f#(r′)0→u,,(=nv,.(R))VO土もupT(hv,T(R))tPn(tl,･･･,tn)

wheref#(r′)→V∈UpT(ヱれVpT(R)).
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･Considerthecaseofv…tPn(p,X2,…,Xn).Itfo1lowsfromt∈T(CR,X)

thatpO,XiO∈T(CR,X),and hencepO…tland xiO…ti･Ftom the

constructionofUpT(ヱれVpT(R)),f#(r/)→V∈ヱ㍑VpT(R)holds.Therefore,

wehavef#(i)→=nv,T(R)tPn(tl,･･･,tn)･

･Considertheremainingcasethatroot(v)=uP･Nowwecanassumethe
払1lowlng:

γ…uP(V鉦叫ズ),ガ(yl),…,だ(封m)),

uP(Vlist(X),tPnl(xl,1,･･･,Xl,nl),･･･,tPnm(xm,1,…,Xm,nm))

→tP几(p,∬2,…,∬乃)∈WpT(九γPr(月)),

β:J#(γ′)→tP氾(p,∬2,‥.,∬几)

≠∧≡1だ(眺)→恥i(恥1,…,∬宜,陀i)∈加叫T(句,

WhereX=Var(r′)nVar(p,X2,･･･,Xn)･SincetheaboveruleofuPisthe
unlqueruleofuP,Wehavethefo1lowlngreWritesequence:

J#(り≡J#(r′)β→u｡,(肋｡,(月))uβ叩は(ズ),ガ(封1),…,だ(ym))β

→up,(hv,T(R))uP(Vlist(X),tPnl(xl,1,･･･,Xl,nl),

…,tP几m(∬m,1,…,£m,汀m))J
→町頼加｡,(月))恥(p,∬2,…,∬乃)J≡恥(壬1,…,り･

Sincei,tl,...,tn∈7-(CR,X),WeCanaSSumeWithoutlossofgenerality

thatO,JareT(CR,X)-Substitution,andhenceyiO∈T(CR,X)andxi,jJ∈

T(CR,X)･Thenwehave侮)β与upT(hvpT(ア))tPni(xi･1,･･･,Xi･ni)J･By
theinductionhypothesis,WeObtainthefo1lowlngSequenCe:

ぽ(眺)β→加御(月)恥(町…,∬宜,乃豆)J･

Let6=qrva,(p,X2,...,Xn)UU≡1(yir+yiO)･FtomProposition3･4･7,6isasub-

stitution･Moreover,jF(yi)6→=nvpT(R)tPni(xi,1,…,Xi,ni)6holds･There-
fore,therulepcanbeappliedtof#(i)asfo1lows:

f#(t)…f#(r')6→rnv,T(R)tPn(p,X2,…,Xn)6…tPn(tl,･･･,tn)･

Example3･4･14Fbrtherewritesequenceadd#(s3(0))→R5tP2(s(0),S2(0))in
Example3.4.10,Wehavethefo1lowingrewritesequenceofR6:

add#(s3(0))→R6ul(add(s2(0)))→R6ul(tp2(0,S2(0)))→R6tP2(s(0),S2(0))･

□
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Nowweshowthefo1lowinginterestingrelationshipbetweenaPT-TRSRand

EV-TRSUpT(ヱれVpT(R)).

Proposition3.4.15LetRbeaP71T7W.

｢り〝月由吻姑g哀れeαr娩eれUpT(加叫汀(句)由榔一触eαr.

作ノ〝月由坤-g哀れeαr兢e乃UpT(加叫T(月))由噛ん日加eαr.

Prvqf Considerthefo1lowingrule

β1‥J(p,∬2,…,∬陀)→C帆(軋1,‥･,∬1,乃1),…,ん(∬m,1,…,∬m,乃m)』∈且

FtomthedefinitionsofヱれVpTandUpT,WeObtainthefollowlngrules:

β2:J#(C【yl,‥.,ym】)→tp陀(p,£2,.‥,諾几)

∧≡1だ(眺)→恥電(町,‥･,∬豆,叩`)∈加叫,(句,

p3:f#(C[yl,…,ym])→uP(Vlist(X),fF(yl),.‥,jE(ym))∈UpT(Znv,T(R)),
P4‥uP(Vlist(X),tPnl(xl,1,…,Xl,nl),･･･,tPnm(xm,1,…,Xm,nm))

→tPn(p,X2,･･･,Xn)∈∈UpT(=nvpT(R))

Whereズ=Vαγ(C[yl,…,ym])nlノαγ(p,∬2,…,∬乃).
Wbfirst showthatifplis right-1inearthen p3and p4areleft-1inear.It

fo1lowsfromProposition3･4･7thatC[yl,･･･,ym]islinear,Var(C[yl,...,ym])∩

(xi,1,･･･,Xi,ni)=¢andxi,j≠xi/,j,fori≠jori′≠j/.Then,f#(C[yl,...,ym])

anduP(Vlist(X),tPnl(xl,1,･･･,Xl,nl),…,tPnm(xm,1,…,Xm,nm))arelinear,and
hencep3,P4areleft-1inear.

Nextweshowthatifplisleft-1inearthenp3,P4areright-1inear.Itisclear

thattpn(p,X2,‥･,Xn)islinear.RomthedefinitionofZnvpT,yl,…,ym are

diqjointandyi≠Var(C,P,X2,…,Xn),andhenceyi¢X.Then,itisclearthat

up(Vlist(X),fF(yl),…,jE(ym))islinear.Therefore,P3,P4areright-1inear.口

3.5 Idea ofExtensionfor Constructor TRSs

Inthissection,WeeXPlainanideatoextend=nvpTforconstructorTRSs.

Oneofthelargestdi鮎rencesbetweenthesyntaxofPT-TRSsandconstructor

TRSsistheformofargumentsofdefinedsymboIsintheright-handsidesof

rewriterules;Fbrarewriterulel→q伍(tl,1,･･･,tl,nl),…,Ln(tm,1,…,tm,nm)刀,

allti,jSareVariablesforPT-TRSs,andallti,jSaretermSforconstructorTRSs･
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InStep3andStep40fthebasicideaimiroducedinSection3.3,Wehave

transformedtheright-handsiderofarewriterulef(tl,…,tn)→rinaninput

systemintoaconstructortermr′astheargumentoff#intheleft-handsideof

acorrespondingruleoff#,andconditionsastheconditionalpartoftheruleof

J#.

IfthesametransformationisappliedtoaconstructorTRS,definedsymboIsof

theinputTRSm町Stillremainintheconditionalpartafterthetransformation.

Fbrexample,COnSidertherulef(x,y)→C(f(g(a)),g(x))wheref,9aredefined

SymboIsanda,CareCOnStruCtOrS.TbapplyStepl-4tothisrule,WeObtain

thefo1lowlngrule:

f#(c(xl,X2))→tP2(x,y)≠f#(x2)→tPl(g(a))∧g#(x)→tPl(x).

Thedefinedsymbolgsti11remainsintheconditionf#(x2)→tPl(g(a)).

Tbeliminate9,Weagainreplacethetermg(a)withafreshvariablez･Then,

theconditionf#(x2)→tPl(9(a))istransformedtof#(x2)→tPl(z)andthe

newconditiong#(z)→tPl(a)isgenerated.Addingthenewconditionintothe
COnditionalpart,WeCanObtainthefo1lowlngCOnditionalrewriterule:

J#(c(∬1,∬2))→tP2(∬,y)

≠f#(x2)→tPl(z)∧g#(x)→tPl(x)∧g#(z)→tPl(a).

Finally,thereisnodefinedsymbolf,ginthetransformedrule.

ThesetransformationisconsideredastheinductiveapplicationofStep3and

Step4.SinceStep3andStep4areimplementedasthetransformation沸T,

wecaneasilyconstructsuchanextendedcompilerbyinductivelydefining易T,

especiallythecase(c)inDefinition3.4.1;(c)昂T(f(tl,…,tn))=(y;f#(y)→

tpn(ul,…,un)∧Condl∧CondnD whereyis afreshvariableand沸T(ti)=
4祝豆;Coれd宜》.

3.6Inverse CompilerforConstructorTRSs

Inthissection,WeaCtuallyextendthedefinitionof=nvpTtOthatforconstruc-

tor TRSs.InSubsection3.6.1wepresent aninversecompilerfor constructor

TRSs,andweshowthecorrectnessofitinSubsection3.6.3.InSubsection3.6.2,

WeShowtherelationshipbetweenthesyntacticpropertiesofatargetconstruc-

torTRS andtheinverseCTRSgeneratedbytheinversecompilerproposedin

Subsection3.6.1.In Subsection3.6.4wetransform thegenerated CTRSinto
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anequivalentEV-TRS.W6discussinSubsection3.6.5therelationshipbetween

SyntaCticpropertiesofaninputconstructorTRSanditsinverseEV-TRS.

3.6.1 Generation ofInverse CTRSs

W6extendtheprocedure昂T byinductivelydefiningthecase(c)inDefini-

tion3.4.1.

Definition3･6.1(甥u‖)Let7beasi9naturedividedintotheconstructorsetC

α陀d兢ed頭陀e(g-βymわogβefpごア=C也p.乃epmce血門塀utl如押頂edαねm

由豆犯血c抽eJydq声れedαβわヱgoぴβご

拘卜肇u‖(∬)=匝;trueDぴんe†℃∬由αγαrぬ晦

作ノ甥u‖(c(fl,‥･ふ))=4c(叫,…,祝陀);Co†もdl∧…∧Co†もも》

ぴんeγ℃C∈Cαれd甥u‖(り=4祝豆;Co†もdルαれd

｢り甥u‖(J(fl,…,㍍))=抽;J#(y)→tP循(叫,…,祝陀)∧Co†ldl∧Co†もd陀}

び九e†℃J∈p,y由α舟eβんγαrぬわgeαれd甥u‖(り=《叫;Co†ld川.

乃eぴ0摘升eβん′豆m作ノmeαれβ仇αf哀㍑作ノ,y¢Vαγ(fゎ祝わCo†滅),αれd血eαCん

扉作ノα氾d在ノ,γαわαあgeβ哀れ如血ced豆乃甥ull(り=《祝盲;Coγ鳴》α乃d甥ull(ち)=

¢叫;Coγ1鴎}α柁d吻0叫兢αf由,Vαγ(叫,Coγもd豆)nVαγ(ち,叫,Coγも句)=¢か

eαCん乞α乃dJび鵡乞≠ブ.

Fbranyinputterm,theaboveprocedure甥ullterminatesandreturnsapairofa

termandaconditionsincetheinputtermisfinite.Theabovedefinitionof風"

1eadsthefo1lowlngprOPOSition.

Proposition3.6.2Let7beasi9naturedividedintotheconstructorsetC and

f加d所㍑ed-βymわogβefpごア=C也Ip.耶乙eγ乙,甥u‖(り=頼;Co†もd}ま汀砂g戎eβ兢e

み肋血w

匝ノ亘〃…C旺仇(fl,1,…,fl,几1),…,タm(fm,1,･･･,fm,陀m)刀,兢e陀

･Coれd=∧≡1(舶)可P几れ,…,町m`)∧膿1Co晩)
カrβOmeUαγぬわgeβ封1,…,ymβ祝Cん仇αfy豆≠Vαγ(f宜,J,町J,Coγ鳴,J),ぴんer℃

甥ull(壬豆,J)=小塙;Coγ吼j》α乃dVαγ(祝宜,J,Coγ域,J)nlノαγ(fり′,町,J′,Coγ乙み,ブ′)

=¢わγeαCん乞α乃dJβ祝C九兢αf戌≠ブOr豆′≠j′,
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作ノ祝由αCOれ油ⅦCわrfeγm,αれd

作ノCo†ld由五和兢e.桓Ⅶβげ

true∧ガ(yl)→恥1(町1,…,∬軌)∧…∧ぽ(yた)→tPm庵(勒1,…,勒た)

ぴんe†℃ム由αれれ豆一α叩d所㍑edβymゐogび助代印eC=b月.

Prvqf Theclaim(a)fo1lowsfromthedefinitionof甥∪‖･Theclaims(b)and(c)

fo1lowfromtheclaim(a). ロ

Example3.6.3Considerthefo1lowingconstructorTRSoverthesignature(s,

0,add,mul),Whichcomputesadditionandmultiplicationofnaturalnumbers:

R7=(add(0,y)→y,add(s(x),y)→S(add(x,y)),

mul(Q,y)→0,mul(x,0)→0,

mur(s(x),S(y))→S(add(mul(x,S(y)),y)) )･

甥ullgenerateS,fromtheright-handsideofthefifthruleabove,thefo1lowlngPair

oftheterm andthecondition:

甥｡‖(s(add(mu](x,S(y)),y)))

=(s(z);add#(z)→tP2(w,y)∧mul#(w)→tP2(x,S(y))D.

□

Usingtheprocedure甥｡l(,WeeXtendヱわvpTtOthetransformation加vfu"for

constructorTRSsasfo1lows.

Definition3･6･4(ヱmvfuJl)LetRbeaconstructorTRSoverasignature7･Ebr

α陀び摘emgeβ:J(ぴ1,…,び乃)→γ∈月,ぬcor代印0陀d如CO†もd宜如陀αg柁び而e

mgeヱ㍑即死祝gefull(β)げJ#由東和edαβカggoぴβご

ヱわγR祝gefu‖(J(ぴ1,…,び几)→γ)=J#(γ′)→tPm(ぴ1,‥.,び乃)≠Coれd

ぴんere甥u‖(γ)=《γ′;Co†ld》αれd(Vαγ(r′,Co†もd)＼Vαγ(γ))nlノαγ(叫,…,び几)=
冠=

乃eかⅦ乃旦わmα知和ヱれ叫州げαCO†も5fr祝Cわr7Ⅵβ哀βd頭medαβ舟ggoぴβご

三和叫山l(月)=(ヱれγ兄祝gefu‖(g→γ)Ig→γ∈月)

∪(J#げ(∬1,…,∬m))→tP几(諾1,‥.,£陀)け∈p月).

乃ereぴわねmgeJ#(J(∬1,…,∬几))→tP几(∬1,…,∬陀)哀れ兢eαわ0γed所陀豆如れ由

Calledtheinverse-PrOPertyruleqftheddinedsymbolf.
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Itisclearthatヱわv7hlef｡‖(p)isaconditionalrewriteruleoverthesignature

7#andhence加vf｡[l(R)isaCTRSoverF#.InSubsection3.6.3,WeShowthe

COrreCtneSSOfヱれVf｡‖,thatis,thatZnvf｡"(R)isaninverseCTRSofR.Wbalso

Showthenecessityoftheinverse-PrOPertyrulesinthelastofSubsection3.6.3.

Example3.6.5Thefo1lowlngCTRSisobtainedbyヱれVfullfromR7inExam-

ple3.6.3:

月8=ヱ肌full(月7)

=(add#(y)→tP2(0,y),

add#(s(z))→tP2(s(x),y)≠add#(z)→tP2(x,y),

add#(add(x,y))→tP2(x,y),

mul#(0)→tP2(0,y),

m山#(0)→tP2(∬,0),

mul#(s(z))→tP2(s(x),S(y))

ヰ=add#(z)→tP2(w,y)∧muJ#(w)→tP2(x,S(y)),

muf#(muI(x,y))→tp2(x,y)

口

Thefo1lowlngPrOPOSitionshowsrelationshipsbetweentheslgnatureSOfan

input RandtheCTRS=nvf｡"(R),andbetweenconstructor terms ofRand

ヱれ叫刷(月)･

Proposition3.6.6LetRbeaconstructorTRSoverasi9natur7:7.

｢り助eryd所㍑edβymわogげヱ肌full(月)co㍑β由ねげαd痴れedβymみogげ月αれd

がばβ叩椚C痩地花嵐兢αf由,p肋fu..(月)=(J#け∈p月)･

作ノ助ery舟れC如mβymみoJ豆㍑ア由αCOれβれcわrq′ヱ肌full(兄上兢αf由,ア⊆

ら両u..(月)･

何助叩fermoγeげ由?COm5れcわrfemもげ加仙■(勒娩α埼T(ア,ガ)⊆

γ(ら両u‖(和才)･

Prvqf nom Definition3･6･4,eVeryreWrite rule f(wl,…,Wn)→r∈Ris

transformedtoaconditionalrewriterulef#(r′)→tPn(wl,.‥,Wn)≠Cond

∈ヱわvfu"(R)where甥u‖(r)=(r/;CondD.Then,itfo1lowsfromthedefinition

OfdefinedsymboIsthat2hv.u‖(R)=(f#[f∈DR)･Hence,theclaim(a)holds･

Itisclearthattheclaim(b)fo1lowsfrom(a),andtheclaim(c)fo1lowsfrom

(b). 口
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3.6.2 SyntacticPropertiesofInverseCTRSs

Inthissubsection,WeanalyzesyntacticpropertiesofCTRSsgeneratedbyヱわvfulr,

SOmeOfwhicharepreservedbyヱ托Vf｡][fromthoseofinputconstructorTRSs.

ThediscussionhereisthefirsthalfoftheanalysisonthepropertiesofEV-TRSs

generatedbyourinversecompiler,Whichweappealinthisthesis.

WbfirstdefinesomesyntacticpropertiesofCTRSs.LetRbeadeterministic

4-CTRSoverasignature7andaconditionalrewriterulep:l→r睾Cond

OVerFwhereCond=Sl一鯛tl∧･‥∧sn→tn.Therulepis calledastrict

COnStruCtOrruleiftl,…,tnandallpropersubtermsoftheleft-handsidelare

COnStruCtOrtermSOfR,thatis,(tl,…,tn)∪(ulu<l)⊆T(CR,X)･Ris
Calledastrictconstructorsystemifevery.ruleinRisastrictconstructorrule･

Notethatstrictconstr11CtOrCTRSsareconstructorCTRSs.TherulepISCalled

Strictlynon-eraSingifallvariablesintheleft-handsidelappearineitherthe

right-handsiderortheconditionalpartCond,andallvariablesintiappearin

randthelaterconditionssi+1→ti+1∧･･･∧sn→tn,thatis,

･Vαγ(g)⊆Vαγ(γ,Coれd),and

･Vαγ(り⊆Vα巾)uU完机Vαγ(βブ,ち)brl≦宜≦れ･
Risca11edstrictlynon-eruSin9ifeveryruleinRisstrictlynon-eraSlng･Therule

Pisstrictlylduineariflandtl,…,tnarelinearandanyvariableintidoesnot

appearinlortl,...,ti_1,thatis,Var(ti)nVar(l,tl,…,ti-1)=¢forl≦i≦
n.TherulepISCalledstrictlyright-1inearifrandsl,…,Snarelinearandany

vadableinsidoesnotappearinr,tiOrSi+1,ti+1,...,'sn,tn,thatis,Var(si)∩

(Var(r,ti)uU芸=i.1Var(sj,tj))forl≦i≦n･Riscalledstrictlylduinearif
everyruleinRisstrictlyleft-1inear,andcalledstrictlyri9ht-1inearifeveryrule

inRisstrictlyright-1inear.

LetCondbeaconditionalpartinformoftrue∧sl一鯛Vl∧･･･∧sm一鯛Vm･

FbrasubstitutionO,0(Cond)denotestrue∧slO→VlO∧･‥∧smO→VmO･
Asapreparationfortheanalysis,WeShowthepropertiesonvariableappear-

anCein甥｡‖(t)=4u;CondD･

Proposition3.6.7Let7beasignaturt:dividedintotheconstructorsetC and

兢ed飾れed一βymわogβefp∴ア=C也Ip.エeffみeαfer〝も0〃erアαれd甥u‖(り=

4祝;Coγもd}.7Ⅶeγ1,αggげ兢e舟ggoび如ん0は

｢りeαCんγαrぬ鋸e血e助erf,祝OrCoγもd由叩peαわれタ五和兢eo兢eγ3ごVαγ(り⊆

Vαγ(叫Comd),Vαγ(祝)⊆Vα7や,Coれd)α氾dVαγ(Coれd)⊆Vαγ(f,祝),
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作ノVαγ(叫Coγld)＼Vαγ(り=Vαγ(Co†ld)＼Vαγ(り=Vαγ(祝)＼Vαγ(り,αれd

血αdd豆如乃,β叩pOβe兢αff…タ(fl,…ふ),タ∈アαれd甥∪‖(り=¢叫;Co†痛}

β祝Cん娩αfカr豆αれdJび鵡豆≠J,(Vαγ(祝わCoγもd豆)＼Vαγ(り)nVαγ(ち,叫,Coγも鴎)

=臥乃eγも,

作ノVαγ(‰Coγ鳩)＼Vαγ(り=Vαγ(‰Co†鳴)＼Vαγ(り.

Proqf Theseclaimsclearlyfo1lowfromthedefinitionof甥｡J[.

Next,for甥u"(t)=¢u;CondD,WeClarifytherelationshipbetweent,uand
Co†ld.

Lemma3.6.8ムefアわeαβ如㍑αね作動戎dedまれわ班e co†15frt化わγβefCα乃d娩e

d所几ed-βymわogβefpごア=C也Ip.g叫岬0βe兢αf

●f由αfeγmO〃eγア,

･甥u‖(り=《祝;Co†ld},

●Co†ld=true∧Comdl∧…Coれdm,α㍑d

●Co†ld豆=β五一鯛γ豆.

乃e†l,αggげ仇eわヱヱ0乱血タん0は

極ノVαγ(β£)⊆Vαγ(叫叫,.‥,γ壱_1),

作ノ祝由αCO†もβ血cわrねmoγerC,α㍑d叫,…,Umα柁CO†も虎γⅦCわrねmβ0γer

Cu(咄lO≦哀≦maxJ∈p(arity(J))),

｢りVαγト電)⊆Vαγ(f,Co†鳴+1,…,Coγ乙dm),

｢りβ1,…,βmα柁g哀れe叫

作ノVαγ(β壱)nVαγ(f,γゎCo†ld什1,…,Co†1dm)=¢,αれd

の亘〃由肋eαれ〟ほれ祝αれd叫,…,γmα柁αね0肋eαrαれdカreuery豆,Vαγトi)

nlノαγ(叫叫,…,γ宜_1)=臥

PrDqf(Sketch･)Theclaim(b)obviouslyholdsfromProposition3.6.2.The

Otherclaimscanbeeasilyprovedbyinductiononthestructureoftermt,by

us1ngProposition3.6.7. □
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CTRSsgeneratedbyヱれVf｡"havethefo1lowingsyntacticproperties.

Proposition3.6.9LetRbeaconstructorTRSoverasi9natureF.men,

｢りヱ肌fu‖(句由αβまわc軸れ0れ-emβ如αmdβfわcfcoれβ打ⅦCわγイーCmβ0∽r兢e

叩れαね柁ア#･

肋陀0即eγ1αggげ兢eわggoび哀れタん0は

作ノげ月由㍑0几一eγⅦβ如,がほ花王ね叫u‖(句由β-Cmβ,

作ノげ月由榔一触eαれ兢e†乙ヱmf山l(句由βfわc軸吻加-J哀れeαれαれd

仰げ月由吻姑肋e叫兢e†もヱmf山l(月)由βfr豆c軸榔一触eαγ.

Prvqf(Sketch･)TbproVethislemma,itissufEcienttoshowthatallofthe
fo1lowlngholdforarewriterulep:l→r∈R:

(1)=nv7hlef｡"(p)isdeterministic,

(2)ヱれV7hlef｡‖(p)isastrictlynon-eraSingandstrictconstructorsystem,

(3)ifpis non-eraSing,then every extravariablein the right-hand side of

ヱ元v7hlef｡‖(p)isalwaysappearingintheconditionalpartof=nv7hlef｡"(p),

(4)ifpisleft-1inear,thenhv7hlefu‖(p)isstrictlyright-1inear,and

(5)ifpisright-1inear,thenヱねv7hlefu‖(p)isstrictlyleft-1inear.

TheaboveclaimscanbeeasilyprovedbyuslngLemma3.6.8.

3.6.3 Correctness ofGeneration

Inthissubsection,WeprOVethecorrectnessofthetransformation=nvf｡Jl,thatis,

thatforaconvergentconstructorTRSR,ヱmvf｡Il(R)isaninverseCTRSofR･

Wbfirstshowthat甥u"(t)=《u;CondDisstableforT(C,X)-Substitutions･

Proposition3.6.10Let7beasi9naturedividedintotheconstructorsetCand

兢ed痴れed-βymわogβefpごア=C吐Ip.ムef壬わeαfeγmOγerアα陀d甥u‖(り=

4祝;Coγもd》.乃eれ,甥ull(甜)=《祝β;β(Co†もd川♪reαCんγ(C,ガ)-β祝わβf血知れβ

β祝C九兢αf(pom(β)ulノ花αれ(β))∩(Vαγ(叫Co†ld)＼Vαγ(り)=臥
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Proqf Theprocedure甥uHisdefinedinductivelyonthestructureoftermsand

甥ulldoesnottransformanyconstructorterm,thatis,甥∪"(s)=(s;trueDfor

everyconstructorterms,(seeDefinition3.6.1).Ontheotherhand,Ⅶriables
in the domain and range ofO satisfies the condition on variables duringthe

PrOCedure甥｡I卜Therefore,thepropositionholds.
□

Next,Wepreparethefo1lowlnglemmaonrewritesequencesofconstructor

CTRSs.

Lemma3.6.11LetRbeaconstructorCTRSoverasi9nature7,S beaterm

Oγerアαれd壬あeα乃OrmαgかⅦび助代印eCfわ凡九αdd戌知れ,gef∂ゐeαT(C月,ガ)一

β祝むβ触知和,Jみeαm〃ダ→月(ア,ガ)-β視みβ地如れβ祝Cん加古Vαγ(β)npom(J)=
¢αれdかeγery∬∈かom(J),rOOt(∬J)∈p月.乃eれ,β∂打ち月ま豆†叩g豆eββ∂ち虎

視α削=≡祝JかβOmeね門Ⅶ祝拝まm豆gαrgyか忌月ノ･

Proqf Thislemmafollowsfromthesyntacticpropertiesandrewriterelations

OnCOnStruCtOrSyStemS. □

Nextweshowthateverysubstitutioncanbedecomposedintotwosubsitu-

titonsoneofwhichsubstituteconstructorterms,theotherofwhichsubstitute

termsheadedbydefinedsymboIs.

Proposition3.6.12Let7beasignaturedividedintotheconstructorsetCand

兢ed痴れed-βymわogβe古かごア=C也Ip.助eryβ祝むβf血如㍑βcα㍑わedecoγ叩0βed

哀れわ娩eβ現ゎβf戎ねfわれβ∂αれdJβ祝C/も〟もαf

●β=∂J,

･刀吻m(β)=かom(∂),

･(poγ托(β)uV花αれ(β))npom(J)=軋αれd

･ルrαgg∬∈pom(J),rOOt(∬J)∈p.

PrDqfItisclearthateverytermsover7canbedividedintoaconstructor

termtoverFanda7-(F,X)-SubstitutionJIsuchthatV7aan(J/)nVar(s)=

¢androot(u)∈Dforeveryu∈7aan(J′).Thisfactimpliestheclaimofthis

PrOPOSition. ロ

Thefo1lowlngprOPOSitionholdsbetweensubstitutionsandconditionalparts.
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Proposition3.6.13LetRbeaCTIW,l→r≠Cond∈R.LetJ,O besubsti-

ね知れβ.乃e乃,兢eむ0妨げ兢eわggoび如んogd声血豆gαrヱyか皐月αれdちRノご

｢りCoれd(J,→R)血岬g豆eβCoγもd(劇,→月),αれd

作ノ(J(Coγ乙d))(β,→月)好Co†もd(Jβ,→月)･

Prvqf ThieseareobviousbecausereWriterelationisclosedundersubstitutions.

口

Inthefo1lowlnglemma,WeShowaconditionthatforaconditionalrewrite

rulel→r≠Cond∈R,Cond(J,ちR)impliesCond(q,→R).

Lemma3.6.14LetR be a strictly non-ertlSin9andstrict constructor CTRS

O〃erαβ由れαね代ア.∫叩pOβe兢αfeγe†甘mヱe～→γく=51一鯛fl∧…∧βm一鯛fm∈

月βαf哀訴eβαggげ仇eわggoび哀れ卵ニ

〃ノγαれdfl,…,fmα代れ0†…αrね鋸ecoれβ血cforfermβげ月,α㍑d

｢りroot(β五)∈p月α陀de〃erypmperβ祝わねmげβ豆由αCO†乙β血cわrfermq′兄

上efg→γ≠Co†ld∈月,祝あeα㍑0乃-Uαr戎αわge coれβ吉和cわr fem乙げ月,βわeα

β祝わβ肋知れα几dJあeαれ〃F→月(ア,∬)-β祝わβ肋如㍑.乃e氾,αgヱげ兢e榊0礼物

向丘J与月祝JαれdCoれd(J,ち月)宜叩払た=1,

作ノげComd(β,ち月)九0均〟ほれ兢e†℃e血由αγ(C月,∬)一皿加商加加服∂馳C九兢αま

Coγ乙d(∂,→月)α乃d∂≦β,

作ノCoれd(β,与月)如錘eβCoれd(β,→月),αれd

伺トぴわ→月叩,兢e乃兢e陀e∬由ねα乃〃ダ→月(ア,∬)-β祝わβ肋知れJ′β祝Cん班αf

Coγld(〆,→月)α陀dJ】vαr(刷=〆レ｡γ(切･

PrDqf SinceRisaconstructorsystemandsatisfies(1)and(2),theclaim(a)
holdsobviously.

W6provetheclaim(b)･LetCond=Sl一鯛tl∧･･･∧sm一鯛tmandsuppose

thatCond(0,与R).Then,WehavesiO-3RtiO.Now,fromProposition3･6･12,

thereexistaT(CR,X)-Substitution6andasubstitutionO′suchthat

●β=∂β′,
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･刀吻m(β)=pOm(J),

･(pom(β)ulノ兄αれ(β))∩刀血m(β′)=軋and

･brall∬∈pom(β′),rOOt(∬β′)∈p月.

WbcanassumethatVar(si)nDom(0′)=¢withoutlossofgenerality.Then,

itfo1lowsfromanaturalextensionofLemma3･6･11thatsi6与Rti6.Herewe

CanPrOVethatsi6→Rti6fromtheclaim(a),andhenceCond(6,→R).Itfo1lows
h)mβ=∂β′that∂≦β.

Theclaim(c)followsfromtheclaim(b)andProposition3.6.13(a).

Nowweprovetheclaim(d)･SupposethatlJ→RrJ.Then,thereexistsa

SubstitutionllSuChthatlJ…lll→Rm7…rJandCond(T7,ちR).Nowthereexists

aT(CR,X)-Substitutionり′suchthatCond(17/,→R)andrl′S77.

Ontheotherhand,1etり′′beanNF→R(F,X)-Substitutionsuchthatqlv｡r(l,,)

=(T7′lva,(l,,))T7′′･Moreover,leto-,=17111′′･Then,itisclearthatCond(J′,→R)and

Jレ叫,γ)=J′lvαr冊)･
□

Tbprovethecorrectnessofヱわvfu",WepreParetWOteChnicallemmas.Wbfirst

explainthemeanlngSOfthembyuslnganeXample.

Let月beaconstructorTRS･Lett…f(g(a),h(b)),f,g,hbedefinedsymboIs

OfR,a,bareconstructortermsofRandcbeanormalformwithrespectto→R･

Then,applying甥｡l(tOt,WeObtainthefo1lowing:

甥u‖(り=拍;J#(∬)→tP2(y,Z)∧タ#(y)→α∧ん#(z)→む}.

Theabovetransformationcanbeconsideredthat甥｡Ildecomposethetermtinto

thefo1lowlngSimultaneousequations:

タ(α)=y,九(り=Z,J(y,Z)=∬. (3.7)

Inaddition,theconditionalpartgeneratedby撰u‖rePreSentSthefollowingsi-

multaneousequationsfortheinversesf#,g#andh#:

J#(∬)=(y,Z),g#(y)=α,ん#(z)=む. (3.8)

Nowassumethatti>RC･Sincethisrewritingisdonebyinnermostreduction,
thereexistnormalformsclandc2Withrespectto→RSuChthatf(g(a),h(b))

i>Rf(cl,C2)怠RC･Thismeansthatthefo1lowingequationshold:

g(α)=Cl,ん(り=C2,J(cl,C2)=C. (3.9)
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Then,thesubstitutionJ=(m十C,針→Cl,Z→c2)canbeconsideredasasolution

Oftheequation(3･7)･Now,thefactthatCondissatisfiedbyJand→=nvfu.,(R),

meansthattheequations(3.8)aresatisfiedbyJ,andhencethecomputationsof
f#,g#andh#arecorrect.ThisisthemeaningofLemma3.6.15.Lemma3.6.16

meanstheconverse,thatis,thesatisfactionoftheequations(3.8)impliesthe

Standardcomputationg(a)怠RCl,h(b)急RC2andf(cl,C2)i>RC･Thismeans
thattheequations(3.9)hold･

Lemma3.6.15LetRbeaconstructorTIWoverasignatureF.Lettbeate

o眠rア,βわeα陀0門乃αgわmび拙作叩eCfわ→月α㍑d撰ull(り=《祝;CoγもdD･椚

豆が,鮎几Comd(J,→加鞠‖(月))α㍑dβ…祝JかβOmeⅣ→R(ア,ガ)一β祝助祝如れ

Jび鵡pom(J)⊆Vαγ(Coγ1d)＼Vαγ(f)･

Prvqf Wbprovethislemmabyinductiononthelexicographiccombinationof

thenumberkofstepsoft意RS,andthestructureofthetermt･Sincethecase
thatk=00rtisavariableistrivial,WeCOnSidertheothercases.

･Considerthecaseoft≡C(tl,.‥,tn)withc∈CR･Ftomthedefinitionof
甥u‖,WeCanaSSumethatu…C(ul,...,un),Cond=true∧Condl∧･･･∧

Condnand甥u(l(ti)=(ui;CondiD,and

(Vαγ(祝わCoれd宜)＼Vαγ(り)nVαγ(ち,叫,Co叫)=¢払r豆≠ブ･(3･10)

Sincethecaseofn=Oisobvious,WeCOnSiderthecaseofn>0.

SincecisaconstructorofR,thereexisttermssiandnumberskiSuChthats

…C(sl,…,Sn),ti意RSiandki≦k･Nowtiisapropersubtermoft･Then,
bytheinductionhypothesis,thereexistsanⅣF→R(7,X)-Substitutionqi

SuChtbatCoれd宜(Jゎ→肋f｡.(月)),

β盲≡叫Jゎand

pom(J£)⊆Vαγ(Coγ戒)＼Vαγ(り･

Letq=∪≡1CTi･Itfo1lowsfrom(3･10)and(3･12)thatDom(qi)nDom(oj)

=¢fori≠j.Then,CTisasubstitution.HereitisclearthatJisan

昭一→R(f,X)-SubstitutionandDom(0-)⊆Var(Cond)＼Var(t).

On the other hand,from Proposition3.6.7(c),We have Var(Condi)＼

Var(ti)⊆Var(Cond)＼Var(t)･Moreover,(3･10)and(3･12)holdnow･
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Then,WehaveuiCT≡Si･ItisclearthatCondi(J,→hvfu‖(R))･Therefore,

Cond(q,→肋f｡.,(R))and

祝J…C(叫J,･‥,祝几J)…C(β1,…,β几)…β.

･Considertheremainingcase,thatis,t…f(tl,…,tn)withf∈DR･Ftom

thedefinitionof3;｡‖,WeCanaSSumethatu≡y∈X,Cond=f#(y)→

tp乃(叫,‥.,祝乃)∧Coれdl∧…∧Comd几,甥ull(り=任祝虚;Co†域},

y≠Vαγ(fゎ祝わCo†戒),and (3･13)

(Vαγ(祝わCoれd豆)＼Vαγ(り)nlノαγ(ち,叫,Coγl句)=¢br豆≠J･(3･14)

Ftomthesequencef(tl,…,tn)意RS,thereexistnormalformssiWith
respectto→Randnumbersk/,k//suchthatk/+k//=kand

拍1,…,り意月Jh,…,β乃)急が･

Then,thereexistnumberskiSuChthatki≦k/andti意RSi･Here,bythe
inductionhypothesis,thereexistsanNF→R(7,X)-SubstitutionJiSuCh

thatCwLdi(Ji,→=nvfu‖(R)),Si≡uiCTi,and

pom(J豆)⊆Vαγ(Co†鳴)＼Vαγ(り. (3.15)

Sincesl,…,SnarenOrmalformswithrespectto→R,WeCOnSiderthecases

inwhichf(sl,…,Sn)isaredexofR,OrnOt.

一Considerthesubcasethatf(sl,‥･,Sn)isaredexofR･Then,there

existarewriterulep:f(wl,‥.,Wn)→r∈RandanNF→R(7,X)-
substitutionO suchthat

刀吻m(β)⊆Vαγ(ぴ1,…,び几),and (3･16)

拍1,…,βm)…J(ぴ1,…,び乃)β→隻,β]γβ完与が･
Let甥u‖(r)=《r′;Cond′D.Then,Wehaveaconditionalrewrite

rulef#(r′)→tPn(wl,...,Wn)睾Cond′∈Znvfu‖(R)whichsatisfies
(Vαγ(γ′,Co†ld′)＼Vαγ(γ))nVαγ(叫,…,び陀)=臥

FtomProposition3.6.12,theNF→R(7,X)-SubstitutionOisdecom-

POSedintosubstitutions6andq,suchthatO=6J′,

pom(β)=pOm(J), (3.17)
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(pom(β)ulノ花αれ(β))npom(J′)=軋androot(打′)∈p月払rall∬

∈Dom(J/).Ⅵ毎canassumewithoutlossofgeneralitythatvariables

inVar(r′,Cond′)＼Var(r)arenotusedintheothers･Then,Wehave

(pom(∂)ulノ花αれ(∂))∩(Vαγ(γ′,Coγld′)＼Vαγ(r))=臥(3･18)

Then,fromProposition3.6.10,Wehave

乳l(γ∂)=4γ′∂;∂(Coれd′川･

Ontheotherhand,fromLemma3･6･11forrO≡r6J/一覧ゝRS,
thereexistsanormalforms′withrespecttoRsuchthats…S′cTl

andr6畳RS′･Here,bytheinductionhypothesis,thereisan
NF→R(7,X)-SubstitutionJ′′suchthats′…(r′6)J′′,

(J(Comd′))(J′′,→肋fu..(月)),and (3･19)

po†n(〆′)⊆Vαγ(∂(Co†1d′))＼Vαγ(γ∂)･(3･20)

Itfo1lowsfrom(3.18)thatVar(6(Cond/))＼Var(r6)=0,andhence

pom(J′′)⊆Vαγ(γ′,Coれd′)＼Vαr(γ)･(3･21)

Ontheotherhand,itfo1lowsfrom(3.19)andProposition3･6.13that

Cond′(6〆′J',→hvf｡"(R))･Then,Wehave

J#(γ′)∂J′′J′→肋fu‖(月)恥(ぴ1,…,び陀)∂J′′J′･

Itfollowsfrom(3.16)-(3.18)and(3.21)thatVar(wi)nDom(〆′)=臥

Italsofo1lowsfrom(3･18)and(3･21)thatV7aan(6lva,(wi))nDom(〆′)

=0.Then,Wehavewiお′′≡Wi6,andhence

勒お′′J′≡勒お′≡び豆β.

LetJ=(yト+s)u U≡10t･Itfo1lowsfrom(3･13)T(3･15)thaty

≠Dom(Ji)andDom(0-i)nDom(oj)=¢fori≠j･HencecTisa

substitution.ItisclearthatDom(J)⊆Var(Cond)＼Var(t),W≡

S,uiCT≡SiandCondi(J,→=nv,｡‖(R))･ItisalsoclearthatJisan

NF→R(7,X)-Substitution.

Nowweshowthatthefirstconditionf#(y)→tPn(ul,...,un)issat-

isfiedbyJand→加vf｡‖(R)aSfo1lows:

J#(y)J≡J#(β)≡J#(γ′)∂J′′J′→肋fu..(月)恥(ぴ1,…,び乃)∂J′′J′

…tPn(sl,...,Sn)…tPn(ul,･.･,un)J･

Therefore,Cond(J,→加vfu‖(R))holds･
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-Considertheremainingsubcasethatf(sl,…,Sn)isnotaredexof
R)thatis)anOrmalformwithrespectto→R･Nowwehaves…

f(sl,･･･,Sn)･LetJ=(yr+S)uU≡1Ji･Itfo1lowsfrom(3.13)-(3.15)

thaty≠Dom(cTi)andDom(cTi)nDwn(oj)=¢fori≠j.HenceJ

isasubstitution･ItisclearthatDom(J)⊆Var(Cond)＼Var(t),W

≡S,uiJ≡SiandCondi(J,→=nvfu‖(R))･ItisalsoclearthatcTisan

NF→R(7,X)-Substitution.Ontheotherhand,Wehavetheinverse-

PrOPertyrulef#(f(xl,…,Xn))→tpn(xl,...,Xn)∈ヱれVfu"(R),and
hence

J#(y)J…J#(β)…J#(J(β1,…,β乃))

→加fu..(月)恥(β1,…,β几)≡tP穐(叫,･‥,祝几)J･

Therefore,Cond(J,→hv.u‖(R))holds･

ロ

Lemma3･6･16LetRbeaconstructor771Soverasignaturt:F.Lettbeaterm

O眠rア,甥∪‖(り=《祝;Coれd》α乃dJあeαβ祝わβ肋知れび鵡兄肌(JlⅥ汀(叫)⊆

脚→月(ア,∬)･乃e陀,Co叫J,→物u‖(月))戌叩g乞eβわ急月祝J匡脚→月(ア,糊

PrDqf Ⅵ毎provethislemmabyinductiononthelexicographiccombinationof

thelevelkofrewriterelationCond(J,?hvfu‖(R)),andthestructureoftheterm
t･Sincethecasethattisavariableistrivial,WeCOnSidertheothercases.

･Considerthecaseoft…C(tl,･.‥,tn)withc∈･CR･Fhmthedefinitionof
風‖,WeCanaSSumethefo1lowlngS:

-u…C(ul,･･･,un),Cond=true∧Condl∧…∧Condnand甥u‖(ti)

=《祝£;Co†鳴》,and

-(Vαγ(祝わCoれd豆)＼Vαγ(り)nlノαγ(ち,祝J,Co叫)=¢払r乞≠J.

Sincethecaseofn=Oisobvious,WeCOnSiderthecaseofn>0.Itfo1lows

fromCond(q,?=nvf｡‖(R))thatCondi(J,?=nvfu‖(R))･Then,bytheinduction

hypothesisforthepropersubtermti,Wehave

如意月卿･

Therefore,thefo1lowlngholds:

わ…C(fl,…,抽悠射(叫,…,現職)J…祝J･
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･Considertheremainingcase,thatis,thecaseoft≡f(tl,･.‥,tn)withf∈
DR.Ftomthede丘nitionof甥u",WeCanaSSumethefo1lowlngS:

一視≡y∈ガ,Coγld=J#(y)→tP陀(叫,…,祝几)∧Coγもdl∧…∧Coγもd陀

and甥ull(り=4叫;Co†減},

-y¢Vαγ(fゎ叫,Co†嶋),and

-(Vαγ(祝わCoれd豆)＼Vαγ(り)nVαγ(ち,叫,Co鴫)=¢払r戎≠J･

Itfo1lowsfromCond(J,ゼ=nvfu"(R))thatCondi(J,?hvf｡"(R))･Then,bythe

inductionhypothesisforthepropersubtermti,Wehave

わーゴ月祝盲仇

Hereweconsiderwhichruleisappliedtothesequencef#(y)cT子=nvfu.[(R)

tp几(叫,…,祝m)J･

-Consider
the subcase that f#(r′)→tPn(wl,･･･,Wn)≠Cond′∈

=nvfu‖(R)isapplied.Then,thereexistsasubstitutionOsuchthat

J#(y)J…J#(γ′)β予知fu..(月)恥(ぴ1,…,び乃)β≡tPれ(叫,…,祝几)J

andCond′(0,丁子加vfu‖(R))･Ontheotherhand,Wehavetherule
J(叫,…,ぴれ)→γ∈月and撰u‖(r)={γ′;Coγl♂}bolds･

SinceRisaTRS,WehaveVar(r)⊆Var(wl,･･･,Wn)･Itfo1lowsfrom

V7aan(qlva,(t,u))⊆NFjR(F,X)thatyJ∈NF→R(7,X),andhence

yJ≡r′β∈ⅣF→R(ア,∬).Wbalsohavew…勒β∈〃ダ→R(ア,∬)･
Then,WehaveV7hn(OIva,(,,,′))⊆NF→R(7,X)･軒omProposi-

tion3･6･14(d),thereexistsaT(CTnv.u..(R),X)-Substitutionsuchthat

6≦OandCond'(6,五ゴ加.｡"(R))･Then,fromProposition3･6･13(a),

WehaveCond′(0,dhvh[.(R))･Here,bytheinductionhypothesis,We
havethefo1lowlng:

γβ怠月γ′β･
Therefore,thefo1lowlngSequenCeholds‥

わ≡拍1,…,りJ怠月Jト1,･‥,㍑m)J

≡J匝1,…,び几)β急月州…yJ≡祝J･

-Considertheremainingsubcasethattherulef#(f(xl,…,Xn))→
tpn(xl,.‥,Xn)∈ヱれVfuJl(R)isapplied･Nowthefo1lowingholds:

yJ≡仙1,…,祝陀)J∈Ⅳダ→月(ア,ガ).
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Therefore,Wehave

わ≡押1,‥･,り七月仙1,…,祝陀)J…yJ…祝J･
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口

Theorem3･6･17LetRbeaconstructorTRSoverasignaiure7.Letfbea

d所れedβymわogげ月αれdf,fl,…,吉和α柁陀0γmαgカrmβび拙作呼eCfわ→月.乃eれ,

拍1,…,り急月f好J#(り→肋fu‖(月)tPm(fl,…,り･

Proqf 酔omthedefinitionofJ孔II,WeaSSumethatallofthefo1lowing:

(a)乳l(J¢1,…,㍍))=紬;Coれ瑚,Comd=J#(y)→tPm(叫,…,祝几)∧Co†もdl

∧…∧C仇d循,甥utl(り=《祝盲;Coγ鳴》,

(b)yisafreshvariable,thatis,y¢∪≡1Var(ti,ui,Condi),and

(c)(Vαγ(祝わCα鴫)＼Vαγ(り)nlノαγ(ち,叫,Co鴫)=臥

Wbfirstprovetheonly-げpart･Supposethatf(tl,･･･,tn)急Rt･Then,from
Lemma3.6.15,thereexistsanNF→R(F,X)-SubstitutionJSuChthatt≡yJ,

Cond(J,→加Tu"(R))andDom(J)⊆Var(Cond)＼Var(t)･SinceCondi(ojhvfu‖(R))

holdsandJISanNF→R(7,X)-Substitution,WehavetiJ忌RuiJ･Itfo1lows

fromDm(J)⊆Var(Cond)＼Var(t)thatVar(ti)nDom(J)=0,andhencetiJ

…ti.SinceJisanNF→R(F,X)-Substitution,WehavetiJ≡ti≡uiO-.

Ontheotherhand,itfo1lowsfromCond(J,→=nvfu‖(R))thatf#(y)0.→肋f｡..(R)

tpn(ul,…,un)0･.Therefore,Wehavethefo1lowing:

f#(t)…f#(y)J→=nvf｡‖(R)tPn(ul,…,un)cT…tPn(tl,…,tn)･

Nextweprovetheぴpart･Supposethatf#(t)→=nv,u‖(R)tPn(tl,…,tn)･

Sincetiisanormalformwithrespectto→R,ti怠Rtiholds･Then,from
Lemma3･6･15,thereexistsanNF→R(7,X)-Substitutiono･iSuChthatti≡uiCTi,

Comd(Jゎ→肋fu..(月))andかom(の)⊆Vαγ(Coれd乞)＼Vαγ(り･

LetJ=(y→t)uU≡1Ji･Itfo1lowsfromtheassumptions(b)and(c)

thatyandvariablesinDom(Ji)aredi房oint,andhenceJisasubstitution.It

isclearthatCondi(J,→=nvfu‖(R))andf#(y)J→=nvfu..(R)tPn(ul,…,un)J･Hence

Co扇(J,→肋fu‖(月))holds･

Ontheotherhand,itfollowsfromtheassumption(b),y¢Var(Cond)and

pom(J£)⊆Vαγ(Coれd豆)＼Vαγ(りthatpom(J)⊆Vαγ(Coれd)＼Vαγ(J(fl,…,㍍)),
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andhenceJIvar(f(tl,...,tn))=0･Therefore,fromLemma3･6･16,Wehavethefo1-
lowlngSequenCe:

拍1,…,り…仙1,…,祝乃)J急月yJ…f･

ConvergentTRSshavethefo1lowlngnicepropertyon豆R･

Proposition3.6.18LetR be a converyent mS.Lets be atermandt bein

れOmαg舟mβび油化叩eCfわ→月･乃eれ,βち月毛断念月毛･
TheabovepropositionholdsobviouslyfromtheconvergenceofR.Consequently,

WeObtainthefo1lowlngCOrOllary.

Coro11ary3.6.19LetR beaconveryentconstructorTRSoverasi9nature7･

ムefJむeαd所几edβymわogげ月α㍑df,fl,…,去れα柁乃0γmαgわmβげぇ meγも,

葎1,…,りち月t好J#(り→加fu‖(月)恥(fl,…,り･

Ftomtheabovecoro11aryandT(CR,X)⊆NF→R(7,X),itisshownthatthe

CTRSヱれVf｡"(R)isaninversesystemoftheconvergentconstructorTRSRin

the senseofDefinition3.1.1.

Remarkthat加vfu"(R)isnotalwaysconfluentevenifRisconfluent･The

reasonisthatinversesofmany-tO-Onefunctions areone-tO-manylmageS.Fbr

example,R7isconfluentbutR8(=hvf｡l[(R7))isnot･
Nowweexplainthereasonwhyweaddtheinverse-PrOPertyrulesinthedefini-

tionof加vf｡11(R).Theinverse-PrOpertyrulef#(f(xl,…,Xn))→tPn(xl,.‥,Xn)

COmeSfromtheessentialproperty(3･1)whichinversesshouldsatis秒Thisrule
isnecessarywhileitisnotifthedefinedsymbolfissufncientlycomplete･This

isnotnecessaryinthecaseofPT-TRSs,tOO.Incontrast,thisisnecessaryfor

inversecomputationcontainingpartialfunctions.Considerthefo1lowlngTRS

OVerthesignature(s,0,half,add,mu[,mh):

R9=(half(0)→0, half(s2(x))→S(half(x)),

add(0,y)→y, add(s(x),y)→S(add(x,y)),

mul(0,y)→0, mul(x,0)→0,

mu[(s(x),S(y))→S(add(mul(x,S(y)),y)),

mh(x)→mul(x,half(s(x)))

The definedsymbolhalfis not su凪cientlycomplete sincethereis noground

COnStruCtOrtermtSuChthathalf(s(0))ちR｡t･AninverseCTRSofR90btained
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byヱ和明山Iisas払1lows:

凡0=ヱmfu‖(馬)

=(haIf#(0)→tpl(0),
haJf#(s(y)→tPl(s2(x))≠harf#(y)→tP(X),

half#(half(x))→tPl(x),

add#(y)→tP2(0,y),

add#(s(z))→tp2(s(x),y)≠add#(z)→tP2(x,y),

add#(add(x,y))→tp2(x,y),

m山#(0)→tP2(0,y),

mul#(0)→tP2(∬,0),

mul#(s(z))→tP2(s(x),S(y))

ヰ=add#(z)→tP2(w,y)∧mul#(w)→tP2(x,S(y)),

mur#(mul(x,y))→tP2(x,y),

mh#(y)→tPl(x)≠muJ#(y)→tP2(x,Z)∧half#(z)→tPl(s(x)),

mh#(mh(x))→tPl(x)
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SincewehaNetherewritesequencemh(0)ちR｡0,therewritesequencemh#(0)

BRl｡Omusthold･Tbapplytherulemh#(y)→tPl(x)≠half#(y)→tPl(x)

tothetermmh#(0)andtorewritemh#(0)toO,theconditionalpartmustbe

SatisfiedbyBRl｡andasubstitutionwhichcontains(xト→0沌=→0)･Since

muI#(0)canberewrittentotp2(0,t)foranytermt,mul#(0)→Rl｡tP2(0,t)holds
foranytermt.Ontheotherhand,atermuandarulewhichenabletorewrite

half#(u)tos(0)isonlyharf(s(0))andhaJf#(half(x))→tPl(x).Therefore,the

inⅦrSe-prOPertyruleharf#(ha]f(x))→tPl(x)isnecessary.

3.6.4 Transformation ofInverse CTRSsinto EV-TRSs

Inthis subsection,Wegive atransformationoftheCTRSヱ㍑Vf｡"(R)into
an

EV-TRSwhoserewritingontermsf#(t)isequivalenttothatoftheCTRS.

Since=nvfu"(R)isdeterministic4-CTRS,WeeXtendthetransformationmethod

Ofdeterministic3-CTRSstoTRSs,WhichisproposedbyE･Ohlebusch[41],into
thatof4-CTRSs.

Definition3･6･20(U)LetR beadeterministic4-CmSoverasi9nature7.

凡reueγyCO几d戌知れαg柁び而er祝ge/):g→γ■≒=β1一骨fl∧…∧β陀→f陀∈月,

ぴepγ印α代m｡毎βん舟mc如れβymわogβuざ,…,u£αJgげぴん哀c九do㍑Of叩peαr豆乃ア.
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刀Ieγl,兢eβe川(β)げ柁びr如r祝geβdeferm哀れedわyβ由d痴れedαβわggoぴβご

U(β)=( g →
uざ(β1ルZ宜扉(ズ1)),

uざ(flルヱ哀βf(ズ1))→uぢ(β2ルg豆βf(ズ2)),

uア(fゎVヱ哀βf(為))→吼1(β糾,槻刺ネ+1)),

嶋(f几ルg乞扉(J㌦))→γ

ぴんe†℃端由班eβefげuαわαわgeβ兢αf叩peαr慮れe助ergorfl,…,f宜_1,αれdαgβ0血

e助eγγ,f五0γβJ→ち舟r乞<J≦れ,兢αf豆β,

先=Vαγ(い1,…,壬盲_1)nlノαγ(γ,fゎβ什1,f什1,‥.,β几ふ)･

Ⅳ0ね兢αfU(g→γ)=り→γ)･U由れαねmJgye∬feγもdedo即erdefem血由f宜c

イーCm鮎,dq伽edαβ叫句=∪直押(β)･

昂denotesthesignaturedeterminedby7,UandR,thatis,Jb=FU(ufl

p:l→rく=Sl一⇔tl^･･･∧sn→tこ∈R,1≦i≦n).Romtheabovedefinition,
itisobvio11SthatU(R)isanEV-TRSoverthesignatureJb,Du(R)=DRU

(=グlβ:g→γく=51一憎fl∧…∧β乃→f几∈月,1≦宜≦れ)andC叩)=C月･

Example3.6.21n･OmtheCTRSR8inExample3.6.5,WeObtainthefo1lowing

EV-TRSbyU:

凡1=U(馬)(=ヱね仙l(月7))

=(add#(y)→tP2(0,y),

add#(s(z))→ul(add#(z)),

ul(tp2(x,y))→tP2(s(x),y),

add#(add(x,y))→tP2(x,y),

m山#(0)→tP2(0,y),

mul#(0)→tP2(∬,0),

mul#(s(z))→u2(add#(z)),

u2(tp2(w,y))→u3(mul#(w),y),

u3(tp2(x,S(y)),y)→tP2(s(x),S(y)),

mul#(mu](x,y))→tP2(x,y)
■

NextweanalyzethesyntacticpropertiesofU(R)preservedbyUfromthose

OfR.Thisisthesecondhalfoftheanalysisonthesyntacticpropertiesofinverse

SyStemSgeneratedbyourtransformationU(Znvf｡‖(･･･)).
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Proposition3.6.22LetRbeadeterministic4-Cr月

｢り月由αdefeγm哀れ由f豆cβ-Cm∫好叫月)由αmβ.

作ノ月由βfr豆c軸乃0れ-erⅧβ如好U(月)由れ0乃-e†Ⅶβ如.

在ノ月由αβfねcfco几βれcわrβ卵fem好叫月)由αCO陀β血cわrβ卵ねm.

何点由βfわc軸榔一g宜乃eαr好U(月)由吻最-g哀れeαr.

｢り月由βfわc軸吻払肋eαr好U(月)由坤-g哀れeαr.

Prvqf Sincetheclaim(b)T(e)holdobvious1yfromthedefinitionoftheprop-

erties,We Only prove the
claim(a).Wbfirst prove the only-げpart of(a).

Considertherules
ofU(p)in

Definition3.6.20.Itis clear that Xi+1⊆為.

Itfo1lowsfrom the de丘nition ofthe deterministic rule that Var(si+1)⊆Xi

UVar(ti)･Then,Var(ull(si+1,Vlist(薫+1)))⊆Var(uf(ti,Vlist(Xi)))holds･
SinceRisa3-CTRS,Var(r)⊆考1UVar(tn)alsoholds,andhenceVar(r)⊆

Var(uS(tn,Vlist(考1))).Therefore,U(R)isaTRS.

Next,WePrOVetheifpartof(a)･SupposethatU(p)inDefinition3･6･20is

aTRS･Then,WehaveVar(r)⊆Var(tn)∪考1,Var(si+1)uXi+1⊆Var(ti)u

Xi,andVar(sl)uXl⊆Var(l)･Theseconditionsonvariableappearanceinthe

rulesatisfytheconditionofdeterministicrules.Then,PISadeterministicand

type3.Therefore,Risadeterministic3-CTRS. □

Inthesequel,WediscusstherelationshipbetweenrewritingofCTRSRand

EV-TRS U(R)･Let Rbeadeterministic4-CTRS over asignature7.The

transformationUissaidtobe soundfor月ifforeveryterms sandtover7,

S与Rtimpliess→u(R)t･Conversely,UissaidtobecorTPleteforRiffor
*

everytermssandtover7,S→u(R)timpliessちRt･Ftomthedefinition

OfU(p),itistrivialthatUissoundforeverydeterministic4-CTRS.However,
Uis not completefor alldeterministic4-CTRSs.The counterexampleofthe

transformationsin[34,42]isalsoacounterexampleofthetransformationUin
thisthesis.

HereweglVeaCOnditionofrewritesequences,forwhichUiscompleteand

WhichCTRSsgeneratedbyhvf｡IJ(R)satisfy.

Theorem3.6.23LetRbeastrictlynon-ertlSin9andstrictconstr7LCtOr4-

0γerαβ由れαね柁ア.g叩pOβe〃もαfeγeryCOγもd豆如れαg柁び摘emge/):g′→γ′≠

β1→fl∧…∧克→㍍∈月βα士官訴eβわ0妨げ〃ほルggoび豆㍑タβご
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J･γ′α几dち,…,fLα代れ0γ川αねαわgecoγも5かⅦCわrfermβげ月,αれd

2･舟rl≦戎≦れ,兢e moまβymむogげβ;由d所medβymわogげ月αれde〃ery

pmperβ励ermq′β;由αCO乃5血c玩げねmげ月,兢αf豆β,rOOt(β;)∈p月

αmd(祝一視<β;)⊆丁(C月,ガ).

ムeりわeαd飾れedβymむoJげ凡fαれdfl,…,f几α代mO門Ⅶαgわmβび肋代印eCfわ

→月α㍑d鮎mofβymむogげf由αCO乃血cわrq′凡乃eれ,葎1,…,りち叩)f

如岬g宜eβJ(fl,･･･ふ)→月f･

Prvqf Wbprovethisclaimbyinductiononthenumberkofstepsoff(tl,…,tn)

→u(R)t･Sincetherootsymboloftisaconstructor,Wehavek>0･

Nowallofthefo1lowlnghold:

･tandtl,…,tndonotcontainanysymbolofu:,

･theruleofuSisunlque,and

･U(R)isanon-eraSingconstructorEV-TRSfromProposition3･6･22(b)

and(c).

Ftomtheabove,thereexistruleslikeU(p)inDefinition3･6･20andtherewrite

sequencef(tl,…,tn)i>u(R)tCanbedecomposedasfo1lows:

拍1,…,り≡gJ…kl→叫月)u;(β1ル紘或(ズ1))Jl

与叩)鵜1,V加(ズ1))J2→叩)=ぢ(β2ル旭(為))J2

与叩)嶋(壬乃,Ⅵ摘(端))恥+1→叩)γ恥+1…γJ…f

Whereki<k.Now,fromthedefinitionofU(p),Wehavetherulel→r睾Cond
∈RwhereCond=Sl一鯛tl∧･･･∧sn→tn.SinceRisanon-eraSingconstruc-

torsystemandJisanNF→R(7,X)-Substitution,CTiisalsoanNF→R(F,X)-

substitution.

Itfo1lowsfromroot(si)∈DRandroot(ti)∈CRthatroot(siの)∈DRand

root(tiJi+1)∈CR.SinceJiisanNF→R(7,X)-Substitution,eVeryprOPerSub-
termofeithersiJiOrtiCTi+11SanOrmalformwithrespectto→R･Bytheinduction

hypothesisforsiJiBu(R)tiJi+1,WehavesiJi→RtiJi+1･

SinceU(R)isnon-eraSingandVlist(先)Ji=Vlist(Xi)Ji+1,WeCanaSSume

thatcTi=Ji+1.Hencewecanalsoassumethatot=J.Then,WehavesiCT…

SiJi→RtiJi+1≡tiCT･ThisimpliesCond(J,→R)･Therefore,f(tl,…,tn)…lJ
→月γJ…f･ □
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Since=nvf｡"(R)satisfiestheconditionsintheabovetheorem,WeCanObtainthe

fo1lowlngreSult.

Corollary3.6.24エef月あeαCO陀βfr祝Cわγm∫ouerαβ由れαね柁ア.ムefJあe

αd頭乃edβymわogげ月αれd壬,壬1,…ふα柁㍑OrmαょかⅦβげ凡 乃eれ,J#(り

→u(肋fu‖(月))恥(壬1,…,り豆叩払J#(t)→加fu‖(月)恥(fl,…,り･

Theabovecoro11arymeansthatUiscompleteforinversecomputationwhichis

donebyusinghvf｡Il(R).

Thereasonwhythecompletenessdoesnotholdingeneral,SeemSthatproper

Subtermsu言(･･･)inredexesaresometimeserasedbyerasingrulebeforetheeval-
uationofthe conditionalpart ofpisfinished.Hence,We have thefollowlng

COnjectures.

CoI肩ecture3.6.25UiscorTtPletehrstrictlynon-eruSin94-CTRSs.

Cortjecture3.6.26UiscorTq)letehrstrictlyl鯛-1inear4-CmSb.

Conjecture3.6.26isanextensionofthetheoremin[34]thatthetransformation

fornormalCTRSswhichisproposedin[34】,iscompleteforleft-1inearsystems･
Thereasonwhyweguess CoItiecture3.6.26isthatweconsiderUasasimple

extensionofthetransformationin[34】.

3.6.5 SyntacticPropertiesofInverseEV-TRSs

Finally,fromProposition3.6.9and3.6.22,WeCOnCludepropertiesofinverseEV-

TRSsgeneratedbythedecompositionU(ZnvfulJ(･･･))ofourtransformations･

Theorem3.6.27LetRbeaconstructorTRSoverasi9nature7.77Len,

何叫加仙-(月))由…0㍑-eγⅦβ吻COれ5れc加即胡机相加両面加増.

肋陀0γeγ,U(ヱ肌fu‖(月))んαβ兢eわggoび吻pγ叩er如βご

作ノ〝月由乃0†レeγⅦβ吻,仇eれU(ヱれ叫刷(句)由αm且

在ノ〝月由榔-g哀れe叫兢eれU(ヱ明u‖(月))由吻九日哀れeαr.

砂ザ月由吻姑g哀れeαれ娩e†もU(ヱ肌full(月))由榔-王宮れeαr.
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Itisshownthatforaright-1inearconstructorTRS,allnormalformsofaglVen

terminatingtermcanbeobtainedbyinnermoststrategy[47](seeSection5.3).
Thisresultisvaluabletoimproveefnciencyofinversecomputationbyourgen-

eratedinverseTRSs.Ontheotherhand,theleft-1inearityisassumedinmany

functionallanguages.Therefore,theproperty(b)and(c)intheabovetheorem

aresaidtQbeusefu1andtheywillplaylmpOrtantrOleslater.

3.7 Extension

InSubsection3.6.1,Wehaveshownthattheinverse-prOPertyrulesoftheform

f#(f(xl,…,Xn))→tPn(xl,…,Xn)arenecessaryforinversecomputationof

COnStruCtOr TRSs.Here we add them to theinverse compiler加vpTfor PT-

TRSsas払1lows:

ヱれ印T(句=(J#(γ′)→tPれ(p,∬2,…,諾几)≠Co乃d

lJ(p,諾2,…,∬几)→γ∈月,沸T(r)=4γ′;Coγもd》,

(Vαγ(γ′,Comd)＼Vαγ(γ))nlノαr(p,∬2,…,∬乃)=¢)

∪(J#(J(∬1,…,∬几))→tP陀(∬1,…,∬几)け∈p月)･

Accordingtotheaboveextension,Theorem3.4.9whichguaranteesthecorrect-

nessofヱれVpTisextendedtoastrongerresultasfo1lows:

Theorem3.7.1LetRbeaP71mSoverasignatureF.Letfbead所nedsym-

わogげ月α乃dちfl,…ふむeれOrmαgかⅧβび油化呼eCまね→月･乃e陀,J(fl,…ふ)

ち月f好J#(り→加叩,(月)吼(fl,…,り･

Prvqf Wbfirstprovetheonly-げpartbyinductiononthenumberkofstepsof

f(tl,...,tn)与Rt.ThediffbrencefromtheproofofTheorem3.4.9isthecase

Ofk=0.Hereweonlyshowthecaseofk=Obecausetherestissimilarto

theproofofTheorem3.4.9.Inthiscase,f(tl,...,tn)isanormalformwith

respectto→R.Sincewehavetherulef#(f(xl,...,Xn))→tPn(xl,･･･,Xn),the
払1lowlngbolds:

J#(壬)…J#(拍1,‥･,り)→肋｡,(月)軋(fl,…,り･

Nextweprovetheぴpartbyinductionontheleveloftherewriterelationof

f#(t)?hvp,(R)tPn(tl,･･･,tn)･Thediff6rencefromtheproofofTheorem3･4･9

iswhichformofrulesareappliedtof#(t)予知pT(R)tPn(tl,･･･,tn)･Herewe

onlyshowthecaseoff#(f(xl,…,Xn))→tPn(xl,…,Xn)becausetherestis
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alsosimilartotheproofofTheorem3･4･9･Inthiscase,f(tl,…,tn)isagaina

normalformofR.Therefore,theclaimholdsobviously. □

AlthoughweextendヱわvpT,ヱれVpT(R)isstillaninversesystemofRinthe

SenSeOfDefinition3.1.1.





Chapter4

Tbrmination ofInverse TRSs

Tbrminationisanimportantpropertyforcomputation.Inthischapter,Wefocus

on the termination ofinverse TRSs which has no extra variable.Ⅴ托show a

COndition ofanlnPut COnStruCtOr TRS that aninnermost-terminatinglnVerSe

TRSis generatedfrom theinput TRS.The conditionis associated withthe

depthoftheboth-handsidesofeachrewriteruleofinputTRSs;

●therootsymboloftheright-handsideisnotadefinedsymbol,and

●thedepthoftheleft-handsideislessthanthenumberoffunctionsymboIs

Whichappearontheshortestpathfromtherootsymboltoeitheravariable

Orade丘nedsymbol.

As we have shown already,a COndition that generated systems are TRSs,is

thenon-eraSlngneSSOfinputTRSs.Sincetheseconditionsarerelatedwiththe

SyntaXOfinputTRSsonly,beforethetransformation,WeCaneaSilyknowfrom

thesyntaxoftheinputwhethertheoutputinverseTRSisinnermostterminating

Or nOt.

4.1 ConditionforInnermost Tbrmination

Wbfirstgivenotationsonthedepthofterms.Let7beaslgnaturedividedinto

theconstructorsetCandthedefined-SymboIsetD;7=CbjD･LetJip=7∪

(tpilO≦i≦maxf∈7(arity(f)))･ThedepthoftermtoverJipisdenotedby

d印th(t)anddefinedasfo1lows:

(1)dq)th(x)=1if:risavariable,

65
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(2)dep班(J(fl,…ふ))=1+maxl≦ゆ(d印兢(り),and

(3)d印th(tpn(tl,…,tn))=maXl≦i≦n(d叩th(ti)).

ThenumberoffunctionsymboIsintermt,Whichappearontheshortestpath

fromtherootsymbolofttoeitheravariablesoradefinedsymbol,isdenoted

byCdepth(t)definedasfo1lows:

(a)Cdepth(x)=1ifxisavariable,

(b)Cdepth(c(tl,…,tn))=1+minl≦i5;n(Cdq)th(ti))ifcisaconstructor,

(c)Cdepth(f(tl,…,tn))=1iffisadefinedsymbol,and

(d)Cdepth(tpn(tl,…,tn))=minl≦i≦n(Cdepth(ti)).

Fbrexample,Cdepth(c(f(x),C(s(s(y)),b))=2wherefisadefinedsymboland
b,C,SareCOnStruCtOrS.

Intheabovedefinitionsofd甲thandCdq)th,WelgnOrethenumberoftuple

SymboIstpi･IgnorlngtuPlesymboIsisessentialbecausetheyareusedasspecial

COnStruCtOrStOrePreSenttuplesofterms.Theotherreasonisthatanytermtis

COnSideredasanabbreviationoftpl(t)･

Definition4･1･1(Constructor-increasing)Let R be a CTRS over a si9-

nature7.Ris calledconstructor-increasingげevery conditionalrewrite rule

g→r≠Coγ乙d∈月βα士官頭eβわ0妨げ仇eわggoび豆㍑ダニ

〃ノ兢eγ℃Ofβymむogげγ由れOfαd頭medβym叫兢αf由,rOOt(γ)¢p月,αれd

(りd印兢(g)≦Cd甲班(γ)+1.

Thenotionofconstructor-increaslnglSalittlerelaxedconditionthattheinverse

interpreterlhverminAわorithm[14】forground-COnVergentCOnStruCtOrTRSster-

minates.Inthefo1lowing,WeSaythataTRSisNEClifitisnon-eraSingand

COnStruCtOr-increaslng.

Theconstructor-increaslngneSSisanimportantconditiontogeneratetermi-

natinginverseTRSs.

Theorem4.1.2LetR be anNECJconstructor77ZS.77Len,theinverse77W

叫加仙l(句)ねβ如花油れ0門ⅥαJ戎z如び鵡代印eCfわ豆u(肋fu‖(朔･

Wbwillprovethistheoremafterthefo1lowlngeXample.
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ExamPle4･1･3Considerthefo1lowlngTRSanditsinverseTRS:

R3=(add(0;y)→y,add(s(x),y)→S(add(x,y))),

瑞=(add#(y)→tP2(0,y),

add#(s(z))→ul(add#(z)),ul(tp2(x,y))→tP2(s(x),y)).
TheformerTRSR3isclearlyconstructor-increaslng･Then,itisguaranteedby

Theorem4･1･2thatSIN6holds･Infact,itcanbeeasilyprovedbyrecursivepath

OrderingthatR6isterminatingwithrespectto→R6･Thatis,R6isinnermost

terminatingwithrespectto→R6･ □

TbproveTheorem4･1･2,Weintroducethenotionofquasi-rtductivityandthe

resultassociatedwiththeterminationofquasi-reductive3-CTRSs.

Wtfirstdefinequasi-reductivity3-CTRSs.Let>beawell-foundedpartial

Orderingwhichisclosedundercontexts･Then,theordering>stisdefinedas>st

=(>UD)+.Itisknownthat>s.iswell-founded.

Definition4･1･4(Quasi-reductivity[41])Adeterministic3-CmSRovera

Si9naturt:7iscalledquasi-reductiveqthereisanextensionf′qfthesi9naturt:

ア声0ア⊆アノαれdα代血c知れ0†壷巾ダト0れfe門Ⅵβ丁(ア,∬)ぴん豆cんかe∽ry

mge～→γく=β1一鯛fl∧…∧β乃→去れ∈月,e〃eryT(ア,∬)-β祝わβf血如陀Jαれd

euery哀び助0≦豆<れβα王威訴eβ兢eわgヱ0びゎ卵ご

｢りかブ打とちJか1≦ブ≦豆,兢e花王Jトst舅+1J,αれd

作ノげβJ打とちJカrl≦J≦れ,兢eれgJトγJ.

Quasi-reductivedeterministic3-CTRSsareintroducedin[15】withoutmentioning

thattheorlglnalsignaturecanbeextended.

Quasi-reductivedeterministic3-CTRSsaretransformedintoinnermostter-

minatingTRSs.

Theorem4･1.5(【41】)URis a quasi-reductive deterministic3-CmS,then

叫月)由哀乃れem乙0β=erm豆几α血タび油化呼eC=0→岬)仰灯⇒咽ノ･

Theoriginaloftheabovetheoremin[41]isforthetransformationproposed

in[41】.However,theabovetheoremholdsforourtransformationUsinceUisa

Simpleextensionofthattransformation.

AccordingtoTheorem4･1･5,WemayShowthatthegeneratedinverseTRS

U(ヱれVfuII(R))isquasi-reductive･Tbshowit,WepreParethefo1lowingproposition

andlemmas.
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Proposition4.1.6LetRbeanNECTconstructorTIW.Letl→r∈R,andcT

むeαβ祝むβf血知れ.乃eれ,d甲班(わ)≦dep班(γJ)+1･

Proqf Lettbeatermandpbeapositionoftermt.Sincepositionsarenon-

negativeintegersequences,WedenotethelengthofpbyL:en(t).SinceRis

non-eraSing,Var(l)=Var(r)holds.Then,itfo1lowsclearlyfromthedefinition

Ofconstructor-increasingnessthateveryvariablex∈Var(l)satisfiesL:en(pl)≦

L:en(p2)+1foreachpositionspl∈Ox(l)andp2∈Ox(r)ofxsuchthatllpl+1

…Xandr(p2…X･Therefore,depth(lJ)≦depth(rJ)+1･
□

Lemma4.1.7LetRbeanNECJconstructorTRSoverasi9nature7.Lets,t

占efeγmβ0眠rア.乃eれ,β与月f如砂地dep班(β)≦d印班(f)+1･

PrDqf Wbprovethislemmabyinductiononthelexicographiccombinationof

thenumberkofstepsofs意Rt,andthestructureoftheterms･Sincethecase
Ofk=Oistrivial,WeCOnSidertheothercases.

Considerthecasethats≡f(sl,‥.,Sn)ちs<f(tl,…,tn)≡t.Nowwe

havesi与Rtiforsomeki≦k.Then,bytheinductionhypothesis,Wehave

depth(si)≦depth(ti)+1.Hence,itfo1lowsfromthedefinitionofdepththat

d印th(f(tl,...,tn))≦d印th(f(tl,...,tn))+1･Therefore,d甲th(s)≦d印th(t)+1･

Considertheremainingcasethats≡f(sl,...,Sn)斗宗f(tl,…,tn)…
f(ul,…,un)0→妄rOilRt,Wheref(ul,...,un)→r∈Randk′+k′′≦

k+1.Bytheinductionhypothesis,Wehavedepth(si)≦d甲th(ti)+1.Itfo1lows

fromProposition4.1.6thatd印th(f(tl,..･,tn))≦depth(rO)+1･Byinduction

hypothesis,Wealsohaved印th(rO)≦d印th(t)+1.Hence,Wehavedq)th(si)≦

depth(t)+1.Therefore,d甲th(s)=d印th(f(sl,…,Sn))≦d甲th(t)+1･ □

Lemma4.1.8LetRbean〃方CJconstructormSoverasignature7.Letfbe

αdq伽edβymむogげ月α㍑dり1,…,f几わefermβ0眠γア･乃em,J#(t)→加fu‖(月)

tp乃(ち,…ふ)まγ叩g豆eβdep班(J#(t))>dep班(tpm(fl,…,㍍))t

PrDqfIt canbeprovedbyLemma3.6.11that thereexist constructorterms

u,ul,…,unOfRandasubstitutionロ･SuChthatw…t,uiO･…tiandf#(u)

→=nv.u‖(R)tPn(ul,･･･,un)･Then,fromTheorem3･6･17,Wehavef(ul,…,un)

豆Ru･Sincerewriterelationisclosedundersubstitutions,Wehavef(tl,･･･,tn)

i>Rt･Here,fromLemma4･1･7,WehaNedepth(ti)≦depth(t)･Therefore,from
thedefinitionofdepth,dq)th(f#(t))>d印th(tpn(tl,…,tn))holds･

□
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Lemma4.1.9ムe去月むeαれⅣβCJco†乙β加cねr m∫0即erαβ毎㍑αね柁ア.エe吉

男u‖(り=《祝;Coれ郎,Co†ld=β1一鯛壬1∧‥･∧βm一個fm,αれdJみeαβ現ゎβま血知れ.

meれ,Coれd(J,→肋fu‖(月))宜叩g宜eβd甲班(祝J)+1≧d印兢(β宜J)か1≦宜≦m･

軸ecぬggy,d印兢(祝J)+1>d印兢(β豆J)げroot(り∈C月.

Prvqf W6provethislemmabyinductiononthestructureoftermt.Inthecase

thattisavariable,itistrivial.Wbconsidertheothercases.

･Considerthecaseoft…C(tl,･.‥,tn)withc∈CR･Ftomthedefinitionof
撰ull,WeCanaSSumethefo1lowlngS:

-u≡C(ul,…,u"),Cond=true∧Co17･dl∧…∧Co†l･d"alld甥u‖(ti)

=¢叫;Co†鳴》.

SupposethatCondi=∧芸1Si,j→ti,j･ItfollowsfromCond(J,→hvfu"(R))
thatCondi(cT,→hvfu‖(R))･Then,bytheinductionhypothesis,d印th(w)+1

≧dq)th(si,jJ)forl≦j≦ni･Therefore,thefo1lowingholds‥

d甲班(c(叫,…,㍑m))+1>d印班(祝豆J)+1≧d印兢(垢可･

･Considertheremainingcase,thatis,t…f(tl,･･･,tn)withf∈DR.Ftom

thedefinitionof甥u",WeCanaSSumethatu…y∈X,Cond=f#(y)→

tpn(ul,…,un)∧Condl∧‥･∧Condnand甥ulL(ti)=(ui;CondiD.

SupposethatCondi=∧芸1Si,j,･ti,j･ItfollowsfromCond(J,→hvfu‖(R))
thatCondi(J,→hvf｡"(R))･LetgbeadefinedsymbolofR･Then,bythe

inductionhypothesis,d甲th(uiJ)+1≧depth(si,jJ)forl≦j≦ni･

Ontheotherhand,itfo1lowsfromCond(J,→=nv.｡..(R))that

J#(訂)J→肋fu‖(月)咄(叫,…,祝乃)J･

Then,fromLemma4.1.8,thefo1lowlngholds:

d印班(J#(yJ))>d印班(tp陀(叫,…,祝陀)J).

Itfo1lowsfromtheaboveinequalitythatdepth(f#(yJ))=depth(ycT)+1and

depth(f#(ycT))≧depth(tpn(ul,…,un)J)+1.Then,Wehavedepth(yg)+1

≧d甲th(uiCT)+1.Therefore,thefo1lowingholds:

de〆ん(yJ)+1≧d印兢(垢可･
□
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Here,Wedefineanorderingforquasi-reductivity,Whichisdeterminedbya

deterministic3-TRSandthedepthofterms.

Definition4･1･10LetRbeadeterministic3-C771S･77Len-levelrelationc*R

Oγもねmβ0即erT(ア,∬)由哀れ血c肋egyd所れedαβ

●C[β]?月印]離→月f′αれd

●C【β】諸兄印】好

一β?月毛,Or

一班eγ℃e∬由fαr祝geβ:g→γ≠Co†ld∈月,αβ祝わβf血如れJ,αfemlβ′

0∽r凡,αれdαね門Ⅵβ′′0∽rア,β祝C九血fβ≡わ(→諒∪→右(β))*β′

臣β′′,Coれd(J,ナ月)αれdβ′′急用f･

乃er℃gα如れ→月0れねmβ0眠rア由d卸edαβ→月=∪豆≧0?月･

meoγ壷r如βと月α㍑dト月0れねmβ0即eγγ(ア,ガ)α柁d飾れedαβ

･βと月f好βち月fα陀dd印兢(β)≧d印班(り,αれd

･βト月f好βち月fα乃dd甲班(β)>d甲班(り,0れβち月fα乃dd甲班(β)≧
d甲班(け

Itisclearthattheaboveordering>Risapartialorderingwhichisclosedunder

COnteXtS.

Inthefo1lowlngprOpOSition,WeShowthatforaglVenNECIconstructorTRS

R,theordering>加fu‖(R)1Sareductionordering･

Proposition4.1.11LetR be anNECIconstructor TRS.77Len,the orderin9

トヱ叫u‖(月)富βα代血c如moγ壷r如･

PrvqfItfo1lowsfromLemma4･1･8that>=nvf｡..(R)isclosedundersubstitutions･

Italsofo1lowsfromLemma4･1･8thats→㌫vf｡‖(R)timpliesdepth(s)>depth(t)･
Hence)>hvf｡"(R)1SWell-founded･Therefore)>hvfull(R)1Sareductionordering･

□

ProofofTheorem4.1.2

Ftomthedefinitionoftheconstructor-increasing,therulesin=nvf｡‖(R)froma

non-eraSlngCOnStruCtOrTRSRareinformofeitherofthefo1lowlngS:
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(1)f#(x)→tPn(p,‥.,Cn(x,...,X))∈hvf｡Il(R)wherepiseitherxorinform

Ofc(x,…,X)forsomec∈CR,

(2)J#(C【yl,…,ym])→恥(wl,‥･,び陀)≠(∧ぽ(眺)→り∧(∧ガ(易)→

ti)∈ヱわvfu‖(R)whereCdepih(C[yl,...,ym])>0,Or

(3)J#(J(∬1,…,∬循))→恥(∬1,…,∬几)∈ヱれ叫山I(月ト

Wbshowthatineachcaseabovetherulesatisfiestheconditionofquasi-

reductivity･Thecases(1)and(3)aretrivial･Wbconsiderthecase(2).
Firstly,We Showthat the

conditionofDefinition4･1･4(b)is satisfied by

therule(2)･ItisclearthatifjF(yi)Jとhv,｡‖(R)tiJandjF(zj)Jとhvf｡‖(R)
tjCT,thenwehaveCond(J,ち=nvf｡‖(R))andhencef#(C[yl,‥･,ym])J→hvf｡..(R)

tpn(wl,･･･,Wn)J･RomLemma4･1･9,WeObtainf#(C[yl,･･･,ym])J>て血f｡‖(R)

tp几(叫,‥.,び乃)J.

Next,WeShowthattheconditionofDefinition4･1･4(a)issatisfiedbythe

rule(2),thatis,thatifsjCTとtjCTforl≦j≦i,thenlJ(>肋.u..(R))stsi+1J･
Considerthecaseofl≦i≦m･Itisobviousthatd甲th(f#(C[yl,...,ym])J)

>dq)th(jF(yi)J)foranysubstitutionJ,andhencef#(C[yl,...,ym])0>肋.｡"(R)
jF(yi)cr･Therefore,f#(C[yl,…,ym])cT(>加fu..(R))stjF(yi)0-

ConsidertheremainlngCaSe,thatis,m+1≦i≦k.Wbprovethiscase

byinductiononi･Supposethatjヂ(紡)cTと肋fu..(R)tjandjヂ(zj)Jとhvf｡‖(R)tj･
SinceヱれVf｡‖(R)isdeterministic,thereexistsuniquejinl≦j<isuchthatzi

appearsintj･

･Considerthecaseofl≦j≦m･Itfo1lowsfromjF(紡)Jと肋.u..(R)tjO-and
Lemma4･1･8thatdqth(jf(防)J)>dqth(jF(zi)J)holds･Then,Wehave
dq)th(f#(C[yl,…,ym])J)>d甲th(jF(zi)cT).Hence,f#(C[yl,...,ym])q

ト肋fu‖(月)ぽ(筍)J･

●Consider the remaining case that m<j<i.By theinduction hy-

pothesis,f#(C[yl,･･･,ym])J>hvf｡‖(R)jF(句)Jholds･Hence,WeObtain
dqth(f#(C[yl,･･･,ym])q)>depth(fF(zj)J)･Now,itfo1lowsfromガ=(句)J
と=nv.｡‖(R)tjJandLemma4･1･8thatdepth(fF(ち)cT)>depth(jF(zi)J)･
Then,Wehaved甲th(f#(C[yl,…,ym])J)>d甲th(jF(zi)cT),andhence

J#(C[yl,…,ym])Jト肋fu‖(月)ぽ(z豆)J･

Itisclearthat>⊆>s.･Therefore,f#(C[yl,･･･,ym])J(>肋f｡"(R))st#(zi)Jロ
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IntherewritesequencesonthegeneratedTRSU(=nvf｡It(R))startingfromf#(t)

Wheretisaconstructorterm,eVeryredexistheinnermostbeca11SeOfthesyntac-

ticpropertiesofU(加vfu[l(R)).Therefore,innermostterminationissufRcientfor

inversecomputationbytheinverseTRSU(hvfu‖(R))obtainedfromtheNECI

COnStruCtOrTRSIL

Ontheotherhand,Weknowthefo1lowlngreSultwhichisusefu1fortheinverse

COmputationofleft-1inearconstructorTRSs.

Theorem4.2.1(【46])Letl"earight-1inearoverlayTRS･77Len,SIWRim-

pg戎eβ∫Ⅳ→R

AccordingtoTheorem3.6.27,4.1.2and4.2.1,WeObtainthefo1lowlngCOrOl-

1ary.

Coro11ary4.2.2qa constructor mSRis NECJandl研一ginear,then TIW

U(ヱわ叫u■l(月))由β細れ拘れ0γmαg戌z如び助r叩eCfわ→叩叩u‖(勒･

Considerthefo1lowingTRSanditsinverseTRS:

R2=(haff(0)→0,half(s2(x))→S(half(x))),

R12=(half#(0)→0, half#(half(x))→X,

haIf#(s(y))→u6(haIf#(y)),u6(s(x))→S2(x)).

AlthoughR2isnotconstructor-increaslng,R12isterminatingwithrespectto

→R12･Hence)theconditionfortheinnermostterminationofinverseTRSs-

COnStruCtOr-increaslngpWhichhaveshownshowninTheorem4･1･2,mqybe

relaxedorimproved.



Chapter5

ComputationofInverseTRSs

with Extra VAriables

TheinversecompilersUpT(ヱれVpT(･･･))andU(hvfu11(･･･))proposedinChapter3,

generateEV-TRSsingeneral.However,reWriterelationofEV-TRSsisinfinitely

branchingandnon-terminating,eSSentially.Thisfactgivesrisetonecessityof

asimulationmethodofEV-TRSsforinversecomputationusingourgenerated

prOgramS･

Inthischapter,WeShowthatnarrowing[28】cansimulategroundrewrite

SequenCeSOfEV-TRSsbysubstitutingafreshvariableforeachextravariable.

Fbcuslng On grOund rewrite sequences does notlosegeneralitybecause eVery

rewritesequencehasacorrespondinggroundrewritesequenceobtainedbyre-

placingeachvariablewithafreshconstantintroducedinitssignature.Sincenar-

rowlngisfinitelybranchingandnarrowlngStartinggroundtermsissometimes

terminatingtothesimilarextentastheterminationofrewriterelationofTRSs,

theseriousproblemsofEV-TRSs-infinitelybranchingandnon-termination-

CanbesoIved.TbguaranteetheterminationofinversecomputationbyEV-TRSs

generatedbyourinversecompilers,WePrOpOSetWOterminationprooftechniques

Ofnarrowlng,eSPeCiallystartingfromgroundterms.Tbimproveefnciencyof

narrowlngderivation,WeShowthatforalinearconstructorEV-TRS,eVerynOr-

malform(withrespecttonarrowing)ofagivenlineartermwhichisterminating
Withrespecttoinnermostnarrowlng,Canbeobtainedbyinnermostnarrowlng･

Wbalsoshowthatforright-1inearEV-TRSsbasicnarrowing【28]issu氏cientto

SimulaterewriterelationofEV-TRSs.

Narrowing(ofTRSs)havebeenproposedasamethodtosoIveequational

unification[28],andtherearemanyresultsrelatedwithnarrowing.However,

73
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asfarasweknow,thereisnoresult onsimulationofrewritesequencesuslng

narrOWlng･

TherearesomestudiesonnarrowingofCTRSswithextravariables[22,36,

37].Thetargetsoftheirresultsare3-CTRSs,inwhicheveryextravadablemust

appearinconditionalparts.Ontheotherhand,EV-TRSsbelongto4-CTRSs

WhichareCTRSswithnorestrictions,but not to3-CTRSs.Inaddition,any

inverseCTRSwhichisanintermediateoutputofourinversecompilers,isnot

3-CTRSbut4-CTRS.Hence,thestudiesofnarrowingonEV-TRSsarevaluable･

Instudiesonnormalizingreductionstrategies[26,27,38,43],SeVeralkinds

OfEV-TRSsasapproximationsofTRSsareused.

5.1 Narrowing-BasedSimulationofInverseEV-

TRSs

Inthissection,WeShowthatnarrowlngWhichisrestrictedtosubstituteafresh

VariableforeachextravariablecansimulateagroundrewritesequenceofEV-

TRSiftheEV-TRSisright-1inearOrtherewritesequenceisEV-Safb･

InSubsection5.1.1,WedefinenarrowingofEV-TRSs,Whichisanaturalex-

tensionofthatofTRSs.Subsection5.1.2explainsanideatosimulaterewrite

SequenCeSOfEV-TRSsbynarrowing.WbfirsttreatgeneralEV-TRSs,andthen

WediscussthecaseofinverseEV-TRSswhicharegeneratedbythetransforma-

tionU(=nvf｡‖(･･･))･
InSubsection5.1.3,WePrOVethesoundnessofnarrowingsequencesforground

rewritesequences.Conversely,WePrOVeinSubsection5.1.4thecompletenessof

narrowlngSequenCeS.Sincethecompletenessdoesnotholdforallgroundrewrite

SequenCeSOfanyEV-TRS,WeOnlyshowthecompletenessforright-1inearEV-

TRSs,andforEV-Saferewritesequences(definedlater)･Itisalsoshownthat

SuCharestrictedcompletenessissu伍cientfortheinversecomputationuslngthe

inverseEV-TRSswhichwegenerate.

InSubsection5.1.5,WeShowtheinversecomputationbynarrowingofthe

generatedinverseEV-TRSs.

5.1.1 NarrowlngOnEV-TRSs

Inthissubsection,WedefinenarrowingonEV-TRSsbyextendingnarrowing【28]

OnTRSsnaturally.
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Definition5.1.1(Narrowing)LetRbeanEtLmSoverasignature7･A

termsissaidtobenarrowableintoatermt withasubstitutionJ,aPOSitionp

げβα几dα柁Wわねr祝g叩∈月,び而加αββJl叫.p,→望,P]用α相加仲廟
んogdニ

｢りp由α舟mc如m-βymわogpoβ五日0和げβ,兢瓜ま由,p∈のァ(β),

作ノJ=mgu(β,C[g])α乃df≡(C[γ]p)JかβOmeC釧加戚C∈官(ア,ガ)び助β…

C【βlp】p,α陀d

何V兄αれ(JlどVαγ(p))nVαγ(Cb)=¢

ぴんeγ℃J→γ由α代乃αm血タげ兢e門`ge/)び鵡0祝fβんα柁dγαわαあgeβわrβ,仇αf由,

Var(l,r)nVar(s)=0･T7Lerelation→RiscallednarrowingqfR･

Note that each extra variableimiroduces afresh variable which does not occur

insJIva,(sFp)OrV7aan(JFva,(l)),Sincethedefinitionofthemostgeneralunifiers

guaranteesthatxcT∈X＼V7aan(J)forallx∈CVar(p)andx≠yimpliesxJ≠

y打払rall∬,封∈どVαγ(β).

ThefirstconditionJ=mg11(s,C[l])inthecase(b)isdi鮎rentfromthatin

thecommondefinitionofnarrowingonTRSs(J=mgu(sJp,l))･Thisextended

COnditionguaranteesV7hn(q)∩(Var(s)＼Dom(J))=0･Sincesuchacondition
isassumedimplicitlyinthecommondefinitionofnarrowlngbehindthedefini-

tionofthemostgeneralunifiers,thecondition(b)isequivalenttothecommon
definition.

Thecondition(c)isextrafromthecommondefinition･However,thiscon-
ditionis essentialbecauseintroducedvariables shouldbefreshinthe notionof

narrOWlng･

Wbsometimeswrites6ふRt(resp.s6為Rt)insteadofふR(resp･為R)if

thereexistsanarrowingsequences…to6｡へ→Rt161～→R…6た_1へ→Rtk…t(n=

k)and6=60･･･6k_1(ifk=Othen6=0)･Inthiscase,WeaSSumethatall

variablesintroducedby6iarefresh,thatis,V7aan(6i)nVar(to,…,ti_1)=臥
Ftomthedefinitionofへ～R)itisclearthatへ→Risfinitelybranchingforevery

EV-TRSR,andthat→R=→ROngrOundtermsforeveryTRSR･

ExamPle5.1.2Letthefo1lowingEV-TRSover(a,b,C,f,g,S,0)‥

R13=(f(s(x),0)→X,g(x)→C(f(y,X),f(s(x),y)),a→b)･
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J笹1ん

罰
闇
=
コ
=

㈹g)
●l
(

(ii)g(0)→動4

)a

:
.

〇(h →月14

爪り彿f41月
｣爪り彿h

41月

.

｣
.)㈹g

:
●

彿h

h(0,Z)→触 f(z,Z)(凱→月)→翫S(0)

Figure5･1‥(i)Rewrite,and(ii)narrowing,SequenCeSStartingfromg(0).

Thefo1lowingsequencesarenarrowingsequencesstartingfromthetermg(0)‥

g(0)…R13C(f(y,0),f(s(0),y))(y,+0)→R13C(f(0,0),0)

~;､ざ三ノー1三

C(z,f(s(0),S(z)))･

Ontheotherhand,g(0)cannotbenarrowabletoc(f(z,Z),f(s(z),Z)). 口

Tbavoidconfusionandredundancy,thisthesisdoesnotadmitg(z)tobenar-

rowableintoc(f(y,X),f(s(x),y)),tOf(s(x),0)tobenarrowableintoy,andso
On.

5.1.2IdeaforComputation

Hereweintuitivelyexplainanideatosimulaterewrite.sequencesofEV-TRSsby

narrOWlng･

Considerthefo1lowingEV-TRSover(a,b,f,g,h,S,0):

R14=(f(x,0)→S(x),g(x)→h(x,y),h(0,X)→f(x,X),a→b).

Sincearbitrarytermscanbesubstitutedforextravariablesinrewriterelation,

thetermg(0)isrewrittenbyR14tOanytermOfformh(0,t),aSShowninFig-

ure5.1(i),Wheretrepresentsanarbitraryterm.Byusingafreshvariablez
asarepresentationofalltsandbyuslngnarrOWlnginsteadofrewriterelation,

thoserewritesequencesinFigure5･1(i)arerepresentedbyasinglenarrowing

SequenCeinFigure5.1(ii).
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Intheseway,narrOWingcansimulaterewritesequencesofEV-TRSs.
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5.1.3 Soundness

Inthissubsection,WeShowthesoundnessofnarrowlngSequenCeSforground

rewritesequences.

IJemma5.1.3LetR beanEtLTIW.Lets,t betermsand6beasubstitution.

乃e乃,β∂ふ月ま血pg戌eββ∂ち月f.

PrDqf Wbprovethisclaimbyinductiononthenumberkofstepsofs6i･Rt･

Sincethecaseofk=Oistrivial,WeaSSumethefo1lowlng:

βた_1エ月q叫p£望,β】(C[γ】p)J≡f

wherep:l→r∈R,Var(l,r)n Var(C[u]),J=mgu(C[u],C[l])and6′′=

JJv｡,(u)･Itfo1lowsfromJ=mgu(C[u],C[l])and6′′=glv｡,(u)thatu6′′…W

…lJ.Italsofo1lowsfromVar(l,r)nVar(C[u])andJ=mgu(C[u],C[l])that
(Var(C)＼Var(u))nDom(J)=0,andhenceC6′′…CJ･Bytheinduction

hypothesis,Wehaves6/与RC[u].Let6=6/6".Then,Wehavethefo1lowing

βJ≡β銅′′与月(C【叫)J′′≡CJ′′圃1●≡C叩J]p→望,P]c∂′′【γJ]p…(C[γ]p)J…f.
□

Theorem5.1.4LetRbeanEtLTRS.Letsbea9rVundtermandt beatemn.

乃eれ,βふ月f豆叩g戌eββち月わかαggβ祝わβf血如乃βJ･

PrDqfItfo1lowsfromLemma5.1.3thats与Rt.Sincesisgroundandrewrite

relationisclosedundersubstitutions,Wehaves与RtJforanysubstitutionJ.

口

Theabovetheoremissimilartotheclaimshownintheproofofthesoundness

Ofnarrowing[28].

5.1.4 Completeness

Inthissubsection,WeShowthecompletenessofnarrowlngSequenCeSforground

rewritesequencesofright-1inearEV-TRSs.Wbalsoshowthecompletenessfor

EV-Safbrewritesequences.

Wbfirstgiveacounterexampleforfullcompleteness･
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Example5･1･5Considerthefo1lowingEV-TRSover(a,b,f,g,h,S,0)again:

1h4=(f(x,0)→S(x),g(x)→h(x,y),h(0,X)→f(x,X),a→b).

Then,Wehavethefo1lowlngreWritesequence:

g(0)→R14h(0,a)→R14f(a,a)→R14f(a,b)･

Unfortunately,theabovesequencecannotbesimulatedbynarrowlngbecause

theinitialtermg(0)cannotbenarrowable(evenbymanysteps)toanyterm

Whichhasaninstancef(a,b)(seeFigure5.1(ii)).
□

ThereasonwhynarrowlngCannOtSimulatetherewritesequenceintheabove

exampleseemsthatthetermainh(0,a),Whichisintroducedbytheextravariable

yofthesecondruleoflh4,iscopiedbythethirdruleinthesecondsteph(0,a)

→Rl｡f(a,a)andthenoneofaisrewrittenbythefourthrule･Tbavoidsuch
areduction,anytermintroducedbymeansofextravariablesmustnotcopied

Or muSt nOt be rewritten･Therefore,eitherconditionsthat aglVenEV-TRS

isright-1inearorthatanyredexintroducedbymeansofextravariablesisnot

rewritteninaglVenreWritesequence,1SneCeSSaryforthecompleteness.

HerewepreparethepropositionassociatedwiththeformofatermtwithtO

…ぐ[･比].

Proposition5.1.6Lett beaterYnOVeraSi9naturt:7,O beasubstitution,C

みeα0れe-んogeco花王e∬fαれd祝むeαfem乙0γerア･〝甜…C[司p,兢eれfcαmみe

†℃p代βeγ血dαβe助eγげ兢e舟ggoぴまれダニ

〃ノf…C′【軸,∬β…C′′[叫｡,p=〆qαれd(C′β)【C′′【珂9]〆…C[叫pかβOme

Oれe一加gecoγ加∬ねC′,C′′αmdβOmeγαわαみge∬五和f,0γ

拘=…C′【γ】p′γβ…祝αれdC′β…CかβOmeOれe-んogecoれ壬e∬fC′αmdβOme

femγ.

PrDqf ThispropositionistrivialfromFigure5.2.

5.1.4.1 CompletenessforRight-LinearSystems

Wbfirstshowthecompletenessforright-1inearEV-TRSs.

Asthefirststep,Weanalyzethecaseofone-Stepreduction.
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(1) (2)

Figure5･2:FbrmsoftwhentO≡C[u]p･
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カ彩‥f

Lemma5.1.7エef月みeα犯βいmgαれd叩pOβe兢扉ββ→望,β]t.桝p由れOfα

γαrぬ晦鮎犯加代e∬由fαferγ柁祝αれdαβ祝わβ肋如れJ5祝Cん助β→望,β】祝αmd
祝J≡f.

Prvqf Let p:l→r∈R.Then,there exists a one-hole context C and a

SubstitutionO′suchthatsO…C[10′]pandt…C[rO′]p･RomProposition5･1･6

andthenon-Variableterms[p,thereexistaone-holecontextC/andatermv

SuChthats…C′【v]p,VO…10'andC′0…C･NowwecanassumethatVar(l,r)

nVar(s)=¢andDom(0)nDom(0′)=¢withoutlossofgenerality,andhence

Vαγ(γ)nlノαr(g)=臥

SincevO…10′andVar(v)nVar(l)=0,thereexiststhemostgeneralunifier

Ofvandl･Then,WeCanSupPOSethat6=mgu(C′[v],C/[l]),andhence

β…C′[γ]刷α巾,→望,P](C′帖)J･
ItfollowsfromDom(0)nDom(0′)=¢thatOuO′isasubstitutionanditis

aunifierofvandl･Since6isthemostgeneralunifierofC′[v]andC′[l],ざ
(0uO′)rv｡,(v,l)holds･Therefore,itfo1lowsfromC[rJ]p…(C′[r])((0uO′)Jva,(v,l))

thatthereexistsasubstitutionJ'suchthat((C′[r]p)6)0-′…C[rJ]･ □

Thefo1lowlngPrOPOSitionsareassociatedwiththelinearityoftermsinone-SteP

narrOWlng･

Proposition5.1.8Let7beas官9naturt:,S bealineartermoverFandt bea

feγmOUerアβ祝Cん血‖ノαγ(β)nlノαγ(り=臥〝βα乃d壬α柁肌所α晦班eme眠ry

肌所eγJげβαmd壬βαf哀訴eβ兢αf

｢りVαγ(∬J)nVαγ(yJ)=¢かeαCん∬,y∈pom(JIv坤))β祝Cん班欄f∬≠肌

α犯d
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作ノe∽ryferm㍑∈兄肌(JIv叫))由肋eαr･

PrDqf Ⅵねfirstextendthedefinitionofunifiersforsetsofpairsofterms.Let

SbeafinitesetofpalrSOfterms.WbsaythatasubstitutionOisaunifierof

SifsiO≡tiOforeverypair(si,ti)∈S.AunifierO′ofSissaidtobemore

generalifO′SOfora11unifiersOofS.ThesizelSlofSisdefinedasISf=
∑(痛)∈β(l可+l郁･

Itisclearthatasubstitution6isa(mostgeneral)unifierofasingletonset

((f(sl,…,Sn),f(tl,...,tn)))iff6isa(mostgeneral)unifierofaset((si,ti)l

l≦i≦n)･Hence,thefo1lowingclaimcanbeprovedbyinductiononthesize

Ofl劃‥

LetSbeafiniteset((si,ti)ll≦i≦nlofpairsoftermssuch
that

(1)siislinearforeverypair(si,ti)∈S,and

(2)Var(si)nVar(sj)=¢foreach(si,ti),(sj,tj)∈Ssuchthati≠

J.

SupposethatthereexiststhemostgeneralunifierJOfS.Then,J

satisfies that

(i)Var(xJ)nVar(ycT)=¢foreachx,y∈Dom(JIvar(tl,…,tn))such

thatx≠y,and

(ii)everytermu∈7aan(JIv｡,(tl,...,tn))islinear･

Therefore,thispropositionholds.

Proposition5.1.9LetRbeari9ht-1inearEtLTRS.Lets bealinearterm.U

β→月f,兢e†もf由gまれeαr.

Proqf Supposethats→望,P]t,P:l→r∈R,S≡C[u]p,andJ=mgu(s,C[l]p)
SuChthatVar(s)nVar(l,r)=0･Then,Wehavet…(C[r]p)Jfromthedefinition

Of～→R･Wt!CanaSSumeWithoutlossofgeneralitythatDom(0-)⊆Var(u,l,r).It
fo1lowsfromthelinearityofsthatVar(C)nVar(u)=0.Then,WehaveVar(C)

nDom(cr)=¢,andhenceCb…C･Thisimpliesthatt…C[rJ]p･Sinceuis
linear,0･Satisfiesallofthefo1lowlngSfromProposition5.1.8:

･Var(xq)nVar(ycT)=¢foreachx,y∈Dm(J[var(l))suchthatx≠y,and

･eVerytermt∈7aan(JIva,(l))islinear･
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Itfo1lowsfromthedefinitionofrewriterulesthatVar(r)⊆Var(l)uCVar(p).It

alsofo1lowsfromthedefinitionofnarrowingthat7hn(JlfVa,(p))isasetoffresh

VariableswhicharenotappearinginV7aan(JIva,(l))･Then,thefo1lowingsholds:

･Var(xo.)nVar(ycT)=¢foreachx,y∈Dom(J[v｡,(,))suchthatx≠y,and

･eVerytermu'∈7aan(JJva,(,))islinear･

Sincerislinear,rJisalsolinear.Itfo1lowsfromthedefinitionofnarrowlngthat

V7aan(J)nVar(C)=0.Then,WehaveVar(C)nVar(rJ)=0.Therefore,t

(…C[rJ]p)islinear･ ロ

Nowweshowthecompletenessforright-1inearEV-TRSs.

Theorem5.1.10ムef月わeαγ毎加一触eαrβいmぶ.ムefβ,fむeタm∽d fermβ.

me㍑,βち用土豆mpg豆eββ→月祝α陀df…祝βかβOme肋eαrfeγm祝α陀dβOme

Prvqf Wbprovethisclaimbyinductiononthenumberkofstepsofs与Rt.
Sincethecaseofk=Oistrivial,WeaSSumethefo1lowing:

β土⇒月C阿p→望,β]c【叩]p…壬
Wherep:l→r∈R.Bytheinductionhypothesis,thereexistalineartermu

andasubstitutionOsuchthatsふRuandC[lo-]p…W･
FtomProposition5.1.6,uandC[lJ]satisfyeitherofthefollowingcases:

(1)u…C′【x]p′,XO…C′′【lJ]q,P=Plqand(C10)[C′′【xO]q]p,…C[u]pforsome

One-holecontextsC′,C′′andsomevariablexinu,Or

(2)u…C′[v]p,VO…lqandC′0…Cforsomeone-holecontextC′andsome

term v.

Inthesequel,WeCOnSiderthebothcasesabove.

･Considerthefirstcase(1).Itfo1lowsfromthelinearityofuthat x¢

Var(C′)･LetO′=(かうC′′[rJ])uOIva,(C/)･Then,0′isclearlyasubstitu-

tionanduO′…C[rJ].Therefore,SふRuanduO′…t.

･Considerthesecondcase(2).Sincevisnotavariable,fromLemma5.1.7,

thereexistatermu′andasubstitutionO/suchthatu≡C′[v]p→望,P]
(C′【r]p)6…u′andu′0′…t･Itfo1lowsfromProposition5･1･9thatu′is

1inear･Therefore)S～十Rul,u/islinearandu/0/…t･

□
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5･1.4.2 EV-SafeReductionSequences

WbhereintroduceEV-SaferewritesequencesofEV-TRSs.

Intuitively speaking,a reWrite sequenceis EtLs(癖ifany redex whichis

rewritteninthesequenceisnotintroducedbymeansofextravariables.One

OfthetypicalinstancesofEV-Saferewritesequencesarerewritesequencescon-

StruCtedbysubstitutingnormalformsforextravariables.Inthesequel,WeglVe

aprecisedefinitionofEV-SaferewritesequencesofEV-TRSs.

LettbeatermoveraslgnatureFandxbeavariable.Thesetofallpositions

OfxintisdenotedbyOx(t).Let昂,貧besetsofpositionsoft:1i),貧⊆0(t).
Wbwrite昂≦旦ifforallpositionq∈貧thereexistsapositionp∈Ebsuch

thatp≦q･ThesetR)＼pisdefinedasfb＼p=(qlpq∈Ib).Theminimalset

｢昂lofEt)isdefinedasfollows:

｢fも1=(p∈昂lr(軸∈昂,q<p)).

Fbrexample,｢(11,1,2)l=(1,2).1i)issaidtobeminimalifA=｢昂l.Wb

definetheminimalsetofunion,andintersection,OfILand貧asfo1lows:

昂∪ろ=｢fも∪貧1,

昂∩貧=∪(p∈閏11(∃障ろ-わq≦p))･

Fbr
example,(11,22)u(112,2,31)=(11,2,31),(11,22)rl(112,2,31)=

(112,2,31).

WbglVeanOtionofthetransitionofpositionsatone-StepreWriting,adding

thepositionsofextravariablestotheinitialsetofpositions.

Definition5.1.11Letarewriterulep:l→r,Pbeaminimalsetqfpositions,

Qゐeαβefげpoβ戎如㍑5α乃dpあeαpOβ宜如れ.ⅣeぴわfeP⇒b,β]Q酌んeγ℃由乃O

poβ哀如れqび助q≦p,αれdQ=｢(?′1舟rβOmepOβ戌知れβefQ′d所犯edαβルggoぴβご

(Q′=(P＼(qlp≦q))∪ ∪(粥lヴ∈の｡(γ)
∬∈どVαr(p)

∪(｡∈足(三,〈両∈のご(両∈(J9′∈瑚)叫})･
ItisclearthatifP⊆0(C[lJ]p)forsomecontextCandsomesubstitutionJ

tben(?⊆の(C[γJ]p)･

})
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The notion of tbe transition aboveis similar to that of descendants that

fo1lowsredexpositions[27].Thisnotionisalsosimilartobasicpositionsusingin

thedefinitionofbasicnarrowing(seeSubsection5.3.2).ThenotationP⇒hp]

Qshowsthetransitionintheone-StePreWritingatthepositionpbytherulep･

Fbrexample,COnSiderP=(12,2)⊆0(f(h(0,S(y)),0))andp:h(0,X)→f(x,X)･

ThenwehaveP⇒【1,P](11,12,2)asshowninthefo1lowingsequence‥

f(h(0,地),9)→盟f(f(三辿,至辿),Q)･
NextwedefineEV-Saferewritesequences.

Definition5.1.12(EV-Safety)LetRbeanEV1771S,tObeaterm,Pi:li→ri

∈月α乃d昂⊆0(f｡)わeαm虞犯戎mαgβef.Aγ℃ぴr如βeヴ祝emCef｡→望0,伽】fl→望1,Pl】
…由cαggedEV-Safbび肋r鱒peCfわ昂げ昂⇒bo,PO】旦⇒bl,の】…九0んおかβOme

貧,角,….血統由cαβe,ぴeW摘e昂‥f｡→望0,伽】貧‥fl→望1,Pl】…,αれdpoβ哀知れ5
inR arecalledEV-Safepositionsqfti.Ebpecially,theaboverewritesequenceis

sirTWlycalledEV-SafeげIb=0.WesaythatsちRthasanEV-Safepathwith

代印eCfわαβefPげpoβ豆如乃β豆柁βげ偽e†℃e∬由ねαれβい叫声佗び摘eβeヴ祝eγlCeβ

→月…→月fw拙作呼eCfわP■

Example5.1.13Considerthefo1lowingEV-TRSover(a,b,f,g,h,S,Olagain:

R14=(f(x,0)→S(x),g(x)→h(x,y),h(0,X)→f(x,X),a十b)･

Then,g(0)BR14S(0)hasanEV-Safepathwithrespectto(1)becausethe
fo1lowlngEV-Safbrewritesequenceexists:

(1):g(0)→R14(1,2)‥h(0,0)→R14(1,2)‥f(0,0)→R14(1)‥S(0)･

Ontheotherhand,therewritesequenceg(0)→Rl｡h(0,a)→R14h(0,b)isnot

EV-Safebecausethetermaintroducedbyanextravariableisrewritten. □

5.1.4.3 CompletenessforEV-SafeRewriteSequences

Ⅵ屯hereshowthecompletenessofnarrowlngSequenCeSforEV-Saferewritese-

quenCeS･

Firstly,WeClarifythetransitionofEV-Safepositionsintheone-StePnarrOW-

illg.

Lemma5.1.14LetRbeanEtLmSand叩POSethatp:l→r∈R,S～･望,P]
fα乃dαβeモア≦0∬(β)由m哀れ宜mαg･肋陀0即eちβ叩pOβe兢αfp由れOfαUαわαあge

poβ止血α㍑dP⇒如]Q.乃eれ,Q≦の∬(け
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PrDqf(Sketch.)ⅥねfirstdecomposeQasfollows:

●Q=QlU(?2UQ3,

･Ql=P＼(qlp≦め,

●Q2=比∈g伽(β)(粥】ヴ∈0｡(γ)),

･Q3=∪〈脚l腔の∬(恒∈(∩仰｡(㍉＼p9′)〉･

Assumethats…C[u]→望,P](C[r])p)J≡t.Then,Ox(t)isdecomposedas
払1lows:

･0∬(り=01UO2UO3,

●01=0〝(Cb),

●02=∪∬∈ど伽(p)(粥十叛≡∬),

･03= ∪ 〈p押l咋の∬(両∈(∪抑汀(叫q(叫)〉･
諾∈Vαγ(r)＼どVαr(p)

HereQi≦OiCanbeeasilyproved･Therefore,Q≦Ox(t)holds.

Next,WeglVethefo1lowlnglemmawhichshowsamoregeneralcaseofthe

COmPletenessforEV-Saferewritesequences.

Lemma5.1.15LetRbeanEtLTRSover.Lets,tbetermsandcTbeasubsti-

ね抜m･耶J与月fゐαβαれβいβ(推pα班び油化坤eCfわの∬(β)兢e乃βふ月祝αれd

f≡祝βわrβOmefeγm祝αれdβOmeβ祝は血如㍑仇

PrDqfⅥ毎provethisclaimbyinductiononthenumberkofstepsofsJ与Rt.
Sincethecaseofk=Oistrivial,WeCOnSiderthecaseofk>0.SupposethatsJ

与RthasanEV-SafepathwithrespecttoOx(s).Then,thereexistsanEV-Safe

rewritesequencewithrespecttoOx(s)･Nowweassumethefo1lowingEV-Safe

SequenCeWithrespecttoOx(s):

βJ≡C囲p→望,β】c[γ∂]p上⇒月f

Wherep:l→r∈R.SincetheabovesequenceisEV-Safe,PISnOtaVariable

POSition･LetP=Ox(s).Then,thereisanEV-SafepositionsetQsuchthatP

⇒b･P】Qsincepisnotavariableposition.SincetheabovesequenceisEV-Safe,

C[r6]p±ちRtisalsoEV-SafbwithrespecttoQ.



5.J.肋mlわn㌢β舶edぷ皿uJatjoJユOf血ve柑e茸いTR鮎 85

Ontheotherhand,fromLemma5.1.7and5.1.14,thereexistatermuanda

substitutionq,suchthats→望,P]u,Wl…C[r6]p,andQ≦0,r(u).
SinceC[r6]p±与RtisalsoEV-SafewithrespecttoQ,C[r6]p土ちRthas

anEV-SafepathwithrespecttoQ･Itfo1lowsfromQ≦Ox(u)thatC[r6]p
±ちRthasanEV-SafepathwithrespecttoOx(u).Nowwehaveuo一上⇒Rt

andthishasanEV-SafepathwithrespecttoOx(u).Then,bytheinduction
hypothesis)thereexistsatermu/andasubstitutionOsuchthatu→Ru/andt

…u/0･Therefore,WehavesふRu/andu/0…t･ □

Atlast,WeShowthecompletenessforgroundEV-Saferewritesequences.

Theorem5.1.16Letl"eanEVITRS.LetsbeagrDundtermandtbeaterm.

〝βち月fんαβα乃βいβ`痴pα兢兢emβふ月祝α陀df≡祝βかβOmeまerm祝α陀d

βOmeβ祝わβfまねf豆0れβ.

Prvqf AdirectconsequenceofLemma5.1.15.

Theabovetheoremisamoregeneralvariantofthecompletenesslemmaofnar-

rowing[28]･

5.1.5 NarrowingofInverseEV-TRSs

Inthissubsection,WediscussthenarrowingofinverseEV-TRSsgeneratedby

OurinversecompilerU(Znvfu‖(･･･)).Wbfirstshowthateveryrewritesequence
COnSideredasinversecomputationhasanEV-Safepath.NextweglVeatheorem

thatnarrowlngCanfindgeneralsolutionsofinversecomputation.Finally,We

Showaexampleofrewritesequenceswhichmeansinversecomputation.

BeforeshowlngthateverylnVerSeCOmputationsequencehasanEV-Safepath,

WeglVethefo1lowlngtheoremforgeneralEV-TRSs:

Theorem5.1.17Letlueastrictlynon-eruSingandstrictconstructor4一

抑汀α両脚血佗ア.β叩pOβe兢αまeγeγyCO†もd哀如乃αg柁びr記emgeヱー+1rく≒=β1-⇔

fl∧‥･∧ち仁→=㍍∈月βαf哀訴eβわ0兢げ兢eわヱgo軋血卵ご

｢りγαれdfl,‥.,壬乃α柁乃0乃-Uαrねゐgecoγもβれcわr壬ermβげ月,αれd

作ノルrl≦戌≦れ,兢eγ℃OfβymゐoJげβ£由αd飾れedβymあogげ月α㍑deuery

pmperβ祝鋸eγmげβ豆由αCOγ乙βfr祝Cわrfermげ月.
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ムefg→γく=β1一鯛fl∧･‥∧β乃一鯛ま乃みeαCOγもd乞如れαg佗びr正er祝ge虞犯月αれdJわe

α乃脚→月(ア,ガ)-β祝わ鵡祝如陀･椚J→月γJ,兢∽gJ与叩)γJん0払αれd宜f九αβ

αmβいβ垂pαfん

Prvqf Ⅵ屯provethisclaimbyinductiononthelevelkoftherewriterelationof

ヱJ青RγJ･

FtomLemma3.6.14(d),thereexistsanlW→R(7,X)-SubstitutionJ′such

tbatCo扇(J′,芯ゴ月)･

HereletCond=Sl一鯛tl∧･･･∧sn→tn･Then,U(p)isdefinedasthesame

withthatinDefinition3.6.20.

Ontheotherhand,itfo1lowsfromCond(cT',五ゴR)thatsiO.'dRtiJ′･Then,

therearearuleli一+riく=Condi∈RandasubstitutionOiSuChthatsiJ′≡liOi

五ゴRriOi…tiJ′andCondi(Oi,急R)･SinceJisanW→R(F,X)-Substitution,
fromLemma3･6･14(d),WeCanaSSumeWithoutlossofgeneralitythatOiisalso

anNF→R(7,X)-Substitution･Then,bytheinductionhypothesis,liOi与u(R)

riOihasanEV-Safepath.

SinceJIisanNF→R(F,X)-SubstitutionandsiJ≡liOiらu(R)riOi…tiJ,We

havethefo1lowingrewritesequenceofU(R):

gJ≡g〆→叩)uざ(β1ルg摘(ズ1))J′与叩)u拍1,Vヱ摘(ズ1))〆

→叩)∪∈(β2ルg摘(ズ2))J′与叩)∪ぢ(f2ルgは(ズ2))〆

→叩)嶋(β几ルJ摘(端))〆与叩)嶋‰ルg摘(端))J′
→叫月)γJ/…γJ･

Sincesiq→u(R)tiJhasanEV-Safbpath,theabovesequencecanbeconsidered

tobeEV-Safe･Therefore,lJちu(R)rCThasanEV-Safbpath･ 口

RomProposition3.6.9(a),itisknownthatthegeneratedCTRSヱわvf｡Il(R)isa

Strictlynon-eraSingandstrictconstructor4-CTRS.Romthedefinitionsof甥u"

andヱれV7hlef｡Il,itisclearthattheruleヱmv7hlef｡"(p)satisfiestheconditions(a)

and(b)inTheorem5.1.17.Therefore,thefo1lowingtheoremholdsobviously:

Theorem5.1.18LetR beaconstructor mSoverasi9naturt:7.Letf bea

d飾れedβymあogげ月α陀dちfl,…,f几ゐe陀Omαgかmβび油化叩eCfわ→月.〝J#(f)

→肋fu‖(月)恥(fl,…,り,伽和才#(りち叩叫u‖(月))恥(fl,…,りんogdβα氾d豆fんαβ

α㍑βいβ(痴pα兢.

Nowweobtainthefollowlngtheorem,byconcludingfromthecorrectness

OfヱれVfulr,the soundness and completeness ofUforinverse computation,the
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SOundness and completeness ofnarrowlngfor EV-Saferewrite sequences,and

EV-Safbtyofinversecomputationsequences:

Theorem5.1.19LetR beaconstructormSoverasi9nature7.Letf bea

dqβ乃edβymむogげ月αれdfあeαタm肌dれOrmαgルrmq′風

向勧αgg陀0γmαgかmβfl,…ふび肋代印eCまわ→月,葎1,…,り急月f
血画趣J#(りふ叩叫u‖(月))恥(叫,‥･,祝托)αれdf壱…祝豆βかβOmefermβ

叫,…,祝几αれdβOmeβ祝わβf血如れβ.

作ノ爪汀αヱヱmomαgわmβ叫,･‥,祝乃W助代印eCfわ→月,J#(りふu(加fu..(月))

恥(町･‥湖)吻g宜eβ伸1β,…湖β)怠月りbrαggβ血肋如購･

Prvqf Thefirstclaim(a)is adirect consequenceofTheorem3･6･17,5･1･17

and5･1･16･RomTheorem5･1･4,3･6･23and3･6･17,f(ul,‥･,un)怠Rtholds･
Sincetisgroundandtherewriterelation→RISClosedundersubstitutions,itis

Clearthatf(ul,…,un)0怠RtforallsubstitutionO･
□

SimilarlytoCorollary3.6.19,thefo1lowingcorollarycanbeobtainedfromthe

abovetheorem:

Corollary5.1.20LetR beaconveryentconstructor mSoverasignatureF.

ムeりわeαd所乃edβymあogげ月α㍑dfあeαタm肌dれOrmαgわmげぇ

向上拘r正=抑m血｡桓Ⅶβfl,…ふび油化呼eCfわ→月,J(fl,…ん)ち月f

血画趣J#(りちu(加仙.(鞘咄(叫,…,祝陀)α陀df壱…祝電βかβOmeね門Ⅵβ

叫,‥.,祝几α乃dβOmeβ視みβf血如れβ.

作ノ凡=沼那仰山力仰ば町…,祝佗び油化呼eCfわ→月,J#(りちu(加fu..(月))

tp陀(叫,…,祝几)戌叩g乞eβJ(叫β,…,祝几β)与月fかαgヱβ祝わβf血如れβ･

Inthesequel,WeShowinversecomputationbynarrowlngOfthegenerated

inverseEV-TRSs.

Example5.1.21Considerthefo1lowlngCOnStruCtOrTRSR70Vertheslgnature

(s,0,add,mu])anditsinverseEV-TRSRllagain:

R7=(add(0,y)→y,add(s(x),y)→S(add(x,y)),

mul(0,y)→0,m山(∬,0)→0,

mul(s(x),S(y))→S(add(mul(x,S(y)),y)) ),
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凡1=町(馬)(=ヱ肌fu‖(月7))

=(add#(y)→tP2(0,y),

add#(s(z))→ul(add#(z)),

ul(tp2(x,y))→tP2(s(x),y),

add#(add(x,y))→tP2(x,y),

mul#(0)→tP2(0,y),

mul#(0)→tP2(∬,0),

mu]#(s(z))→u2(add#(z)),

u2(tp2(w,y))→u3(mul#(w),y),

u3(tp2(x,S(y)),y)→tP2(s(x),S(y)),

muJ#(mu](x,y))→tP2(x,y)

First,WeCOnSiderthefo1lowlngequation:

mul(∬,y)=?0. (5.1)

TbsoIvetheaboveequation,WeCOmputemul#(0)bynarrowing.Thenarrowing

sequencesstartingfrommul#(0)areshowninFigure5.3.Thusweobtaintwo

mut#(0)
′ ㌧

tp2(z,0) tp2(0,Z′)

Figure5.3‥Thenarrowingsequencesstartingfrommul#(0).

normalformstp2(z,0)andtp2(0,Z')(withrespectto～→Rll)･Thesenormalforms

andanarbitrarysubstitutionO-(zO,0)and(0,Z10)-areSOlutionsofthe

equation(5･1),thatis,mul(zO,0)BRl10andmul(0,Z′0)→Rl10･
Nextweconsiderthefo1lowlngequation:

m山(∬,y)=?s4(0). (5.2)

Thenarrowingsequencesstartingfrommul#(s4(0))areshowninFigure5.4.

Thusweobtainsixteennormalforms(withrespectto～→Rll),andthreeofthem,

tp2(s(0),S4(0)),tP2(s2(0),S2(0))andtp2(s4(0),S(0))areconsideredassolutionsof

theequation(5･2)･ThetreerepresentationofnarrowingsequencesinFigure5･4

showsthatthereisnoinfinitenarrowingsequencestartingfrommu]#(s4(0)).The
fo1lowingsequenceshowsthedetailsofthenarrowingsequencefrommul#(s4(0))
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Figure5.4‥Thenarrowingsequencesstartingfrommu[#(s4(0)).

totp2(s2(0),S2(0)):

mul#(s4(0))叫月11u2(add#(s3(0))) →月11u2(ul(add#(s2(0))))
～小月11

4

～小月11

～づ月11

89

u2(ul(ul(add#(s(0)))))m11u2(ul(ul(tp2(0,S(0)))))

u3(u2(add#(s(0))),S(0))叫Rllu3(u2(tp2(0,S(0))),S(0))

u3(u3(mul#(0),S(0)),S(0))→Rllu3(u3(tp2(0,Z),S(0)),S(0))

(zr+S2(0))→Rllu3(tp2(s(0),S2(0)),S(0))→RlltP2(s2(0),S2(0))･

ThethirteennormalformswhoserootsymboIsareu3,meanSthatthosepaths

arefai1ureoftheinversecomputationformuJ(x,y)→R7S4(0)･
ロ

Theorem5.1.19(b)and Corollary5.1.20(b)showthat everyinstance of

n-termt11Ple(ul,…,un),thatis,(ulO,…,unO),isasolutionofinversecom-

putationforf(xl,...,Xn)ちRt.Theseresultsalsoshowthatthen-termtuPle
(ul,･･･,un)isoneofgeneralsolutionsofinversecomputationforf(xl,･･･,Xn)

与Rt･Fbrexample,thenormalformstp2(0,Z)andtp2(z,0)(withrespectto

→R11)inExample5･1･21aretheuniquegeneralsolutions(uptorenaming)of
inversecomputationformul(x,y)→R70･Infact,SOlutionsofxxy=Oarecom-

mutativepairsofOandanarbitrarynaturalnumber,andtp2(z,0)andtp2(0,Z)

CanrepreSentallofsuchsolutions.
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5.2 Tbrmination ofInverse EV-TRSs

InSection5.1,WehaveshownthatinverseEV-TRSsgeneratedbyourtransfor-

mationareworkedbynarrowlngStartinggroundterms.Inthissection,tOglVe

aterminationprooftechniqueofourinverseEV-TRSs,WePrOpOSetWOtermina-

tionproofmethodsofnarrowlng,eSpeCiallystartingfromgroundterms.Oneis

basedonthenotionofactivechain[11】,theotherisbasedonthedependency

PairmethodwhichwasproposedbyT.ArtsandJ.Giesltoprovethetermination

OfTRSs【4,5].
Inbothofthetheoremswhichwewillshowinthissection,Weinducethe

terminationofnarrowingofEV-TRSstotheterminationofothers,SuChasnar-

rowingofanother(EV-)TRS,reWriterelationofTRSs andsoon.Tbprove

thesetheorems,WeCOnStruCtaninfinitenarrowlngSequenCefromanotherinfi-

nitesequence.Suchaprooftechniqueis usableunderthe top reduced almost

terminatin9(Tlu71forshort)property(definedinSubsection5.2.1).Wbfirst

ShowthatnarrowlngOfconstructorEV-TRSsandthatofright-1inearEV-TRSs

OnlineartermshaveTRATproperty.Then,WePrOpOSetWOterminationproof

methods ofnarrowlng.Especia11y,Wefocus on the terminationofnarrowlng

Startingfromgroundterms,thatis,GSN~R,SinceweusenarrowlngtOSimulate

groundrewritesequencesofEV-TRSs.

Inthesequel,WeglVetWOPrOpOSitionsassociatedwiththebasicproperties

Ontheterminationofnarrowlng.

Proposition5.2.1FbreveryTRSR,SN+R好GSrR

PrvqfItisclearthatSN→RiffGSN→R.Since→R=…ROngrOundtermsfor

allTRSs,eVerygrOundnarrowlngSequenCeOf月isagroundrewritesequenceof

Randtheconversealsoholds.Then,ifthereexistsaninfinitegroundrewrite

(ornarrowing)sequenceofR,thenitisalsoinfinitegroundnarrowing(rewrite,

respectively)sequenceofR.Therefore,thispropositionholds･
ロ

Proposition5.2.2FbreveryEtLmSR,SNu.RirTq)liesGSN～R

Prvqf RomthedefinitionofSN～→R andGSNへ～R,thispropositionholdsobvi-

OuSly. □

TheconverseofProposition5.2.2abovedoesnotholdingeneral.Fbrexample,

COnSidertheTRSRlinExample3.1.2agaln:

Rl=(double(0)→0,double(s(x))→S2(double(x))).
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WbhaveSN→RlObviously,andhenceGSN叫Rl.However,SN～→Rldoesnothold

becauseinfinite narrowlng SequenCeS Can be easily constructed startingfrom

doubJe(x).Thus,SN叫RdoesnotholdformostofEV-TRSs(evenTRSs).There-
fore,SN～→Rproofmethodsarenotaspowerfu1asGSN～→R proofmethods.

SometerminationcriteriafornarrowingandE-narrOWinghaveshownin[9】.

Theresultsin[9]treatsTRSsinwhichtheleft-handsideofeachrewriteruleis
flatl.TheconditionofflatnessistoorestrictiveforourinverseEV_TRSs.

WhenthegeneratedinverseEV-TRSisaTRS,WeCanuseterminationproof

tooIsofTRSs,SuChas7bukuba77:rmination7bol[25】,APrDVE[16,17,18]and

SOOn.NotethatthesetooIsarenotapplicabletoEV-TRSswhicharenotTRSs.

5.2.1 TbpReducedAlmostTbrminatingProperty

Inthis subsection,Weintroducethe top reduced almost terminatin9PrOPerty,

Whichshouldbesatisfiedtoapplytheterminationproofmethodsinthissection.

Let RbeanEV-TRSand→beareductionbasedoneither→ROr～→R･

Aninfinitesequenceto→tl→･･･issaidtobealrTWSttmninatin9ifforevery

PrOPerSubtermuoftheinitialtermtoisstronglynormalizingwithrespectto→

(SN=).Analmostterminatingsequenceof→isca11edtopreducedifitcontains

atleastone→E.WbcallitamATsequenceforshort.Ⅵ毎saythatthereduction

→hastoprt:ducedalmosttemninating(mA71forshort)propertyifforevery
termtwithrSN;→thereexistsatopreducedalmostterminatingsequenceof→

Startingfromasubtermoft.

Fbreverymonotonereduction,thefo1lowlngholdsobviously.

Proposition5.2.3LetR be anEtLTRSand→be art:lationsuchthat→⊆

→月0γ→⊆→月･〝→由moγ乙0わ陀e,〃ほ㍑→んαβmArpmpe吻･

ItisknownthatforeveryEV-TRSR,→RISmOnOtOne･However,→RISnOt

alwaysmonotone･Fbrexample,thefo1lowingEV-TRSover(0,C,d)doesnot
haveTRATproperty:

凡5=(d(d(∬))→∬).

Becausethefo1lowlngalmostterminatingsequenceisnottopreduced:

C(d(xo),Xo)(x｡.+d(xl))…R15C(xl,d(xl))
(町→d(∬2))一触 C(∬2,d(∬2))

(〇2ト→d(ご2))～づ月15

1Tbrmf(tl,…,tn)isj言atiftiiseitheravariableoragroundterm.
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Therefore～→RdoesnothaveTRATpropertyingeneral･

Aswehaveshownalready,One-StepnarrOWlngOfright-1inearEV-TRSspre-

SerVeSthelinearityofatargetterm(seeProposition5･1･9)･Moreover,→ROn
lineartermshasnicepropertiesforaright-1inearEV-TRSR.

Proposition5.2.4LetRbeari9ht-1inearEtLTRS.

｢り〝βふ月fかα肋eαrfe門Ⅵβ,仇emf由g哀れeαr.

作ノmeれαr†℃び如→月0れ肋eαrねmβ由moれ0われe.

Prvqf Thefirstclaim(a)fo1lowsfromProposition5.1･9.Thesecondclaim(b)

fo1lowsfromtheclaim(a). □

LetRbeaCTRSoveraslgnature7,→bearelationeither→ROr～→Rand

lbeaprefiⅩOrderingeither<or≦.Supposethats→qt.Then,WeWrites

→P<tforanypositionpwithp<q.AsubstitutionOissaidtobeSN+,Written

asSN;,ifforallx∈Dom(0),SN品holds.
WbalsohaveanicepropertyonconstructorEV-TRSs.

Theorem5･2･5EbreveryconstructorEtLmSR,→RhasmATprvperty･

Prvqf FbraconstructorEV-TRSR,thefo1lowingsholdobviously:

(i)SupposethatSN;→Randt6～～Ru･Then,SN;R･

(ii)IfSN｢R,thenSN蒜RforallsubstitutionOsatisfyingSNJR･

Assumlngthatthereexistsanalmostterminatingsequencet…to～→S<tl～→謡

･･･Whichisnottopreduced,WeShowacontradictionthatthereexistsaproper

SubtermuoftthatrSNごR･Letti…f(ti,1,…,ti,n)withoutlossofgenerality･
Romtheinfinitesequence)foreveryi,thereexists]SuChthatti,j6i→Rti+1,j)

SN訂R,andforeveryj′withj′≠j,ti,j′6i…ti+1,j′･Then,Wehaveinfinitenumber
Ofnarrowlngderivationsbelowkforatleastonepositionkwithl≦k≦n.Every

StePfromti,ktOti+1,kCOnSistsofeitherti,k6i→Rti+1,kOrti,k6i…ti+1,･Since

narrowingderivationsbelowkisinfinite,itfo1lowsfromthecontrapositionof(ii)

thatrSN諾,andhencerSN蒜…･Therefore,thereisapropersubtermto,kOft
tbatrSN蒜:･

□

Proposition5.2.4andTheorem5.2.5aboveareverylmPOrtantbecauseinverse

EV-TRSsgeneratedbyourtransformationU(=nvf｡‖(…))areconstructorsys-
tems.



5.2.伽1血atjonof血verse且V∵n製誌 93

5.2.2 Tbrmination ProofBased on Function Calls

Wbfirstgiveaterminationprooftheoremwhichisbasedonthenotionofactive

Cbains[11].
Asthefirststep,WeCOnStruCtfromanEV-TRSaTRSbyextractingdefined

SymboIsinrewriteruleoftheinput.

Definition5･2･6LetRbeanEtL77Woverasi9naturt,7･77LeTRS月Tcon-

β打祝Cねdαβルggoぴβご

RT=(root(l)→root(t)Jl→γ∈R,t53r,rOOt(t)∈DR).

TheaboveTRSRTrepresentdependencyoffunction(defined-Symbol)callsin

rewriterulesofR.

FbrEV-TRSswithTRATproperty,WeCanPrOVeSN-RuslngSN→RT･

Theorem5･2･7LetRbeanEtLmSands叩POSethat…RhasTRATprvperty･

乃e乃,£Ⅳう月丁宜叩g宜eβ肝月

PrDqf WbprovethisclaimbyconstructinganinfiniterewritesequenceofRT

fromaninfinitenarrowlngSequenCeOfR.

Supposethat SN～→R does not hold.Then,thereexists atermfromwhich

aninfinitenarrowlngSequenCeeXists･Sinceへ→RhasTRATpropertynow,there

existsaTRATtermto.Hereweassumethefo1lowlnginfinitenarrowlngSequenCe

Startingfromto:

foふ謡f乙…妄fg…月…

Moreover,WeaSSumethefo1lowlng:

f乙→宝,Po]γ｡J｡≡f訂

Wherepo:lo→ro∈月andJo=mgu(tら,lo)･SinceSNごRdoesnothold,SN憲R
doesnothold,tOO.Then,tghasasubtermtlthatisTRAT.

Ontheotherhand,JoisanNF～→R(7,X)-Substitutionsinceeveryproper

Subtermoft乙isSN～†只･Then,thereexistsanon-VariablesubtermulOfrosuch
thatulCTo…tl.ItisclearthattherootsymbolofulisadefinedsymbolofR.

Itisalsoclearthatroot(to)=rOOt(t乙)=rOOt(lo).Nowwecanrepresentasro

…q【ul].Then,theruleroot(lo)→root(ul)∈RTexists,andhenceroot(lo)

→釘rOOt(叫)･
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Byrepeatingtheaboveargumentforthetermtl,･･･,WeObtainthefo1lowlng

infiniterewritesequenceofRT:

roo項0)→月TrOOt(fl)→月TrOOt(f2)→釘…

ItistrivialthatSN→RTifRhasnorecursivecallofdefinedsymboIsinitsrules･

Therefore,theabovetheoremshowsthatifanEV-TRSRwithoutrecursivecalls

OfdefinedsymboIsiseitheraconstructorsystemorright-1inear,narrOWlngOfR

Startingfromgroundtermsisalwaysterminating.

Example5.2.8Considerthefo1lowingEV-TRSover(a,b,f,g,h,S,0)again:

R14=(f(x,0)→S(x),g(x)→h(x,y),h(0,X)→f(x,X),a→b)･

RomthedefinedsymboIsa,f,g,h,thefo1lowingTRSisobtainedfromDefini-

tion5.2.6:

RL=(g→h,h→f).

R14isaconstruCtOrSyStem,andhence→R14hasTRATproperty･SinceSNRL

holdsobviously,SN叫R14holdsfromTheorem5.2.7. □

Example5.2.9Considerthefo1lowingEV-TRSover(c,e,double,S,0):

R16=(double(0)→0,double(s(x))→S2(doubJe(x)),e→double(c(x,X))).

Romthedefinedsy血boIsdouble,thefo1lowlngTRSisobtainedbythemethod

ofDefinition5.2.6:

塙=(doubre→double,e→double).

sinceSN→Rhdoesnotholdobviously,andhenceSN叫月16CannOtbeprovedby

Theorem5.2.7.Infact,SN～→R16doesnotholdbecauseoftheinfinitenarrowlng

SequenCedouble(xo)(x｡ト+s(xl))→R16S2(double(xl))(町→S(x2)l→R16･･･
□

5.2.3 TbrminationProofUsingDependencyPairs

TheterminationproofmethodproposedinSubsection5･2･2(Theorem5･2･7)is

VeryWeakbecausemanypracticalEV-TRSswithGSN～づhaverecursivecalls

OfdefinedsymboIs.Inthissubsection,WePrOPOSeamOrePraCticaltermination

PrOOftechniquebyextendingthedependencypairmethod[4,5]･However,The-
orem5.2.7isstillvaluablesincethereexist somecasesinwhichitisusablebut

themethodproposedinthissubsectionisnot.
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5.2.3.1 DependencyPairsandChains

Letsandtbeterms.Wbdenotethepairoftermssandtby〈s,t〉.Wecall

Variablesnotinsbutint(Var(t)＼Var(s))extrY"ariablesof〈s,t〉,tOO･Theset

Ofallextravariablesof〈s,t〉isdenotedbyCVar(〈s,t〉).WbwriteVar(〈s,t))to

representthesetofallvariablesappearingin〈s,t〉･
The definition ofdependency pairs ofEV-TRSsis the same with that of

TRSs[4,5].Tbillustrateit,WePrePareaneWfunctionsymbolfbmarkedwith

b,Calledthemarked舟nctionsymboloff,foreverydefinedsymbolfinagiven

Slgnature7dividedintotheconstructorsetC andthedefined-SymboIsetD:

7=C ttJD.Thisthesis assumethat aglVenSlgnaturedoes notincludeany

functionsymbolmarkedwithh,thatis,fb≠Fforeveryfunctionsymbolf∈7.

WbdenotethesetofmarkedfunctionsymbolofDbyDb;Dh=(fblf∈D).

Wbdefine7bas7b=7UDb.

Definition5.2.10(Dependencypair[4,5])Let R be an EtL771S over a

signature7.77LePair〈fb(sl,...,Sm),gh(tl,…,tn)〉iscalledadependencypair

げ月酌んe†℃α柁α柁び摘eγ祝geJ(β1,…,βm)→γ∈月αれdαβ励ermタ(fl,…,㍍)

げγW鵡αd所㍑dβymあogタ;タ(ま1,…,㍍)≦γαれdg∈p月.乃eβefげαggd印eれ-

deれCypα夏作げ月由de†10fedわypア月.

ExanPle5.2.11Considerthefo1lowingEV-TRSR140Ver(a,b,f,g,h,S,0)

agaln:

月14=(f(x,0)→S(x),g(x)→h(x,y),h(0,X)→f(x,X),a→b).

Thefo1lowlngdependencypalrSareObtainedfromR14:

DPR14=(〈gb(x),hh(x,y)〉,(hb(0,X),fb(x,X)〉).

ロ

ExamPle5.2.12Consider thefo1lowing EV-TRSlh60Ver(c,e,doubJe,S,0)

agaln:

R16=(doubJe(0)→0,doubJe(s(x))→S2(double(x)),e→double(c(x,X))).

Thefo1lowlngdependencypalrSareObtainedfromR16:

D7,R16=(〈doubleb(s(x)),doubleb(x)〉〈eb,doubleh(c(x,X))〉).

□



96 αapter5.(ユ)皿putatjoJユOf血作用erR55前払上汝ね協Ⅵ1dabJes

〈β1,fl〉 〈β2,f2〉 〈53,f3〉

m即(β;,β1)● m即(βら,β2)● m即(β;,β3)●

(r(アリg)∋]β0ふ月)β1如1ふ月βら如2ふ月 β;如3ふ月…

Figure5･5:A(ground)《→R,S》-Chain.

NextwedefineR-Chains[4,5]andextendthemtothosewhichareconstructed
bynarrowlng.

Definition5･2･13(Chain)Letl"eanEtL77Woverasignature7andSbe

αβefげpα豆和げfermβ0γerアαれdαβ豆gmαね代g.

｢りAβeヴ祝e陀Ce〈β1,fl〉〈β2,壬2〉…げpα如哀れβ由cαggedα《→月,g》-Cbainげ

兢eγ℃e∬由ねαβ祝わβf血如れJ豆カr乞>0β祝Cん兢αf如豆→月β症1J什1･

作ノ耶1eβeヴ祝emCe〈β1,fl〉〈β2,ま2〉…由cαggedα《→月,β》-Chain卯んeγ℃e∬由fα

feγmβ;αれd兢emoβfダeγもeγⅦg肌訴erJ豆=mgu(β;,β宜)か再>0β祝Cん焼山

tiJi与RS;.12･肋reover,itissaidtobegroundqtheree∬istsa97T,und

fermβ0∈T(アUg)β祝Cん兢αf軸ふ月β1声eeダ加代J.み血統由cαβe,We

ぴわfeβ0〈β1,fl〉〈β2,f2〉…

Ⅳofe兢欄fα《→月,pア月》一Cんα血由β宜γ叩gyCαggedαれ舟chain仏可.

Example5･2･14Considerthefo1lowingEV-TRSR160Ver(c,e,doubre,S,0)and
itsdependencypairsagaln:

R16=(doub[e(0)→0,double(s(x))→S2(doubIe(x)),e→doub]e(c(x,X))),

DPR16=(〈doubleb(s(x)),doub】eb(x)〉〈eh,doubJeh(c(x,X))〉).

Thefo1lowinginfinitesequenceofdependencypairsisa《→Rl｡,DPR16》-Chain:

〈doubIeb(s(xl)),doubleb(xl)〉〈doub】eh(s(x2)),doubleb(x2)〉…

The《→R16,DPR16》-Chain

〈doubJeb(s(yl)),doubleh(yl)〉〈doubIeh(s(y2)),doubleb(y2)〉

2Tbavoidvariablecon且ictionbetweenpalrSandthemostgeneralunifiers,thisthesisassume

thata11pairs〈si,ti)swithi>OarerenamedtosatisfyVar(si,ti)nVar(si+1,ti+1)=0.
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isgroundbecausethereisagroundtermso≡doubJeh(s2(0))suchthatsoBR16

doubleh(s(yl))(ylト+S(0))anddoubleh(yl)(ylト+S(0))BR16doubleb(s(y2))(y2r+0)･
□

ThefinitenessofR-Chainsareusabletoprovetheterminationproofofthe

TRS月.

Theorem5･2.15(【4,5])Ebrevery TRSR,SN)R好thereisnoirdiniteR-

c九αjわ.

TheabovetheoreIpisextendedtothatofnarrowlngaSfollows:

Theorem5･2･16Letl"eanEtLmSands叩POSethat…Rhas mATprvp-

erfy.

｢り∫∧㍗月ん0旭好兢eγ℃由㍑0かポ㍑正e《→月,pア月》一Cんα哀れ.

作ノG肝月んogdβ好兢e代由れ0宜†ポ陀如タm肌d《→月,pア月》-C九αれ

Prvqf Wbproveonlytheclaim(b)sincetheproofof(a)issimplerthanthat

of(b)･Tbsimplifynotation,Weabbreviateatermsequenceti,1,...,ti,nitO古.
Tbshowthe彷partof(b),WeCOnStruCtaninfiniteground《-R,D7)R》-Chain

fromaninfinitegroundnarrowlngSequenCe･Since～→RhasTRATproperty)We

CanaSSumetheinfinitesequenceisatopreducedalmostterminatingnarrowlng

SequenCeandstartsfromgroundtermso…ム(鳴).Then,WehaⅦ

ム(鳴)ふ諒ム(坑)≡βト塘pl】γ1Jl～→月…

Wherepl‥ム(坑)(≡ll)→rl∈RandJl=mgu(si,ll)･SinceSN;‡holds,SN諾
holdsforanyx∈Dom(cTl)･Hence,thereisasubtermtl…jb(坑)ofrlSuCh

thatthereexistsatopreducedalmostterminatingsequencestartingfromtlJI

Since～→RhasTRATproperty･Then,aSSimilarasthecaseofso,Wehave

桓1…ム(如1)ふ謡以房)…βら→宝,P2】γ2J2～→月…

Wherep2:ム(戒)(…l2)→r2∈RandJ2=mgu(sら,l2)･SinceSN;‡holds,SN諾
alsoholdsforanyx∈Dom(cT2)･Hence,thereisasubtermt2…ム(電)ofr2SuCh
thatthereexistsatopreducedalmostterminatingsequencestartingfromt20-2.

Here,〈ff(坑),月(戒)〉,〈j4(鳴),j3(電)〉∈D7,Rfo1lowfromplandp2.Sinceu｡,i
ふRVl,i,Jl=mgu(si,ll),ul,iふRV2,iandJ2=mgu(sら,l2),Wehaveaground

cbainJ空(鳴)〈丑本),月(毎)〉〈月(戒),頭痛)〉.
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Byrepeatingtheaboveargument,WeObtainaninfinitegroundchain

頭痛)〈月(坑),月(戒)〉〈政戒),頭痛)〉…

Next,WeprOVeOnly-ifpartoftheclaim(b)byconstructinganinfimiteground

narrowing-SequenCefromaninfiniteground《→R,D7)R》-Chain

頭痛)〈丑病),月(毎)〉〈歪(鳴),劇痛)〉…

Romthedefinitionof《…R,DPR》-Chain,thereareatermj碧(房)andthemost

generalunifiercTi=mgu(ガ(6),jf(鳴))suchthatj碧(房)cTi_1ふRj?(6),Where
ff(鳴)cT｡≡ff(ti;).Ftomtheconstructionofdependencypairs,Wehavepi:
ム(鳴)→CuL+1(uiil)】∈1L Hence,WeCaneaSilyconstructaninfiniteground

ム(鳴)ふ月ム(坑)→隻,β1】cIJ鵡(坑)】plふ宝<cIJl【以房)】pl

→望1,β2】(qJl【G肪(瑚]p｡]pl)J2～→月…
□

5.2.3.2 EliminatingAllExtraViriables

InthecaseofTRSs,theterminationproofcanbedonebyfindingareduction

Orderingtoensurenoinfinitechain.Tbfindsuchanordering,aryumentβlterin9

舟nctions[5,32,33】areknowntobeusefu1.Inthesequel,WeWrite【il,…,im]

torepresentalistofnaturalnumbers.

Definition5･2･17(Argumentfiltering[32,33])Letg beasignature･An

argumentfi1teringisa舟nction7TSuChthathranyf∈Q,7T(f)isddinedas

e首班eγげ兢eカggoび哀れ卵ニ

〃ノ汀(J)=豆,0γ

｢り町(J)=【哀1,…,宜m]

び九e†℃れ=旺ity(ル1≦豆≦れ,1≦m≦れα几dl≦乞1<…<宜m≦れ.Ⅳofe
兢欄fぴeαββ祝me汀(J)=【1,…,司げ打(J)由れOfd痴れede鱒g豆c豆粕･

meα呵祝meγもfβ托eわれg汀由れαねmggye∬femdedoγerまermβαβわggoぴβご

｢り打(∬)=∬げ∬∈∬,

作ノ打(J(fl,…ふ))=打(りげ汀(J)=哀,α乃d
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在ノ汀(J(fl,‥.ん))=J(打(t宜1),‥.,打(fim))げ打(J)=[哀1,…,戎m].

肋柁OUeγう打由e:虎eれdedoγerαβe土方げfeγm-pα如αβわggoぴβご

汀(g)=(〈打(β),打(り〉l〈β,f〉∈g).

NotethateveryEV-TRScanbeconsideredasasetofterm-pairs.Thisthesis

assumethatforeverydefinedsymbolf,7T(f)and打(fb)arenotintegersbutin
formofnatural-numberlists.WbcallsuchanargumentfilteringsirTq)le.

Theorderingdeterminedbyaquasi-Orderingandanargumentfi1teringlS

definedasfo1lows:

Definition5･2･18(【32,33])Let7beasi9nature,とbeaquasi-Orderin9とon

ねmβ0即erアα犯d打あeαれα呵祝me㍑まβ托er血タカrア.meo†豆eわ乃タと訂由d頭乃ed

αβ｡印go祝Jβご

｢りβと汀f好打(β)ト･打(りor訂(β)…訂(り,α㍑d

作ノβト汀f好兢e†℃由αC釧庇虎C∈官(ア,∬)β祝Cん肋αf打(β)トC[訂(り]or打(β)

…C【打(り】pび鵡ど<p･

Itisknownthattheaboveorderingと訂isaquasi-reductionordering[5,32,33,42].

TbguaranteethatnoinfiniteR-ChainexistsforTRSR,thefo1lowingtheorem

is usable:

Theorem5･2･19([4,5】)LetRbeamS.me柁eXistsnoirdiniteR-Chain好

班β代α柁αれα呵祝me㍑fβ加わわタ打αれdαヴ祝αβ戎一0†壷r如と0れねmo∽γアhβ祝Cん

仇αf

●Jと訂γわreγery柁びわfe円上geg→γ∈月,αmd

･βト汀まわreγeryd甲eγ1de†もCypα哀r〈β,り∈pア月.

Ontheotherhand,findingsuchanorderingaboveonEV-TRSsisverydincult

ifhavingatleastoneextravariable.Tbfinditeasier,WeuSeargumentfi1terings

againtoeliminateallextravariables.

Definition5･2･20(EliminateAllExtraV加iables)LetSbeasetqfterm-

pα如0γerαβ毎乃αね柁g,α乃d打わeα㍑α呵祝me†もfβ毘er哀れクルrg.Ⅳeβαy兢αf訂

eliminatesallextravariablesofSげVar(s)⊇Var(t)hreverypair(s,t〉∈S.
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Example5.2.21Considerthefo1lowingEV-TRSR140Ver(a,b,f,g,h,S,0)

anditsdependencypalrSagaln:

R14=(f(x,0)→S(x),g(x)→h(x,y),h(0,X)→f(x,X),a→b),

DPR14=(〈gb(x),hb(x,y)〉,〈hb(0,X),fb(x,X)〉).

Let7T14beasimi)1eargumentfi1teringdefinedasfollows:

7rl｡(f,fb,S)=[],7Tl｡(h,hb)=[1].

Applying7T14tOR14andD7)R14,WeObtainthefo1lowlng:

7T14(R14)=(f→S,g(x)→h(x),h(0)→f,a→b),

7T14(D7,Rl｡)=(〈gh(x),hb(x)〉,〈hb(0),fh〉).

Thereexistsnoextravariablein7T14(R14)and7T14(D7)R14).Thus,7T14eliminates

allextravariablesofR14andD7)R14. ロ

Inthesequel,Wediscusspropertiessatisfiedbyanargumentfi1teringelimi-

natingallextravariablesofS.

Proposition5.2.22LetRbeanEVITR旦Sbeasetqfterm-Pair3and7Tbea

β如岬geα呵祝me†もfβ托er哀れタぴゐ戎cんeg戌m虞犯αfeβαgge∬かⅦUαrぬわgeβげ月α陀dβ.

何Aタm肌d《→訂㈱,打(β)》-C九α血由α《→汀㈱,汀(g)》一Cんαれ

作ノムefα《→∬(月),汀(g)》-Cんα哀れ〈β1,fl〉〈β2,f2〉…･椚九e代e∬由ねβOme乞>0

β祝Cん肪扉打伍)戎βタm肌d,兢eれ〃ほβeヴ祝eγ乙Ce〈β什1,f什1〉〈β什2,吉行2〉…由α
〈〈→汀㈱,打(g)》-C九αれ

Prvqf Since7T(R)hasnoextrav血able,7T(R)isaTRSandhence～→汀(R)=

→q(R)OngrOundterms･Since7T(DPR)alsohasnoextravariable,nOVariable

appearsintheground《→汀(R),7T(S)》-Chain･Then,itisa《→訂(R),7T(S)》-Chain･

Hence,theclaim(a)holds.

Supposethatthereexistssomei>Osuchthat7r(ti)isground･Then,itisclear

that〈si+1,ti+1〉〈si+2,ti+2〉･･･isaground《→汀(R),7T(S)》-Chain･Itfo1lowsfrom

theclaim(a)that〈si+1,ti+1〉〈si+2,ti+2〉･･･isa《→汀(R),7T(S)》-Chain･Therefore,

theclaim(b)holds. 口
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Let7rbeasimpleargumentfi1teringandObeasubstitution･Wede丘nethe

substitutionO汀aSO汀=(xト+7r(xJ)(x∈Dom(0))･Itisclearthat7T(tO)…

訂¢)β打払ra町termf.
ThefollowinglemmashowstherelationshipbetweensふRtand7T(s)ふ甘(R)

訂拝).

Lemma5.2.23LetRbeanEVITRSand7TbeasirTq)learyumentβlterin9Which

eg宜m哀れαfeβαgge∬加〃αわαみgeβげ兄上efβ,fわefermββ祝Cん兢αf打(β)由タm肌d･

乃eれ,βふ月毛戌叩g戎eβ打(β)斗岬)打(り･

Prvqf Wbprovebyinductiononnofs為Rt.

Sincethecaseofn=Oistrivial,WeaSSumethats6…望,P]u6′怒Rtand
7T(s)isground,Wherep:l→r∈R･Then,thereareacontextC,atermS'and

themostgeneralunifierJ=mgu(s,C[l]p)suchthats…C[s,]pandu…(C[r]p)J･

Since7T(s)isground,7T(C)isalsoground･

･Considerthecasethat口inCiseliminatedby7r.Nowwehave7T(s)…

打(C[β′】p)…汀(C)and汀(祝)…打((C【γ]p)J)…打(Cb)…打(C)恥…訂(C)･By

theinductionhypothesis,Wehave7T(u)ふ汀(R)7T(t)･Therefore,打(s)…q(u)

→汀(月)汀(け

･Considertheremainingcase.Since7T(C)isgroundand7T(C)isacon-

text,Wehave7T(s)…7T(C[s′]p)…(7r(C)[7r(s′)]qand7T(u)…7T((C[r]p)J)…

(打(Cb))[汀叶J)]｡…汀(C)J汀【打(γ)J訂]｡…汀(C)[打什)J汀]｡･

Ontheotherhand,7T(s′)J汀…7T(l)J訂fo1lowsfrom s′J…lcT,7T(s′J)…

7T(s′)oTwand7T(lJ)…7r(l)J∬･Since7T(s′)isground,Wehave7T(s′)q汀…7T(s′)

≡7T(l)cT汀.Wbalsohave7T(l)→7T(r)∈7T(R)･

ItfollowsfromtheassumptionthatVar(7T(l))⊇Var(7T(r))foreveryl→r

∈R,andhence7T(R)isaTRS･Since7T(s')isground,J汀isthemostgeneral

unifierof7T(s')and7T(l):J訂=mgu(7T(s'),7T(l))･Hence,7T(s′)≡7T(l)J汀→訂(R)

7T(r)0一灯and7T(r)J汀isground･

Since7T(u)≡7T(C)[7T(r)J汀]isalsoground,Wehave7T(u)ふ汀(R)7T(t)bythe
inductionhypothesis.Therefore,WehavethefollowlngSequenCe:

打(β)…打(C)[打(g)J汀]｡→汀(月)打(C)[巾)J訂]｡…打ト)ふ汀(月)7申)･

Notethat7T(s)ふ訂(R)7T(t)iff7T(s)与q(R)7T(i),because7T(R)isaTRSand7T(s)
isground.
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〈打(β1),打(り〉

ル)

(Jl)汀=

m即(汀(β1),∬(β1))

(項0)ふ訂(月,

〈町(β2),打(f2)〉
(J2)汀=

mgu(可童),汀(β2))●

打(β1)打伍)(Jl)汀ち汀(月)訂(βら)坤2)(J2)Ⅳ与叫)…

Figure5･6‥A《→q(R),7T(DPR)》-Chain･

Thefactthatthereexistsnoinfinite《→訂(R),7T(S)》-Chain,impliesthetermi-

nationof…RaSfo1lows:

Theorem5.2.24LetR be anEtLTRSand7T be asirTq)le aryumentβltering

ぴん戎cんeg乞m血αfeβαgge∬かⅦ〃αわαゐgeβげ月α㍑dpア月.

何椚んeγ℃由れ0戎頑乃如《→汀(坤打(pア月)》-C九αれ伽乃加代由乃0乞頑れ如

タm肌d《→月,pア月》-Cんαれ

作ノ〝加代由れ0宜頑痛e《→可呵,汀(pア月)》-C九扇わαれdかeγery如eれdeれCy

pα豆r〈β,f〉∈かア月,訂(り由タm肌d,兢e几兢er℃由れ0かポれ如《…月,pア月》-

c/もα豆犯.

PrDqf(Sketch.)Thefirstclaim(a)canbeeasilyprovedbyconstructinganin-

finite《→q(R),7T(D7,R)》-Chainfromaninfiniteground《叫R,D7,R〉〉一Chain,uSing

Lemma5･2･23andProposition5･2･22(a)(aninfiniteground《…R,DアR》-Chain

inFigure5･5impliesaninfinite《→訂(R),7T(DPR)》一ChaininFigure5･6)･

Thesecondclaim(b)canbeprovedbyusingtheclaim(a)ofthistheorem

andProposition5･2･22(b)･
□

Whenthereisnoextravariablein7T(R)and7T(DPR),WeCanuSethetermi-

nationproofmethodsforTRSs,Whichhavealreadybeenproposedin[4,5],[7],
【33],【42]andsoon,tOguaranteethatnoinfinite《→q(R),7T(S)》-Chainexists･

5.2.3.3 Tbrmination ProofTheorem

Finally,WeCOnCludefromTheorem5.2.16,5.2.19and5.2.24asfo1lows:

Theorem5･2･25Letl"eanEtL771Sands叩POSethat…Rhas771ATprvp-

er卸
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〃ノG上肌㍗月払gゐ卯んeγ℃e∬由子αβ乞mpgeα相加me†lfβ加わわタ町,ぴん豆cんeg豆m哀れαfeβ

αgge∬かmuαr豆αみgeβげ月α几dpア月,αmdαヴ祝αβ豆-Order吻と0れfermo∽rカ

β祝Cん兢αf

〃-りgと汀γカreuery柁び摘er祝geg→γ∈月,αれd

〃-りβト汀f舟reγe†甘d印eγlde†もCypα豆r〈β,壬〉∈pア月.

｢りg∧㌣月九oJゐげ兢e†℃e∬由fαβ豆γ叩geα呵祝meγlfβ鮎r吻打,び九戌c九eg戎m血αfeβ

αgge諾如uαrぬわJeβげ月αれdpア月,αmdαヴ祝αβ豆-0而er如と0れfermo㈹rカ

β祝Cん班欄王統eαみ0〃eCO†もd乞知れβ〃-り,〃-りαれd兢e舟gわび如CO†l繭わ陀α代

βαf哀訴edニ

作-り舟re〃eryd甲e㍑d飢Cypαまr〈β,f〉∈pア月,町¢)由タm肌d･

RemarkthatTheorem5.2.25isalsousabletoproveSN～→RforaTRS月.

Example5.2.26Considerthefo1lowingEV-TRSR140Ver(a,b,f,g,h,S,0),
itsdependencypalrSandthefo1lowlngargumentfiltering7T14agaln:

R14=(f(x,0)→S(x),g(x)→h(x,y),h(0,X)→f(x,X),a→b),

D7,Rl｡=(〈gb(x),hb(x,y)〉,〈hb(0,X),fb(x,X)〉),

7Tl｡(f,fb,S)=[],7Tl｡(h,hb)=【1】.

Accordingto7T14Whicheliminatesallextravariablesof月14andD7)Rl.,Wehave

thefo1lowlng:

7T14(R14)=(f→S,g(x)→h(x),h(0)→f,a→b),

7Tl｡(DPR14)=(〈gb(x),hh(x)〉,〈hb(0),fb〉).

Giveと14bearecursivepathorderingdeterminedbythefo1lowlngPreCedence

≧on(a,b,f,g,h,S,0):

a≧b,f=g=h,gb>hb>fh･

Thenwehavethefo1lowlnglnequalities:

fと崇｡S,g(∬)
ト14
(J汀14 h(x),h(0)と崇4f,aと崇｡b,

gb(x)>崇｡hb(x),hb(0)>崇｡fh･
Therefore,GSN～十月14holds.
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Letthefo1lowlngargumentfi1tering:

7Ti｡(f,fb,hb,S)=[],7Ti｡(h)=[1].

Then,Wehavethefo1lowlng:

訂i4(R14)=(f→S,g(x)→h(x),h(0)→f,a→b),

7Ti｡(D7>Rl｡)=(〈gb(x),hb〉,〈hb,fb〉).

Now,foreverydependencypair〈s,t〉ofR14,7Ti4(t)isground･Moreover,uSing

therecursivepathorderingと14agaln,thefo1lowlnglnequalitieshold:

fと岩｡S,g(x)と岩4h(x),h(0)と岩｡f,aと岩｡b,

gb(x)瑞hb,hb瑞fb･
Therefore,SN～→R14holds.

RemarkthatwecaneasilymodifyTheorem5.2.25(1-b)and(2-C)stronger

OneSbyusingdependencygraphs[4,5]asfo1lows:

(1-b)foreverycyclePofdependencypairsofR,

(i)foreverydependencypair〈s,t〉∈7),Sと汀t,and

(ii)foratleastonedependencypair〈so,tO〉∈P,So>訂tO,

(2-C)foreverycycle7)ofdependencypairsofR,foratleastonedependency

Pair〈so,tO〉∈P,7r(to)isground.

Suchanextendedtheoremismoreusableandpowerfu1thanTheorem5.2.25.

Thefo1lowlngCOrOllarylSalittleweakerbuteasiertousetheTheorem5･2･25･

Corollary5･2･27LetRbeanEVlm旦Iet→RhaveTRATprDPertyand7Tbe

αβ加砂丘eα呵祝meγも去月詑eね乃タぴん宜cんeJ豆m哀れαfeβαgge∬か也γαわαむgeβげ月α乃dpア月

αれdび九戎cんβα瑚eβ打(pア月)=pア岬)叩わ柁氾αm如.meれ,甜→汀(月)如が毎

Cぶ∧㍗R.肋代0眠r,げ打(り由タm肌dわreγeryd甲eγもdeγもCypα豆γ〈β,り∈pア月,
兢e†も且Ⅳ→Rんogゐ.

Example5.2.28Considerthefo1lowingEV-TRS月160Ver(c,e,double,S,0)and
itsdependencypalrSagaln:

R16=(double(0)→0,doubre(s(x))→S2(double(x)),e→doub】e(c(x,X))),



5.2.了もm血atjoJlOf血ve∫ちe且Ⅴ-m鮎

DアR16=(〈doubleh(s(x)),doubleh(x)〉〈eb,doub]eb(c(x,X))〉).

Giventheargumentfi1tering7T16(c)=【],Wehavethefo1lowings:
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7T16(R16)=(double(0)-→0,double(s(x))→S2(double(x)),e→double(c)),

7T16(DPR16)=(〈doubleh(s(x)),doubleb(x)〉〈eb,doubleh(c)〉).

Now7r16(DPR16)=DP訂16(R16)holds･Ontheotherhand,SN→汀16(R16)iseasily

Shown.Therefore,GSN～→R16holds. ロ

AccordingtoProposition5･2･4(b)andTheorem5･2･5,eaChofthefo1lowing

ispossible:

●tOPrOVeGSN～→R,and

･tOprOVethatSN｢Rforal11ineartermst,

foraright-1inearEV-TRSR,and

●tOprOVeGSN～→R,and

●tOPrOVeSN～～R

for aconstructor EV-TRS R.

5.2.4 Discussion

Inthissubsection,WediscusstheterminationofnarrowlngOftheexampleinverse

EV-TRSs.

Considerthefo1lowingconstructorTRSR70Verthesignature(s,0,add,mul)

anditsinverseEV-TRSRllagaln:

R7=(add(0,y)→y,add(s(x),y)→S(add(x,y)),

mur(0,y)→0,muI(x,0)→0,

mul(s(x),S(y))→S(add(mul(x,S(y)),y)) ),
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凡1=U(月8)(=ヱm叫ul(月7))

=(add#(y)→tP2(0,y),

add#(s(z))→ul(add#(z)),

ul(tp2(x,y))→tP2(s(x),y),

add#(add(x,y))→tP2(x,y),

mul#(0)→tP2(0,y),

mu[#(0)→tP2(x,0),

muJ#(s(z))→u2(add#(z))

u2(tp2(w,y))→u3(mul#(w),y)

u3(tp2(x,S(y)),y)→tP2(s(x),S(y))

mul#(mul(x,y))→tP2(x,y) ).

InExample5.1.21,Wehaveshownthatthetreerepresentationofnarrowlng

sequencesstartingfrommul#(s4(0))isfiniteuptorenaming,thatis,thereisno

infinitenarrowingsequencesstartingfrommul#(s4(0)).Thisfactgivesaconjec-

ture,Whichwewillprovelater,thatmul#(sn(0))(n≧0)isstronglynormalizing

Withrespecttoへ～Ihl･

Unfortunately,1hlisnotgroundstronglynormalizingwithrespectto～→Rll,

thatis,GSN～'Rlldoesnothold.Infact,thereisaninfinitenarrowingsequence

asbllows:

u2(mul#(0))→鋸
へ→月11

(〇0ト}S(∬1))へ小月11

(Jlト}s(∬2))～づ月11

(∬2ト+s(ご3))～小月11

(ご3ト}s(訂4))～づ月11

(ご3ト+s(ェ4))～づ月11

u2(tp2(∬0,0))

∪3(m山#(∬｡),0)

u3(u2(add#(∬1)),0)

u3(u2(ul(add#(x2))),0)

u3(u2(ul(ul(add#(x3)))),0)

u3(u2(ul(ul(ul(add#(x｡))))),0)

However,thefollowlngClaimwhichmakestheinversecomputationbyRllpraC-

tical,Canbeeasilyprovedbyinductiononthenaturalnumber koftheterm

sた(0).

Claim5.2.29add#(sm(0))andmul#(sn(0))匝herem,n≧0)arestrDnglynor-

mαg豆z如び油化叩eC‖0→加地由′呵識sm(｡))α陀d珊識s叩))んogd･
Accordingtotheaboveclaim,theinversecomputationofR7isconsideredtobe

terminating.

Arbitrulreductionsystems[26,31]canbeformalizedasEV-TRSswhoseright-
handsidesareextravariables.TheyintroducedanO-reductionsystemtosim-
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ulatethereductionsequence,WhichisaspecialcaseofnarrowlngeXtendedin

thispaper.Althoughtheyareterminating,Theorem5.2.25doesnotworkto

Showtheirtermination.Thereasonisthat argumentfi1teringmethodinthis

thesiscannoteliminatea11extravariablesofcollapslngrules.Tbovercomethis

PrOblemisoneoffutureworks.

5.3 ComputationStrategyofInverseEV-TRSs

Itiswell-knownthatallsolutionsearchisexpensive.Inaddition,theinverseEV-

TRSsgeneratedbyourinversecompilersarenotconfluentingeneral.However,

we have also shown tbat ourinverse EV-TRSs obtainedfromleft-1inear con-

StruCtOrTRSsareright-1inear.Hence,iftheyareTRSs,WeuSetheinnermost

StrategytOimprovee侃ciencyofallsolutionsearchbyrewriterelationbecause

Ofthefo1lowlngreSult;

Fbranyright-1inearOVerlayTRSR,allnormalforms(withrespect

to→R)ofagiventerminatingtermwithrespect to→R,Canbe

Obtainedbytheinnermoststrategy[47].

SincealotofpracticalconstructorTRSsareerasingandtheniIⅣerSeSyStemS

generated by our transformationfrom them are not TRSs,We WOuldlike to

extendtheaboveresulttonarrowlngOfEV-TRSs.However,theaboveresult

doesnotholdfornarrowlngOnEV-TRSs.Then,WetrytO丘ndaconditionin

Orderthattheaboveresultholdsfornarrowlng.

Inthissection,WeShowthatforalinearconstructorEV-TRS,eVerynOrmal

form(withrespecttonarrowing)ofagivenlineartermwhichisterminating

Withrespecttoinnermostnarrowlng,Canbeobtainedbyinnermostnarrowlng･

Wbalsoshowthatforright-1inearEV-TRSsbasicnarrvwin9[28]issufncientto

SimulaterewriterelationofEV-TRSs.Thatis,foranyright-1inear EV-TRS,

everygroundrewritesequencecanbesimulatedbyabasicnarrowlngSequenCe.

Throughtheseworks,WeimprovetheefBciencyofnarrowlngderivationofright-

1inearEV-TRSs.

SomeresultsinourpreviousPaPerS[39,40]arewrongsincetheresultsthere

lackaconditionthat EV-TRSs areleft-1inear.Theresult ofthissectionistheir

revisedversion.
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5.3.1Innermost Narrowlng Of Linear Constructor EV-

TRSs

Themainresultin[47]isthatforaright-1inearterminatingoverlayTRS R,

innermostrewriterelationcanfindallnormalforms(withrespectto→)ofa

giventermt,thatis,t与Ru∈NF→R(7,X)impliesti>Ru･Thissubsection
ShowsthatsuchaclaimalsoholdsfornarrowlngOflinearconstructorEV-TRSs

Whichareterminatingwithrespecttoinnermostnarrowlng.Remarkthatthese

resultsdonotrequlreCOnfluence.

Thereasonwhywerestrictoverlaysystemstoconstructorsystems,isthat

OVerlaysystemsdonotguaranteetheintentionofoverlaytobesatisfiedinthe

narrowlng;Insidecriticalpeakwithrespecttonarrowlngarisesevenforoverlay

SyStemS.Itisshownbythefo1lowlngCOuntereXampleforoverlaysystems.

Example5.3.1Considerthefo1lowingright-1inearoverlayEV-TRS R17With

SN～ウR170nlinearterms:

R17=(f(g(a))→b,g(b)→a)･

Therearetwonormalformsbandf(a)off(g(x))withrespectto～→R17･However,

f(g(x))cannotbenarrowabletobbyinnermoststrategy. □

The situationin the above exampleis causedfrom the fact that there exists

aninsidecriticalpeak〈b,f(a)〉withrespectto～→R17,Whichisconstructedfrom

f(g(x))bytherulesf(g(a))→bandg(b)→a(seeFigure5.7)･Ontheother

f(g(∬))
′ ㌧

f(a)

Figure5.7:AcriticalpeakofnarrowingonR17,Whichisconstructedfromf(g(x)).

hand,COnStruCtOrSyStemSdoesnotraisesuchinsidecriticalpeakswithrespect

tonarrowlng,thatis,theysatisfytheintentionofnon-inside-OVerlapplng.There-

fore,Wefocusonconstructorsystems.

Next we show a counterexamplefor non-1eft-1inear constructor EV-TRSs

Whichisright-1inear.
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f(a,g(y,b))

f(g(a,X),g(y,b))

呂-i
知
ト｣

g(a,b)

f(g(a,∬),b)

f(a,b)

Figure5.8:Narrowingsequencesstartingfromf(g(a,X),g(y,b)).

109

Example5.3.2Considerthefo1lowingconstructorTRS whichis right-1inear
but notleft-1inear:

R18=(f(x,X)→X,g(a,a)→a,g(b,b)→b)･

Normalformsofthetermf(g(a,X),g(y,b))withrespectto→R18areg(a,b)and

f(a,b).Tbrmg(a,b)cannotbeobtainedbyinnermostnarrowing(seeFigure5･8)･
□

Wbfirst recallthefo1lowlng prOPerty Ofnarrowlng,aS Shownin Proposi-

tion5.2.4;

Narrowingofanyright-1inearEV-TRSRwhichisrestrictedtoa

relationonlinearterms,1SmOnOtOne.

Thisfactmakesiteasytotreatvariablesinnarrowing.Concretely,Sincethe

narrowingrelations≡C[sJp]p…望,P](C[r]p)cr…tWherep:l→r∈Randq=
mgu(s,C[l]p),implies壬≡C[rJ]pandVar(C)nVar(rq)=0,Wedonotneedto
careabouttheinfluenceofunifierJOnCOnteXt C.

Thefo1lowlngprOPOSitionshowsthecompositionanddecompositionofnar-

rowlngSequenCeS,Whichareclosedundercontexts･

Proposition5.3.3LetRbeanEtLmSoverasi9nature7.Letsl,…,Sn be

femlββ祝Cん兢αfVαγ(β壱)nlノαγ(βJ)=¢か戌≠J･

｢り〝β壱ふ月ま豆α㍑dVαγ(りnlノαγ(ち)=¢か乞≠J,肋e和才(β1,…,β几)ふ月

J(fl,…ふ)舟=明川-αry舟れC如乃βymむ0けまれア･

作ノ凡re眠ryれ-α叩舟れC如乃βymわ0り∈ア,J(β1,…,β乃)ふ賢才¢1,…,り

豆叩ヱ豆eβ班欄fβ盲ふ月ま盲かe∽ry戎,αれdVαγ(りnVαγ(ち)=¢か宜≠ブ･
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PrDqfInthebothcases,Itfo1lowsfromtheconditionVar(si)nVar(sj)=¢

andthedefinitionof～→RthatvariablesappearinginsiふRtiandsjふRtj(i
≠j)arediqjoint･Then,italsofo1lowsfromthedefinitionof～→Rthatnarrowing

SequenCeSSiふRtiandsjふRtjareindependentofeachotherwherei≠j･
Therefore,itisclearthatthispropositionholds. □

Next,WediscussapropertyoninnermostnarrowlngSequenCeS.

Lemma5･3･4エeま月わeαれβいmg･乃eれ,β憲月毛∈〟ア~R(ア,∬)戌叩g戎eβ

β意諒祝憲月りbrβOmeferm祝〆びん宜cんeγerypmperβ血erm由血㍑Omαg
｡桓Ⅶぷび油化呼eCfわ→月･

PrDqfIfs意Rtdoesnotcontainが,thenwetaketasu･Otherwise,WeCan

assumethats意S<u宝島u'意Rt,andhencetheclaimholds･
口

Let7beaslgnatureandcTbeasubstitution.WbsaythatJislinearifit

Satisfiesbothofthefo1lowlngS:

･XJislinearforallx∈Dom(J),and

･fora11x,y∈Dom(J),X≠yimpliesVar(xJ)nVar(ycT)=臥

Let→bearelationontermsover7.Then,WeSaythatasubstitutionJ,iscT一

犯0γmαg乞zedび油化坤eCfわ→ifpom(J)=pOm(〆)and肌｢与∬♂∈胴｢→(ア,ガ)
forallx∈Dom(q)(similarlyfor忌)･SupposethatWNニforallx∈Dom(J)･
Then,itisclearthatthereexistsatleastonecT-nOrmalizedsubstitutionJ,with

respect to→.Moreover,WeCanaSSumeWithoutlossofgeneralitythatJ,is

linearifJislinear.

Lemma5.3.5LetRbearight-1inearEtLTRS.LetsbealineartermandcTbea

肋eαrβ祝わβf血知れ餓Cん班瓜fpom(J)⊆Vαγ(β)αれd鵬良かαgg∬∈かom(可.

乃e乃,βJ憲月f∈〃F~月(ア,∬)血函南鋸卜恵点灯⊥憲R古かβOmeg豆㍑eαr
J-れ0γmαg哀zedβ祝わβf血如乃J⊥び助代印eCffoへ～月･

Prvqf Wbprovebyinductiononthestructureofterms.Sincethecasethats

isavariableistrivial,WeaSSumeS…f(sl,…,Sn).Itfo1lowsfromLemma5･3･4

thatsJ…f(sIJ,･･･,SnO.)意謡f(ul,…,un)意Rtandui∈NF~R(F,X)for
l≦i≦n･RomProposition5.2.4(a),f(ul,…,un)islinearandhencewehave

Var(ui)nVar(uj)=¢foreachiandjwithi≠j･FtomProposition5･3･3(b),

WehavesiJ7:Ruiforl≦i≦n･Then,bytheinductionhypothesis,there
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JhJ,…,βれJ)---一旦ユ`仙1,…,祝几)一ユ→f
.▼

■▲

_ _､
~~●:憲月

憲R
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*･■.Ⅰ･H････*

J(β1J⊥,…,β几J⊥)
….-.

Figure5.9:ProofsketchofLemma5.3.5.

existsalinearJJvar(si)-nOrmalizedsubstitutionJiWithrespectto憲RSuChthat

β壱J憲月β豆J豆憲月叫･

Nowwecanassumewithoutlossofgeneralitythatforeachiandjwithi≠

j,V7aan(Ji)nV7aan(oj)=0･Then,itfo1lowsfromProposition5.3.3(a)that

f(sIJl,･･･,SnJn)意S<f(ul,…,un)･Romthelinearityofs,J⊥=∪≡1JirVa,(si)
isasubstitution･Moreover,SinceallJiSarelinearJJva,(si)-nOrmalizedsubsti-

tutionswithrespectto憲Randtheirvariablesarediqjoint,CT⊥isalsoalinear

JIvar(s)-nOrmalizedsubstitutionwithrespectto憲R･Therefore,Wehave

拍杵…,βれJ)意月JhJ⊥,…,β㌦⊥)意月拍1,･‥,祝几)意月f

andJ⊥isalinearcTIvar(s)-nOrmalizedsubstitutionwithrespectto憲R(seeFig-

We5.9).
□

Tbrepresentthecommonpartoftwotermswhichareunifiable,Wedefinethe

OperatOr◇aSfo1lows:

●X◇t=XWherex∈X,

●t◇X=XWherex∈Xandtisnotavariable,and

･J(β1,…,β几)◇J¢1,‥.ふ)=J(β1◇fl,…,β陀◇㍍).

LetObeasubstitution,WedenotethesetofalllinearO-nOrmalizedsubstitution

Withrespectto憲RbyNorm(0)･
Thefo1lowlngPrOPOSitionshowstherelationshipbetweenlinearterms and

theirmostgeneralunifierininnermostnarrowlng.

Proposition5.3.6LetRbearight-1inearconstructorEtLTRS,ands,tbelin-

eαrねmββ祝Cん兢欄fVαγ(β)nlノαγ(り=臥ぶ叩pOβe兢欄fJ=mgu(β,り.ムef

βみeα肋eαrβ祝わβ招祝如犯β祝Cん兢αfJIv｡r(β)=恥項)α陀dV兄αれ(恥叫))n

V兄αれ(Jレα恒))=臥乃eれ,β由αmOβfタeれeれユg肌訴erq′(β◇小舟坤)αmd

いんαf由,β=mgu((β◇りJl伽伸り･



112 (泡apter5.α)皿putatjoヱ10f血柁躇eTR鮎南仏ExtmⅥ1dabJ朗

mgu((β◇りJIvα項),り

)=JIv｡r(β)

Figure5.10:Relationshipbetweenlineartermss,tandJ=mgu(s,t).

Prvqf Thispropositionholdsclearly(seeFigure5.10).

Next we glVe alemma related with one-Step narrOWlng.Thelack ofthe

COnditionoftheleft-1inearityofR(inLemma5.3･7)causesthewrongresults
in[39,40].Thefo1lowinglemmaisarevisionofthem.

Lemma5.3.7LetRbealinearconstructorEVITRS.Lets bealineartermand

β叩pOβe兢αf椚埠Rかeueγ甘β祝わfermβ′げβ,α㍑如‥g→γ∈見方叩pOβe娩瓜fβ

→宝,P】叩びんeγ℃J=mgu(β,g),α乃dJ⊥由αg豆陀eαrJl伽(γ)-れ0門乃αg宜zedβ祝あβ肋知れ
w油化呼eCfわ憲月■乃e㍑,加代e∬由ねαg血eαrfe門Ⅵfβ祝Cん助β葱月f霊宝,β]
γJ⊥.

Prvqf Romthedefinitionof～→R,WeCanaSSumeWithoutlossofgeneralitythat

Var(s)nVar(l,r)=0.Itclearlyfo1lowsfromthelinearityofsandlthats◇l

isalsolinearands≡(s◇l)Jfvar(l)Withoutlossofgenerality･Sincesandlare

linearandJ=mgu(s,l),eVeryterminV7aan(qfv｡r(l))iseitheravariableora

renamlngOfasubtermofsandJislinear.SinceWIN;Rforeverysubterms′of
S,WINごRforeverytermu∈V7aan(qlva,(l))･Then,foreveryx∈Dwn(JIva,(l)),
thereexistsanormalformu′ofxJWithrespectto～→RSuChthatxJ7:Ru/∈

NF~R(7,X).Hence,thefollowingrelationholds:

肋γm(JIvα巾))=(JLIvαr(r)】JL∈肋γm(Jレαr裾)))･

Then,thereexists
alinearJIva,(l,,)-nOrmalizedsubstitutioncTIwithrespect

to憲RSuChthatJ⊥=Jllvar(r)･SinceJandJ⊥arelinearandJ⊥isa

JIv｡,(l,,)-nOrmalizedsubstitution,WeCanaSSumeWithoutlossofgeneralitythat
V7aan(q⊥Iva,(l))nV7aan(qlvar(s))=0･Then,itfo1lowsformProposition5･3･6

thatqlisamostgeneralunifierof(s◇l)J⊥lva,(l)andl･Therefore,S…(s◇l)JIv｡r(l)

葱月(β◇g)グリ叫)→宝,β]γJL…γJ⊥･ □
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Thefo1lowlngPrOPOSitionshowstherelationshipbetweenWIN～→R property

ofsubterms.

Proposition5.3.8LetRbearight-1inearEtLmSandt bealinearterm.u

椚ⅣR,兢eれ哺Rかeγeryβ祝わferm視げf.

PrDqf Supposethatthereexistsaninfinitesequenceu憲Rul憲Ru2憲R…

Whichisstartingfromasubtermuoft･Lett≡C[u]･Since憲ROnlinearterms
ismonotone,Wehavethefollowlnginfinitesequence:

t≡q叫憲月C[可憲月C[祝2]意見…

Therefore,WIN～→Rdoesnothold.

Nowweshowthefo1lowlngtheoremoninnermostnarrowlng,Whichisare-

Visionofthosein[39,40].

Theorem5.3.9LetR be alinearconstructorEl差mS.Lets be alineartemn

α乃dβ叫岬0βe娩出附呼Rかe即叩fermβ′び助β憲月β′･乃eれ,βふ月ま∈

〟ア~月(ア,∬)戎叩触β意月f･

Proqf Wbprovethistheorembyinductiononnofs為Rt.Sincethecaseofn

=Oistrivial,WeaSSumethats≡C[u]p→望,P](C[r]p)q怒Rt,Wherep:l→r
∈月andJ=mgu(β,C[g】p)･

Itfo1lowsfromthelinearityofsandProposition5･2･4(a)that(C[r]p)q…

C[rJ]pandC[rJ]pislinear･SinceWIN;Rforeveryterms′withs憲RS′,it

alsoholdsthatWIN;Rforeveryterms′′withC[rJ]p憲RS′′･Then,bythe

inductionhypothesis,WehaveC[rcT]p葱Rt･FtomLemma5･3･5,thereexistsa
linearJJvar(r)-nOrmalizedsubstitutionJ⊥Withrespectto憲RSuChthatC[rJ]p

意月C【γJ⊥]p意月f･
Ontheotherhand,itfo1lowsfromProposition5･3･8thatWINごRforevery

Subtermu/ofu.Then,itfo1lowsfromLemma5.3.7thatthereexistsalinear

termvsuchthatu葱S<v

WehaveC帖意賢C帖

へ(+

1n

憲

隻,P]rcT⊥.Since～→月Onlineartermsismonotone,
b,
月 P]c[rJ⊥]pwithoutlossofgenerality.Therefore,

S意RC[rJ⊥]p意Rt(seeFigure5･11)･
□

Itisclearthatforeveryterms,SIN㌻RimpliesWINごRforalltermss′withs

憲RS′･Then,WeObtainthefo1lowlngCOrOllaryfromTheorem5･3･9･

Coro11ary5.3.10LetRbealinearconstructorEtLTRS.Letsbealinearterm

β祝Cん兢扇∬打点･乃eれ,βふ月f∈〟ア~R(ア,∬)豆叩ぬβ葱月ま･
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β…C[叫p-→(C[γ]p)J…C【γJ]p

*: *;Ⅰ･H･

ip< ip<

C[可p
…‥t･-C[rJ⊥]p

Lemma5.3.7 Lemma5.3.5

.▼t■‥~

J′*

･･■*

→二 ～り月

…･-:憲月

Figure5.11:ProofsketchofTheorem5.3.9.

ItisclearthatGSIN～RimpliesGSIN㌻Rforeverygroundterms.Then,We

Obtainthefo1lowingcorollaryfromCorollary5.3.10.

Corollary5.3.11LetR be alinearconstructorEVITIWwith GSINv'R.Hs

ふ月f∈〃ア～→R(ア,∬)かタm∽dfermβ兢e陀β意月f･

WhilenomethodtoproveWN→R,WIN→R,WN～R orWIN､→Risknownyet,

GSNへ～Rforaright-1inearEV-TRSRcanbeprovedbytheterminationproof

methodofnarrowlng,SuChasthemethodsproposedinSection5.2,themethod

in[9]andsoon.Then,Corollary5.3.10and5.3.11aremorepracticalthan
Tbeorem5.3.9.

Ftomthedefinitionofmonotonicity,thefo1lowlngtheoremholdsobviously.

Theorem5.3.12Let→beamonotonerelationonterms,andanATRSA=

(T(ア,ガ),→).乃e几,β圭f∈ⅣF→(ア,∬)戌γ叩王威eββ→fα乃dβ÷f.

Hence,Theorem5･3･9,Corollary5･3･10and5･3･11holdforboth㌶Rand㌶R

insteadof憲R･

Intheseq11el,Wediscusstherelationshipbetweennormalformswithrespect

to→Rand～→R･Fbrconstructornormalforms,thefo1lowlngholds･

Theorem5.3.13 LetR be alinearconstructorEtLTRS.Lets be alinearterm

び肋封n㌃RαれdJむeαβ祝あβf血知れ.〝打ち月fα㍑df由αCOれβ加cわrfe門Ⅵ兢eれ

〃ほ柁e∬由fαg血eαrCOれ5れcわrまerm祝αれdαβ祝む5肋如れββ祝Cん･兢αfβ憲月祝∈

〃ア~月(ア,∬)α乃df≡祝β.

PrDqf SincewehavesJ与Rt,fromTheorem5.1.4,thereexistatermuanda

SubstitutionOsuchthats→Ruandt≡uO･Itfollowsfromthelinearityofs

thatuislinear.Sincetisaconstructorterm,uisalsoaconstructortermand

henceu∈1W叫R(7,X)･Therefore,S意RufromTheorem5･3･9･
□
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The above theorem does not holdin the case that tis not a constructor term.

Fbrexample,COnSiderthefo1lowlnglinearconstructorEV-TRS:

R19=(f(x,y)→X,g(s(x))→h(0),a→f(g(y),0))･

ThenwehavethefollowlngreWritesequencesstartingfroma:

a →R19 f(g(s(0)),0)→Rl｡f(h(0),0)→Rl｡h(0)

㌦ f(g(0),0)→恥g(0).

Ontheotherhand,narrOWlngSequenCeSStartingfromaisasfo1lows:

a
憲Rl｡f(g(y),0)(yr)s(z))憲R19 f(h(0),0)憲R19 h(0)

匂p
g(y).

Thereexistsnonormalformofawithrespectto憲Rl｡Whichhasg(0)asan
instance.Inthefo1lowlngSubsection,WeShowthatbasicnarrowlng,Whichisless

e瓜cient thaninnermost narrowlng,but more than ordinarynarrowlng,SOIves

SuChaproblem,thatis,thatforallreachabletermstfromatermsJWheres

islinear,thereexistsatermuandasubstitutionOsuchthatt…uOandsis

narrowabletoubybasicnarrowlng.

5.3.2 BasicNarrowingofRight-LinearEV-TRSs

Inthissubsection,WeShowthatforright-1inearEV-TRSs,alltermswhichare

reachablebyrewritesequencesfromaglVentermCanbeobtainedbybasicnar-

rowlng.WbalsoshowthatforlinearEV-TRSs,basicnarrowlnglSequivalentto

narrOWlng･

ThebasicnarrowingofEV-TRSsisdefinedsimilarlytothatofTRSs[28,36].

Definition5･3･14LetRbeanEVm旦→bearelationeither→ROr→Rand

β壷:g豆→γ豆∈凡エefま1→bl,山f2→b2!β2】…→払い1,伽-1】吉和わeα→一βeヴ祝eれCe･

Ⅳe五和血c励egyd痴れeβeね扉poβ戌如㍑5β1,…,βmαβ♪ggoぴβご

･β1⊆ログ(り用血cん由cgoβed祝mderpr所∬3,α陀d

･β杵1=(β宜＼(q∈昂｣釣≦q))∪(p五官lq∈のァ(γ£))舟rl≦豆<れ･

Ebrl≦i≦n,POSitionsinBiarerqkrredtoasbasicpositionsqftiandpositions

inO(ti)＼BiareCallednon-basicqfti.Wesaythattheabove→-SequenCeisbased

O†lβ1和宣∈β壱わrl≦戎<れ.点呼eCぬgg肌豆f由β豆〝甲Jycαヱgedbasicげβ1=のァ(fl).
3Thatis,ifp<qandq∈Blthenp∈Bl･
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NotethatB2,‥.,BnaboveareclearlyclosedunderprefiⅩ.Thisthesisassumes

thatsetsofbasicpositionsareclosedunderprefiⅩ･Wbuse青RandでRtO

representbasicrewriteandnarrowlngSequenCeS,reSpeCtively.

Thefo1lowlngPrOPOSitionwhichholdsonTRSsalsoholdsonEV-TRSssince

basicrewritesequencesareclearlyEV-SafeandthenEV-Saferewritesequences

aresimulatedbynarrowing(seeTheorem5.1.16).

Proposition5.3.15(【28】)Letl"e anEtLmS.men,Sq与Rt
basedon

のァ(β)ま叩ヱ豆eββて月祝αれdf≡祝βかβ0γ托efem祝α陀dβ祝わβ肋知和β･

Thefo1lowingpropositionwhichholdsforEV-TRSs,meanSthatinnermost

derivations豆Rand憲Rareincludedinbasicreductions?RandでR,reSpeC-
tiⅥ∋1y.

Proposition5･3･16([28])LetR be anEtLmSand→be arelation either

→月0γ→月･上efJわeαれ〃ダ→(ア,利一β祝ゐβ肋如陀･乃eれ,如豆fl志…

血岬王宮eβfoJ→fl→…むαβedoれ0ァ(ま0).

Inthefo1lowlngprOpOSitionswhichalsoholdsobvious1y,WeShowthecom-

POSitionofbasicreductionsequences,andtherelationshipsbetweenaabasic

reduction sequence and a substitution,and between a basic rewrite sequence

andacontext,reSPeCtively.

Proposition5.3.17LetR be an EtLmS.Lets andt be terYnS andO be an

β祝むβf血如れ,αれdβ叫甲0βe兢欄fβ与月f由α陀び而eβe曾祝e乃Ceむαβedoれββ⊆0ァ(β)･
meれ,兢e†℃e∬由ねαβe曾祝eれCeββち月毛βゐαβedoれββ.

Proposition5.3.18LetR be an EVTRS ands叩POSe that→be a rt:lation

e鵡er→月Or～→月.ムefβα㍑dfわefermβ,β与fみeα→-βeヴ祝eれCeわαβedo陀ββ⊆

のァ(β),･f≡わ→【E,β㌧J…祝わeα→一βe曾祝e乃Ceα乃d視ちγわeα→一βe押印Ceわαβed

Oγも月r⊆のァ(γ),び九eγ℃β:g→γ∈月,ま…ゎび→=→月,αれdJ=m即(り)げ

→=→月･乃e陀,αggげ兢eわgヱ0びゎタんogd･

｢可乃e†℃e∬由ねα→-βeヴ祝eれCeβち視ちγむαβedoれββ.

作ノ乃er℃e∬由ねαわαβ豆c→-βeヴ祝e乃Cet÷肌

Proposition5.3.19LetR be an EtLTIW andst4PPOSe that一+be a relation

e鵡eγ→月Or～→月.ムeりむeα舟mc如mβym瑚gef5豆ちf慮ゐe明視e乃Ceβわαβedo乃

β盲⊆のァ(β壱)ルrl≦戎≦れ,α陀dβ叩pOβe兢αf→由moγも0われe.耶もeれ,
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｢り兢e†℃e∬壱βねα→一昭祝eれCeJト1,…,β陀)ちJ(fl,…ふ)あαβedoれ兢eβeりど)

UU≡1(豆plp∈β宜)･

ムefβαれdfあefeγmβ,β与fあeα→-βe曾祝emCeむαβedomββ⊆qァ(β),αれdf…

わ→【印】γJ…祝わeα→-βeヴ祝eれCe,ぴんer℃β:g→γ∈月,t…kげ→=→月,α乃d

J=mgu(り)げ→=→月■

作ノムefCあeαCO†血∬fβ祝Cん班欄fVαr(C)nVαγ(β,f,祝)=軋αれdβ叩pOβe兢αf

C[叫p与uあeα→-βeヴ祝eれCeゐαβedoれ0ァ(C【γ]p)･meれ,娩eree∬由由α→一

昭祝eれCeC【砧ちu仲αf由,C帖ちq砧→eC【叩]pちりわαβedoれ
ログ(C)∪(粥Iq∈ββ).

WbprepareatechnicallemmatoproveProposition5.3.21.

Lemma5･3･20LetRbeanEtLTRS･Letsbealinearterm･T7Len,SJ÷Rt
血函南α甜は血血m〆渕C九兢欄f兢eree∬由ねα柁びr豆feβeヴ祝eれCeβ〆ち月まわαβed

0乃のァ(β),α氾dかαgヱ∬∈pom(Jl伽(β)),諾J青月打′4

PrDqf Wbprovethislemmabyinductiononthestructureofterms.Sincethe

CaSethatsisavariableistrivial,WeaSSumethats…f(sl,…,Sn).

(i)Considerthecasethatso･台Rtdoesnotcontain→完,thatis,Sq÷S<
t･Then,WeCanaSSumeSJ…f(slq,…,SnJ)台謡f(tl,…,tn)≡t･By
theinductionhypothesis,WehaveasubstitutionJiSuChthatthereexists

asequencesiO7BRtibasedonOF(si)andforallx∈Dom(Jilva,(si)),XJ

青月mT豆･

Sincesislinear,CT/=∪≡1JiIva,(si)isasubstitutionandforallx∈

Dwn(JJvar(s)),XJ?R〝′･FtomProposition5･3･19(a),Wehavease-

quencesJl…f(sIJl,...,SnJl)与Rf(tl,...,tn)…tbasedonOF(s).

(ii)Considertheremainingcase,thatis,f(slO･,･･･,SnO.)÷S<f(ul,‥･,un)

青島S′台Rt･Asforthecase(i),WeCanalsoconstructo.'suchthatthere
existsasequencef(sIJ′,…,SnJ′)ちS<f(ul,‥･,un)basedonOF(s)and
forallx∈Dom(glvar(s)),XCT青RXCT'･FtomProposition5･3･18(a),We

haveasequencef(sICT/,…,SnJ/)ち謡f(ul,…,un)→完S′ちRtbasedon
Oァ(β).

口

4Thisimpliestheexistenceofabasicsequencew甘RW′foralltermsu･
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β…C[呵p→ C[γJ]p

*: *:

ip< i

Ⅰ.H.
…･･･▼′
*

p<
.･●*

ナ →:→月

…･-:甘月

pr｡｡.5.3.19(bF[lJ"]p…･･C[rJ]p
Lem･5･3･20

Figure5.12:ProofsketchofProposition5.3.21.

Fbr right-1inear TRSs,itis known thatfor every rewrite sequence,there

existsabasicrewritesequence【36】.WbextendthisresulttothatonEV-TRSsin
Proposition5.3.21and5.3.22.WbglVeaClearproofforthefo1lowlngprOpOSition,

Whilethiscanbeprovedsimilarlytotheoriginalonein[36]･

Proposition5･3･21LetRbearight-1inearEtLmS.men,S与Rtimpliesa

占αβ豆c呵脚Ceβ÷月f･

Prvqf Wbprovethisclaimbyinductiononnthats旦RtimpliessラRt･
Sincethecaseofn=Oistrivial,WeaSSumethats…C[lq]p→RC[rJ]pヱ⇒R

t･Bytheinductionhypothesis,WehaveC[rJ]p÷Rt･RomLemma5･3･20,We
haveasubstitutionJ/suchthatthereexistsasequenceC[rJ′]p与Rtbasedon

OF(C[r]p)andforallx∈Dom(JIvar(r)),XJ甘RXJ′･Then,WehaverJでR

rJ'･SincelJ→Rrqandro.てRrJ′,itfo1lowsfromProposition5･3･18(b)that

lJ÷RrJ′･FtomProposition5･3･19(a),WehaveC[lol÷RC[rJ/]･Itfo1lows
fromProposition5･3･18thatC[lcT]p÷Rt･Therefore,S…C[lJ]pそRt(see
Figure5.1?).

Let〆′=JIJv｡r(,)∪(xト｣㌧∬JIx∈Var(l)＼Var(r))･Then,〆′iswell-

definedandlqう音IJ′′･FtomProposition5･3･19(b),C[lJ]pラS'c[l〆′]p青芸
C[rJ"]p…C[rJ′]p÷Rtisbasic･Therefore,Wehzweabasicsequences÷Rt
(seeFigure5.12). □

FtomProposition5.3.17andProposition5.3.21,thefo1lowlngprOpOSitioniseas-

ilyobtained.

Proposition5･3･22([36])LetR be ari9ht-1inearEtLTRSoverasignature

ア.ムefβみeαれⅣF→R(ア,∬)-β祝わβ肋如れ.乃e乃,ββち月f豆叩gまeβαβeヴ祝e循Ceββ

ち月毛ゐαβedoれ0ァ(β).

ConcludingfromProposition5.3.15and5.3.22,Wehavethefo1lowingresult:
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Theorem5.3.23LetRbeari9ht-1inearEV-TRS.LetJbeanNF→R(F,X)-

β祝わβ肋如れ■郎Jち月ま触れβで月祝αれdf…祝βかβOmefem川αmdβ祝抽-

ねf豆0㍑β.

TheabovetheoremmeansthateverytermwhichisreachablefromaglVenterm

SJhasatermwhichisnarrowablefromsbybasicnarrowlng･Hence,てRIS

Su臨cienttosimulaterewritesequencesofright-1inearEV-TRSs.

Theorem5.1.10and5.3.23givesthefo1lowlngCOrOllary:

Corollary5.3.24LetRbeari9ht-1inearEtLTRS.usふRtthenthereexists

αferm祝β祝Cん血fβで月祝αれdf,祝α代肌所αわge･

Intheabovecorollary,t,uareunifiablewhilet≡uinthecaseof→RinProposi-

tion5.3.21.Then,relatedtotheabovecorollary,Wehavethefo1lowlngStrOnger

COnjecturethantheabovecorollary.

CoIづecture5.3.25LetR be a ri9ht-1inearEtLTRS.Lets be alinearterm.

乃e犯,βふ月f豆叩g豆eβα占αβ戎cβeヴ祝eれCeβ÷月f･
Surely,thefo1lowlngVariantoftheaboveconjecture,Whichisrestrictedtolinear

EV-TRSs,holdsobvious1y.

Theorem5.3.26LetR be alinearEVITRS.Lets bealinearterm.77Len,S

ふ月f豆叩g戎eβα占αβ豆c呵祝eれCeβ÷月f･

PrDqf(Sketch･)Since～→R Onlinear termsis monotone,We CaneaSilylift

up Lemma5･3･20to that of～→R Similarly to the
proofofLemma5･3･5(in

Lemma5･3･20,SuPPOSethat月isright-1inear,andreplace→RWith～→R).Then,

WeCanPrOVethistheoremsimilarlytotheproofofProposition5.3.21. □

5.3.3 DiscussiononE用.ciencyofInverseComputation

Inthissubsection,WediscusSthee臨ciencyofnarrowlng,lnnermOStnarrOWlng

andbasicnarrowlng,byuslngthreeexamples.

Ⅵ屯firstconsidertheinversecomputationofthefo1lowlngCOnStruCtOrTRS:

R20=(h(0)→0,h(s(0))→0,h(s2(x))→S(h(x))).

TheinverseTRSofR20isgeneratedasfo1lows:

月21=U(ヱわ叫山l(月20))

=(h#(0)→0, h#(0)→S(0),h#(h(x))→x,

h#(s(x))→uo(h#(x)),uO(y)→S2(y) ).
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=こ:nOrmal
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s4(0)

Figure5･13:Rewrite-relationtreestartingfromh#(s2(0)).

Sincewehaveh(s4(0))ちR2｡S2(0)andh(s5(0))ちR2｡S2(0),thesolutionsofthe

inversecomputationofh#(s2(0))ares4(0)ands5(0).Thedepth-firstsearch

Startingfrom h#(s2(0))takes37stepsbyrewriterelation,14stepsbybasic

rewriterelation,and8stepsbyinnermostrewriterelation(seeFigure5･13)･
Asthesecondexample,WeCOnSidertosoIvetheequationd(x-y)=?2where

dcomputestwiceoftwonaturalnumbersand"-"computessubtractionoftwo

naturalnumbers.Thefunctionsdand H一乃aredefinedasfo1lows:

R22=(double(0)→0, doubJe(x)→S(s(doub]e(x))),

Sub(0,y)→0, Sub(s(x),0)→S(x),

Sub(s(x),S(y))→Sub(x,y)

TheinverseEV-TRSofR22isgeneratedasfo1lows:

R23=(sub#(0)→tp2(0,y),

sub#(z)→u5(sub#(z)),

sub#(sub(x,y))→tP2(x,y),
double#(0)→0,

u4(y)→S(y)

sub#(s(x))→tP2(s(x),0),

u5(tp2(x,y))→tP2(s(x),S(y)),
doubJe#(doub]e(x))→x,

double#(s2(x))→u｡(doubre#(x)),

Tbsimplifythediscussion,WeuSedouble#whichiswell-definedtocompute

halfofanaturalnumber,aSaninverseofdoub]einsteadofdouble#.Tbsolve

theequationd(x-y)=?2,WemayCOmPuteSub#(double#(s2(0)))by～→R23
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(seeFigure5.14).Itcanbeprovedbyinductiononthenumberm,nOfsm(0)

ands2n(0)thatWIN;範m(｡))holdsanddouble#(s2n(0))憲R,3Sn(0)･Thisfact
impliesthatWIN;R23holdsforeverytermtsuchthatsub#(double#(s2(0)))

憲R23t･Then,Theorem5･3･9isapplicabletothenormalformcomputation

Ofsub#(doub[e#(s2(0)))･Hence,bythewidth-firstsearchof憲R,3,theterms

tp2(si+1(0),Si(0))(i≧0)whichrepresentsolutionsoftheaboveequation,are

Obtainedbyturnsmoree凪cientlythan～→R23(seeFigure5･14)･
ThelastexampleistosoIvetheequationalproblemd(1×X)=?2.Since

theEV-TRSinthisexampleisnotlinear,Corollary5.3.10cannotbeapplied.

However,thisexampleisvaluabletodiscusssincealldesirablenormalformscan

beobtainedbyinnermostnarrowlng.FhnctionsdandxareencodedastheTRS

as bllows:

R24=(double(0)→0, double(s(x))→S2(double(x)),

add(0,y)→y, add(s(x),y)→S(add(x,y)),

mul(0,y)→0, mul(x,0)→0,

mul(s(x),S(y))→S(add(mur(x,S(y)),y))

TheinverseEV-TRSofR24isgeneratedasfo1lows:

月25=U(ヱれ叫山l(月24))

=(add#(y)→tP2(0,y),

add#(add(x,y))→tP2(x,y),

mul#(0)→tP2(0,y),

mul#(0)→tP2(x,0),

m山#(m山(∬,y))→tP2(∬,y),
doubfe#(0)→0,

u4(y)→S(y),

add#(s(z))→ul(add#(z)),

ul(tp2(x,y))→tP2(s(x),y),

mur#(s(z))→u2(add#(z)),

u2(tp2(w,y))→u3(mul#(w),y),

u3(tp2(x,S(y)),y)→tp2(s(x),S(y)),
doub]e#(s2(x))→u｡(double#(x)),

double#(double(x))→x ).

TbsoIvetheaboveequation,WeCOmputemul#(doubIe#(s2(0)))bynarrowing.

Thedepth-firstsearchstartingfrommul#(doubIe#(s2(0)))takes42stepsbynar-

rowing,16stepsbybasicnarrowing,and9stepsbyinnermostnarrowing(see

Figure5.15).AlthoughR25isnotlinear,WeObtaina11normalformsbyinnermost

narrOWlng･

Wbconcludethefo1lowlngtablefromthenu血bersofstepsinthefirstand

thirdexamplesabove,Whichshowsthenumbersofstepsofdeptb-firstsearchby

eachderivation.
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NotethatwemayuseonlynarrowlngSince→R=→ROngrOundtermsforTRSs

R.Remarkthatbasicderivationcanreachalltermswhichisreachablefromthe

initialterms,andinnermostderivationguaranteesthatallnormalformscanbe

obtained.

Inthissection,WehaveshownthatforlinearconstructorEV-TRSs,allnar-

rowlngnOrmal-forms ofaglVenlineartermfromwhichnoinfinite narrowlng

SequenCeeXistscanbeobtainedbyinnermostnarrowlng,andalsoshownthat

basic narrowlnglS Su伍cient to simulaterewritesequences ofright-1inear EV-

TRSs.Ⅵ毎concludefromtheaboveresultsasfo1lows.

●Fbrright-1inearsystems,basicderivationissu伍cient tosimulaterewrite

●FbranylinearEV-TRSR,でR=…R･

●TbcomputenarrowlngnOrmalformsonlinearconstructorEV-TRSs,in-

nermostnarrowlnglSenOughande侃cient.





Chapter6

Extensionfor PartialInverse

Computation

Inthischapter,WetaCklepartialinversecomputationwithatransformational

approach.Typicalinstancesofpartialinversearesubtractionforaddition,di-

Visionfor multiplicationand so on.Wefirst definepartial-inverse CTRSs by

extendingthedefinitionofinversesystems.Wethenextendtheinversecompiler

ヱ㍑Vf｡IIPrOpOSedinChapter3toacompilerthatgeneratespartial-inverseCTRSs.

Unlikethecaseoffu11inverse,Wedonottransformthegeneratedpartial-inverse

CTRSstoanEV-TRSalthoughitpossible.Thereasonisthatresultsonthe

completenessofthetransformationU,Whichhavebeenshownalready,isweak

forthiscase.

6.1 Partial-InverseSystems

Whentheinputval11eOfanargumentofagivenfunction(definedsymbol)is

alwaysknown(orgiven),WeCallit aknown aryument(ofthefunction).Tb

representwhichargumentsofaglVenfunctionareknown,WeuSelistsofnatural

numbers,Writtenas[il,…,im],andweca11themindexes.Thenotionofnatural

numberlistsforargumentsofdefinedsymboIsissimilartothecaseofargument

fi1terings･Wbassumethattheindex[il,...,im]foradefinedsymbolfsatisfies

Om≦nandl≦il<･･･<im≦nwheren=arity(f).Notethattheempty

list[]isincludedinindexes.Theindex[il,...,im]iscalledaknown-argument

indexofthedefinedsymbolfifforl≦j≦m,ij-thargumentoffisknown･

Thus,Weuseindexestoshowwhichargumentsisknown.

Let7be aslgnature dividedinto the constructor set C and the defined-

125
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SymboIsetD:F=CttJD.LetfbeadefinedsymboIwitharity(f)=n,andI
beanindex【il,‥.,im]forf.Thenotation(Zldenotesthenumberofelements

inI,thatis,IIl=m･Thenotationlidenotesthej-thelementofI;ち=ij･

Then,foratermf(tl,･･･,tn),tljrePreSentStheij-thtermtij,thatis,tlj≡tij･
The notation fdenotestheindexfor f consistingofthecomplementary

naturalnumbersfromI,thatis,Ztdf=[1,…,n].Notethatindexescan
betreatedlikeassetswithoutlossofgenerality.WhenIisaknown-argument

indexoff,WeuSethepair(f,Z)offandZtorepresentthatfact･Ⅵ屯denotethe

SetOfsuchallpairsforDbyID:ID=((f,I)lf∈D,I⊆[1,...,arity(f)])･
Nextwedefinepartial-inverseCTRSsasfo1lows:

Definition6.1.1(Partial-inversesystem)LetR bea CTRSoverasigna-

ね陀プ1月′むeαCmgoγerαβ由れαね代ア′,α乃dC月⊇C月′.Ⅳeβ叩兢αfαd飾れed

Symbolg qfR′isapartial-inverseqfad所nedsymbolfqfRwithrespecttoan

血de∬∫=【戌1,…,戌m]わrJぴぁ0妨げ兢eみ肋血叩加肱

｢a)tpIIJ,tPlfl∈C月′1and

作ノかαggCO乃βれcむ汀ねmβ壬ん…,f乃び油化叩eCfわ月,J(fl,…ふ)ち月毛

酌(いPけ椀,…,f㍍))ち月′tP証毎…,古布)･

77Le CTRSR′iscalledapartial-inversesystemqfRwithrespecttoasetDI⊆

Ipげルreγerypα豆r(J,J)∈β∫,月′両軸eβα卯祀豆αg一正"er苫ed頭陀ed-βymあogげ〆

び拙作呼eCfわJ.

Inthecondition(b)above,Wemayabbreviatetermg(t,tPLIl(tIl,‥･,tIm))to

g(t,t[1,…,tIm),andthentpl[l∈CR′in(a)isnotnecessary･TheconditiontpIIl

∈CR,in(a)abovearenotnecessaryif[Il=1andtpl(t)isabbreviatedtot

(similarlyfortprfl)･Notethatwhengisapartial-inverseoffwithrespectto

theemptylist【】,gisa(fu11)inverseoff･Thatis,fu11inversesarespecialcases

Ofpartial-inverses.

Example6.1.2Considerthefo1lowingTRSsR3andR260Ver(0,S,add)and

(0,S,min),reSpeCtively:

R3=(add(0,y)→y,add(s(x),y)→S(add(x,y))),

R26=(min(x,0)→x,min(s(x),S(y))→min(x,y))･

R26isapartial-inverseTRSofR3Withrespectto((add,[1】),(add,[2】)). □
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6.2 Generation ofPartial-Inverse CTRSs
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Inthissection,WeeXtendthetransformationヱねvf｡[ltOatranSformationwhich

generatespartial-inverseCTRSsofinputconstructorTRSs.Fbragivenpair

(f,I)ofadefinedsymbolfanditsknown-argumentindexI,WeuSefFto
representapartial-inverseoffwithrespecttoI.

Anideaofextensionissimple･Considerarewriterulef(tl,…,tn)→r.In

thecaseofヱmvfuJl,allargumentstl,…,tnaremOVedtotheright-handsideof

thegeneratedruleoff#,SuChasf#(r′)→tPn(tl,...,tn)睾Cond.Inthis

CaSe,foragivenpair(f,I),Weleaveeveryち-thargumentintheleft-hand

sideofthegeneratedruleoffF,andmovetheresttotheright-handside,like
fF(r′′,tPIIl(tIl,･･･,tI.[.))→tpFfl(tL,‥･,tFf.)≠Cond/･Tbextendintheabove,
甥｡IJmuStbeextended.

Tbextend甥ull,Wefirstdefine,forarewriterulef(tl,...,tn)→randa

known-argumentindexIoff,thesetofvariablesappearingbelowdefinedsym-

boIsintheright-handsideandbutnotineitherofknownargumentS,thatis,

1{thargumenttちOftheleft-handside･

Definition6･2･1Letarwriterulep:f(tl,･･.,tn)→C肛rl,...,rm]10Vera

β如αね代アα乃dα陀五和de∬JカrJ■乃eβef〟Vαγ(β,∫)げγαわα鋸eβ由d所れedαβ
脚肋肱

〟Vαγ(J(ま1,…,㍍)→C肛γ1,…,γm刀,∫)

=伽(去ろ,‥･,f毎)＼(伽(む1,…,むけl)∪伽(C))･
ExamPle6･2･2Considerthefo1lowingconstructorTRSoverthesignature(s,

0,add,muり‥

R7=(add(0,y)→y,add(s(x),y)→S(add(x,y)),

mul(0,y)→0,mul(x,0)→0,

muJ(s(x),S(y))→S(add(muJ(x,S(y)),y)) ).

Fbrtherulemul(s(x),S(y))→S(add(mul(x,S(y)),y)),Wehavethefo1lowing:

uVar(muI(s(x),S(y))→S(add(mul(x,S(y)),y)),[]

uVar(mul(s(x),S(y))→S(add(mul(x,S(y)),y)),【1]

uVar(mul(s(x),S(y))→S(add(muJ(x,S(y)),y)),

uVar(muJ(s(x),S(y))→S(add(mur(x,S(y)),y)), ]

]
2

2

,

｢L

lrL

1ItisclearthateverytermscanberepresentedasC′肛sl,…,Sk刀.
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Next,foratermf(tl,...,tn)withthedefinedsymbolf,andforasetXof

Variables,Wedefinetheindexforfthatshowswhichargumentsdonotcontain

anyvariableinX.

Definition6.2.3Let7be asi9naturt:dividedinto the constructorsetC and

兢ed所㍑ed-βymむogβefpごア=C吐Ip.ムeりわeαd所陀edβymむogび肋訂ity(J)

=れ,fl,…,fれみefe門Ⅵβ0γerア,αmdズわeαβefげγαわαわgeβ.乃e†l,ぴedqβ乃e

兢e血de∬ヱわde∬(J(壬1,…,㌦),ズ)αβ舟ggoぴβご

ヱわde∬(J(fl,…,り,ズ)=[乞ルαγ(り∩ズ≠¢ト

Example6.2.4Considerthethesignature(0,S,add,mul).Then,Wehavethe
bllowlngS:

Zndex(add(mul(x,S(y)),y),

ヱねdex(add(mul(x,S(y)),y),

ヱれdex(add(muI(x,S(y)),y),

ヱれde∬(add(m山(∬,S(y)),y),

ヱmde∬(mul(∬,S(y)),

ヱれde∬(mul(∬,S(y)),

ヱれde∬(mul(∬,S(封)),

ヱれde∬(mul(∬,S(y)),

i
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Inthefo1lowlngdefinition,foratermtandasetXofvariables,Wedefine

thetermnerm(t,X)inwhicheachdefinedsymbolfislabeledwiththeindex

ヱわde∬(封･‥),ズ).

Definition6.2.5Let7be asignature dividedinto the constructorsetC and

娩ed飾れe(ゴーβymわogβefかごア=C吐Ip.上effわeαfe門ⅥOUeγア,αれdズわeαβef

げγαわα鋸eβ.乃eγも,仇eねm刀eγm(ま,ズ)由陀仇和宮γegyd所乃edαβカggoぴβご

･刀eγm(∬,ズ)=∬ぴんere∬由α〃αわαわge,

･余eγm(c(fl,…,り,ズ)=C(刀eγm(fl,ズ),…,刀eγm(fm,ズ))ぴんe†℃C由α
COγもβfr祝Cわれαmd

･封eγm(J(fl,…ふ),ズ)=ム(刀eγm(fl,ズ),…,刀eγm(fm,ズ))びゎer℃J由

αd所medβymわogαれdJ=ヱれde∬(J拝1,…,㍍),ズ).
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Example6.2.6Considerthethesignature(0,S,add,muJ)again.Then,refer-

rlngExample6.2.2and6.2.4,WeObtainthefo1lowlng:

ヱfeγm(mul(∬,S(y)),(∬,め)

刀eγm(mul(∬,S(y)),(め)

刀eγm(m山(∬,S(y)),(∬))

刀eγm(mul(∬,S(y)), ¢ )

nerm(s(add(mu[(x,S(y)),y)),

nerm(s(add(muJ(x,S(y)),y)),

nerm(s(add(mul(x,S(y)),y)),

nerm(s(add(mul(x,S(y)),y)),

i
■
∈
■
⊆
■
∃

)

)

)

)

}"y

}

}

ち
b
¢
¢

{

mul【】(∬,S(y)),

mut【1】(∬,S(封)),

m叫2](∬,S(y)),

m叫1,2】(∬,S(y)),

S(add[](mul[](x,S(y)),y)),

S(add[](mu[[1】(x,S(y)),y)),

S(add[2](mul[2](x,S(y)),y)),

S(add[1,2】(mu[[1,2](x,S(y)),y))･
□

Thefo1lowlngPrOPOSitionshowsasyntacticpropertyassociatedwithaspecial

formofoutputofnerm.

Proposition6.2.7Let7beasignaturt:dividedintotheconstructorsetCand

兢ed頭乃e(ゴーβymあogβeまpごア=C也Ip.エe吉子わeαねmouerア,ズわeαβeまげ

γαわαみgeβ,Jわeαd頭れedβymわogび助訂ity(J)=m,α乃dJわeαm哀れde∬げJ･
軸poβe兢欄f刀eγm(f,ズ)=ム(fl,…,㍍)｣〃=【1,…,司,〟ほ乃わrl≦豆≦れ,

hreverypropersubtermu<ti,rOOt(u)∈DirTtPliesroot(u)=g[1,...,arity(｡)]

舟rβOmeg∈p.

Prvqf SupposethatI=[1,…,n].Itfo1lowsfromthedefinitionofヱれdexthat

Var(ti)nX=0.Letubeasubtermofeithertl,...,tnSuChthatroot(u)∈

D･SinceVar(ti)nX=0,itisclearthatVar(u)nX=0･Itfo1lowsfrom

the definition ofZndex that there exists a defined symbolgin D such that

=ndex(u,X)=[1,...,arity(g)].Therefore,thispropositionholds･ □

WbextendnermoverTRSstoknowwhichargumentofeachdefinedsymbol

isknown,andtoknowwhatpartialinversemust bedefined.Tbknowit,We

COnStruCtthesetofdefinedsymboIswithindexesfromaglVenDI⊆IDR･

Definition6･2･8LetRbeaTRSoverasignature7andDz⊆IDR･Wbd所ne

兢eβef花eqp(月,β∫)わわe兢eβmαggeβfβαf戌励如αggげ兢eわggo乱血ダニ

･兄eqp(月,βJ)⊇βJ,αれd

･兄eqp(月,β∫)⊇(ムIβ:タ(fl,.‥,㍍)→γ∈月,釘∈兄eqp(月,β∫),
ム∈勒m(刀eγm(γ,〟Vαγ(β,J))))･
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Example6･2･9Considerthefo1lowingconstructorTRSoverthesignature(s,

0,add,mu[)again:

R7=(add(0,y)→y,add(s(x),y)→S(aqd(x,y)),

mu】(0,y)→0,m山(£,0)→0,

mul(s(x),S(y))→S(add(mul(x,S(y)),y)) ).

Fbr((mu[,[])),((mul,[1])),((mul,【2]))and((mu[,[1,2])),WeObtainby7aeqD

thefo1lowlng:

花eヴp(月7,((m山,[】)))

兄eqp(月7,((mul,【1])))

平明p(月わ((mul,[2])))
兄e甘か(月7,((m山,[1,2])))

(mul【いadd=),

(mu][1],add[]),

(m叫2】,add【2]),

(m山【1,卯add【1,2け

口

WbdefinetheTRSZtrs(R,DI)thatshowswhichargumentofeachdefined

Symbolisknown,andthatalsoshowswhatrulesarenecessary.

Definition6･2･10LetRbeamSoverasi9nature7andDz⊆IDR･me

ヱ如(月,β∫)由d飾れedαβわggoぴβニ

ヱ如(月,βJ)=(方(fl,…,り→祝lβ:J(fl,…,り→γ∈月,

ム∈兄eqp(月,β∫),lJl<れ,

祝…刀eγm(γ,〟Vαγ(β,J)))

∪(ム(fl,…ふ)→祝lβ:J(fl,…,㍍)→r∈月,

ム∈βJ,けl=れ,

祝…刀eγm(γ,〟Vαγ(β,J))).

Example6.2.11Considerthefo1lowingTRSR70Ver(0,S,add,mul)inExam-

Ple6･2･9again･Fbr((mul,=)),((mul,[1])),((muJ,[2]))and((mul,【1,2])),We
ObtainbyZtrsthefo1lowlngS:

ヱ如(月7,((mul,[])))

=(add【】(0,y)→y,

add=(s(x),y)→S(add[](x,y)),

mul【】(0,y)→0,

mul【】(∬,0)→0,

mu[[](s(x),S(y))→S(add[](mu[[](x,S(y)),y))),
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ヱ如(月わ((mul,[1])))

=(add【】(0,y)→y,

add[](s(x),y)→S(add[](x,y)),

mu厄(0,封)→0,

mul【1】(∬,0)→0,

muJ【1](s(x),S(y))→S(add[】(mul[1】(x,S(y)),y))),

ヱ如(月わ((mul,[2])))

=(add【2】(0,y)→訂,

add[2】(s(x),y)→S(add[2】(x,y)),

m叫2】(0,y)→0,

mul【2】(∬,0)→0,

mul[2](s(x),S(y))→S(add[2](mul【2】(x,S(y)),y))),

ヱ如(月7,((mul,[1,2])))

=(add【1,2】(0,封)→y,

add[1,2](s(x),y)→S(add[1,2】(x,y)),

mul【1,2】(0,y)→0,

m山【1,2】(∬,0)→0,

mul[1,2】(s(x),S(y))→S(add[1,2】(mur【1,2】(x,S(y)),y)))･
□

Now,tO generate Partial-inverse CTRSs,We
eXtend甥ull,ヱわv7hlef｡Iland

ヱれ叫ul卜

Definition6･2･12(考a,)Let7beasignaturedividedintotheconstructorset

Cαれd兢edqβ陀ed-βymあogβeHD∴ア=C吐lか.mepmce血門塀ullか甲祝αedαねm

ぴん豆c′l由gαわegedw助哀れ(kだeβ,由哀れ血c励egyd所れedαβルggoて〃βニ

(り考｡r(∬)=匝;true》ぴんeγ℃∬由αUαわα晦

作ノ考｡r(c(fl,…,㍍))=4c(叫,…,祝几);Coγもdl∧･‥∧Co†もd陀》

ぴんer℃C∈Cα乃d考｡r(り=4祝五;Coγ域♪,

在ノ考a.仏(fl,…,㍍))

=(y;fF(y,tPl]l(tIl,…,tI.I.))→tPlfl(uL,‥･,u毎)∧CondL∧CondFf.D
ぴんeγ℃J∈p,けl<れ,y由α伽βん即αr豆αあgeα几d考｡r(七島)={現員;Coγld烏},
α犯d

何ノ考a.(九…,可(fl,…,り)=任J(叫,…,祝几);true∧Coγもdl∧…∧Coれd陀D

ぴんereJ∈かαれd考｡r(り=4祝宜;Coγ鳩丑･
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乃eぴ0γ豆升eβん'乞乃作ノmeα陀β兢αf如何,y≠Vαγ(去ろ,祝ろ,Coれdろ)αれdy¢

Vαγ(fち),αれd豆犯作ノαれd在ノ,…rぬわgeβ豆m如血ced哀れeαCん考｡r(り=《祝壱;Coれd豆》

α代d豆如0叫兢αf由,Vαr(‰Coγ1d£)nVαγ(ち,叫,Coγl句)=¢かeαC九豆αれdブ

び血豆≠J.

Theaboveprocedure名a,terminatesandreturnapairofatermandacondition

Sinceanyinputtermisfinite･Notethatfor考a,(t)={u;CondD,uCanbe

representedasC肛ul,‥.,un刀withaconstructorcontext
CandtermsuiWith

root(叫)∈p.

Example6.2.13Considerthesignature(0,S,add,mu[)again.Then,Wehave

thefo1lowingsby考a,:

考a,(s(add=(mul[](x,S(y)),y)))

=《s(z);ad哺(z)→tP2(w,y)∧m哺(w)→tP2(x,S(y))D,
考｡.(s(add=(mu][1】(x,S(y)),y)))

=《s(z);ad哺(z)→tP2(w,y)∧muI芹】(w,X)→tPl(s(y))D,
考a,(s(add[2】(mul[2](x,S(y)),y)))

=《s(z);add$](z,y)→tPl(w)∧mul$](w,S(y))→tPl(x)D,
名a,(s(add[1,2](mul[1,2](x,S(y)),y)))=(s(add(mul(x,S(y)),y));trueD･

□

Thefo1lowingpropositionshowsapropertyassociatedwiththecase(d)inDef-

inition6.2.12,Whichisnotinthedefinitionofく男｡".

Proposition6.2.14Let7beasi9naturt:dividedintotheconstructorsetCand

兢ed飾れed一βymわogβefかごア=C也Ip.ムeffみeαfe門Ⅵ0γerア,ズあeαβefげ

γαわαわgeβ･〝Vαγ(り∩ズ=¢,兢eれ考｡.(刀eγm(f,ズ))=4f;true卦･

PrDqf Thispropositionfo1lowsobviouslyfrom.thedefinitionsofヱ托dex,nerm

and考a,,andProposition6･2･7･ □

Usingtheextendedprocedure考a,,WeeXtendヱねvf｡"forpartialinversecom-

Putation,aSfo1lows:

Definition6･2･15(ヱれVpa,)LetRbeaconstructorTRSoverasi9naturt,7and

β∫⊆Ⅰか月･凡rα陀びわfeγⅦg叩‥ム(叫,…,び乃)→祝∈ヱ如(月),如coγⅧ呼0陀d吻

co犯助0㍑αg陀びわfe円上geヱれγ兄祝ge｡｡.(β)げガ由dq伽edαβ榊owβご

ヱ肌兄祝ge｡｡r彷(町‥･,び陀)→祝)=#(C【yl,…,ym])→tP油ム,…,び毎)
≠叫→yl∧…∧眈m一鯛ym∧Coγもd
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ぴんeγey豆由αγαrぬわgew肋眺¢Vαγ(wl,…,び几),考｡r(祝)=《C江叫,‥･,㍑m刀;Coれd》

αれd(Vαγ(叫,…,祝m,Coγもd)＼Vαγ(祝))nlノαγ(yl,…,‰,ぴ1,…,W陀)=臥

乃epα祀ぬg一哀れγeγ℃eCmぶヱれ隼｡r(月,β∫)由d飾れedαβルggoぴβご

加γpa.(月,β∫)=(ヱ㍑γ兄祝Jep｡.(β→祝)l祝→祝∈ヱ如(呵)

∪(曹(J伍,町…,∬巾.))→恥l(∬右,…,∬ろf.)
lム∈兄eヴp(月,β∫))

∪(J(ぴ1,…,び托)→γけ(叫,…,び几)→γ∈月,

れ..,乃】∈兄eqp(月,β∫))･

meαみ0γeγ℃び摘em`geJ粕(∬0,勒,…,諾巾.))→師l(顆,…,∬毎)由cαgged鮎
Partial-inverse-PrOPertyruleqfthed所nedsymbolfwithrespecttoZ.

Itisclearthatヱわv7hlepa.(p)isaconditionalrewriteruleandhence=nvf｡"(R)

isaCTRS･InSubsection3･6･3)WeShowthecorrectnessofヱれVparWithDz)that

is,thatヱmvpa,(R,DI)isapartial-inverseCTRSofRwithrespecttoDz･

ExamPle6.2.16Considerthefo1lowingconstructorTRSoverthesignature(s,

0,add,mu[)again:

R7=(add(0,y)→y,add(s(x),y)→S(add(x,y)),

mul(0,y)→0,muI(x,0)→0,

mur(s(x),S(y))→S(add(mul(x,S(y)),y)) )･

Fbr((mul,‖)),((mul,【1])),((mu],[2]))and((muJ,[1,2】)),referringExam-

Ple6･2･11,WeObtainbyヱわvparthefo1lowlngCTRSs:

ヱわγp｡.(月7,((m山,[])))

=(add餉)→tP2(0,y),#
〓
#
‖
#
‖
#
〓
#
‖

add

add

mu

mu

mu

(s(z))→tP2(s(x),y)ヰ=addn(z)っtp2(x,y),
(add(∬,y))→tP2(諾,y),

(0)→tP2(0,y),

(0)→tP2(∬,0),

(s(z))→tP2(s(x),S(y))

ヰ=ad哨(z)→tP2(w,y)∧m哺(w)→tP2(x,S(y)),
m哨(mul(x,y))→tP2(x,y)

),
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加γp｡r(月わ

=(

ヱ九隼｡r(月わ

=(

((mul,

mu

mu

mu

#
〓
#
〓
#
‖
#
川
#
川
#
川
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[1])))

→tP2(0,封),

〃)毎d榊
tp2(s(x),y)ヰ=ad哺(z)→tP2(x,y),
))→tP2(∬,y),

(0,0)→tPl(y),

(0,∬)→tPl(0),

(s(z),S(x))→tPl(s(y))

ヰ=addn(z)→tP2(w,y)∧mul#](w,X)→tPl(s(y)),
mu]#.(mul(x,y),X)→tPl(y)

)})囲‖-m({

#
囲
#
囲
#
囲
#
聞
#
聞
#
囲

‖旧

‖
旧
=
旧
.
山

■山.山

d

JU

d

a

a

a

｣勇めれ肌
′
乳

(

(

tpl(0),

→tPl(s(x))ヰ=addE](z,y)→tPl(x),
(add(∬,y),y)→tPl(∬),

(0,y)→tPl(0),

(0,0)→tPl(∬),

(s(z),S(y))→tPl(s(x))

ヰ=add$](z,y)→tPl(w)∧mul$](w,S(y))→tPl(x),
muJG](mul(x,y),y)→tPl(x)

ヱmup｡r(月わ((m山,[1,2】)))

=(mu倍,2】(0,0,y)→tP｡,
m嶋2](0,諾,0)→tP｡,
mul芹,2】(s(z),S(x),S(y))→tP｡

ヰ=add(mu](x,S(y)),y)→tPl(z),

mu曜,2](mul(x,y),X,y)→tP｡,
add(0,封)→y,

add(s(x),y)→S(add(x,y)),

mul(0,封)→0,

mul(∬,0)→0,

mul(s(x),S(y))→S(add(muI(x,S(y)),y))

6.3 CorrectnessofPartialInverse Compiler

Inthissubsection,WePrOVethecorrectnessofourpartialinversecompilerヱわvpar,

thatis,thatforaconvergentconstructorTRSRandDz⊆IDR,=nvpa,(R,Dz)
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isapartial-inverseCTRSofRwithrespecttoDz.

WbprovethecorrectnessofヱれV,a,(R,DI)similarlytothatofhvp｡,(R),SuCh

asLemma3.6.15,3.6.16andTheorem3.6.17.

Lemma6.3.1Let R be a constructor7ⅥS over a si9nature7,and DI⊆

Ip月･ムeffoみeαfermo眠rア,ズみeαγαわαみgeβ鴎αれdf=刀eγm(fo,ズ)∈

T(Reqp(月,玖)uC月,∬)･ムe吉名..(f)=《祝;Coれd》･椚怠月β∈Ⅳ瑞(ア,∬),
娩eれ〃ほ柁e∬由ねαれ〃ダ月(ア,ガ)一β祝わβf血知れαβ祝Cん娩欄まpom(J)⊆Vαγ(Coγld)＼

Vαr(り,祝打ち肋｡a.(月)β,α㍑dCoれd(J,→肋｡..(月))･

Prvqf(Sketch.)SimilarlytoLemma6.3.1,thislemmacanbeprovedbyinduc-

tiononthelexicographiccombinationofthenumberkofstepsoft意RS,and
thestructureoftermt. □

Lemma6.3.2Let R be a constructor TIW over a si9naturt:7,and DI⊆

IpR･ムeffoあeαねmo眠γア,ズわeαUαrぬわgeβeちα血==刀eγm(fo,ズ)∈

T(兄eqp(月,β∫)uC月,∬)･ムe吉名｡r(り=伸;Coγld》･ムefJあeα乃Ⅳダ月(ア,∬)-

β祝むβ肋如れβ祝Cん仇αfかom(J)⊆Vαγ(Coれd)＼Vαγ(けm飢,Coれd(J,→加｡｡.(月))

叫錘eβ王台月祝J匡脾'月(ア,ガ)ノ･

Prvqf(Sketch.)SimilarlytoLemma6.3.2,thislemmacanbeprovedbyin-
duction onthelexicographiccombinationofthelevelk ofrewriterelationof

Cond(cT,?hvp,(R)),andthestructureoftermt･ □

Theorem6.3.3LetR be a constructor TRS over a si9naturt:F,andDI⊆

Ip月･ムef(J,∫)∈β∫α陀df,fl,…,壬陀α作れOm乙αgわmβび油化呼eCfわ→月･

乃e町拍1,…,り怠月f好ガ(ちむ1,…,むけ.)→加顆r(即∫)tPl頼長,…,f毎)･

Prvqf(Sketch.)ThisclaimcanbeprovedsimilarlytoTheorem3.6･17,uSing
Lemma6.3.1and6.3.2. ロ

FtomProposition3.6.18,WeObtainthefo1lowlngCOrOllary:

Coro11ary6.3.4LetR be a converyent constructor mS over a si9nature7,

α陀dβ∫⊆Ip月･ムef(J,J)∈βJαmdf,壬1,…,f乃α陀mOrmαgわmβげぇ
乃eれ,

押1,…,りち月棚#(f九,‥･,むけ.)→叫.(即∫)tP扉克,…,‰)･

FtomtheabovecorollaryandT(CR,X)⊆NFR(f,X),itisshownthattheCTRS

ヱわvpa,(R,DI)isapartial-inversesystemoftheconvergentconstructorTRSR

WithrespecttoDIinthesenseofDefinition6.1.1.
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Aswehaveshownthecorrectnessofhvp｡,,itissaidthatad嶋}COmputeS
Subtractionoftwonaturalnumbers(compare mininExample6.1.2),eaChof

mula}andm嶋}COmputeSdivisionoftwonaturalnumbers･



Chapter7

ApplicationsofInverseEV-TRSs

Inthischapter,WeglVethreeapplicationsoftheinverseEV-TRSsgeneratedby

OurtranSformationsU(ヱれVfull(･･･))and=nvpa,(･･･)･
ThefirstexampleshowsthatinverseprogramsareusedtotransformaglVen

PrOgram(CTRS)whichiscorrectlydefinedbutisnotexecutable,tOanequivalent
PrOgram Whichis executable.This exampleisthesolutionofour motivation

PrOblemasshowninSectionl.1.

Thesecond applicationshows that generatedinverse EV-TRSs areusable

to soIveconditionalequations.Thisis amathematicalapplicationofinverse

PrOgramS･

Thelastoneisaninterestingexampleinwhichwetrytogenerateaninverse

TRSfromanotherinverseTRSgeneratedfromaglVenCOnVergentnOn-eraSing

COnStruCtOrTRS.WbalsodiscusstheequivalencebetweentheinputTRSand

thefinaloutputTRS.

7.1 ProgramTransformation

Inthissection,WeintroduceanexampleinwhichthegeneratedinverseTRS

playsausefu1roleinaprogramtransformation.Inthisexample,WeCOnSider

theCTRSwhosedefinitioniscorrectinthesenseofspecifications,andonwhich

SOmetermSCannOtberewrittentodesirablenormalforms.Bytransformlngit

usinginverseTRSs,WeCOnStruCtanequivalentCTRSonwhicheverytermcan

berewrittentoitsdesirablenormalform.Thisexampleshowsasolutionofour

motivationproblem.

Considerthefo1lowlngTRSwhichrepresentsourmotivationprogramgcdin

137
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Sectionl.1asaTRS:

R27=(gcd(add(x,y),y)→gCd(x,y),

gcd(y,add(x,y))→gCd(x,y),

gcd(∬,0)→∬,

gcd(0,£)→∬,

gcd(x,y)→gCd(y,X)≠leq(y,X)→F,

add(0,封)→y,

add(s(x),y)→S(add(x,y))

AswedescribedinSectionl.1,thefunctiongcdcomputesthegreatestcommon

divisor(G.C.D.)oftwo naturalnumbers.Theabovedefinitioniscorrect as

G･C･D.inthesenseofEuclid,sAlgorithm.However,thetermsgcd(sm(0),Sn(0))

withm,n>Ocannotberewrittentoeachdesirablenormalformsk(0)wherekis

theG.C.D.ofmandn.Fbrexample,thetermgcd(s4(0),S2(0))isanormalform

andhencecannotberewrittentos2(0).Thecauseisthatthefirstargument

add(x,y)ofgcdintheleft-handsideofthefirstrulecannotbematchedwith

Sm(0)inthetargettermgcd(s4(0),S2(0))sinceoneofthemcontainsadd･Inother
WOrds,theaboveTRSR27isnotaconstructorsystem.

TbsoIvethisproblem,WetranSformR27tOaCOnStruCtOrCTRSwhichreally

computesG･C･D･,inthefo1lowingwaysusingtheinverseadd#:

1.replacethetermadd(x,y)intheleft-handsideofthefirst(andsecond)rule

ofR27Withafreshvariablez,andthenaddingtheconditionadd#(z)→

tp2(x,y)totheconditionalpart,andthen

2･remOVetherulesofaddandaddingtherulesofadd#･

Consequently,WeObtainthefo1lowingCTRS:

R28=(gcd(z,y)→gCd(x,y)≠add#(z)→tP2(x,y),

gcd(y,Z)→gCd(x,y)ヰ=add#(z)→tP2(x,y),

gcd(∬,0)→∬,

gcd(0,∬)→諾,

add#(y)→tP2(0,y),

add#(s(z))→tP2(s(x),y)≠add#(z)→tP2(x,y),

add#(add(x,y))→tP2(x,y)

Nowwecanobtainthesolutions2(0)ofgcd(s4(0),S2(0))byrewritingonR28aS
払1lows:

gcd(s4(0),S2(0))→R28gCd(0,S2(0))→R28S2(0)･
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ThereasonwhywedonotusetheunconditionalTRSs(R6andlhl/(add#,｡1))

whichdefineadd#,isthatthecompletenessofthetransformationsUpTandU

isnotguaranteedforbothR28andR28/(gcd)URll/(add#,ul)･IfeitherConjec-

ture3.6.250r3.6.26isproved,thenthefo1lowlngTRSismoreusefu1thanR28:

R29=(gcd(z,y)→gCd(x,y)ヰ=add#(z)→tP2(x,y),

gcd(y,Z)→gCd(x,y)≠add#(z)→tP2(x,y),

gcd(∬,0)→∬,

gcd(0,∬)→∬,

add#(y)→tP2(0,y),

add#(s(z))→ul(add#(z)),

ul(tp2(x,y))→tP2(s(x),y),

add#(add(x,y))→tP2(x,y)

Ontheotherhand,thesecond(andfirst)argumentyofadd(x,y)inthe

left-handsideofthefirst(second,reSPeCtively)ruleisgivenasthesecond(first,

respectively)argumentofgcdoftheleft-handsideofthefirst(second,reSPeC-

tively)rule･Thismeansthatthesecondargumentofaddinthefirstruleis

known･HencewecantransformR27uSlngthepartial-inversead嶋asfo1lows:

R30=(gcd(z,y)→gCd(x,y)ヰ=add$](z,y)→りち
gcd(y,Z)→gCd(x,y)≠add#](z,y)→りち
gcd(£,0)→∬,gCd(0,∬)→∬,

…
‥
=
に
州

#
ほ
.
#
ほ
l
#
ほ
L

Ju

Ju

Ju

Ju

d

Ju

a

a

a

〇.｣｣

,y)→S(∬)ヰ=ad嶋(z,y)→上ち)〃))U)∬ →∬

Thus,eVeryCTRSwhichisnotaconstructorsystem,maybetransformed

intoanequivalentconstructorCTRS.

7.2 SoIvingEquation

Inthissection,WeSOIvethefo1lowingequation[14】usingapartial-inverseCTRS

generatedby=nvpar:

Ⅳ=?n(d,m,封)=d+30m+360y,(0≦d<30,0≦m<12).(7.1)

Thefunctionnlnputedd,m,yCOmPuteSthenumberofelapseddaysfromthe

initialdateencodedby(0,0,0)tothegivendate(d,m,y)withafiⅩedyear-1ength
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Of360days,aSimpleschemeof12-equalmonthsandO-baseddates.Wbencoded

asystemcomputesnasthefo1lowingCTRSR310Ver(0,S,add,mul,leq):

R31=(n(xd,Xm,Xy)→add(xd,add(mul(s30(0),Xm),muI(s360(0),Xy)))

≠leq(0,∬d)→T

∧leq(∬d,S29(0))→T

∧leq(0,£m)→T

∧leq(∬m,S359(0))→T)∪馬2,

R32=(add(0,y)→y,add(s(x),y)→S(add(x,y)),

mul(0,y)→0,mu[(x,0)→0,

mul(s(x),S(y))→S(add(mul(x,S(y)),y)),
leq(0,0)→T,

leq(s(∬),0)→F,

teq(0,S(y))→T,

Jeq(s(x),S(y))→leq(x,y) ).

SincetheruleofnisdeterministicType3,theaboveCTRSR31Canbetrans-

formedbyUpTtOthefo1lowlngTRSR33:

R33=(n(xd,Xm,Xy)→un(xd,Xm,Xy,leq(0,Xd),leq(0,Xm),

leq(0,∬m),leq(∬m,S359(0))),

un(xd,Xm,Xy,T,T,T,T)

→add(xd,add(mul(s30(0),Xm),mul(s360(0),Xy))))uR32-

TheaboveTRSisaconstructorsystem,andthenweobtainthepartialinverse

CTRSR34Withrespectto((n,[】))showninFigure7.1,bythetransformation
ヱ花町a.･

ThesolutionofthecaseN=400intheequation(7.1)isonly(10,1,1).

Byrewritingthetermn(s400(0))onR34,WeCanalsoobtainthenormalform

tp3(slO(0),S(0),S(0)):n(s400(0))3R,4tP3(slO(0),S(0),S(0))･

Thus,OurtranSformationalapproachto(partial)inversecomputation-in-

VerSeCOmPutationbyinverseCTRSs-CanSOIveconditionalequations,eaSily

handlingaconditionofequations.

7.3 Inverse ofInverse TRSs

Inthissection,WetrytOgenerateaninverseTRSofanotherinverseTRSwhich

isgeneratedfromaglVenTRS.WehavealreadyshownthatinverseEV-TRSs
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馬4
=ヱわγp｡.(月33,((n,[])))

=(哺(z)→tp3(∬d,∬m,∬y)
≠leq芹](yl,0)→=砧∧】e嶋b2,S29(0))→=砧

∧Jeq芹】(y3,0)→すXm^leq$](y4,S359(0))→すXm,
un(z)→tp7(xd,Xm,Xy,T,T,T,T)

ヰ=ad哨(z)･～tP2(xd,Zl)∧ad哺(zl)→tP2(z2,Z3)
∧murA(z2,S30(0))→すXm^mul#](z3,S360(0))→=㌦),

#
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‖
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‖
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Figure7･1:PartialinverseCTRSofR31Withrespectto((n,[])).
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generatedbyU(rnvfuJ[(･･･))fromnon-eraSingconstructorTRSsarenon-eraSing

COnStruCtOrTRSs.HencethetransformationU(=nvf｡‖(･･･))isagainapplicable
toinverseTRSofnon-eraSlngCOnStruCtOrTRSs.

Considerthefo1lowlngCOnVergentnOn-eraSlngCOnStruCtOrTRSRlOVerthe

Signature(0,S,doubIe):

Rl=(doubIe(0)→0,double(s(x))→S2(double(x))).

ApplyingヱれVfuJland U,We Obtainthefo1lowinginverse TRS ofRlOVer the

signature(0,S,doubJe,double#,u｡)‥

月35=U(ヱ肌full(月1))

=(double#(0)→0,doub[e#(s2(x))→u｡(double#(x)),

u｡(y)→S(y), doubIe#(double(x))→x

Moreover,WeaPPlyヱ托Vfu"andUtotheconvergentnon-eraSingconstructorTRS

above,denoting(doubJe#)#byD,aSfo1lows:

月36=U(ヱ肌fu‖(月35))

=(D(0)→0,

D(封)→U5(u紬)),

U5(z)→u6(z),

u6(∬)→S2(諾),

u若(s(y))→y,
D(∬)→d仇わge(∬),

D(double#(x))→x).

NowwehaveaquestionwhetherthecomputationsofRlandR36equivalent

OrnOt.Theansweris"yes"forthoseofdoubleandDontheconstructorterms

OVer(0,S).BecauseTheorem5.1.19guaranteesthatforallnormalformssand

tover(0,S,double),

･double(s)ちRltiffdouble#(t)与R35S,and

･doub]e#(t)与R35SiffD(s)ちR36t,

andhenceforallnormalformssandtover(0,S,doub]e),

doub]e(s)与RltiffD(s)ちR36t･



Chapter8

Conclusion

Inthisthesis,WehaveproposedtheinversecompilersofPT-TRSsandconstruc-

torTRSs.SincetheinversecompilersgenerateEV-TRSsasinverseprograms,

WehaveshownthatthenarrowlngWhichisrestrictedtosubstituteafreshvari-

ableforeachextravariable,CanSimulatearewritesequenceofanEV-TRSsif

theEV-TRSisright-1inearortherewritesequenceisEV-Safe.Asatermination

PrOOftechniqueofinversecomputation uslnggeneratedinverse EV-TRSs,We

havealsoproposedtwoterminationproofmethodsofnarrowing(startingfrom

groundterms),OneOfwhichisbasedonthenotionofactivechains,andthe

Otherofwhichisbasedonthedependencypalrmethod.Tbimprovee臨ciency

Ofinversecomputation,WehaveshownthatbasicnarrowlnglSSu氏cienttosim-

ulaterewritesequencesofright-1inearEV-TRSs.Wbhavealsoshownthatfor

linearconstructorEV-TRSs,allnormalformsofagiventerminatingtermcan

be obtained byinnermost narrowlng.Wb have approached to partialinverse

COmPutation,byextendingtheinversecompilerofconstructorTRSs.Wbhave

ShowntreeexamplesasapplicationsofthegeneratedinverseEV-TRSs,thefirst

Ofwhichwasasolutionofourmotivationproblem.

WbhaⅦanalyzedtherelationshipsbetweenthesyntacticpropertiesofthe

input TRSs andthegenerated EV-TRSs.Wbhave alsoglVenaCOnditionof

theinput TRSstogeneratetheinnermost-terminatinginverseTRSs,thatis,

COnStruCtOr-increaslng.Theseworksmakeitpossibleandeasiertouseseveral

resultsintermrewritingforourinverseEV-TRSs.

Ourtransformationalapproachtoinversecomputation-theinversecompil-

ersproposedinthisthesis-isthefirstoneintermrewriting,Whoselnputand

OutPutWOrksonthesameinterpretation(narrowingstartingformgroundterms)･
Throughthisthesis,WehaveshownthenecessityofstudiesonEV-TRSs･Itis

143
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becausethegeneratedinverseEV-TRSs,SuChastheinverseofmultiplication,

arepractical.

TheresultsoncomputationbyinverseEV-TRSs,Whichhaveshowninthis

thesis,arealsogeneralresultsonnarrowlngOfEV-TRSsasfo1lows;

●Everygroundrewritesequencewhichisofright-1inearEV-TRSsorisEV-

Safe,Canbesimulatedbynarrowlng.

●Theterminationprooftheorems,Theorem5.2.7and5.2.5,areuSable

-tOPrOVeGSN～→R,and

-tOPrOVethatSN｢Rforal11ineartermst,

foraright-1inearEV-TRSR,and

-tOprOVeGSNへ～R,and

-tOPrOVeSNへ→R

for aconstructorEV-TRS R.

●FbrlinearconstructorEV-TRSs,allnormalformsofaglVenlinearterm

Whichisinnermostterminatingwithrespecttoinnermostnarrowlng,C

beobtainedbyinnermostnarrowlng.

●Fbrright-1inearEV-TRSs,basicnarrowlngissufBcienttosimulateground

rewritesequences.

●Fbrlinear EV-TRSs,narrOWingandbasicnarrowlng,bothofwhichare

Startingfromgroundterms,areequivalent.

Wbwouldliketogenerateinverseprogramswhichareincorporablewithother

PrOgramS･TbuseinverseEV-TRSswithanother(C)TRS,thecompletenessof
Uisnecessary.Asafuturework,WeWillfirstproveCo再ecture3.6.25and3.6.26

0nCOmPletenessofthetransformationU.Then,tOtranSformapartial-inverse

CTRSintoanequivalentEV-TRS,WeWillinvestigateaconditionforcomplete-

ness ofU.

Wbareinterestedinatransformationwhichgeneratesarulef(x)→g(h(x))

fromf(x)→9(y)≠h(x)→けy.Considerthefo1lowingTRSsinExample3.1.2;

Rl=(double(0)→0,double(s(x))→S2(double(x))),
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R2=(half(0)→0,half(s2(x))→S(half(x)))･

ThetransformationU(ヱわvfu(J())inthisthesisgeneratesthefo1lowingEV-TRS

fromRl(seeSection7.3):

月35=U(ヱね仇Il(凡))

=(doubIe#(0)→0,double#(s2(x))→u｡(double#(x)),

u｡(y)→S(y), double#(double(x))→X

Althoughbothofha.fanddouble#computehalfofnaturalnumbers)theirrewrite

rulesaredi鮎rentevenifignoringtheinverse-prOPertyruledouble#(double(x))→

x.TheaboveexamplemotivateustoimprovethetransformationU(hvf｡‖(･･･))･
WbwouldliketostudymoreonpartialinverseCTRSs.Suchaworkwillhelp

Studyonfu11inverseprograms.Fbrexample,Weareinterestedinextendingthe

transformation加vpartoatransformationthatgeneratesaninverseCTRSwhich

COmputeSmOreefBcientlythananequivalentCTRSgeneratedbytheprevious

transformation.Considerthesixthruleinthefo1lowingpartialinverseCTRS:

刀Ⅷ｡｡.(月わ((mul,[】)))

=(add餉)→tP2(0,y),
ad哨(s(z))→tP2(s(x),y)ヰ=addn(z)→tP2(x,y),#

〓
#
〓
#
‖
#
‖

add

mu

mu

mu

(add(x,y))→tP2(x,y),

(0)→tP2(0,y),

(0)→tP2(∬,0),

(s(z))→tP2(s(x),S(y))

ヰ=ad哨(z)→tP2(w,y)∧m哺(w)→tP2(x,S(y)),
m哺(mul(x,y))→tP2(x,y)

Aftertheevaluationofthefirstconditionad哺(z)→tP2(w,y),Weknowvalue
Ofthevariabley.Then,Weknowvalueofybeforetheevaluationofthesecond

conditionm哺(w)→tP2(x,S(y))･Thisfactmeansthatthevalueofycan
beusedforevaluationofthesecondcondition,rePlacingthesecondcondition

WithaconditionmuI[2】(w,y)→tPl(x)･Wewillalsostudythee臨ciencyofa
CTRSobtainedbysuchanextendedtransformation,thatis,thattheextension

isactuallye鮎ctive(ornot)･
Ⅵ毎haveshownthatinverseTRSsobtainedfromNECIconstructorTRSsare

innermostterminatingwithrespecttorewriterelation.Sincealotofpractical

TRSs(suchasmultiplication)haveanerasingrule,WeWil11iftupthisresultto

narrowlng,thatis,thatinverseEV-TRSsobtainedfromconstructor-increasing
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COnStruCtOrTRSisinnermost terminatingwithrespect tonarrowlngStarting

fromgroundterms.Unfortunately,Wealreadyhaveacounterexamplewhich

istheinverseEV-TRS Rll(seeSection5.2.4).Henceweguessaconjecture

thatf#(t)(wheretisagroundconstructorterm)isinnermostterminatingwith

respecttonarrowlng.Asafuturework,WeWi11provethisconjecture.
ThetransformationsZnvpT andヱれVf｡IJareapplicabletopuretreelessEV-

TRSsandconstructorEV-TRSs,reSPeCtively.Wbareinterestedinthetypeofa

generatedCTRS(type3,OrtyPe4),thesyntacticpropertiesofit,andwhether

itisaninverseprogramoftheinput(ornot)･
Wewillalsostudyaterminationproofmethodofnarrowlng,aStrategyOf

narrowlngderivation.Theterminationproofmethodsinthisthesis areweak

thanthoseofrewriterelationofTRSs.Sincetherearepartof･thedependency

pairmethod[4,5】whichthisthesisdidnot■dealwith,WeWOuldliketoimprove
themethodinthisthesis,basedonthedependencypalrmethod.Inthisthesis,

WehaveshownthatinnermostnarrowlnglSuSefu1forthecomputationoflinear

COnStruCtOrTRSs･However,mOStOfpracticalprograms(suchasmultiplication)

arenotright-1inearbutleft-1inear,thatis,theirinverseprogramisnotlinear(b11t

right-1inear)･Hence,WeWOuldalsoliketoinvestigateaconditionthatinnermost

narrowlnglSSu臨cientforright-1inearEV-TRSs.
InSection7.1,WehaveshownthetransformationofaCTRSintoanequiva-

1entconstructorCTRS.Infuture,WeWillformalizesuchatransformation.
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